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Abstract: This paper introduces the new annulus body to establish the optimal lower bound for the
anisotropic logarithmic potential as the complement to the theory of its upper bound estimate which
has already been investigated. The connections with convex geometry analysis and some metric
properties are also established. For the application, a polynomial dual log-mixed volume difference
law is deduced from the optimal estimate.
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1. Backgrounds
The Riesz potential I,(« > 0) operator is defined by

o) = [ Iy

where f is a measurable function. It has been widely developed in harmonic analy-
sis including function spaces, mathematical physics and partial differential equations
(see [1-4]).

For the endpoint case « = 0, it is trivial to study the limitation

lim|x—y[™* =1 as x#y.

a—0

Instead, the convolution kernel is usually changed in such a derivative way

d log |x —y| ! _
$|x—y\ ¢ o = H! . = log |x — y| Uoas x £ .

This logarithmic kernel produces a corresponding logarithmic potential operator,
which represents a the better complement for the endpoint case of Riesz potential operator
by virtue of effective properties and applications. For example, |x|>~"(n > 3) is harmonic
on R"\ o, while for teh lower dimension n = 2, log |x| is studied since it is harmonic on
R™\ o (see [5,6]).

Recently, both Riesz potential and logarithmic potential have been studied in an
anisotropic way, which is closely related with convex geometry analysis and mathematical
physics (see [7-11]). Here we first recall some basic concepts and results in convex geometry.

If the intersection of each line through the origin with a set K & R” is a compact line
segment, K is called star-shaped with respect to the origin. Let

pr(x) =max{A >0:Ax € K} for xe€R"\o,

where o is the origin, be the radial function of the star-shaped set K. K is called a star body
with respect to the origin, if pg is positive and continuous. We assume that K is a star body
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with respect to the origin and E is a bounded measurable set in this paper. Note that the
radial function pg is positively homogeneous with degree —1, i.e.,

pa(sx) =s tpa(x) forall s > 0.

Let V(E) and E€ denote, respectively, the n-dimensional volume of E and the complement
of E. We assume V(E) # 0 in this paper, since when V(E) = 0, some trivial result follows
directly. Let dS(+) denote the natural spherical measure on the boundary S"~! of the unit
ball B} centered at the origin. Then

VK = [ ek s

n

Let || - ||k denote by the Minkowski functional of K:

|lx||x = inf{s > 0: x € sK} forall x € R" 1)
where
sK={sy:yeK}.
Note that pi'(x) =[xk and | - gy = ||, where | - | denotes the Euclidean norm. We

refer to [12,13] for more information on convex geometry.
Lety € R", a > 1 and denote by

RE(y) = {xeR":

Q|-

< lx—yllx <a}

the K-annulus body centered at y with outer radius a4 and inner radius % Then, by the
definition of the Minkowski functional, it follows that

V(RK(y)) = ( - <1)")v<1<>.

a

Several anisotropic Riesz potentials are introduced and their optimal extreme values
estimates are systematically studied in [10]. We omit the details here for the brevity of this

paper. Let
1 m
Pogn (K, E; :/(10 > dx
log,m ( y) E & Ix—ylx

be the anisotropic m-log-potential of measurable set E at y € R" with respect to K, and

Vlog,m (K,E) = sup Plog,m (K, E;y)
yeR"

be the mixed volume of K and E. We refer to [11] for these definitions and [14,15] for their
relations with engineering and mathematical physics.

Note that Viog (K, E) is obviously an extreme value of the anisotropic m-log-potential.
It is also closely related to convex geometry analysis. In [11], when m is an odd number,
the optimal estimate for Viog (K, E) is established as follows:

V(E) ym _m! V(K) "
Vlog,m(Kr E) < n =i=0 (m—i)! (log V(E)) fOI’ V(E) >0, )
0 for V(E) =0.

When V(E) > 0, the equality in (2) holds if and only if E is a K—ball introduced in [11] up
to the difference of a measure zero set.
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For the application of the sharp estimate in (2), the dual polynomial log-Minkowski
inequality is established in [11]:

Zé (n]:__lié,' /Sni1 (log PK(”)>MidVL(u) < lé (mni' A1 (log gig)ml 3)

pr(u)

where m is an odd number, K, L are two star bodies and d V[ (-) is the normalized cone-
volume measure

avi() = (L Yasc @
nV(L)
The equality in (3) holds if and only if there exists s > 0 such that K = sL.

Note that (3) generalizes the dual log-Minkowski inequality for a mixed volume
of two star bodies (see [12,16]) and produces the polynomial dual for the conjectured
log-Minkowski inequality (see [17]).

In this paper, we study the other extreme value of the anisotropic m-log-potential:

Definition 1. For m € N, define

Wlog,m (K,E) = yign[[{n Plog,m (K, E; y).

Note that because log || x — y|| ! may be negative, Wiog,m (K, E) is defined for integer .

In Section 2, some fundamental properties of Wog , (K, E) are established. Then, in
Section 3, we are able to introduce the new annulus body to solve the problem of optimal
estimate for Wi ,, (K, E) in a precise analytic way. For the application, a polynomial dual
log-mixed volume difference law is induced from the optimal estimate.

2. Fundamental Properties

First we recall a metric property in [11] for the Minkowski functional of a star body
with respect to the origin.

Proposition 1. Let B be the unit ball and

Ix = sup{F > 0: 7B} C K}, 5)
Ok = inf{F > 0: K C 7B!}.
Then
Ot x| < ||xllk < Igt|x| forall x €R", (6)

and a quasi-triangle inequality holds for || - ||k
lx+yllx < I Ok (llxllx + llyllk) forall x,y € R".

If m is an even number, the supremum of the anisotropic m-log-potential Viyg 1 (K, E) =
+00 (see [11]). For the infimum of the anisotropic m-log-potential Wi , (K, E), it follows

Proposition 2. Wieg (K, E) = —co for m as an odd number.

Proof. Note that K is a star body with respect to the origin and E is a bounded mea-

c\m
surable set. Then sup, p[x| < +oco. Forall C > 0, let C; = e(V<E>> > 1, ly| >
max{20xCy,2sup, . |x| }, where Ok is defined in (5). Hence, for all x € E,

Iyl > Ox M —yl = 0yl — x> 0 ML > ¢ > 1
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Since m is odd, it follows that

m
Poga (K E:9) = [ (108 )

m\

</E logC; ) dx
m
= 1 d
/E<oge ) x
= -C,

which implies
Wlogm(K/ E)=—o0 via W= inf Plog (K E;y).
g yeR" g

O

Wiog,m (K, E) has the following metric properties for the nontrivial case (1 is an even
number).

Proposition 3. Let m be an even number.

(i)  Monotonicity: let Ey and Ep are bounded measurable sets and Ey C Ey. Then Wiog,m (K,Eqp) <
Wlog,m (K/ EZ)'

(ii)  Translation-invariance: for allz € R", let z+ E = {z+y : y € E}. Then Wiog (K, z +
E) = Wlog,m(KrE)'

(iii) Homogeneity: for all s > 0, Wigg 1 (SK, SE) = 8" Wiog (K, E).

Proof. (i) Since E; C E,, then for all y € R",

m

/(log1>mdx</ (log1> dx
Ey lx =yl ~ g lx =yl ‘

1 m
1 K,E;) = inf log —— | dx
togmn (K E1) El( gux—ynK)

Hence,

1 m
< inf (lo > dx = Wige m (K, E2).
5 8 T =yl ogm (K, E2)

(ii) For all z € R", by changing the variables x = z 4+ x; and y = z + ¥, it follows

1 m
W K z+E) = inf log ——— dx
log,m( ) yler]lgn z+E< 8 Hx - yHK)

1 m
= inf <log> dxq
yerr JEXT |1 +z = ylx

1 m
— inf (log> dxy
y1€R" JE |21 — y1llk



Mathematics 2022, 10, 261 5o0f 14

(iif) For all V's > 0, by changing the variables x = s¥ and y = si and the definition of
Minkowski functional in (1), it follows that

1 m
W, sK,sE) = inf lo ) dx
osn(sKosB) = int. [ (108 =y

1 m
ik Je 8 Tox =g
1 m
= inf (log H) dsx
jer" JE 1% — 7llx
= §"Wiogm (K, E).
O]

The continuity of the anisotropic m-log-potential P, (K, E;-) has already been
proven in [11]. From this, it follows that

Lemma 1. Let m be an even number. The infimum in

Wlogm(K E) - ylenf Plogm(K E; y)

is achieved at some y € R".
Proof. We first conclude that

lim Plog,m (K,E;y) = +oo. 7)
ly|—=+o0

Actually, note that E is a bounded measurable set, then sup, . [x| < +co. For all M; > 0,
let

My 7
ly| > max{Zsup x|, ZOKe(T> },

xeE

where Ok is defined in (5). It follows from m being an even number and (6) that

1 m
Plogrm(K/E;y) = / <log Hx_]/HK) dx
(10g||x—y\|1<) dx

m
(10g |0k |~ |x — y|) dx
m
log |Ok| ™" (Jy| — [x1)) " dx

e
(10g(210x]) " lyl) " dx

m
(loge ) dx

V%
T—rm—a— 5

v

Y

v
T

\%
E

which implies that (7) holds.
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In the following, we will show that Plog,m(K, E;-) # +co. As a matter of fact, for
z € R"and |z| > sup, f |x],

S/(logZI 1|z|) dx
= (logZIEl|z|) V(E)
+oo,

A

where Ig is in (5). Let My = (log 2I, 1|z|> V(E). Because of (7), there exists D; > 0 such
that forally € {y € R" : |y| > D1}, Piogm (K, E;y) > My, which implies that

zeD={yeR": |y| <Di}.

Since Plog,m(K, E;-) is continuous and D is compact, it can attain its minimum at a
point yo. Then

Plog,m(K, E; yO) = ;gg Plog,m (K, E; ]/) < Plog,m (K, E; Z) <M, < yieanC Plog,m (K/ E; ]/)/
which implies
Plog,m (K, E}]/O) = yier]g” Plog,m (K, E; y),
O

3. Optimal Estimate and Application

Now we are ready to establish the optimal estimate for the infimum of the anisotropic
m-log-potential.

Theorem 1. Let m be an even number. Then

mV(K) & 1 V(E) \? :
Wlog,m(K/E) 2 nm 2 (m — l)' llog(<<2v(K)) + 1) + ZV(K)

i=0
X [((—Ui - 1) ((%)2 + 1> : + ((—1)i - 1) 2‘/‘}%]

where the equality holds if and only if E is a K-annulus body with outer radius a and inner radius %
up to a difference of a measure zero set, namely there exists y € R" such that

®)

[N
=
e

N————

V(EN (RK(y) ) = v(REw) nET) =0
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which imply

Note that

which, together with the following elementary computations

|x —yllk > a(or < 1) and (loga)" < (log||x — y||x)" forall x € EN (RK(y))",
< lx—yllk <a and 0< (log|lx —y|[x)" < (loga)™ for all x € RK(y) N E,

implies
_ m m K c
Sy 108 1 = ¥l)" dx < (loga)™V (R () N E¥)

= (loga)mV<E N (Rff(lw)c)

©)

< (1 - " dx.
Ji a8 I = vl a2
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Note that m is an even number, then

1 m
= log —— | dx
/E< gnx—yuK)
= [ o lx —yllx)" dx

= Jrusigyeatog vl s [ oglx =yl ax
> [ OByl ek [ (log [ = yllk)" dx

/K( ) lognx—yHK) dx.

—m/{ ] }/|x_stl(logs)m1dsdx
g <|lx—ylx<a 1

llx=yll
/ / Ks_l(logs)m_1 ds dx
{x1<|x—yllk<a} /1

1
—m s~ 1(logs)™ ldsdx
{xd<llx—yllk<1} Jlx—yllx
=L+ D.

By Fubini’s theorem, it follows

L = m/ lo s) / dxds
& {xs<|lx—yllxk<a}

= m/ Llogs)™ 1(a" —s")V(K)ds

— mV(K)a" /1 L(logs)" ' ds — mV(K) /1 "5 1(logs)" 1 ds,

and
= —m/ Y(logs)™~ 1/
{x 1<x— y|\1<<5}

- —m/ '(logs)™ (s” - ;) V(K)ds

= —mV(K)/ “Llogs)"ds + m\;(K)[ Ylogs)™1ds.

a

(10)
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Then, by integration by parts, it follows
L+D 11)
Lt m—1 Y m—1
= mV(K) o /1 s (logs)" “ds+a /1 s (logs)" " ds

a
—/l s"1(logs)™ ! ds]

(logs)"} + = (logs)"]

x {((—1)1'—1)((2‘/‘/((’512))2“ 2+((—1)l’+1)2VV((EK)) .

Hence, by (10) and (11), it follows that

Wlog,m (K/ E) = yg]g” Plog,m (K/ E; ]/)

1 m
= inf <log> dx
veR JE\T [lx —yllx

= inf [ (1 —yllx)™d
s | (log [|x —yllx)™ dx

> - "
2 6. 18 100"

ComV(K) &1 V(E) \? V(E)
T l;’)(m—i)! [1(’%((<2V(K)> +1) +2V(K)>

m—i

Nf—=

To prove the equality in (8) , if E is almost a K—annulus body up to a difference of a
measure zero set, which means there exists z; € R” and a such that

V(Em (Rﬁ(zl))“) - V(Rff(zl) N EC> =0,

which, together with (9), implies

1 — md :/ . 1 _ md :0/
/R,,K(zl)mEc(Ong z1||x)" dx En (REGe) (log ||x — z1||x)"™ dx

1 m 1 m
log ———M— dx:/ (lo > dx, 12
/E( gnx—zan) Ry U8 T — 21k 12

and hence

from (10).
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By (10)—(12), it follows

Flogan (K, Ei21) = /RK (1) (bg ||x_121|1<) s
| m 2 % mi
_ m:nSK) g (ml_i)! llog(<<zvv(5<))) +1> +2VV((EK))>]
x [((—1)1' -1) ((;{,&%)2 + 1> T ((=1)+1) 2‘;((?)],

which means the equality in (8) holds.
On the other hand, by Lemma 1, there exists z; € R", Wiog (K, E) = Piogm (K, E; 22).
If E is not a K-annulus body up to a difference of a measure zero set, it follows

V(E N Rff(zz)C) £0 and V(Rff(zz) N EC) £0.
Then the following strict inequality holds from (9):
log [|x — z[x)" dx < / (log||x — za][x)™ dx,
Jespee Bl =22l < [ llog =22l dx

which implies the inequality in (10) is also strict, and hence

Wlog,m (K/ E)
= Plog,m (K, E;z2)

1 m
==
= [ (log llx = zallx)" dx

> [ oy 108 2 = 22l10)" dx

a (22

_mvE) 1|
T S [lg(<<2V(K)

. [((1)1.1)((21/‘/((1;)))2“ g ((1)1.“)21‘//((1:}())}’

which means, if the equality in (8) holds, E must be almost a K-annulus body up to a
difference of a measure zero set. [

<
H
N———
N
_|_
t
N——
N|—
+
<=
==
N——
| E— |
:

Remark 1. We claim that there is no such upper bound for Wiag 1, (K, E) by using V(K) and V (E)
as in Theorem 1 when m is an even number.

Proof. Actually, let V(E) be fixed. Forall M > 0, let E = E; |J Ep, where V(E;) = V(Ey) =
271V(E) and

B

2M ) 7
dist{E1, E2} = inf{|x1 — x2||x1 € Ey,x2 € E3} > ZOKe(V(E)>
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1 1
2M
(E

)) " . Without

2M
E

Then, for ally € R", dist{{y},E1} > OKe<V( )) ordist{{y}, Ex} > OKe<V
1

2M

loss of generality, suppose dist{{y}, E;} > OKe(W) , then, by (6), it follows

1 m
Plogm(K, E;y) = /E<1°g Ix—y||1<> "
:/E(long—yHK)mdx
-1 _ n
2/E<logOK x—yl) dx
-1 _ m
>/151(10gOK |x y‘) dx
> M,

which implies
Wiogm (K, E) = yign[é:” Piogm(K, E;y) > M.

This completes the proof of the remark. [

The infimum of the anisotropic m-log-potential is closely related with the convex
geometry analysis. For this, a polynomial dual log-mixed volume difference law can be
deduced from the optimal estimate for Wiog ,, (K, E) in Theorem 1.

Theorem 2. Let m be an even number, L1, Ly, K be star bodies with respect to the origin, L1 C Ly,
and dVy, (u), dVy,(u) be the normalized cone-volume measures defined in (4), then

v [ S o) ) (13)
1 m! ok (1) m—i
v [ () >

m!V(K) 1 V(L) — V(L) \? ? V(L) — V(L)
o 1§(m—i)!{log(<< 22V(1<) 1) +1> + 22V(1<) 1)]

x [((—1)i -1) <<V(L22)V_(K‘;(L1>>2 + 1) g (-1 + 1)V(L§)V_(K‘;(Ll)],

where the equality holds if and only if L \ Ly is a K-annulus body centered at origin with outer
radius a and inner radius %(a > 0) up to a difference of a measure zero set.
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Proof. Note that o' (-) = || - ||k then, by changing to the polar coordinates and integration
by parts, it follows that

Plog,m (K/ Ly \ Ly; 0) (14)

1 m
= lo ) dx
/Lz\Ll( g”xHK
1 " 1 "
= lo > dx—/ (10 > dx
/Lz( gnan L\ 8k

(log pk (x dx—/L (log px (x))™ dx
1

I,
/ /pL2 " “Llog px(su))" dsdu
/

/ “Ylog px (su))" dsdu
/ / log (u)))m ds"du
/ /le log (u)))mds”du
(g
+n " tm /SW1 /OpLz(u) sl (log(s_lpK(u)) ) " dsdu
—n! /S'H pr, (u)" (log le((zs " du
(1)

—ntm /an /OPL] " "1 <log(s*1p1< ))m_l dsdu

v [, ot ion( U0 v )

=ynt(m—i)! pr, (1)
o o)\
V) [ Xt og(Pu(”)) AV, (),

where dV}, and dV, are defined as in (4).
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By Theorem 1, it follows that

Plog,m (K/ Ly \ Ly; 0)
1 m

_ Io ) dx

szm( AP
> inf <10g1> dx

yeR" JI,\Ly lx =yl

” 1 m—i
(K) 1 V(L2 \ Ly) T V(L \ L)

> R S v _\Te VT
= m I.Z(;) m—iy1 |1°8 wK ) T TTwm

e n((F) ) e g

m!'V UL

m—i

mV(K) &1 V(Ly) — V(L1)\? ? V(Ly) — V(L)
)3 71 |08 <( 22V(1<) 1) +1> + 22V(1<) :

< (1" -1) ((V(LZZ)\/_(IS(LOYH)Q + ((—1)%1)‘% ,

which, together with (14), implies (13) holds with the equality holds if and only if L, \ L; is
a K-annulus body centered at origin with outer radius 2 and inner radius %(u >0)uptoa
difference of a measure zero set. [

4. Conclusions

Theorem 1 and its Remark 1 complete the systematic study of the optimal upper
and lower bounds of the extreme value of the anisotropic m-log-potential on a bounded
measurable set (for the part of its supremum, we refer to [11]). Note that the anisotropic
m-log-potential extends the classical logarithmic potential two-fold in anisotropic and
higher order of m ways. By virtue of the wide development of Riesz potential with
its better complement logarithmic potential for the end point case in harmonic analy-
sis including function spaces, mathematical physics and partial differential equations
(see [1-6]), these optimal estimates can be further applied to these related topics.

On the other hand, Brunn—-Minkowski inequality and Minkowski inequality includ-
ing their dual versions and generalizations are main topics in convex geometry analysis
(see [12,13,16,17] and their references). The dual log-Minkowski inequality deals with
the optimal estimate for mixed volume of two star bodies (see [12,16]), which exists as
the dual version for the conjectured log-Minkowski inequality (see [17]). The polynomial
dual log-mixed volume difference law in Theorem 2 deduced from the optimal estimate in
Theorem 1, deals with the optimal estimate for the difference of mixed volumes of two star
bodies, which is totally new and contributes to these theories.
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