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Abstract: In this paper, the non-eigenvalue forms of Liouville’s formulas for delta, nabla and
a-diamond matrix dynamic equations on time scales are given and proved. Meanwhile, a diamond
matrix exponential function (or a-matrix exponential function) is introduced and some classes of
homogenous linear diamond-« dynamic equations which possess the a-matrix exponential solutions
is studied. The difference and relation of non-eigenvalue forms of Liouville’s formulas among these
representative types of dynamic equations is investigated. Moreover, we establish some sufficient
conditions to guarantee transformational relation of Liouville’s formulas and exponential solutions
among these types of matrix dynamic equations. In addition, we provide several examples on various
time scales to illustrate the effectiveness of our result.
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1. Introduction

As an effective and powerful tool, time scale calculus is initiated to unify continuous and
discrete analysis and is extensively applied to study dynamic equations [1-5]. Liouville’s formula and
Liouville’s problems are very important topic in ordinary differential equations [6-10]. In Theorem
5.28 from [9], Liouville’s formula of dynamic equations on time scales is given by Bohner and Peterson.
The theorem is given as follows:

Theorem 1. Let A € R bea 2 x 2-matrix-valued function and assume that X is a solution of X = A(t)X.
Then X satisfies Liouville’s formula

detX(t> = etrAerdetA(t/ tO) detX(tO)r fort eT. 1

Please note that Liouville’s formula given by the form (1) is very convenient to use due to the main
reason that trA + y det A is independent of the eigenpolynomial and eigenvalue of A. The Liouville’s
formula for n x n-matrix dynamic equations on time scales were studied in [11,12]. In [11,12],
the authors provided the nice form of Liouville’s formula by considering the eigenpolynomial and
eigenvalue of the coefficient matrix of the dynamic equations. However, if A is a n x n-matrix-valued
function for n sufficiently large, the calculation of eigenpolynomial and eigenvalue of A becomes
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a complicated task and cannot be always achieved, so it will be a better way to provide a matrix form
of Liouville’s formula for the case of A : T — R"*" to avoid the calculation of eigenpolynomial and
eigenvalue of A, similar to (1). Unfortunately, for n > 3, the matrix X that is a solution of dynamic
equations X® = A(t)X does not satisfy (1), i.e., the nice form (1) of Liouville’s formula will not hold
forn > 3.

On the other hand, the combined dynamic derivatives on time scales was proposed in [13], which
can unify A-dynamic derivative (¢ = 1) and V-dynamic derivative (¢ = 0). Moreover, this combined
type of derivative includes the hybrid dynamic derivatives between A and V cases and was used to
study various complex dynamic equations and inequalities on time scales [14-18].

However, since there is no Liouville’s formula of diamond-« matrix dynamic equations, in this
paper, we make the following contributions:

(i) the combined matrix exponential function is introduced and studied;

(ii) Liouville’s formula of diamond-a matrix dynamic equations is obtained without considering the
eigenpolynomial and eigenvalue;

(iii) some classes of diamond-« matrix dynamic equations which have a-matrix exponential solutions
are investigated;

(iv) the obtained results are completely new even for A and V-matrix dynamic equations and several
examples on various time scales are provided.

In particular, for the 2 x 2 coefficient matrix and & = 1, Liouville’s formula happens to be (1).

2. Liouville’S Formula for A-dynamic Equations

In this section, we will derive the non-eigenvalue form of Liouville’s formula for A-matrix
dynamic equations which will be used to study the combined dynamic equations on time scales.

Definition 1 ([9]). Define the forward jump operator o : T — T by o(t) = inf{s € T : s > t}, the backward
jump operator p : T — T by p(t) = sup{s € T : s < t}; the graininess function y : T — [0,+00) by
u(t) = o(t) —t (denoted by u ); the v(t) by v(t) = t — p(t) ( denoted by v ).

Definition 2 ([9]). Definite e4(t, to) by the unique matrix solution of the initial value problem:

XA(t) = A(H)X(t), Xo=1 )

Lemma 1. Let A be an upper triangular n X n-matrix-valued function, then A is regressive iff each diagonal
element of A is regressive.

Proof. Let
ain 412 ... d1p
0 azyy ... dyyu
A =
0 0 ... aum
Hence
14 payy uann ... Uaiy
0 14+ paxp ... uay n
det[l +puA] = , , _ T =TT+ pay).
. : . . i=1
0 0 voo T+ papy,

Therefore A is regressive iff each diagonal element of A is regressive. [
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Remark 1. Let A : T — R"*" be an upper triangular matrix, we can obtain

n
detA =]]ai trA=) a; det(I+uA) =]+ pay).
i=1 i=1 i=1

n n
Hence forn > 2,
n n n
1+ p(trA+pdetA) =1+ pu() ay+p] Jaq) # [T (1 +pai),
i=1 i=1 i=1
which implies that I + uA is invertible does not be equivalent to tr A + y det A is regressive, i.e., Liouville’s
Formula (1) is not suitable for n > 3.

It is easy to check the following A-derivative formula of determinant function by using the
determinant algorithm and Theorem 1.20 from [9].

Lemma 2. Let A : T — R™ " be the following function matrix:

an ai _ a1 1(i+1) e An
Ai-11 4G-1)2 -+ A6G-1)i AE-1)36+1) - Ai-1)n
At)=| an A .4y AG(it1) - @in |,
Ai+1)1 AG+1)2 - A1) A1) E+1) o A+
an1 an2 .. Ani Ap(i41) e Ann
then
[ [ [ [ o
all 6112 e ali al(i+l) . aln
a a a a o
A n |%i-11 Hi-1)2 iy im0 Fim1)n
_ A A A A A
AR(t) = Z; ag ay ... af @iy e A | 3)
1=
Ai41)1 A6a+1)2 - A1) A1)+ - Ai+1)n
an1 anuo . Ay un(i+1) . Ayn
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Remark 2. In Lemma 2, notice that ajj denotes the element that is located in the ith row and the jth column,
ie,1<1i,j<mn. Hence A»(t) equals to the following:

ap (t) ady(t) apy(t) ... ap,(b) afy(t) af(t) afs(t) ... af,(t)
an(t) axn(t) axs(t) ... a(t) ag (t) ady(t) ahy(t) ... ag,(b)
azi(t) as(t) ass(t) ... asa(t)| |asz1(t) as(t) ass(t) ... as(t)
AB(H) = : : : : S S : : : Do+
an(t) ap(t) ap(t) ... ap(t)| |aa(t) ap(t) as(t) ... ap(t)
anl'(t) anz.(t) an3'(t) a,m'(t) anl'(t) anz.(t) {Ilng,'(t) ann'(t)
af (t) af,(t) cooafi(h) a‘{(l.H) (1) cooaf, ()
a((7i—1)1 (1) a‘(i_l)z(t) .. a‘(Tl._l)i(t) at(7i—1)(i+1) t) ... a‘é_l)n(t)
+| af(t) aj(t) ... aR(t) aﬁiH)(t) coab(t) [+
A () agrne®) oo ageni(t)  agenaen () oo agg)a(t)
anl'(t) anz.(t) . . am"<t) an(i—&-'l) (t) . . ann'(t)
af, (t) af,(t) ... af;(t) ”(17(1'+1) (1) ... af,(t)
N ag.(t) a?z'(t) ag'(t) aﬂi—i-'l)(t) agl'(t) /
a((Tn—l)l (t) a((n—l)Z(t) o ”‘(n—l)i(t) at(n—l)(i—i—l) ) ... a((n—l)n(t)
aﬁl(t) aﬁz(t) ... aﬁi(t) aﬁ(l.H) (1) ... aﬁn(t)

where 3 < i < n — 1. For convenience, we denote the sum by (3). Similarly, the determinant symbol is with the
same meaning for all theorems, lemmas and examples.

Theorem 2 (Liouville’s formula). Let A € R be an upper triangular n X n-matrix-valued function and
assume that X is a solution of X® = A(t)X. Then X satisfies Liouville’s formula

detX(t) =€, i1
Il (1+Wjj)ﬂz’i

i=1j=1

(i’, i’o) det Xy, for t e T.

Proof. For the matrix A, by Lemma 1, we can obtain A is regressive iff each diagonal element of A is
regressive. Let

a1 aypp ... Aip X11 X12 ... X1

0 azp ... Ay 0 X222 ... X2
A=| . T T x=

0 0 ... aum 0 0 ... xun
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A
X11 X122 X13 ... Xin
0 «x X ..oX
A 22 X23 2n
(detX(t))” =
0 0 0 ... xum
o a o a a
Xy X e X Xy e X,
A A A 0 x5 x9. x7,. oo x5
Xp XD X33 X, 22 2i F2(i41) 2n
0 X222 X323 ... Xy n—1 . .
B +Z 8 x X8
. : . . . =2 | ii i(i4+1) in
0 0 0 ... xun .
0 0O 0 0 0 e Xun
o a a a a
1 Y12 i Xy 0 Y
a o a o
0 xp Y X)) o Xom
no| o : : : :
= Z A LA A
=l X Xy o Y
0 0O 0 0 0 e Xun

—1

n i n
= an;xﬁ H Xk = 2 (1+}lﬂ]‘j)ﬂi,‘ det X.

I
L
s
I
I,
-
i
+
R
I
L
s
I
A

This completes the proof. [

Remark 3. Let A be a 2 x 2-matrix-valued function. Then A is regressive iff the scalar-valued function
trA 4 p det A is regressive (where tr A denotes the trace of the matrix A, i.e., the sum of the diagonal elements
of A). In fact, let

A= a1 a4 )
a1 a4y
then we can obtain
14 pay uain
det(I +uA) = det
(I nd) pay 1+ pax

= (14 pay)(1+ pax) — pajppan
1+ p(ar1 + ax) + p?(a11a2 — a12a21)
= 1+ pu(trA+pudetA).

Hence A is regressive iff the scalar-valued function tr A + pudet A is regressive.
Remark 4. Assume that for n = k, we can obtain similar characterizations of Remark 3. For n = k + 1, let

A 0

Ak 0 ay
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where Ay is (k+ 1) x (k4 1)-matrix-valued function, Ay is k x k-matrix-valued function. Then

Iy + uAyg 0
det(I A = det
el g = der|WIIA O
= (14 pag)det(I + pAy),
1+ u(trAg +pudetAgyq) = 1+ u[trAg + ap + pag det Ay

= 14 utrAyx + pag + paoy det Ay.
Hence there exists Ay such that Ay, is regressive and so is tr Ay 1 + p det Ag 1.

Theorem 3 (Liouville’s formula). Let A € R be n x n-matrix-valued matrix function and assume that X is
a solution of X = A(t)X. Then X satisfies Liouville’s formula

d tX t)=¢en t,t d tX ’ t T,
et X(t) eZ demi( 0)detXy, for te
i=1
where -~ -
1+ Hai Hain . yal(l;l) Haq; 0 ... 0
nany 14 paxp ... Hay(i-1) Hay; 0 ... 0
A = | MG-n1 Bz - T+mpag 1)1y mag-1; 0 0 0
ap ajp e ai(i_l) aj 0 0 O
0 0 .. 0 0 1 0 O
| O 0 e 0 0 0 ... 1_

Proof. For n = 2, by Remark 3, A is regressive implies trA + p det A is regressive. Let

a a x X
A(F) = 11 412 JX(H) = 1 Xz
a1 a2 X321  X22
Then

A A o o
A x X X X
(detX(t)) = 1 12 1Al 1A2
X21 X22 X1 X

a11x11 +4a1x21  a11X12 +a1x22
X21 X22

+ A A
X1 X2

A A
X1+ pxy X2t P‘xlz‘

= 4an detX(t) +

x11 + (a11x11 +appxo)p x12 + (@11x12 + apxn)p
a1x11 + a1 ax1X12 + a22X22

14+ pay  apu
a1 ax

= (trA+pdetA)detX

X

= apdetX(t) + det X

ﬂ110
0 1

1+ pay  app
an a

+ }det X.
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Forn > 3, let

a1 412 M43 A1n X11 X12 X13 X1n
a1 axp a3 A2n X21 X22  X23 Xon
A(t) = X(t) =
Apl  An2  au3 Ann Xnl Xn2  Xn3 Xnn
Hence by Lemma 2, we have
o a o [
11 X12 X3 X1n
A . . . .
X11 X12 X13 X1n : : : :
X X X X n o o o o
(X(t))A _ |7 A2 T2 mn| Y Yi-11 Y12 Xi-1)3 X(i—1)n
! x4 x4 x4 x4
i=1 il i2 i3 in
Xnl  Xn2  Xn3 Xnn : : :
Xn1 Xn2 Xn3 Xnn
A A A A
X11 + pX7y X12 + UX]H X13 + px7; X1y + UXT,

X(i-1)1 + ,ux(Ai,”] X(i-1)2 + Vxé,1)2 X(i-1)3 + ,”x(Al;l)g,

M-

= A A A A
i=1 Xi1 Xin Xi3 Xin
Xn1 Xn2 Xn3 Xnn

M-

n
x11+p ) Xy
j=1

n
X(i-1)1 T H ‘zla(i—l)jle
]:

Il
—

n
L aijXj)
j=1

Xn1

i
x11+p Y ayxyp
=1

i
X(i-1)1 T H 'Ela(i—l)jle
]:

M-

Il
—

1
L aijXjy
j=1

Xn1

n
X1p+p ) ajxp
j=1

n
X(i—1)2 T H '21 aii-1)jXj2
j:

n
L aijXj
j=1

Xn2

1
X12+p Y ajxp
=1

i
X(i-1)2 T} '21 aii-1)jXj2
]:

1
L aijXj
j=1

Xn2

i
X(i-1)n T H '21 ai-1)j%jn
]:

i
Xin + 1 X @1jXjn
=1

1
L aijXjn
j=1

Xnn

n n
= ) det(A;X) =) detA;detX.
i=1 i=1

Then

This completes the proof. [
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Theorem 4. Let A be a n x n-matrix-valued function. Then A is regressive iff the scalar-valued function

n
det A; is regressive, where A, is defined by Theorem 3.
i=1

1=

Proof. By Theorem 3, for n = 2 we can obtain

det(I + uA) :1—1—;4{ s (1) + 122}1”“ ”;;” }
Next, let
aip di2z 413 ... A1p 1n
A = G2 G 23 .. | A(o) 2, ,
Apl  An2 Ap3  --. Aun Apl An2 Ap3 ... Aun

where A(g) isa (n — 1) x (n — 1)-valued-matrix function. Assume that (n — 1) x (n — 1)-matrix-value

n—1
function is regressive iff the scalar-valued function ) det A; is regressive. That is
i=1

n—1
det(I+pA) =1+p ) detA;
i=1
Hence

n—1 n—1
1+ y( Y det A, —l—detAn) =1+4p ) detA;+pdetA, =det(I+ puA()) + pdet Ay
i=1 i=1

Hain
— det(I+pAg) +u I+ do) Hitzn
an1  An2 an3 <o lnn
Hain Hain
_ I+ uAq) Uy n I+ puAq) Uy
0 0 0 .. 1 Uap1 Uy Uay3 co. Mgy
Hain
- I+ 1A Hn | _ Get(1 + pA).
Han1  Han2 Han3 oo 1+ pany

n
Therefore A is regressive iff the scalar-valued function ) det A; is regressive. This completes
i=1
the proof. [

Example 1. For (2), let T = R, Liouville’s formula can be given as:

do

I trA(T) :
det X = det Xpe“to , trA(T) = Zaii(T)-
i=1



Mathematics 2019, 7, 962

In fact, let T = R, then u(t) = 0, X7(t) = X(t) for any t € T, hence X*(t) = X', therefore

xl] x12 x13 e xln
!/
X11 X12 X13 ... X1n
X Xpp X2 ... Xp n . : i i
(detx) = [ 3 I e L
x! x! x! X}
i=1 il i2 i3 e n
Xnl Xn2 Xu3 ... Xnn : :
X1 Xn2 Xn3 .- Xnn
X11 X12 e X1n
no| Xi-11 Xi-12 - X(i-1)n
- Y| f ;
=Y A ) @iXp e ) @Ky
=it =1 =1
Xn1 Xn2 s Xnn
X11 X12 X1n
n X X/: X 1
_ Z (i-1)1 (i-1)2 (i=1)n = Zaii(detX).
O] GEXin o @iiXizo ... @iiXip i=1
X1 Xn2 ce Xnn
Hence

1]

t
det X = det Xoeffo tra(t)d .

Example 2. For (2), let T = Zh, h > 0, the solution of (2) can be given as:

0
X(t)= J[ [I+hA(to+kh)]Xo.
k=g
h
Furthermore, by Theorem 3,
0
d - - n
et X(t) 1__[ det[I 4+ hA(to + kh)] det Xo eZ detAi(t, to)det Xy, for t€T,
k:%—l i=1
where ) )
1+ h&ln hﬂlz e hal(i*l) I’lll]l' 0O ... 0
hax 1+hay ... ha2(i—1) hay; 0O ... 0
A — ha(i*l)l ha(i*l)Z A | + ha(i*l)(l’*l) ha(i*l)i 0 0 0
;=
aj ) e aj(i-1) aji 0 0
0 0 .. 0 0 1 0 O
| O 0 0 0 0 1]

9 of 28
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In fact, let T = Zh, h > 0, by X (t) — X(t) = ( JA(t)X(t) and u(t) = h, we have X(t + h) — X(t) =
hA(t)X(t). Hence X(x + h) = (I +hA(t))X(t). Therefore

X(t) = ]9[ [I+hA(ty+kh)] Xo

Example 3. For (2),let T = LTZ, q > 1, the solution of (2) can be given as:

0
Xt =TI [I+@—1DdA"0)] Xo.
k,lnt Inty 1
Ing
Furthermore, by Theorem 3,
0
detX(t) = [T  det[I+(g—1)g"t0A(q"t0)]detXo
k= Int-Inty 1
—  Ing
= ei detAi(t, to)det Xy, for t€T,
i=1
where
1+ (q—Vtany  (g—Dtary ... (9 — Dtay;y) (g—Nta; 0 ... 0]
(—Dtayy 14+ (q—Dtan ... (9 — Dtag 1) (q—Dtay; 0 ... 0
A — (—Dtag_1y (@—Dtag_1p ... 14+(q—Dtag_q)i-1y (@—Dtag_y; 0 0 0
a1 app N ai(ifl) aij; 0 0 O
0 0 ... 0 0 1 0 O
I 0 0 o 0 0 0 ... 1

In fact, let T = g%, q > 1, by X (t) — X(t ) = u(t ) ()X (t) and u(t) = (g — 1)t, we have X(qt) —
X(t) = (g — 1)tA(t)X(t). Hence X(qx) = (I + (q — 1)tA(t)) X(t). Therefore

0
X(ty=JI [I+@-1)qtA(q0)] Xo.

Int-Inty
k=" 0 -1

3. Liouville’S Formula for V-Dynamic Equations and Some Lemmas

In the following, we will obtain Liouville’s formula for V-dynamic equations and some lemmas
which will be used to discuss a-diamond dynamic equations are established.

Lemma 3. By Definition 2, the matrix function e (t, to) is nabla differentiable at t with
-1
ex (t,t0) = A(p(1) (I+v(H)A(p(1)))  ealt, to)

Proof. For ¢4 (t,ty) = W = A(t)ea(t ty), we can obtain

eX (1, t0) = A= EAELI) o)) (p(0), o).
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On the other hand, by f(t) — f(p(t)) = fV (t)v(t), we can obtain
ea(t to) —ea(p(t),to) = v(H)A(p(t))ealp(t), to),
thatisea(t,tg) = (I+v(t)A(p(t)))ea(p(t), to). Hence
X (tt0) = A(p(6)) (I+v(DA(p(1))) ealt, o).

The proof is complete. [

Next, we consider the dynamic equations by nabla derivative.

Lemma 4. Let A be an upper triangular n x n-matrix-valued function, then A is regressive iff each diagonal
element of A is regressive.

Proof. Let
a1 a4y ... a1
0 azp ... Ay
A= ]
0 0 Ann
Hence
1—vayy, —vap ... —vay
0 1—vay ... -—vay, n
det[l —vA] = . ) ) , =111 —vay).
: : . : i=1
0 0 oo 1—vay,

Therefore A is regressive iff each diagonal element of A is regressive. [J

Remark 5. Let A : T — R"" be an upper triangular matrix, we can obtain
n n n
detA=T]Jai trA=Y_a; det(I—vA)=]](1—vay).
i=1 i=1 i=1
Hence for n > 2,
n n n
1—v(trA —vdetA) =1—v()_a; —v]Jay) #] [ (1 —vaz),
i=1

i=1 i=1

which implies that I 4+ v A is invertible does not be equivalent to tr A + v det A is regressive.

It is easy to check the following V-derivative formula of determinant function.
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Lemma 5. Let A : T — R"*" be the following function matrix:

a1 ain e ati 1(i+1) XX a1n
Ai-1n 4G-1)2 -+ A6E-1)i AGE-1)36+1) - Ai-1)n
Alt) =1 an ap .4y QG(it1) - Ain |,
A+ Aa+1)2 - A6+ AE+DE+) o0 A3i+)n
an1 an2 cee Ani Ap(i4+1) s Ann
then
61‘0 Llp 61‘0 61‘0 Llp
11 2 1i 1(i+1) n
p P p P p
o n %i- Ta—n2 o Ta—ni Y-y o imn
_ v v v v v
AY(t) = Z; a; Aip o Ay Aitivry 0 Pin
1=
Ai41)1 A6a+1)2 - A1) A1)+ - Ai+1)n
an1l ann . Ay un(i+1) . Ayn

Theorem 5 (Liouville’s formula). Let A € R be an upper triangular n X n-matrix-valued function and
assume that X is a solution of X¥ = A(t)X. Then X satisfies Liouville’s formula

detX(t) =e, ;1 (t,tg)det Xy, for teT.
L I1 (1-vaj)ai
i=1j=1
Proof. For the matrix A, by Lemma 4, we can obtain A is regressive iff each diagonal element of A is
regressive. Let

air a1y ... a1y X111 X122 ... X1

0 dazxp ... dyn 0 X222 ... X2y
A=| . T | x=

0 0 ... am 0 0 ... xun
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v
X11 X122 X13 ... Xin
0 X222 X223 ... X2
v n
(detX(t))" =
0 0 0 ... xXum
PP PP L
Y11 X1 i Miry o K
0 X, ... X KL X
X)Xy, xg Xy, 22 2i Fo(it1) 2n
0 xp Xx23 ... Xop n-1| : .
- . T Z XN xv x,v
. i=2 |- ii i(i+1) " in
0 0 0 Xnn : :
0 0 0 0 0 oo Xnn
p p PP p
o Y2 e M Mgy 0 M
p PP P
0 xp i o(it1) *on
n : . .
= 2 v v
=1 Yi o Xiit1) Xin
0 0 0 0 0 Xnn
n i—1 0 n n i—1
= 2 x].jxl-l- H Xkk = 2 (1 —V&lj]')[lii det X.
i=1j=1 k=it1 i=1j=1

This completes the proof. [

Remark 6. Let A be a 2 x 2-matrix-valued function. Then A is regressive iff the scalar-valued function
trA — v det A is regressive (where tr A denotes the trace of the matrix A, i.e., the sum of diagonal elements of
A). In fact, let

then we can obtain

det(I —vA) det ll Tvan v 1

—Vvdan 1-— vdpo
= (1 —van)(1 —vay) —vapvay
1—v(an + az) + v (a11a20 — a12a21)
= 1—v(trA—vdetA).

Hence A is regressive iff the scalar-valued function tr A — v det A is regressive.
Remark 7. Assume that for n = k, we can obtain similar characterizations of Remark 6. For n = k + 1, let

Ac 0
0 ap

A1




Mathematics 2019, 7, 962 14 of 28

where Ay is (k+ 1) x (k4 1)-matrix-valued function, Ay is k x k-matrix-valued function. Then

- Ik - VAk 0
det(I —vAg 1) = det l 0 1— Vﬂo]

= (1—vag)det(I —vAy),
1—v(trAg 1 —vdetAgy) = 1—v[trAx+ a9 — vagdet Ay
= 1—vtrAy —vag + vagv det Ay.

Hence there exists Ay 1 such that Ay is regressive and so is tr A1 — vdet Agyq.

Theorem 6 (Liouville’s formula). Let A € R be n x n-matrix-valued matrix function and assume that X is
a solution of XV = A(t)X. Then X satisfies Liouville’s formula

d tX t)=c¢en t,t d tX ’ t T,
et X(t) eZdetA,-( 0)detXy, for te
i=1
where ~ -
1—vay; —va . —vayi_1) —vay; 0 ... 0
—vay 1—vay ... —Vay(i_1) —vay; 0 ... 0
Ai _ —1/51(1-_1)1 —va(i_l)z oo 1= Va(i—l)(i—l) —va(i_l)i 0 0 0
a1 ap ce ai(i—l) ajj 0 0 0
0 0 . 0 0 1 0 0
i 0 0 . 0 0 0 ... 1}

Proof. For n = 2, by Remark 4, A is regressive implies trA — v det A is regressive. Let

,X(t) _ [xn X12

az1 a2 X21  X22
Then
v .V PP
(detX(t))v — "1 fi2)  *u '
= vV .V
X21  X22 Xo1 Xpp

v v

X11 + pXgp X2+ pXp
v v
X1 X2

a1nx11 +apx1  a11x12 +ax22
X21 X22

+

x11 + (an1x11 +a2x21) (—v)  x12 + (a11x12 + apx2) (—v)

= apdetX(t) +
ax1X11 + a22%21 a1X12 + ax22

1—vay ap(—v)

= apdetX(t) + det X

az1 >
= (rA—vdetA)detX

3

a110
0 1

1—vay ap(-v)

} det X.
az a
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Forn > 3, let
a1 412 M43 A1n X11 X12 X13 X1n
a1 axp a3 A2n X21 X22  X23 Xon
Alt) = X () =
Apl  An2  au3 Ann Xnl Xn2  Xn3 Xnn
Hence by Lemma 5, we have
P p P P
X1 X2 X3 e Xy
v k . . .
X11  X12  X13 X1n : : : :
Xp1 X2 X33 X2n no|xf xP xf xf
(X(t))v _ _ Z (-1 *@E-1)2  T(i-1)3 (i—1)
: xV xv XV xv
i=1 il i2 i3 in
Xnl Xn2  Xu3 Xnn . . . .
Xn1l Xn2 Xn3 Xnn
X — VX X — V.X'V X — VX X 1/.?(.'v
11 11 12 12 13 13 1n 1n
n ) _ . Vv ) Vv ) \v4
-y Yi-11 —VXGoy1 Xi-1)2 7 VX1 X(i-1)3 T VX(1)3 X(i—1)n = VX(G_1)n
v v v v
i=1 Xi1 Xin Xi3 Xin
Xnl Xn2 Xn3 Xnn
n n n
X11—V Y 4qjX X12 =V ) a1jXjp X1 —V ) M1jXjy
j=1 j=1 j=1
.T’l n .Vl
i X(i—1)1 —V ‘2101(1‘71)]'95]'1 X(i-1)2 —V '2161(1'71)]'95;'2 X(i-1)n —V Zlﬂ(z 1)j%jn
i—1 n n n
Y aijXj1 Y a4ijXj Y aijXjy
j=1 j=1 j=1
Xn1 Xn2 Xnn
i i i
X11 —V Y ajXj X12 —V ) a1jXjp X1p =V Y @1jXjn
j=1 j=1 =
i i i
n . . .
- X(i-1)1 —V ‘Zla(ifl)jle X(i—1)2 —V 'Zla(ifl)jxﬂ X(i—1)n —V ‘Zla(ifl)jx]n
= = j= j=
i=1 i i i
Y. ajxj Y. ajjxpp Y aijXjy
j= j=1 j=1
Xn1 Xn2 Xnn

n n
= ) det(A;X) =) detA;detX.

i=1

Then

This completes the proof.

i=1

O

t,t det Xp.
detA,-( 0)> ¢ 0

15 of 28
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Theorem 7. Let A be a n x n-matrix-valued function. Then A is regressive iff the scalar-valued function

n ~ ~
det A; is regressive, where A, is defined by Theorem 6.
i=1

1=

Proof. By Theorem 6, for n = 2 we can obtain

a 0 1—va app(—v
det(I —vA) =1—v{ |1 n an(=v) .
0 1 a1 ann
Next, let
a1 412 M3 ... 1 A1n
Ay Ay 43 ... A Ao) f2n
A(t) = = 7
Apl An2 A3 ... fApn Ayl Au2 A3 ... Oun

where A(g) isa (n — 1) x (n — 1)-valued-matrix function. Assume that (n — 1) x (n — 1)-matrix-value

n—1 -
function is regressive iff the scalar-valued function ) det A; is regressive. That is
i=1

n—1
det(I — VA(O)) =1—-v Z detAi.
i=1

Hence

n—1 n—1
1 —v( ) detAi+detAn) =1-v) detA; —vdetA, = det (I—VA(O)) —vdet A,

i=1 i=1
—vayy,
= det(I-vAg) —v I=vAq) Vi
anl  an2 an3 cee Ann
—vai, —vay,
_ I— vA(O) —vayy, n I— vA(O) —vayy,
0 0 0 .. 1 —Vva,, —Vap —Vay,3 .. —Vapy
—Vain
= I=vAq Wan | _ det(I —vA).
Hap]  —Vay —Va,3 v 1 —vayy,

n ~
Therefore A is regressive iff the scalar-valued function ) det A; is regressive. This completes the
i=1
proof. O

Definition 3 ([19]). Define é4(t, to) by the unique matrix solution of the initial value problem:
XV(t) = A()X(1), Xo=1I. (4)
Lemma 6. By Definition 3, the matrix function é4(t, to) is delta differentiable at t with

&5 (ko) = A(o(8)) (I — u(H)A(c(t)) " ea(t to).
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Proof. For ¢y (t,tg) = W = A(t)ea(t ty), we can obtain

ea(o(t), to) —éalt to)
u(t)

On the other hand, by f(c(t)) — f(t) = f2(t)u(t), we can obtain
ea(o(t), to) —ea(t,to) = u(t)A(o(t))eale(t), to),

thatis é4(t,tg) = (I — u(t)A(c(t)))éa(o(t), to). Hence

&5 (tto) =

=A(o(t))éa(o(t), to).

EA(t to) = A((£)) (I — u(HA((£)) "ealt, to).
The proof is complete. [

Example 4. For (4), let T = R, Liouville’s formula can be given as:

detX = dethe‘/’OtrA dg, trA(t Za”

In fact, let T = R, we can obtain v(t) = 0 for any t € T, hence XV (t) = X'. The result is obvious.

Example 5. For (4), let T = Zh, h > 0, the solution of (4) can be given as:

1
1‘[ [1—hA(to+Kkh)] ' Xo.

tro

Furthermore, by Theorem 6,

1
detX(t) = [ det[I—hA(to+kh)] detXq
== e n t,t d tX ’ t T,
e detA,-( 0)detXo, for te
i=1
where ~ -
1-— haH —halz cee —hal(i_l) —hall- 0 ... 0
—ha21 1-— ha22 cee _ha2(ifl) —hazl' 0 ... 0
Ai _ _ha(i—l)l —ha(i_l)z R e ha(i—l)(i—l) _ha(i—l)i 0 0 0
a1 ap N ai(i—l) ajj 0 0 O
0 0 e 0 0 1 0 0
0 0 - 0 0 0 ... 1]

In fact, let T = Zh, h > 0, by X(t) — XP(t) = v(£)XV (t) = v(t)A(t ) (t) and v(t) = h, we have
X(t+h) — X(t) = hA(t + h)X(t + h). Hence X(x +h) = (I — hA(t+h)) 'X(t). Therefore

1
H [1—hA(t+ k)] ' Xo.

h
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Example 6. For (4), let T = qj, q > 1, the solution of (4) can be given as:

1
xt= I [-@q-DdAGH)] " Xo.

__Int-Intg
k= Ing

Furthermore, by Theorem 6,

1

detX(t) = [T det[I—(q—1)g"t0A(q"t)] et X,
k:lntl;l;to
= n t,tg) det Xy, teT,
eZdet/L( o) det Xo, for te€
i=1
where
[1-(1—tan —(1—§)tar —(1—%)ta1(i,1) —(1—%)% 0 0]
—(1 — %)tﬂﬂ 1-— (1 — %)tazz —(1 - %)taw_l) —(1 - %)tazl' 0 0
VR G Dtagy —(1—Dtagap o 1= (1= Dtag_yiqy —(1—Dtag_y; 0 0 0
a1 a e ai(i—l) ajj 0 0 O
0 0 0 0 1 0 0
L 0 0 0 0 0 ... 1]

In fact, let T = q%,q > 1, by X(t) — XP(t) = v(H) A()X(t) and v(t) = (1 — %)t, we have X (qt) — X(t) =
(q —1)qtA(qt)X(qt). Hence X(qt) = (I — (9 — 1)th(qt))_1X(t). Therefore

1
x()= I [1-(q-1dtAG )] Xo.

_Int-Inty
k= Ing

4. Liouville’S Formula of Diamond-« Dynamic Equations

In the sequel, we will introduce the a-matrix exponential function and obtain Liouville’s formula
of diamond-a dynamic equations. Several examples are provided on various time scales.

Definition 4 ([13]). Let T be a time scale and f (t) be differentiable on T in the A and V sense. For t € T we
define the diamond-u dynamic derivative fO=(t) by

form =aft () +1-a)f¥ (), 0<a <1,
Thus f is diamond-a differentiable if and only if f is A and V differentiable.
Definition 5 ([14]). Let f(-) : T — R, we define the generalized diamond exponential function by
ér(t to) = aer(t to) + (1 —a)ér(t,to), 0 <a <1

Theorem 8. The generalized diamond exponential function is the solution of the diamond a-dynamic equation
as follows:
O]

20 = (wf0+ @ -0 T Yottt + (a L+ =g ) 1= g, ©
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where 0 < « < 1 with the initial condition x(ty) = 1. When a = 1, the dynamic equation is A-dynamic
equation, and when a = 0, the dynamic equation is V-dynamic equation.

Proof. By Definitions 4 and 5, we can obtain

(E(t,10)) (1) = oc(rxej%(t, to) + (1 — a)é3(t, to)> +(1—w) (oce)y(t, to) + (1 — w)éy (t, t0)>

O
N N O I ORAS t‘”)

- a(af<t>ef<t,to> T
U er(tt0) + (1 - a)f(0)24(, to>)

()
(1) (”‘1 Y0
= (wf)+ =0 s Yaerto )

£(1) A
(o D + =00 (1 wer 1)

Hence the generalized diamond exponential function é¢(f, ) is the solution of (5). Further when
« = 1, we obtain the dynamic Equation (5) as follows:

xO1(t) = xB(t) = f(t)es(t o), 6)

for the solution of (6) is x = ef(t, ty), hence (6) can be denoted by xB(t) = f(t)x(t). Similarly, we can
also obtain the case for a = 0. The proof is complete. [

Theorem 9. Let f(-) : T — T, then f(t) is a solution of the following equation

tog (1-4(0f7(0)

() = oA )

iff (5) can be reduced to
xOu(t) = f(Hx(t), 0<a <1 8)

J T .
Proof. For f(t) =e’o ¥ , We can obtain

log (1— t(-r)f”(r)) . log (1—;4 T)f”(r))

o (t) 11 ¢ (
FA() elo 0 B G R
u(t)
o(t) 108 (1107 () )
o T AT s (o)
= e’to u(T)
u(t)
1wty —1 g slror@)
MOPO =Ll =507 < ooy, ©)

u(t)
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U =

1—1/(V)()(t)—1 s w“ = —f()fP(D), (10)

hence we have the solution of (9) and (10) with the initial value f(tp) = 1 is equivalent to the solution
of (7).
On the other hand, by (5), we can obtain

fo(t) _ fo) — f() —v(t)fP()f(t)
“f(t)+(1—“)W = f(Hh+(1—a) T+ v(Df (D)
(D FY () —
R RN T CER AL L N
fo(t) B foE) = f(8) +pu(t) f()f7 ()
1= af (D) + (1 —a)f(t) a I +f(t)
A (o
RENCTGETIOT Gy
Therefore the dynamic Equation (5) can be reduced to
X = f(£)x(t).
Conversely, if ¥« = f(t)x(t) with x(ty) = 1, then
af(t)+1—a)—2 Dy SO e,

vt~ “T-ufe(d)

that is

FYO 4 PR _ O A
R B ) 0 B e T I
)

forany 0 < a < 1, thus £V (t) + fO(t) f(t) = f2(t) + f(t)f7(t) = 0, so we have
Y = =fP0Of(1), A1) =—fOHf )
ie., f(t) with f(to) = 1is a solution of (7). The proof is complete. [

Example 7. For (7), let T = Zh, h > 0, by Theorem 9, then the solution of (7) can be given by

t—

0_>

(1-nfo (to+kh))
. ’ t> tO/

—t 72

i (1-nfe(tot+kh))

k

-
=

f(t) = q 1+h

'—‘» :-‘

} (1—hf(t0+kh))*l, t < to.
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t log( ”(T))
In fact, by f(t) = el - A

T .
, we can obtain

t—to

t log(l ‘7( DI 27 fo+ ’f“ ) log(1 ;;(T)f”ﬁ))AT
Fly = e T & o TG
51 Il (0170 i
= H to-+kh G H 1 —hfo( t0+kh))
k=0 k=0
tfht[) )
= (1 - hf(t)) H (1 —hf%(to +kh)),
k=0
that is
t—hto 5
kH (1 —hf7(to+ kh))
£l = —0
14+h [ (1—hfo(tg+kh))
k=0
Fort € T, t < tg, we can obtain
=t
og(1—u(T)f9 (7 — h rto+kih log(1—p(7)f(z
f(t) _ ft; log(1 ﬁET;f @) Az _, ’E 0.+ (k-1 G AT
e (o) tog1-p(m7 1) »
— H e Jtot(k=1h u(T ]—I 1—hf‘7t0+(k—l)h))
%H B
= J] (1—hf(to+kh)) ",
k=0

forany 0 <k < % + 1, tg + kh > t. Therefore

Fiy = [T (O —nf(to+kn)) "

k=0

Example 8. For (7), let T = qj, q > 1, by Theorem 9, then the solution of (7) can be given by

nt-intg_,
Ing
I (1-(a-1)tog" £ (t04"))
T B> o,
In
f(t) = 1+(lfl)t Iq:[ (1*(q71)toqkf"(t0qk))
kHO (1= (q—Dtog" 1 f(toq")) , t<to.

21 of 28



Mathematics 2019, 7, 962 22 of 28

It log(1—p(1) f7(1)) A )
In fact, by f(t) = e’'o Q) , we can obtain

t—tg

+ log(1—p(0)f7 (7)) Tzilffoffk+1 log(1=p(T)f7()) A+
f(t) = ejfo TG B L #(T)
Int—Int Int—Int
Thg T eltod) g 0) g
— H " toa* u(T) — H (1 _ (q _ 1)t0qkfg(t0qk))
k=0 k=0
Int-Inty 2
1 Ing
= (1= (1)) 1T (-G Dugs ),
q k=0
that is
Int-Inty 2
g ko (s ok
I (1= (9 —1)tog"f7 (toq"))
'f(t> - lntl—lnto )
1+(1-1 T 1— (g — 1)togkfo (togk
=gt I (1= (7= Dtegf7(tor")

Fort € T, t < ty, we can obtain

Int—Inty
Ing fodF log(1—p(0)f7 (1))
f(t) — effi) log(li;ljggfg(T))AT — ei ;Eo jfooﬂk’l %AT
Int—In Int—In
Fg ot JEC0 ) toglp(m)7(0) 5 Tig L+ - b1ayt
— H e tor* (1) = 1_[ (1 — (q — 1)1’0(] N fg(t()l] B ))
k=0 k=0
lntlzll;to +1 X
k— kyy —
= JI (—@—Dtgd" " flteg")
k=0
forany 0 <k < % +1, togk > t. Therefore
lnth:l:to +1 )
k— kyy—
fO =TI (-@-Dtg " ftg"))
k=0

Next we consider the diamond a-dynamic equations on time scale as follows:

X0 = (@A) + (1 —a) AP () (T+v() A (1)) aea(t to)
(@A) - u(HAT)) ™+ (1 - ) AD) (1 —a)ealt o), 0<a<1,  (11)

where A : T — R"™", e, (t, tg) is solution of (2), é4(t, to) is solution of (3) with the initial value
X(tg) = Xg € R™*",

Definition 6. Let T be a time scale and A(-) : T — R"*" be A and V-differentiable on T. For t € T we define
the diamond-a dynamic derivative A9« (t) as

AV (t) = aAP(t) + (1—a)AV(t), 0<a <1

Obviously, A(t) is diamond-w differentiable if and only if A(t) is A and V differentiable.
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Definition 7. Let A(-) : T — R™ ", we define the generalized diamond matrix exponential function (i.e.,
w-matrix exponential function) by

éA(t, to) = oceA(t, to) + (1 — Oé)éA(t, to), 0<a<.

Remark 8. For the diamond a-dynamic Equation (11), if &« = 1, then (11) turns into (2); if & = 0, then (11)
turns into (3).

Theorem 10. The generalized a-matrix exponential function &4 (1, to) is the solution of (11).

Proof. Since

Ealtt)) " = aw(aed(tto) + (1—a)éi(t ty))
+(1—a)(ae) (tto) + (1 —a)éy (t,ty))

by Lemma 3 and Lemma 6, we can obtain

wlaA(t)ea(t to) + (1 —a)A(o(t)) (I— (t)A(o(t)))_léA(t, to)]
+(1 = a)[A(p(1) (T +v(HA(P(1)) ealt o) + (1 &) Ada(t, )]

= [aA() + (1 —a)Ap(®) (I+v(H)A((t)) ]

+aA(o(t) (I— (A1) + (1 —a)AE)] (1 —a)éa(t to).

The proof is complete. [

(a(t t0)) "

IXEA t t()

Theorem 11. Let A(-) : T — R™*", then the diamond a-dynamic Equation (11) can be written as:

iff A(t) satisfies
A(t) = e_ac(t to). (12)
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Proof. If A(t) is solution of the equation A(t) = e_4r(t, 1), then

&A(E) + (1= ) A(p() (1+v(B)Ap(1)))

= A+ (1 —a)(A(p(1) — A() —v(ADA(p(1))) (I +v(t)Ap()) "

= AWD) —v(t)(1 - ) (AV () + AW A(p())) (I +v(DA(p(1)) ",
A (o(1) (I - p(HA(e(1)) " + (1 - a)A(t)

= a(—p(t) T =p(D)AT (D) (I - p(HAT () " + (1 - a)A(t)

= a(—p()) (= I+ 1—u() AT (D) (I - p()A%(H) " + (1 —a) A()

= a(—p(E) T [ 1= (O AT(B)) T+ (= () AT(0) (1= u(t) A" () ']
+(1—a)A(t)

= a(—pu()) (I - u(AT(D) (=) + (1 - u(t) A7)~ (1 - u(H)A7(1))]
+(1—a)A(t)

= a(—p(D) NI = p() A% (5) 7 (—p(D) A () + (1 — @) A(t)

= a(l—p(HAT (1) T (A(H) — A() + u() A (1) A(1)) + A(t)

= apu(t)(T—u()A7(1)) " (AD(E) + AT(DA(E)) + A(E).

AB(t) = —A%(He_ar(tty) = —AT(HA(H),
AV(t) = —A%(p(t))e_ac(p(t), fo) = —A(t) AP (1),

hence the dynamic Equation (11) can turn into:
X" =AMBX(#), 0<a<1.

If the diamond a-dynamic Equation (11) can be given as:

then

hence
(1—a)u(t) (AV (1) + A AP (1)) (I +v(D AP (1) = ap(t) (AD + AT(DA(H) (1 - u(1)A7(H)
for any 0 < a < 1. Therefore
AV () + A(H)AP(t) = AD + AT(H)A(t) =0,
thus A(t) = e_av(t,ty). The proof is complete. [

Example 9. For (12), let T = Zh, h > 0, by Theorem 11, then the solution of (12) can be given by

0 0
I1 (IhA”(to+kh)) [I+h I1 (IhA‘T(toJrkh))], t > to,
k=502 k=00
At) = 0 1
I1 (I—hA(t0+kh)) , < tp.
t—t,

k=—2+1
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In fact, by A(t) = e_ a0 (t, to), we can obtain

0 0
Alt) = 11 <I—hA”(t0+kh)>=<I—hA(t)> I (I—hA"(toJrkh)),
k=521 k=502
that is . .
A(t) = H <I—hA‘T(to+kh))[I+h H (I—hA‘T(to—i-kh))].
k=02 k=h o
Fort € T, t < ty, we can obtain
0 -1 0 -1
am =TI <I—hA”(to+(k—1)h)) - 11 (1—hA(to+kh)) ,
k:%ﬁ’l k:%J’,l
foranyOSkg%—l—l, to + kh > t. Therefore
0 -1
A= ] (I—hA(to+kh)> .
k=204

Example 10. For (12), let T = qj, q > 1, by Theorem 11, then the solution of (12) can be given by

0 k k
I1 (1 — (g —1)toq" A (toq ))
k= In rl;l; ty 2

-1
A= x[rra=be I (1-G-Duractd))| e

_ Int-Inty
k=D000 o

-1
I (1—<q—1>toqk1A<toqk>) t<ty

_ Int-Inty
k=g 0 +1

In fact, by A(t) = e_ a0 (t, to), we can obtain

0
A0 = 1 (I—(q—l)toqkA%oqk))
k= In tI;I;\ ) 1
— _ _1 0 o . k a0 k
- (1 a q)m(t)>kﬂzoz<l (g — 1)tog A% (tog ))

Ing

that is

0

A= I (1-G-Duramteg) |1+ 0= I (1<q1>toqkA”<toqk>)}_l.

_ Int-Inty _ Int-Inty
="g " 2 k="g " 2
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Fort € T, t < tg, we can obtain

0 -1
A = IJ (1—<q—1ﬂwk1A%m¢w)
k= lntlnl;t() +1
0 -1
= IT (1 —(q- 1)toq"‘1A(toq")> ,
k= lntl;l:to +1

forany 0 <k < % +1, togk > t. Therefore

0 -1
A= I @(qnm%”AUMH) |

Int-Inty
k="t +1

Theorem 12 (Liouville’s formula). Let A(-) : T — R"*", X is a solution of (11), then X satisfies
Liouville’s formula
det X(t) = det (aXq + (1 —a)Xy) detXo, for teT,

where Xy is solution of X® = A(t)X(t), X is solution of XV = A(t)X(t).
Proof. By Theorem 10, we can obtain aX; + (1 — a) X; is a solution of (11), hence
det X(t) = det (aXq + (1 —a)Xy) det Xy, for t€T.
The proof is complete. [

Example 11. For (11), let T = R, any t € T are dense points, according to Theorem 12, we have (11) can be
written as
X" =X = AHX(), 0<a<1.

Furthermore, Liouville’s formula can be given by

ot n
det X = det XoeJ’O trA(T)dg, trA(T) = Z a;;(T)

In fact, u(t) = v(t) = 0 forany t € T, hence X*(t) = XV (t) = X/, therefore X% = X' for any
0 < a < 1. By Examples 1 and 4 we can obtain desired results.

Example 12. For (11), let T = Zh, h > 0, by Theorem 12, the solution of (11) can be given as:

0 1
X(t):{zx [T [T+hA(to+kh)] + (1 —a) ]’[ [I —hA(to+kh)] }Xo,ogagL
k=500 =Ll

In fact, by Theorem 10, we can obtain X(t) = wea(t, to) + (1 — a)éa(t, tg). On the other hand,
by Examples 2 and 5, we can obtain

0 1
ealt,to) = [ [I+hA(to+kh), éa(tto)= ] [I—hA(to+kh)]

_t fo _t to
k=—t—1 k=—*%

-1
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Example 13. For (11), let T = g%, q > 1, by Theorem 12, the solution of (11) can be given as:

X = {(X ﬁ [1+ (= 1)gtAG )] + (1 —a) ﬁ [1—(q—1)q't0A(q"t)] _1}X0,

_ Int-Inty _ Int-Inty
k= Ing -1 k= Ing

where 0 < a < 1. In fact, by Theorem 10, we can obtain X (t) = wea(t, to) + (1 — a)é(t, ty). On the other
hand, by Examples 3 and 6, we can obtain

0 1
ealtto) = T1  [I+@-DaA@G )], ealtto) = T1 [1—(q-1DgtA(H)] "
k= In t;ln to 1 k= In tfl; fo
ng n
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