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Abstract: In this manuscript, we introduce Meir-Keeler type contractions and Geraghty type
contractions in the setting of the wt-distances over b-metric spaces. We examine the existence
of a fixed point for such mappings. Under some additional assumption, we proved the uniqueness of
the found fixed point.
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1. Introduction and Preliminaries

The concept of distance is one of the first concepts discovered by mankind. The concept of
distance was first formulated by Euclid. The general form and more axiomatic version was considered
by Maurice René Frechét under the name of “L-space” and later was redefined by Felix Hausdorff as
“metric space.” Since then, the distance notion has been discussed, refined and generalized in various
ways. Among all such generalizations, in this manuscript, we focus on b-metric and wt-distance.

Before starting to examine the subject in detail, we shall fix some notations as well as notions.
Throughout the manuscript, we presume that all considered sets and subsets are non-empty.
A mapping ¢, defined from the cross-product of a set X to non-negative reals, is called distance
function, if it is symmetric (6(v,v) = (v, v), for all v,v € X) and has a zero-self distance (J(v,v) =0
if and only if v = v).

A distance function ¢ forms a (standard) metric if

6(v,w) <5(v,v)+6(v,w), forallv,v,w € X.

As it is well known, the metric notion has been extended in several ways. One of the interesting
extensions is called b-metric that was invented by several authors, in different time periods, involving
Bakhtin [1] and Czerwik [2]. Indeed, after Czerwik [2], it has attracted the attention of researchers.

Definition 1. Let s € [1,00) and d be a distance function on X. If the following inequality holds
forallv,v,w € X,
d(v,w) <sld(v,v) +d(v,w)],

then d is called b-metric over constant s.

In short, (X, d,s) (respectively, (X*,d, s)) denotes a b-metric space over s (respectively, a complete
b-metric space over s).
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An immediate and simple observation is that b-metric turns to be a metric for s = 1. Moreover,
despite the standard metric, b-metric may not be continuous functional, see, e.g., [3-6].
Below is the first conceivable example:

Example 1. Let d be a distance function on X = [0,00) that is defined as d (v,v) = |v —v|P,p > 1. Then, d
forms a b-metric over s = 2P, but not a metric.

Throughout the paper, a function y, defined from [0, 00) to itself, is called auxiliary distance function
thatis, p : [0,00) — [0, 00).

Lemma 1 ([3,7]). Let u be a non-decreasing auxiliary distance function so that
for any t € [0, 00) we have nlgn u'(t) =0.

Then,

(a) att=0,auxiliary distance function y is continuous.
(b) forany t > 0, we have u(t) < t.

The mapping y, introduced in Lemma 1, is called comparison. Note also that, for each k > 1,
iteration ¥ forms a comparison function, see [3].

Definition 2 ([3,7]). Let s € [1,00). A monotone increasing auxiliary distance function is said to be a

e}
b-comparison if there are positive integers ko, a € (0,1) and a convergent series Y. vy with vy > 0 such that
k=1

sKEHLRHL (1) < askpk(t) 4 vy, for k > ko and any t € [0, 00).

The letter B denotes the set of all b—comparison functions. If we take s = 1 in Definition 2, then y
is named as c-comparison function.
The given lemma below has an important place in the proof of the results discussed here.

Lemma 2 ([3]). For a b-comparison function y, the following holds:
(1) foranyt € [0,00), the series Y sku*(t) is convergent;
k=0

(2)  An auxiliary distance function Sy, formulated by Sy(t) = Y. s*u*(t), t € [0,00), is continuous at 0 and
k=0

increasing.
Remark 1. Each b-comparison (and hence, c-comparison) function forms also a comparison function.
For B: X x X — [0,00), we say that f : X — X is B-orbital admissible ([8]) if

Blv,f (v)) = 1= B(f (v),f*(v)) 2 1, foreachv € X. )

In addition to (1), if the implication below is also fulfilled, then f is named triangular B-orbital
admissible ([8], see also [9]):

B(v,v) >Tand B(v,f(v)) > 1= B (v, f (v)) > 1, forevery v,v € X.

Lemma 3 ([8]). Let f be a self-mapping on (X*,d,s) and form a triangular B-orbital admissible mapping.
If there exists vy € X such that B(vo, f (vo)) > 1, then,

B(vn,vm) > 1, foralln,m €N,



Mathematics 2020, 8, 220 30f10

where v, 41 = f (vy) for each n € N.

Very recently, an interesting auxiliary function (to unify the different type contraction) was defined
by Khojasteh [10] under the name of simulation function.

Definition 3 ([10]). We say that a function o, defined from the cross-product of non-negatives real numbers to
real line, is simulation function if
(S1) forallt,s >0, we have o(t,s) < s—t, and,

limsup o (ty,sn) < 0. 2)

n—o0

In the original definition, given in [10], there was an additional but a superfluous condition
7(0,0) = 0. We underline the observation that a function o (t,s) := ks — t, where k € [0,1) for each
t,s € [0,00), is an instantaneous example of a simulation function. For further and more interesting
examples, we refer to, e.g., [10-17] and relates references therein.

We say that f, defined on a metric space (X, d) to itself, is a X-contraction over o € X (see [10]), if

o(d(fv, fv),d(v,v)) > 0forallv,v € X. 3)
The theorem below is the main result of [10]:
Theorem 1. Each X-contraction admits a unique fixed point in the setting of a complete metric space.

Definition 4 ([18]). We say that q : X x X — [0, 00) is wt-distance over (X, d, s), if,
(i) forallv,v,w € X the s-weighted triangle inequality holds, that is,

q(v,w) <slq(v,v) +4(v,w)];
(i) q(v,-) : X — [0,00) is s-lower semicontinuous, for any v € X, that is,

g(v,v) <lim igf sq(v,vp), forve X; andv, - v € X,
n—oo

(iii) for each € > 0, thereis § > 0,

g(v,v) <édand g (v,w) <4, yieldsd(v,v) <e.
Lemma 4 ([18]). Let g : X x X — [0,00) be a wt-distance over (X, d,s). Suppose the sequences (vy), (vx) C
X and the sequence (ay), (cx) C [0,00) such that ay, ¢, — 0. Then, the following holds:

(0) dis also a wt-distance over (X, d, s),

(1) ifq(vk,v) < cpand q(vg,w) < ag, forallk € N, then v = w;

(2) ifq (v, v) < cpand g (v, w) < ag, forall k € N, then (vy) converges to w;
(3) ifq (v, v;) < cxforallk,l € Nwithl > k, then (vy) is Cauchy sequence;
(4) ifq(v,vx) < cforallk € N, then (vy) is Cauchy sequence.

2. Existence and Uniqueness Results for Geragthy Type Operators

We say that 7y : [0,00) — [0,1),s > 1, is a Geraghty function if

limsupy (t,) =1=t, = 0, asn — co.
n—oo
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We reserve I to denote the set of all Geragthy functions.

Theorem 2. Let g be a wt-distance on (X*,d, s) and f be a self-mapping on X. We presume that

(i) there exist 0 € ¥, u € Band v € T such that

o (B (v,v)q(f (v), f W), v (o)) p(q(v,v))) =0, forallv,v € X; @

ii)  fis triangular B—orbital admissible;
iii)  thereis vg € X with B(vy, f (vo)) > 1;
iv)  fis continuous, or,

/

(
(
(
(iv')  forallv € X, with B(v, f (v)) > 1,

inf {q (v,v) +4 (v, f (1))} >0,

forallve X,v# f(v).
Then, f has a fixed point.

Proof. Existence of a point vy € X is guaranteed by (iii). A sequence (vy),y is defined by v, =
f" (vo), for all n € N. If there exists kg € N with f (vg,) = vg,+1 = Ug,, then vy is a fixed point of f
that terminate the proof. Suppose that v,, # v,_; for any n € N. From (ii) and Lemma 3, we have

ﬁ(vnfl/ Un) 2 1.
Under the assumption (i), we have

0< o(Blo,v)g(f(v),f W), 7 (u(glo,v)))u(q(v,
< y(uqlv,v)))pu(q(v,v)) = Blv,v)g (f (v), f(v))

which is equivalent to

Blv,v)g (f (v), f (V) <7 (u(g(v,v))) p(go,v)).

From here, using the properties of v we obtain

B, (f (0). f (¥) < < (@(v,1), forallv,v € X ©

If we consider in (5) v = v,_1 and v = v,, we get

—_

:B(U”—lfvn)q(f (Un—l)/f(vn>) < gﬂ(ﬂ(vn_1,vn)). (6)
In this way, we have
G(vn, vp11) < B(vy—1,0n)q(f (Vy—1), f (vn)) < %V(Q(Unfllvn))
< V( (Un lzvn)) (vn,l,vn). :

Hence, we obtain
q(Vn, Vug1) < q(Vp—1,Un).

Thus, we deduce that (q(vy, Up41)),cn iS @ non-increasing sequence. Attendantly, there exists
r > 0 with nlg)r(}o g(vn, Ups1) =71
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Let us suppose that r > 0, and let r, = q(vy, v,,11). We have

0< o(Bon—1,0n)rn,y (1(ru-1)) p(rn-1)))
v (#(rn-1)) w(ra=1) = B(vn—1,vn)rn
%rn—l - ,B(Un—l; Un)rn

Tn—1 —Tn

VANVANVANVAN

Now, taking the limit when n — oo, we reach a contradiction, and hence q(vy, v,,41) — 0,
as n —» oo,

We shall prove now that the sequence(v;,)

First, we have

»en is a Cauchy sequence.

G, 0n11) < Bon—1,0n)q(f (Vu-1), f (0n)) < p(q(vn-1,0n))
< 2 (q(vp—2,04-1)) < .. < P (q(v0, v1)).

Now, letm,p e N,p > m

<59 (Vm, Vimy1) + 524U 1, Umg2) + ... 4P "q(vp—1, 0p)
< sp™((q(vo, v1)) + ™ (q(vo,v1)) + ... + PP (q(vo, v1))
= o1 (8" ((q(vo, v1)) + ™ T ™ (g (v, v1)) + ... + s P (q(vo, v1)))

1L
= a1 L W ((q(vo, v1)).
j=m

q(vm, Up)

oo . .
Since p is a b-comparison function the series Y s/i/(q(vo, v1)) is convergent. If we denote by
j=0

n .o
Sn = Y. /W (q(vo, v1)), then the above inequality becomes
j=0

(Spfl - Smfl) ’ (7)
Denoting s"’%l (Sp—1 — Sm—1) = B, then (7) becomes
q(Vm, vp) < Bm, forallm,p € Nwith p > m.

Since (By,) converges to 0, as m — oo, using (3) from Lemma 4, we obtain that (v; ),y is a Cauchy
sequence on a complete b-metric space, so there exists v* € X such that v, — v*. We shall prove that
v* is a fixed point of f.

Suppose that (iv) takes place and f is continuous. In this case, we have

v* = lim f™*1 (vg) = f (lim f" (vo)) = f (v*).

n—00

Now, suppose that (iv") take place.
Equation (7) implies that q(vy, vp) — 0, as m, p — 0. Then, for each ¢ > 0, there exists ne € N,
such that, if n > n,, then

q(vn,, vn) < e

Since g(v, -) is s-lower semicontinuous, we have

g(vn,,v*) < liminf,_se0 54 (Un,, V) < se. (8)
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Choosing ¢ = % and ne = n;, we have from (8)

lim g(vy,,v") = 0. 9

k—oc0

We shall prove that v* is a fixed point of f. Suppose that f (v*) # v*. We have
0 < inf{q (v, v*) +q (vn,, f (vn,))} = 0, ask — oo,
a contradiction. Therefore, f (v*) = v*. O

Example 2. X = [0,1], d(x,y) = [x —y[*, q(x,y) = |y|’

1, ifx,yelol]
B(x,y) =1 3, ifxe]0, %],y =1
0, otherwise.

With these choices, the inequality (4), Theorem 2 becomes:

Bl y)a(fx fy) < Rimgmttoy)

or, since q(x,y) = y?,

15 2 32
2 -2 ¥

o Ifxyelogl,
2
By)(fy)? =v' < RBolpr =V - 5p) S0=
16y* +32y* — 15 < 0.

e Ifxe[0,ily=1 s
Bx,1)(f1)*> =0< 3 2473

Other cases are obvious because of the choice of B. It is clear that 0 is the fixed point of the given map.

Theorem 3. Suppose that the condition of Theorem 2 holds. If we suppose that, for v*,v* € Fix(f) we have
B (v*,v*) > 1, then v* = v*.

Proof. Let v*,v* € Fix(f) with g (v*,v*) > 1. Suppose v* # v*. Using (5), we have

g (v, v*) < B v (f (v9), f (v)) < Tu(g(v*,v))
< u(qv*,v)) <qv*,v"),

a contradiction. It concludes that f possesses a unique fixed point. [
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3. Existence and Uniqueness Results for Meir-Keeler Type Operators
In this section, we shall give a similar result for Meir-Keeler type operators.

Theorem 4. Let g : X x X — [0,00) be a wt-distance on (X*,d,s), and f be a self-mapping on X.
We presume that

(i) for each e > 0, there exists § > 0 such that
e<u(d(v,v)) <e+dimpliesco(p(v,v)q(f (v),f(v)),e) >0, forallv,v € X, (10)

wherec € ¥, u € Bwith u (t) < é,for allt >0,
(it)  f is triangular B—orbital admissible;
(iii)  there exists vy € X such that B(vo, f (vo)) > 1;
(iv)  f is continuous, or,
(iv')  forallv € X, with B(v, f (v)) > 1,

inf {q (v,v) +q (v, f (v))} >0,

forallv e X,v # f (v).
Then, f has a fixed point.

Proof. Like in the proof of Theorem 2, we construct a sequence (vy),, .y, defined by v, = f" (vg) for
each n € N. Regarding the same arguments in Theorem 2, we presume that v, # v,_1 forany n € N.
Since f is triangular p—orbital admissible, on account of (ii) and Lemma 3, we find
ﬁ(vflfl/ Un) > 1L
Under the assumption (i), we have

0< a(Blov)g(f (v),f(v))e)
<e—pv,v)q(f(v), f(v))
<p(d(vv)) = plv,v)q(f (v), f(v))

From here, we have
B(v,v)q(f(v),f(v)) <u(q(v,v)) <q(v,v), forall distinctv,v € X (11)

If we consider in (11) v = v,_1 and v = v,, we get

B(vn—1,00)q (f (V1) f (vn)) < p(g(vn-1,0n)) (12)

In this way, we have

q(Un,Vut1) < B(Un—1,00)p (9 (f (Vn—1), f (vn)))

< V(q(vnflrvn)) < q(vnflr Un)

Hence, we obtain
q (U, Vnt1) < q(Vp—1,0n).
It yields that (g (vy, Un41)),en i @ decreasing sequence and it converges to r > 0.
We assert that r = 0. Suppose, on the contrary, that r > 0, and let 7, = q (vy, U;4+1). Thus, we have

0<r<q(vnvys1) =rp foralln € N. (13)
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Let e = r > 0. Consequently, there is ¢ (¢) > 0 so that (10) is fulfilled. Despite, due to definition of
¢, there is ny € N so that
€ < Tny = q(Vng, Upyy1) < €+0.

Using (11), we have

q (Un0+1,Un0+2) S ﬁ(UnO/UnOH)‘? (f (UWO)/f (v”()"‘l))
< €=r.

In this way, we reach a contradiction. Hence, g (v, Uy 41) — 0,as n — oo,

Now, inspired by the proof from ([19]), we shall demonstrate that the sequence (v;),, .y is Cauchy.

For a given ¢ > 0, there is 6 = J(e) > 0, such that (10) holds. Suppose that § < e.
Since g (vy, Uy 41) — 0, as n — oo, there exists ny € N, such that

g(vy—1,vn) <6, forall n > ny. (14)
Just like in ([19]), we shall prove that, for any fixed k > n,,
q(vg, vgy1) <¢ foralll € N.

Suppose that (10) is satisfied for some m € N, and so (11), and let ] = m + 1

q (Vk—1, Vkrm) < 59 (Vk—1, V) + 59 (U, Vg m)
< s(0+e).
From here, we have

#(q (U1, V) < p(s(0+¢€)) <d+e
Now, if pt (g (Vk_1, Vk+m)) = €, then using (10)

9k, Vkrmy1) < B0k—1, Vkm)q(f (0k—1) , f (Ukym)) <
If p (q (U1, Vkrm)) < & then, by (11),

G0k, Vksms1) < BOk—1, Vkm)q(f (Vk=1) , f (Vkpm))
< p(q(vk-1,Vk4m)) <€

In this way, we have
g(vn, vm) <e¢, forallm > n > ny.

It easy to see that there exists a sequence (B,) which converges to 0, such that

neNs

q(Un, Um) < Bu, forallm > n > ng (15)

Hence, (vy)
so that v,, — v*
In case when f is continuous, we find

»en is @ Cauchy sequence. Since the considered space is complete, there exists v* € X

v* = lim f"™*1 (vg) = f (lim f" (vo)) = f (v*).

n—oo

Otherwise, since q( Uy, Upm) — 0, as n,m — oo, then for each ¢ > 0, there exists k, € N, such that,
if k > k., then

90, v0) < .
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Since q(v, -) is s— lower semicontinuous, we have
q(vg,,v*) < liminfy_ o sq (v, vg) < se. (16)
Choosing ¢ = % and n; = n;, we have from (16)

lim g(vy,, v*) = 0. (17)

I—

We shall prove that v* is a fixed point of f. Suppose that f (v*) # v*. We have
0 < inf{q (v, v*) +q (vn, f (V1)) } =0, as] — oo,
which is a contradiction. Therefore, f (v*) = v*. O

Theorem 5. Suppose that the condition from Theorem 4 holds. If we suppose that for v*,v* € Fix(f), we have:
(i) B (v",v") > 1;
(ii) For € > 0, there exists § > 0 such that

e<u(d(v,v")) <e+9,

then v* = v*.

Proof. Let v*,v* € Fix(f) with g (v*,v*) > 1. Suppose v* # v*. From (ii) , using (11), we have

q(vn,vr) < B, vi)q (f (v7), f (V7)) < ul(q(v™,v7))
<

q(v*,v7),
a contradiction. Consequently, f admits a unique fixed point. [

4. Conclusions

In this paper, we have considered two new contractions in the setting of wt-distance over b-metric
space. We discuss and investigate the necessary conditions to guarantee both the existence and
uniqueness of a fixed point. Our main results cover several published results in the literature. Indeed,
by letting B function in a proper way, we get some new results. For example, for f(u,v) = 1, we get the
standard fixed point results in the setting of wt-distance over b-metric space. It is known that b-metric
space itself is a b-metric and, furthermore, b-metric turns out to be a standard metric for s = 1. As itis
seen in [14,15,17,20], for different choices of ¢ € %, we shall get more different consequences.
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