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1. Introduction

Integral inequalities have been widely implemented in different fields of sciences.
They are quite beneficial for developing and progressing the theory of functional analysis,
differential equations, and applied numerical analysis by estimating sharp quadrature
bounds. In the last two decades, various types of integral inequalities have been utilized
in approximation theory and numerical analysis, enabling us to obtain better estimates
by reducing the approximation of error involved. Integral inequalities provide explicit
bounds pertaining to unknown functions. Integral inequalities serve as a necessary tool in
the study of various classes of differential and integral equations (see [1–5] and references
therein).

Mathematicians have placed effort in the development of inequality theory to find
and explore a large variety of results that are fruitful and notable for applications. Now,
inequalities have evolved to attain magnificent theoretical and applied usage in the fields
of science and engineering. In inequality theory, the Čebyšev inequality [6] (p. 197) or [7]
(p. 240) is renowned for synchronous functions that produce limit values and helps to
generate a variety of new inequalities. There exists a huge sequence of complements to the
Čebyšev inequality which provides estimates for Čebyšev quotients and differences in the
form of Grüss and Grüss-type inequalities [6] (p. 43). In diverse field of research, these
inequalities have an immense number of variants with several applications in statistical
problems, probability, fractional calculus, and numerical quadrature formulas (see [8–12]).

For two Lebesgue integrable functions h,g : [u, v]→ R, the Čebyšev functional is given by

C(h, g) =
1

u− v

∫ v

u
h(ζ)g(ζ)dζ − 1

(u− v)2

(∫ v

u
h(ζ)dζ

)(∫ v

u
g(ζ)dζ

)
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In 1882, Čebyšev proved in [13] that

|C(h, g)| ≤ 1
12

(u− v)2∥∥h′
∥∥

∞

∥∥g′∥∥∞

where h, g : [u, v]→ R are such that h′, g′ are continuous on [u, v] and ‖h′‖∞ = sup
t∈[u,v]

|h′(t)|.

In their 1934 remarkable paper [14], Grüss proved that

|C(h, g)| ≤ 1
4
(M−m)(Γ− γ),

provided that there exist the real numbers m, M, γ, Γ such that

m ≤ h(ζ) ≤ M, γ ≤ g(ζ) ≤ Γ

for a.e. ζ ∈ [u, v]. The constant 1/4 is the best possible.
In 1963, Sokolov in [15] proved that

|C(h, g)| ≤ M−m
2(u− v)

∫ v

u

∣∣∣∣(g(ζ)− 1
(u− v)

∫ v

u
g(t)dt

)∣∣∣∣dζ

provided that there exist the real numbers m, M, such that

m ≤ h(ζ) ≤ M

for a.e. ζ ∈ [u, v]. The constant 1/2 is the best possible.
These are the most demanding inequalities in computational and applied mathematics

due to their effective and immense applications in perturbed quadrature rules [16,17] and
approximation of integral transforms [18,19].

Throughout the paper, we use 1 ≤ p, q ≤ ∞ as conjugate exponents that are 1
q +

1
p = 1.

Consider the space of p-power integrable functions Lp
[u,v] with norm

‖h‖p =

(∫ v

u
|h(ζ)|pdζ

) 1
p

and the space L∞
[u,v] with the norm

‖h‖∞ = ess sup
ζ∈[u,v]

|h(ζ)|.

In [20], M. Niezgoda recently provided an extended Grüss theorem for certain classes
of bounding functions instead of bounding constants as follows:

Theorem 1. Consider the functions h, g, η, κ, γ, ϑ ∈ L2
[u,v] such that

(i) η + κ and γ + ϑ are constant functions.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) and γ(ζ) ≤ g(ζ) ≤ ϑ(ζ) for all ζ ∈ [u, v] or more generally∫ v

u
(κ(ζ)− h(ζ))(h(ζ)− η(ζ))dζ ≥ 0 and

∫ v

u
(ϑ(ζ)− g(ζ))(g(ζ)− γ(ζ))dζ ≥ 0.

Then, we have the inequality

|C(h, g)| ≤ 1
4(u− v)

‖κ − η‖2‖ϑ− γ‖2.

In [9], M. Niezgoda also obtained generalization of the above result for Lp-spaces.
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Theorem 2. Consider the functions h, η, κ ∈ Lp
[u,v], and g ∈ Lq

[u,v] such that

(i) η + κ is a constant function.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) for all ζ ∈ [u, v].

Then, we have the inequality

|C(h, g)| ≤ 1
2(u− v)

‖κ − η‖p

∥∥∥∥g− 1
u− v

∫ v

u
g(s)ds

∥∥∥∥
q
. (1)

It is interesting to note that as a special case of p = q = 2 , Theorem 1 is the direct
consequence of Theorem 2.

Recently, M. Niezgoda [21] investigated pre-Grüss-type inequalities pertaining to
continuous functions possessing only one point of non-differentiability. For x0 ∈ [u, v],
let D(ζ0) be the class of all continuous functions h : [u, v] → R differentiable on the set
〈u, ζ0〉 ∪ 〈ζ0, v〉 and such that

Ml = sup
ζ∈〈u,ζ0〉

∣∣h′(ζ)∣∣ < ∞ and Mr = sup
ζ∈〈ζ0,v〉

∣∣h′(ζ)∣∣ < ∞. (2)

In case ζ0 = u (resp. ζ0 = v) we set Ml = 0 (resp Mr = 0).
For given function h ∈ D(ζ0) we define

ηh,ζ0(ζ) =

{
Ml(ζ − ζ0) + h(ζ0) for ζ ∈ [u, ζ0],
−Mr(ζ − ζ0) + h(ζ0) for ζ ∈ [ζ0, v]

(3)

and

κh,ζ0(ζ) =

{
−Ml(ζ − ζ0) + h(ζ0) for ζ ∈ [u, ζ0],

Mr(ζ − ζ0) + h(ζ0) for ζ ∈ [ζ0, v]
(4)

where Ml and Mr are defined by (2).
In [21], M. Niezgoda established the following notable result:

Lemma 1. Let h ∈ D(ζ0) for some ζ0 ∈ [u, v]. Denote η = ηh,ζ0(ζ) and κ = κh,ζ0(ζ), where Ml
and Mr are defined by (2). Then, we have that

(i) η + κ is a constant function.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) for all ζ ∈ [u, v].
(iii) The Lp-norm of κ − η is

‖κ − η‖p =

 2
(p+1)1/p

[
Mp

l (ζ0 − u)p+1 + Mp
r (v− ζ0)

p+1]1/p
for 1 ≤ p < ∞,

2 max{Ml(ζ0 − u), Mr(v− ζ0)} for p = ∞.

Later, in [22], Aljinović et al. provided new weighted estimates of the Grüss inequality
with the bounding functions in weighted Lp

ω,[u,vs.] spaces by considering uniform weight
functions. As a result, a new generalized variant of the Ostrwoski inequality and some
applications to weighted quadrature formulae were provided as well.

Motivated by the above literature review, the aim of this paper is to present general-
izations of Grüss- and Sokolov-type inequalities in weighted Lebesgue Lw(Ω, A, µ) spaces
by using the weighted Sonin’s identity. To begin, we need to introduce the basic notions.
Let (Ω,A, µ) be a measurable space, and for the µ-measurable function ω : Ω→ R, with
ω(ζ) > 0 for µ-a.e. ζ ∈ Ω, consider the Lebesgue space

Lω(Ω,A, µ) =

h : Ω→ R, h is µ−measurable and
∫
Ω

ω(ζ)|h(ζ)|dµ(ζ) < ∞

.

For h, g : Ω → R are µ-measurable functions and h, g, hg ∈ Lω(Ω,A, µ); then, the
weighted Čebyšev functional is



Mathematics 2023, 11, 1756 4 of 19

Cω(h, g) =
1

W

∫
Ω

ω(ζ)h(ζ)g(ζ)dµ(ζ)−

 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

 1
W

∫
Ω

ω(ζ)g(ζ)dµ(ζ)

 (5)

where W =
∫
Ω

ω(ζ)dµ(ζ) > 0.

We will apply Sonin’s identity (see [23])

Cω(h, g) =
∫ v

u
ω(ζ)(h(ζ)− χ)

(
g(ζ)−

∫ v

u
ω(ζ)g(ζ)dζ

)
dµ(ζ)

where χ is an arbitrary real number and ω is the normalized weight function, that is,
W =

∫ v
u wdζ = 1 .

Let us note that the following identity is a generalization of Sonin’s identity

Cω(h, g) =
1

W

∫
Ω

ω(ζ)(h(ζ)− χ)(g(ζ)− g)dµ(ζ) (6)

where
g =

1
W

∫
Ω

ω(ζ)g(ζ)dµ(ζ). (7)

2. Grüss- and Sokolov-Type Inequalities for Lω(Ω,A, µ) Spaces

Here and hereafter, Lp
ω(Ω,A, µ) denotes the function space Lω(Ω,A, µ) equipped

with the norm

‖h‖ω,p =

∫
Ω

ω(ζ)(h(ζ))pdµ(ζ)

1/p

= ‖h‖ω,Ω,p , ‖h‖ω,∞ = ess sup
z∈Ω
|h(ζ)| = ‖h‖ω,Ω,∞

and g ∈ (Ω(R), µ) indicates that g : Ω→ R is µ-measurable function.

The following result is a simple consequence of Sonin’s identity (6).

Theorem 3. Let h, g ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ). Then, we have

|Cω(h, g)| ≤ 1
W

∫
Ω

ω(ζ)|(h(ζ)− χ)||(g(ζ)− g)|dµ(ζ) (8)

where g is weighted average given in (7).

The following result is a direct consequence of Theorem 3.

Theorem 4. Let h, g, c ∈ (Ω(R), µ) such that h, g, hg ∈ Lω(Ω, A, µ). If

|h(ζ)− χ| ≤ c(ζ) for µ− a.e. ζ ∈ Ω. (9)

Then, we have the inequality

|Cω(h, g)| ≤ 1
W

∫
Ω

ω(ζ)c(ζ)|(g(ζ)− g)|dµ(ζ). (10)
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Proof. We obtain (10) from(8) and (9).

Theorem 5. Let h, g ∈ (Ω(R), µ) such that h, g, hg ∈ Lω(Ω, A, µ) and −∞ < m ≤ M < +∞
such that

m ≤ h(ζ) ≤ M for µ− a.e. ζ ∈ Ω. (11)

Then, we have the inequality

|Cω(h, g)| ≤ M−m
2W

∫
Ω

ω(ζ)|(g(ζ)− g)|dµ(ζ). (12)

Proof. If (11) is valid, then we have∣∣∣∣h(ζ)− m + M
2

∣∣∣∣ ≤ M−m
2

for µ-a.e. ζ ∈ Ω. Thus, for χ = m+M
2 and c(ζ) = M−m

2 , we obtain (12) from (10).

Remark 1. The above result was first proven by I. G. Sokolov [15] for the case of Ω = [u, v], ω(ζ) =
1, µ(ζ) = ζ. The same result was rediscovered by X. L. Cheng and J. Sun [17] without weights.
Additionally, the above generalizations were proven by P. Cerone and S. S. Dragomir [16]; here,
however, we employ Sonin’s identity to obtain our results.

Remark 2. Let us note that Theorem 5 is an improvement of the well-known Grüss inequality

|Cω(h, g)| ≤ 1
4
(M−m)(Γ− γ)

where (11) and
−∞ < γ ≤ g(ζ) ≤ Γ < +∞ for µ− a.e.ζ ∈ Ω (13)

is valid.

In fact, the following result from [24] is valid

|Cω(h, g)|≤1
2
(M−m)

1
W

∫
Ω

ω(ζ)|(g(ζ)− g)|dµ(ζ)

≤ 1
2
(M−m)

1
W2

∫
Ω

∫
Ω

ω(ζ)ω(t)|(g(ζ)− g(t))|dµ(ζ)dµ(t)

≤ 1
2
(M−m)(Cω(g, g))

1
2

≤ 1
4
(M−m)(Γ− γ).

If (9) is valid, then for p ≥ 1, 1
p + 1

q = 1, c ∈ Lp
ω(Ω,A, µ) and g ∈ Lq

ω(Ω,A, µ)

|Cω(h, g)| = 1
W

∫
Ω

ω(ζ)|c(ζ)||(g(ζ)− g)|dµ(ζ)

≤

 1
W

∫
Ω

ω(ζ)(c(ζ))pdµ(ζ)

 1
p
 1

W

∫
Ω

ω(ζ)|(g(ζ)− g)|qdµ(ζ)

 1
q

(14)

=
1

W
‖c‖ω,Ω,p‖g− g‖ω,Ω,q.

If (11) is valid for χ = m+M
2 , we have the following result from [25]
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|Cω(h, g)| ≤ M−m
2

1
W

∫
Ω

ω(ζ)|(g(ζ)− g)|dµ(ζ)

≤ M−m
2

 1
W

∫
Ω

ω(ζ)|(g(ζ)− g)|qdµ(ζ)

 1
q

≤ M−m
2W

‖g− g‖ω,Ω,q.

Corollary 1. Let h, g be as defined in Theorem 5. In addition, let Ω =
n⋃

i=1
Ωi and

n⋂
i=1

Ωi = ∅ be

such that ci ∈ (Ωi(R), µ), h. If

|h(ζ)− χi| ≤ ci(ζ) for µ− a.e. ζ ∈ Ωi,

then we have the inequality

|Cω(h, g)| ≤ 1
W

n

∑
i=1

∫
Ωi

ω(ζ)ci(ζ)|(g(ζ)− g)|dµ(ζ). (15)

Theorem 6. Let the functions h, η, κ ∈ Lp
ω(Ω,A, µ) and g ∈ Lq

ω(Ω,A, µ) with 1 ≤ p, q ≤ ∞
be conjugate exponents such that

(i) η + κ is a constant function.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) for all µ− a.e.ζ ∈ Ω. Then, we have the inequality

|Cω(h, g)| ≤ 1
2W
‖κ − η‖ω,Ω,p‖g− g‖ω,Ω,q. (16)

Proof. If (ii) is valid, we have∣∣∣∣h(ζ)− η(ζ) + κ(ζ)

2

∣∣∣∣ ≤ κ(ζ)− η(ζ)

2

for µ-a.e.ζ ∈ Ω. Thus, for χ = η(ζ)+κ(ζ)
2 and c(ζ) = κ(ζ)−η(ζ)

2 , we obtain (16) from (9) and
(14).

Lemma 2. Let Ω = [u, v] and h ∈ D(ζ0) for some ζ0 ∈ [u, v]. Denote η = ηh,x0(ζ) and
κ = κh,ζ0(ζ), where Ml and Mr are defined by (2). Then, we have that

(i) η + κ is a constant function.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) for all ζ ∈ [u, v].
(iii) The Lp

w-norm of κ − η is given by

‖κ − η‖ω,p =


2

Mp
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

1/p

for 1 ≤ p < ∞,

2 max{Ml(ζ0 − u), Mr(v− ζ0)} for p = ∞.

(17)

Proof. First, we take ζ0 ∈ 〈u, v〉. From (3) and (4), we find that η(ζ) + κ(ζ) = 2h(ζ0) which
proves (i).

To prove (ii), we will assume first that x ∈ [u, ζ0〉. By Lagrange’s mean value theorem,
for all x ∈ [u, ζ0〉, exists ξ1 ∈ 〈ζ, ζ0〉 such that

h(ζ)− h(ζ0) = h′(ξ1)(ζ − ζ0).
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It is clear that

−Ml ≤ −
∣∣h′(ξ1)

∣∣ ≤ h′(ξ1) ≤
∣∣h′(ξ1)

∣∣ ≤ Ml

and ζ − ζ0 < 0 which gives

−Ml(ζ − ζ0) + h(ζ0) ≥ h′(ξ1)(ζ − ζ0) + h(ζ0) ≥ Ml(ζ − ζ0) + h(ζ0). (18)

Equation (18) is also valid for ζ = ζ0. Then, from (3)–(4) we have

η(ζ) ≤ h(ζ) ≤ κ(ζ) for all ζ ∈ [u, ζ0]. (19)

Similarly, for ζ ∈ 〈ζ0, v] we have

h(ζ)− h(ζ0) = h′(ξ2)(ζ − ζ0)

for some ξ2 ∈ 〈ζ0, ζ〉. Then, for ζ ∈ 〈ζ0, v] we have

−Mr(ζ − ζ0) + h(ζ0) ≤ h′(ξ2)(ζ − ζ0) + h(ζ0) ≤ Mr(ζ − ζ0) + h(ζ0). (20)

Equation (20) is also valid for ζ = ζ0. From that, we have

η(ζ) ≤ h(ζ) ≤ κ(ζ) for all ζ ∈ [ζ0, v]. (21)

From (19) and (21), we obtain (ii).

(iii) Simple calculation for 1 ≤ p < ∞ gives

‖κ − η‖ω,Ω,p =

 v∫
u

ω(ζ)
(
κh,ζ0(ζ)− ηh,ζ0(ζ)

)pdµ(ζ)

1/p

= 2

Mp
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

1/p

and for p = ∞

‖κ − η‖
ω,Ω,∞

= ess sup
ζ∈[u,v]

∣∣κh,ζ0(ζ)− ηh,ζ0(ζ)
∣∣

= 2 max{Ml(ζ0 − u), Mr(v− ζ0)}.

Here (i), (ii), and (iii) can be determined with similar steps to the cases ζ0 = u (when
Ml = 0 and Mr = sup

ζ∈〈u,v〉
|h′(ζ)|) and ζ0 = v (when Mr = 0 and Ml = sup

ζ∈〈u,v〉
|h′(ζ)|).

Remark 3. From Lemma 2 we obtain Lemma 1 for ω(ζ) = 1 and µ(ζ) = ζ.

Corollary 2. With the same assumptions as in Lemma 2 we obtain

|Cω(h, g)| ≤ 1
W

Mp
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

1/p

× ‖g− g‖ω,q, for 1 ≤ p < ∞

and
|Cω(h, g)| ≤ 1

W
max{Ml(ζ0 − u), Mr(v− ζ0)}‖g− g‖ω,1, for q = 1.
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Proof. Because h ∈ D(ζ0), h is continuous on [u, v], it is implied that h ∈ Lp
ω,[u,v]. Now, we

simply employ Lemma 2 to Theorem 6 .

Theorem 7. Let h, g ∈ (Ω(R), µ) and g ∈ Lq
ω(Ω,A, µ). If Ω = [u, v] and χ = h(ζ0). Then,

we have the inequalities

|Cω(h, g)| ≤ 1
W

Mp
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

1/p

× ‖g− g‖ω,q for 1 ≤ p < ∞

and
|Cω(h, g)| ≤ 1

W
max{Ml(ζ0 − u), Mr(v− ζ0)}‖g− g‖ω,1, for p = ∞.

Proof. Inserting Ω = [u, v] and χ = h(ζ0) in (6) for 1 ≤ p < ∞, we obtain

Cω(h, g) =
1

W

v∫
u

ω(ζ)(h(ζ)− h(ζ0))(g(ζ)− g)dµ(ζ). (22)

By Lagrange’s mean value theorem we have

|(h(ζ)− h(ζ0))| ≤
{

Ml(ζ0 − ζ), u ≤ ζ ≤ ζ0,
Mr(ζ − ζ0), ζ0 ≤ ζ ≤ v.

(23)

From (22), we can obtain

Cω(h, g) =
1

W

ζ0∫
u

ω(ζ)(h(ζ)− h(ζ0))(g(ζ)− g)dµ(ζ)

+
1

W

v∫
ζ0

ω(ζ)(h(ζ)− h(ζ0))(g(ζ)− g)dµ(ζ) (24)

Then, by taking absolute value with the triangular and Hölder’s inequalities, we obtain

|Cω(h, g)| ≤

∣∣∣∣∣∣ 1
W

ζ0∫
u

ω(ζ)(h(ζ)− h(ζ0))(g(ζ)− g)dµ(ζ)

∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1
W

v∫
ζ0

ω(ζ)(h(ζ)− h(ζ0))(g(ζ)− g)dµ(ζ)

∣∣∣∣∣∣
≤ 1

W
‖h(ζ)− h(ζ0)‖

ω,p,[u,ζ0]
‖g− g‖ω,q,[u,ζ0]

+
1

W
‖h(ζ)− h(ζ0)‖

ω,p,[ζ0,v]
‖g− g‖ω,q,[ζ0,v]. (25)
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Now, employing the bounds of (23) in (25) and considering the discrete Hölder’s
inequality leads us to:

1
W
‖h(ζ)− h(ζ0)‖

ω,p,[u,ζ0]
‖g− g‖ω,q,[u,ζ0]

+
1

W
‖h(ζ)− h(ζ0)‖

ω,p,[ζ0,v]
‖g− g‖ω,q,[ζ0,v]

≤ Ml
W

 ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ)


1
p

‖g− g‖ω,q,[u,ζ0]

+
Mr

W

 v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

 1
p

‖g− g‖ω,q,[ζ0,v]

=
1

W

Mp
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)


1
p

·
(
‖g− g‖ω,q,[u,ζ0]

+ ‖g− g‖ω,q,[ζ0,v]

)

=
1

W

Mp
l

ζ0∫
u

1
W

ω(ζ)(ζ0 − ζ)pdµ(ζ) + Mp
r

v∫
ζ0

1
W

ω(ζ)(ζ − ζ0)
pdµ(ζ)


1
p

‖g− g‖ω,q.

Similarly, for p = ∞ we obtain

|Cω(h, g)| ≤ Ml
W

ζ0∫
u

ω(ζ)(ζ0 − ζ)|(g(ζ)− g)|dµ(ζ)

+
Mr

W

v∫
ζ0

ω(ζ)(ζ − ζ0)|(g(ζ)− g)|dµ(ζ)

≤ Ml(ζ0 − u)
1

W

 ζ0∫
u

ω(ζ)|(g(ζ)− g)|dµ(ζ)


+ Mr(v− ζ0)

1
W

 v∫
ζ0

ω(ζ)|(g(ζ)− g)|dµ(ζ)


≤ 1

W
max{Ml(ζ0 − u), Mr(v− ζ0)}

 v∫
u

ω(ζ)|(g(ζ)− g)|dµ(ζ)

.

Corollary 3. Let Ω =
n⋃

i=1
Ωi,

n⋂
i=1

Ωi = ∅ and the functions ηi, κi ∈ Lp
ω(Ω,A, µ),h,∈ Lp

ω

(Ω,A, µ) and g ∈ Lq
ω(Ω,A, µ) with 1 ≤ p, q ≤ ∞ be conjugate exponents such that

(i) ηi + κi are a constant functions, i = 1, ..., n
(ii) ηi(ζ) ≤ h(ζ) ≤ κi(ζ) for all µ− a.e.ζ ∈ Ωi, i = 1, ..., n. Then, we have the inequality

2W|Cω(h, g)| ≤
(

n

∑
i=1
‖ηi − κi‖

p
w,Ωi ,p

) 1
p

‖g− g‖w,Ω,q. (26)

Proof. This theorem is a simple consequence of Theorem 7. Specifically, from Theorem 7
and the application of the discrete Hölder’s inequality, we obtain
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2W|Cω(h, g)| ≤
∫

Ω1

ω(ζ)(η1(ζ) + κ1(ζ))|(g(ζ)− g)|dµ(ζ) + · · ·

+
∫

Ωn

ω(ζ)(ηn(ζ) + κn(ζ))|(g(ζ)− g)|dµ(ζ)

≤ ‖η1 − κ1‖w,Ω1,p‖g− g‖w,Ω1,q + · · ·+ ‖ηn − κn‖w,Ωn ,p‖g− g‖w,Ωn ,q

≤
(
‖η1 − κ1‖

p
w,Ω1,p + · · ·+ ‖ηn − κn‖p

w,Ωn ,p

) 1
p
(
‖g− g‖q

w,Ω1,q + · · ·+ ‖g− g‖q
w,Ωn ,q

) 1
q

=

(
n

∑
i=1
‖ηi − κi‖

p
w,Ωi ,p

) 1
p
(

n

∑
i=1
‖g− g‖q

w,Ωi ,q

) 1
q

=

(
n

∑
i=1
‖ηi − κi‖

p
w,Ωi ,p

) 1
p

‖g− g‖w,Ω,q .

Remark 4. Let M be a positive number such that Mmax ≥ max{Ml , Mr}. Then , from Theorem 7,
we have

|Cω(h, g)| ≤Mmax

W

 ζ0∫
u

ω(ζ)(ζ0 − ζ)pdµ(ζ) +

v∫
ζ0

ω(ζ)(ζ − ζ0)
pdµ(ζ)

1/p

× ‖g− g‖ω,q for 1 ≤ p < ∞

and
|Cω(h, g)| ≤ Mmax

W
max{(ζ0 − u), (v− ζ0)}‖g− g‖ω,1, for p = ∞.

Let us consider (6) for χ = h . By Cauchy’s inequality, we can obtain the following
inequality.

Theorem 8. Let h, g : Ω ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ). Then, we have

(Cω(h, g))2 ≤ Cω(h, h)Cω(g, g). (27)

Proof. Applying Cauchy’s inequality, we have

(Cω(h, g))2 =

 1
W

∫
Ω

ω(ζ)
(

h(ζ)− h
)
(g(ζ)− g)dµ(ζ)

2

≤
(

1
W

∫
Ω

ω(ζ)
(

h(ζ)− h
)2

dµ(ζ)

)(
1

W

∫
Ω

ω(ζ)(g(ζ)− g)2dµ(ζ)

)
= Cω(h, h)Cω(g, g).

In contrast, a simple consequence of a Cauchy-type inequality and Sonin’s identity (6)
gives the following inequality.
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Theorem 9. Let h, g : Ω ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ). Then, we have

(Cω(h, g))2 ≤ Cω(g, g)
1

W

∫
Ω

ω(ζ)(h(ζ)− χ)2dµ(ζ). (28)

Proof. We obtain this inequality by employing Theorem 8 and Sonin’s identity (6).

The next theorem is also valid.

Theorem 10. Let h, g ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ). Then, we have

Cω(h, h) ≤ 1
W

∫
Ω

ω(ζ)(h(ζ)− χ)2dµ(ζ). (29)

Proof. If we set g = h in (28) we have a new inequality.

Remark 5. For χ = h, where χ is an arbitrary real number and

h =
1

W

∫
Ω

ω(ζ)g(ζ)dµ(ζ).

We have equality in (29). It is obvious that

Cω(h, h) = inf
α∈R

1
W

∫
Ω

ω(ζ)(h(ζ)− χ)2dµ(ζ) (30)

and we have this infimum for χ = h .

Theorem 11. Let h, g ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ), and assume that

|h(ζ)− χ| ≤ c(ζ) for µ− a.e. ζ ∈ Ω. (31)

Then, we have the inequality

Cω(h, h) ≤ 1
W

∫
Ω

ω(ζ)(c(ζ))2dµ(ζ).

Proof. If (31) is valid from (29), we obtain the required inequality.

Theorem 12. With the same assumptions as in Theorem 11 and

|g(ζ)− υ| ≤ d(ζ) for µ− a.e.ζ ∈ Ω (32)

is valid, where υ is a real number, we have the inequality

|Cω(h, g)| ≤ 1
W

∫
Ω

ω(ζ)(c(ζ))2dµ(ζ)

 1
2
∫

Ω

ω(ζ)(d(ζ))2dµ(ζ)

 1
2

. (33)

Proof. If (32) and (31) are valid, from (27) and (30) we obtain (33).

Theorem 13. Consider the functions h, g, η, κ, γ, ϑ ∈ L2
ω(Ω, A, µ) such that

(i) η + κ and γ + ϑ are constant functions.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) and γ(ζ) ≤ g(ζ) ≤ ϑ(ζ) for all µ− a.e.ζ ∈ Ω.
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Then, we have the inequality

|Cω(h, g)| ≤ 1
4W
‖κ − η‖w,Ω,2‖ϑ− γ‖w,Ω,2. (34)

Proof. If (ii) is valid, we have∣∣∣∣g(ζ)− γ(ζ) + ϑ(ζ)

2

∣∣∣∣ ≤ ϑ(ζ)− γ(ζ)

2
, for µ− a.e.ζ ∈ Ω

so for υ = γ(ζ)+ϑ(ζ)
2 , d(ζ) = ϑ(ζ)−γ(ζ)

2 and p, q = 2 we obtain (34) from (32) and (16).

Corollary 4. Let h, g ∈ (Ω(R), µ) and h, g, hg ∈ Lω(Ω, A, µ). From (28) and (29), we can
obtain

(Cω(h, g))2 ≤ 1
W2

∫
Ω

ω(ζ)(h(ζ)− χ)2dµ(ζ)
∫
Ω

ω(ζ)(g(ζ)− υ)2dµ(ζ). (35)

Remark 6. Substituting Ω = [u, v], χ = h(ζ0) and υ = g(ζ0) in (35), we obtain

(Cω(h, g))2 ≤ 1
W2

∫
Ω

ω(ζ)(h(ζ)− h(ζ0))
2dµ(ζ)

∫
Ω

ω(ζ)(g(ζ)− g(ζ0))
2dµ(ζ) (36)

where h, g : [u, v]→ R are differentiable on the set 〈u, ζ0〉 ∪ 〈ζ0, v〉 and such that (2) is valid and

Γl = sup
ζ∈〈u,c0〉

∣∣g′(ζ)∣∣ < ∞ and Γr = sup
ζ∈〈c0,b〉

∣∣g′(ζ)∣∣ < ∞.

Let

|(h(ζ)− h(ζ0))| ≤
{

Ml(ζ0 − ζ), u ≤ ζ ≤ ζ0
Mr(ζ − ζ0), ζ0 ≤ ζ ≤ v

and

|(g(ζ)− g(ζ0))| ≤
{

Γl(ζ0 − ζ), u ≤ ζ ≤ ζ0
Γr(ζ − ζ0), ζ0 ≤ ζ ≤ v.

Then, we have

v∫
u

ω(ζ)(h(ζ)− η)2dµ(ζ) =

v∫
u

ω(ζ)(h(ζ)− h(ζ0))
2dµ(ζ) (37)

=

ζ0∫
u

ω(ζ)(h(ζ)− h(ζ0))
2dµ(ζ) +

v∫
ζ0

ω(ζ)(h(ζ)− h(ζ0))
2dµ(ζ)

≤ M2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + M2
r

v∫
ζ0

ω(ζ)(ζ0 − ζ)2dµ(ζ).

Similarly, we obtain
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v∫
u

ω(ζ)(g(ζ)− κ)2dµ(ζ) =

v∫
u

ω(ζ)(g(ζ)− g(ζ0))
2dµ(ζ) (38)

=

ζ0∫
u

ω(ζ)(g(ζ)− g(ζ0))
2dµ(ζ) +

v∫
ζ0

ω(ζ)(g(ζ)− g(ζ0))
2dµ(ζ)

≤ Γ2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + Γ2
r

v∫
ζ0

ω(ζ)(ζ0 − ζ)2dµ(ζ).

Substituting (37) and (38) in (36), we have

(Cω(h, g))2 ≤ 1
W2

M2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + M2
r

v∫
ζ0

ω(ζ)(ζ0 − ζ)2dµ(ζ)


×

Γ2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + Γ2
r

v∫
ζ0

ω(ζ)(ζ0 − ζ)2dµ(ζ)

.

Theorem 14. Let h ∈ (Ω(R), µ) and h ∈ Lω(Ω,A, µ), −∞ < m ≤ M < +∞ such that

m ≤ h(ζ) ≤ M for µ− a.e. ζ ∈ Ω. (39)

Then, we have the inequality

Cω(h, h) ≤ (M−m)2

4
.

Proof. Follows from (29) and (39).

Remark 7. If (13) is also valid then we have the Grüss inequality

|Cω(h, g)| ≤ 1
4
(M−m)(Γ− γ).

Finally, we state the last result of our paper, which provides an extension of Theorem 13
with more relaxed conditions.

Theorem 15. Let h, g, η, κ, γ, ϑ ∈ L2
ω(Ω, A, µ) be functions such that

(i) η + κ and γ + ϑ are constant functions.

(ii) 1
W

∫
Ω

ω(ζ)(κ(ζ)− h(ζ))(h(ζ)− η(ζ))dµ(ζ) ≥ 0 and

1
W

∫
Ω

ω(ζ)(ϑ(ζ)− g(ζ))(g(ζ)− γ(ζ))dµ(ζ) ≥ 0

for all µ− a.e.ζ ∈ Ω. Then, the following inequality holds.

Cω(h, g) ≤ 1
4W
‖κ − η‖w,Ω,2‖ϑ− γ‖w,Ω,2 (40)

Proof. From Theorem 8, we obtain

(Cω(h, g))2 ≤ Cω(h, h)Cω(g, g). (41)



Mathematics 2023, 11, 1756 14 of 19

and

Cω(h, h) =
1

W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−

 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

2

. (42)

Now, by assumed conditions we have

1
W

∫
Ω

ω(ζ)(κ(ζ)− h(ζ))(h(ζ)− η(ζ))dµ(ζ)

=
1

W

∫
Ω

ω(ζ)(η + κ)(ζ)h(ζ)dµ(ζ)− 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)

− 1
W

∫
Ω

ω(ζ)η(ζ)κ(ζ)dµ(ζ) ≥ 0. (43)

Now, using (43), we obtain

Cω(h, h) ≤ 1
W

∫
Ω

ω(ζ)(η + κ)(ζ)h(ζ)dµ(ζ)− 1
W

∫
Ω

ω(ζ)η(ζ)κ(ζ)dµ(ζ)

−

 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

2

− 1
4W
‖κ − η‖2

ω,Ω,2 +
1

4W
‖κ − η‖2

ω,Ω,2. (44)

Now, using the fact that η(ζ) + κ(ζ) = χ = h̄, we can obtain

χ · 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)−

 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

2

= 0. (45)

and

1
4W
‖κ − η‖2

ω,Ω,2 +
1

W

∫
Ω

ω(ζ)η(ζ)κ(ζ)dµ

=
1

W

∫
Ω

ω(ζ)

[(κ(ζ)− η(ζ)

2

)2
+ η(ζ)κ(ζ)

]
dµ(ζ)

=
1

W

[∫
Ω

ω(ζ)
(κ(ζ) + η(ζ)

2

)2
]

dµ(ζ)

=
χ2

4
> 0. (46)

Thus, (44) becomes

Cω(h, h) ≤ 1
4W
‖κ − η‖2

ω,Ω,2 −
χ2

4

≤ 1
4W
‖κ − η‖2

ω,Ω,2. (47)

In the similar passion, one can obtain

Cω(g, g) ≤ 1
4W
‖Γ− γ‖2

ω,Ω,2. (48)

Substituting bounds (47) and (48) into (41), we establish (40), which completes the
proof.
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3. Applications to new Jensen–Grüss Bounds

We start with the weighted version of Korkine’s identity [7] (p. 242) (see also [26]) :

Cω(Υ, h) =
1

2W2

∫
Ω

∫
Ω

ω(ζ)ω(y)
(

Υ(ζ)− Υ(y)
)(

h(ζ)− h(y)
)

dµ(ζ)dµ(y) (49)

which holds for all µ-measurable functions ω, Υ, h, with ω(ζ) > 0 for µ− a.e. ζ ∈ Ω, such
that Υ, h ∈ Lω(Ω,A, µ).

Theorem 16. Let Υ : I ⊂ R→ R be a differentiable mapping with a continuous first derivative.
Let h : Ω → I such that h, η, κ, Υ ◦ h, Υ′ ◦ h ∈ L2

ω(Ω, A, µ) and h, η, κ satisfy the following
conditions:

(i) η + κ is a constant function.

(ii) 1
W

∫
Ω

ω(x)(κ(ζ)− h(ζ))(h(ζ)− η(ζ))dµ(ζ) ≥ 0 for all µ− a.e.ζ ∈ Ω.

Furthermore, suppose that there exists m, M ∈ R satisfying

m ≤ Υ′(ζ) ≤ M, for all ζ ∈ I. (50)

Then, we have the following inequalities∣∣∣∣∣ 1
W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣ (51)

≤ (M−m)

2

 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)2
 1

2

≤ (M−m)

4
√

W
‖κ − η‖ω,Ω,2.

Proof. As a consequence of the mean value theorem, for the points ζ, y ∈ I, we can write
that there exists z, ζ ≤ z ≤ y such that

Υ(ζ)− Υ(y) = Υ′(z)(ζ − y) (52)

Using (52) for ζ = h = 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ) and y = h, we conclude that there exists

g (h ≤ g ≤ h) such that
Υ
(

h
)
− Υ(h) = Υ′(g)

(
h− h

)
(53)

Now, multiplying (53) by ω(ζ) and integrating over Ω yields

WΥ
(

h
)
−
∫
Ω

ω(ζ)Υ(h(ζ)dµ(ζ) = h
∫
Ω

ω(ζ)Υ′(g(ζ))dµ(ζ)−
∫
Ω

ω(ζ)Υ′(g(ζ))h(ζ)dµ(ζ).

Dividing by W, we obtain

1
W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)

=
1

W

∫
Ω

ω(ζ)Υ′(g(ζ))h(ζ)dµ(ζ)− 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)
1

W

∫
Ω

ω(ζ)Υ′(g(ζ))dµ(ζ). (54)
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Now, taking the modulus on both sides and using the weighted Krokine’s identity (49)
gives∣∣∣∣∣ 1

W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣
=

∣∣∣∣∣ 1
W

∫
Ω

ω(ζ)Υ′(g(ζ))h(ζ)dµ(ζ)− 1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)
1

W

∫
Ω

ω(ζ)Υ′(g(ζ))dµ(ζ)

∣∣∣∣∣
=

∣∣∣∣∣Cω

(
h, Υ′(g)

)∣∣∣∣∣ ≤ 1
2W2

∫
Ω

∫
Ω

ω(ζ)ω(y)|h(ζ)− h(y)|
∣∣Υ′(g(ζ))− Υ′(g(y)

∣∣dµ(ζ)dµ(y).

Now, applying a Cauchy–Schwartz inequality, we can state that the last expression is
less than ∣∣∣∣∣ 1

W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣
≤ C

1
2
ω(h, h) C

1
2
ω

(
Υ′(g), Υ′(g)

)
. (55)

Now, utilizing weighted Grüss inequality on second term, we obtain

≤ C
1
2
ω(h, h)

1
2
(M−m)

=

 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)2
 1

2
(M−m)

2
.

Now, utilizing Theorem 15 for Υ = h on first term, we obtain

≤ 1
2
√

W
‖κ − η‖ω,Ω,2

(M−m)

2
.

Now, we provide refinements of Jensen–Grüss inequality for functions h, η, κ ∈
L2

w(Ω, A, µ) satisfying the conditions assumed in Theorem 13.

Corollary 5. Under the assumptions of Theorem 16, if h, η, κ satisfy the conditions

(i) η + κ is a constant function.
(ii) η(ζ) ≤ h(ζ) ≤ κ(ζ) for all µ− a.e.ζ ∈ Ω.

then, there exist m, M ∈ R such that (50) is valid, we again obtain inequalities given in (51).

Proof. Similar to that of Theorem 16.

Now, we use other results of the paper to provide new Jensen–Grüss inequalities.
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Theorem 17. Let Υ be as defined in Theorem 16 and h : Ω → I be a function such that h, Υ ◦
h, Υ′ ◦ h ∈ Lω(Ω, A, µ) for, µ− a.e.ζ ∈ Ω. Furthermore, there exist m, M ∈ R satisfying (50).
Then, we have the following inequalities∣∣∣∣∣ 1

W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣ (56)

≤ (M−m)

2

 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)2
 1

2

≤ (M−m)

2

(
1

W

∫
Ω

ω(ζ)(h(ζ)− χ)2dµ(ζ)

) 1
2

.

Proof. We have already established in the proof of Theorem 16 that∣∣∣∣∣ 1
W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣
≤ C

1
2
ω(h, h) C

1
2
ω

(
Υ′(g), Υ′(g)

)
≤ C

1
2
ω(h, h)

1
2
(M−m)

=

 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)2
 1

2
(M−m)

2
. (57)

Now, utilizing Theorem 10 on the first term, we obtain the required results.

The next result is the direct consequence of Theorem 11.

Corollary 6. Under the assumptions of Theorem 17, if

|h(ζ)− χ| ≤ c(ζ) for µ− a.e. ζ ∈ Ω. (58)

Then, we have the following inequalities∣∣∣∣∣ 1
W

∫
Ω

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣ (59)

≤ (M−m)

2

 1
W

∫
Ω

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

∫
Ω

ω(ζ)h(ζ)dµ(ζ)

)2
 1

2

≤ (M−m)

2

(
1

W

∫
Ω

ω(ζ)
(

c(ζ)
)2

dµ(ζ)

) 1
2

.

The next result is an important consequence of Corollary 4 and Remark 6.

Corollary 7. Let Υ : I ⊂ R→ R be a differentiable mapping with a continuous first derivative.
Furthermore, let h : [u, v]→ I be differentiable on the set (u, ζ0) ∪ (ζ0, v) such that (1.7) is valid
and

|(h(ζ)− h(ζ0))| ≤
{

Ml(ζ0 − ζ), u ≤ ζ ≤ ζ0
Mr(ζ − ζ0), ζ0 ≤ ζ ≤ v.
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Furthermore, suppose that h, Υ ◦ h, Υ′ ◦ h,∈ Lω,[u,v] and there exists an m, M ∈ R such that
(50) holds. Then, we have the following inequalities∣∣∣∣∣ 1

W

v∫
u

ω(ζ)(Υ ◦ h)(ζ)dµ(ζ)− Υ

(
1

W

v∫
u

ω(ζ)h(ζ)dµ(ζ)

)∣∣∣∣∣ (60)

≤ (M−m)

2

(
1

W

v∫
u

ω(ζ)h2(ζ)dµ(ζ)−
(

1
W

v∫
u

ω(ζ)h(ζ)dµ(ζ)

)2) 1
2

≤ (M−m)

2

 1
W

M2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + M2
r

v∫
ζ0

ω(ζ)(ζ0 − ζ)2dµ(ζ)


1
2

.

Proof. Using Corollary 4 and employing Remark 6 by substituting Ω = [u, v] ,χ = h(x0), we
obtain

Cω(h, h) ≤ 1
W

M2
l

ζ0∫
u

ω(ζ)(ζ0 − ζ)2dµ(ζ) + M2
r

v∫
ζ0

ω(ζ)(ζ0 − x)2dµ(ζ)

.

Now, considering this bound for Cω(h, h) in the first term of (57), we will obtain the
required results.

4. Conclusions

In the present article, we introduced generalizations of pre-Grüss- and Grüss-type
inequalities in weighted Lebesgue Lω(Ω,A, µ) spaces by utilizing the weighted Sonin’s
identity. In the newly generalized inequalities, the bounding constants are improved with
bounded functions in weighted Lebesgue L2

ω(Ω,A, µ) spaces. Weighted bounds for the
Čebyšev functional as well as the weighted Sokolov’s inequality are established. Several
special and interested cases are presented as well. We also proved the above generalizations
by employing weaker assumptions. Finally, we use our obtained results to construct new
refinements and bounds for Jensen–Grüss type inequalities. It is pertinent to mention that
such results can be discussed for weighted sequence spaces using the discrete Čebyšev-
and Grüss-type inequalities. In the future, it is possible to expand on the results of this
study by considering isotonic linear functionals or inner product spaces.
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