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Abstract: Performance-based navigation (PBN) operations based on the required navigation per-
formance (RNP) operations are the trend for civil aviation in the future. In order to further ensure
the safety and efficiency of civil aviation operation, RNP will transition from 2D to 3D/4D. Ac-
curately evaluating the actual navigation performance in three-dimensional directions (3D ANP)
under civil aircraft RNP operation is important to guarantee the safe flight of civil aircraft. However,
the traditional two-dimensional ANP evaluation method mainly focuses on plane navigation per-
formance along the track, lacks the evaluation of the vertical direction. Moreover, the traditional
three-dimensional accuracy evaluation method is based on the assumption of three-dimensional
independence and uniformity, which can only carry out approximate calculation, and the evaluation
result is inaccurate. Therefore, this paper constructs a three-dimensional ellipsoid error probability
(EEP) evaluation model for the spatial position uncertainty of the navigation output of the flight
management system in three-dimensional directions, and gives the three-dimensional accurate ANP
calculation results through iterative numerical integration. The simulation results show that the
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1. Introduction

The increasing diversification of air transport and the continuous growth of air trans-
port volume have put forward new demands. The air transport system urgently needs to be
upgraded and innovated upon. The International Civil Aviation Organization (ICAQO), the
with regard to jurisdictional claims in  Federal Aviation Administration (FAA), the European Aviation Safety Agency (EASA) and
published maps and institutional affil- 1 Avjation Administration of China (CAAC) actively promote the performance-based
navigation (PBN) mode based on the required navigation performance (RNP) operations

to enhance the management capability of the future air traffic control four-dimensional
track (4DT) operation [1-3]. The development of RNP operations and the innovation of
airborne navigation systems have freed civil aircraft from the dependence on ground-based
navigation facilities, made flight procedures more flexible, maximized the use of airspace,
This article is an open access article  further refined the design of flight safety interval standards and further improved the
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monitoring and warning functions. When implementing RNP procedures, performance
monitoring and alarm functions must be provided in different forms according to the
different installations, structures and layouts of airborne navigation systems [4]:

(1) Real-time actual navigation performance evaluation and prediction;
(2) Monitor the airborne navigation performance, provide an alarm when it fails to meet
the RNP requirements of the current airspace;

RNP uses total system error that includes the navigation system error (NSE), flight
technical error (FTE) and, path definition error (PDE) as the measurement standards for
navigation capability. In the designated airspace, as long as the aircraft meets the required
navigation performance requirements, it is allowed to fly in the airspace. The limit value of
RNP is expected to be achieved for at least 95% of the flight time.

ICAO has specified the minimum navigation performance standard for civil aircraft
for different stages of RNP operation [5]. As shown in Figure 1, in the RNP specification,
the concept of a safety tunnel is used to quantitatively describe the specific requirements of
all flight phases of the aircraft from take-off, climb, cruise, descent, approach and landing,
that is, each flight phase has a virtual tunnel, which specifies the vertical and horizonal
boundary of the flight path perimeter of the flight phase, and the aircraft navigation
performance must meet the RNP requirements of the flight phase.
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Figure 1. RNP for each leg.

The flight management system takes the actual navigation performance (ANP) as an
index to evaluate the accuracy of the navigation system, so as to judge whether the aircraft
is in a safe tunnel [6]. At this stage, the ANP model uses the probability circle radius of
estimated position uncertainty (EPU) to represent the actual navigation performance [7],
and uses the 95% position error circle radius in the horizontal direction as the actual
navigation performance of civil aircraft during RNP flight. This method reduces the three-
dimensional position information of civil aircraft to two-dimensional [8-12], which has
the problem of lack of vertical information and cannot characterize the three-dimensional
actual navigation performance of civil aircraft.

At the same time, at present, the spherical error probability (SEP) model is commonly
used to evaluate the spatial position accuracy, that is, 50% of the error sphere radius is
used as the evaluation result of the three-dimensional position accuracy. However, during
the RNP operation, FMS uses different sensors to provide fusion navigation information.
The GNSS outputs three-dimensional position information, but presents different perfor-
mance in the horizontal and vertical directions due to constellation distribution [13]. The
land-based radio navigation system (DME/VOR) only provides horizontal position. The
barometric altimeter only provides height information [14]. This results in the unequal
variance of the three-dimensional position error of FMS output; the SEP model cannot
obtain an accurate solution, so only approximate calculations can be carried out [15]. In
addition, the spatial position uncertainty of civil aircraft during RNP flight is also reflected
in the correlation of navigation results in the three-dimensional direction. At this time,
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using the SEP model for ANP evaluation will further reduce the evaluation accuracy and
effectiveness.

2. Related Work
2.1. Traditional Two-Dimensional ANP Model and Calculation Method

Traditional ANP calculation only considers the position uncertainty caused by a single
sensor and mainly focuses on the navigation and positioning performance of the aircraft
along the track direction.

The horizontal ANP evaluation is regarded as the calculation process of the horizontal
position error probability circle radius with the estimated position of the main navigation
sensor as the center of the circle.

E represents the mean value of the position-estimated error of the FMS along the
horizontal plane.

T
E=lux ©)
V is the covariance matrix of horizontal position estimation error for flight manage-
ment system.
2 2
0y O o Lg%y
| B ] @
Oxy 0y poxoy Oy

Then the joint probability density function of horizontal position error can be expressed as:

f(x,y) = s exp(—3ETVIE)

(=px)? | =py)®  20(x—pux)(y—py)
1 17% + o2 oxy (3)

_ Y
= —— =X
27030y / 1—p? p 2(1—p?)

The correlation coefficient is: -
_ Xy

oxoy

(4)

The major and minor axes of the error ellipse after rotation transformation coin-
cide with the coordinate axis. At this time, the joint probability density function can be
expressed as:

_ 1 _1pTy/—1
fm(x,y) = 27(detV) 72 exp( 2E Vi E)

2 2 (5)
=1 _exp( -2 — L
27O mx Omy p 202, ZO'%W

The covariance matrix becomes:

2
_ |Tmx _
V= | U%J —A ©)
Within:
Omx = lmajor @)

Omy = lmajor

The probability P of the real position falling into the two-dimensional normal distribu-
tion integral circle is:

1 1
P= || ———=ex —ETVm1E>dS 8
fsj 27t(detVy) /2 p( 2 ®

As shown in Figure 2, the ANP value estimated by the position of the flight manage-
ment system at this time can be obtained by calculating the radius of the integral circle.
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Figure 2. Two-dimensional ANP model.

Let us consider:

X =rcosf
{ y =rsinf ©)
Then Equation (8) becomes:
271 kOmy
1 12 cos2 2 2
P= L | b e (10)
;) 27T mxOmy 2" Ohy Tiny

For specific probability (P = 95%) and given covariance matrix V, the solution of ANP
is converted to the solution of scale coefficient k, but Equation (10) can only be obtained
through numerical calculation. Therefore, the traditional method approximates k (P = 95%),
as follows:

0.4852
k= 1.9625 11
ratiod + (1)
Within:
ratio = Oy / Opx (12)
ANP is expressed as:
ANP =k * lmajor (13)

2.2. Traditional Three-Dimensional ANP Model and Calculation Method

For the RNP operation, FMS needs to monitor the navigation performance in both the
horizontal and vertical direction. The spherical error probability (SEP) model is often used
to describe the accuracy of the falling point of an object in three-dimensional space, which
can be used to evaluate the 3D ANP.

The position estimation error (x, y, z) of the FMS in the X-Y-Z three-dimensional space
follows normal distribution x ~ N(jix,02),y ~ N(jy, U;),Z ~ N(pz,02).

The spatial three-dimensional joint probability density function is:

flx,y,z) = i ”
1 1| (—p)® | (—my) (z—p2)*
(27‘()3/2(7ny(72 exp{—z [ o2 - ¢7§y + o2 ] }

The traditional SEP model considers that the variances of the three dimensions are
equal and independent of each other, and the mean value is zero, which is piy = py = pz =
0, oy =0y=0;=0.
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Let:
x = rsinacos
y = rsinasinf (15)
Z=17rcoswa
Then the probability is:
R
2R R? 2 r?
P=———-—¢ex (——)+7/ex (=== )dr (16)
(271_)1/20, p 20-2 (27_[)1/20_0 p 20—2
The approximate solution of the specified probability can be obtained by numerical
integration.
As shown in Figure 3, the approximate solution of SEP (95%) obtained by Grubbs [16]
method is:

R(95%) = 1.65 x 0 (v0/9 + (1 — v/9))"" (17)

Figure 3. Spherical Error Probable.

Within:
Om = /0% + 07 + 02 (18)
2(0% + o2 + o2
0 — ( x y z) (19)
o
3. Method

3.1. Three-Dimensional Ellipsoid Error Probability EEP Model

Considering the spatial position uncertainty of civil aircraft flying, this paper estab-
lishes a three-dimensional ellipsoidal EEP model and performs three-dimensional ANP
calculation on this basis.

Use E to represent the mean value of the FMS estimation error in three-dimensional space:

E=[ux py psl (20)
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V is the covariance matrix of the 3D position estimation error of the FMS:

2 2 2
O szy Uz Ug% PxyOx0y  Pxz0x0z
_ |2 2 | _ 2
V= (T,éy O'g O'yzz = | Pxy0x0y oy pyZaZyaZ (21)
Uz Oy 0% Pxz0x0z  Pyz0y0% o=
where pyy, pxz, 0yz are correlation coefficients:
_ Yxy
Pxy = X0y
_ 0
Pxz = %";Z (22)
_ Oy
Pyz = 0y0z

The joint probability density function of the three-dimensional position error
(x,y,z)is:

1 ( 1 7.1 )
X,Y,z) = exp| —=E'V'E (23)
f( y ) (27T)3/2(detV)l/2 p 2
Similarity transformation is performed on the third-order covariance matrix:
V=AAA"! (24)

A is the similar transformation matrix V, the diagonal matrix can be obtained:

M
A= A (25)
A3

Within Ay Ay A3 are the eigenvalues of the covariance matrix, and the covariance
matrix becomes uncorrelated:

Vi = o2 =A (26)

The joint probability density function can be expressed as:

1 1] 22 e 22
X,Y,z) = expl —= | —— + — (27)
fxy.2) (27T)3/2(me(7my(7mz p{ Z[U%x (T%y 02

The probability P that the real position falls into the three-dimensional normal distri-
bution integral ellipsoid domain is:

1 1
P= —ETVT;1E> dQ
jﬂ (270 X (detV) 2T ( 2 2

As shown in Figure 4, for a given probability P, the three-dimensional ANP calcu-
lation process can be converted into the calculation of the three-axis length of the three-
dimensional normal distribution integral ellipsoid Q).

3.2. Three-Dimensional ANP Calculation Method

FMS provides positioning function based on navigation information fusion. This
paper mainly considers the ANP model and calculation method after obtaining the position
covariance matrix from the FMS. The influence of time-varying sensor performance on
covariance matrix is beyond the scope of this paper.
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Figure 4. Three-dimensional position error ellipsoid.

For a given probability P, the covariance matrix, which considers the contribution of
each sensor, can be obtained by the integrated navigation calculation module of the FMS.
It can be seen from the Formula (27), when P = 0.95, the ANP is determined by oyx, 0y
and 0y,:

x = rsinacos
y= r% sina sin (29)
z=rgcosa

Within o € (0, ), B € (0,27), the joint probability density function is transformed
into spherical coordinates:

R 7
P = (Tyaz///f(rsintxcos,B,rsinocsin,B,rcosﬁ)rz sinadrdadp (30)
000

The probability integration becomes:

1 R 2 2 T 27
- mfr exp(— 55 )dr [ sinada [ dp
mx () mx 0 0
R
2
= —(27T)2+03f r2 exp(— 52— )dr 31)
mx () mx

R
2R 2 2 r?
=——=0 —exp(—:r ) + —5— [ exp(— dr
) 20y p( 20,%,() (2n)1/zamx0f p( ZUrznx)

Let w = R/ 0}y, then:

P+1 w w?
R T E 2

where ®(w) is the standard normal distribution function. For a given P, Equation (32)
cannot obtain an analytical solution. In this paper, an approximate solution is obtained by
iterative numerical integration, as shown in Figure 5:
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Figure 5. Numerical integration results of P and R/ cyy.

Take the value to calculate the allowable error & = 107°(|P —0.95| < ¢&),when
R/ 0y = 2.79548, the probability is 95%. It can be obtained that the three-axis radius lengths
of the integral ellipsoid domain are: Ry = 2.795480,x, Ry = 2.7954807y, Ry = 2.795480.
The ANP of the FMS in three-dimensional space can be represented by Ry, R, and R.

As shown in Figure 6, the volume of the EEP model is smaller than that of the SEP
model, and the disparity increases rapidly with the increase of the ratio of three-axis
standard deviation. That is, under the same probability, the EEP model is closer to the real
position error and has higher evaluation accuracy.

6. I FEP model volume
Il SET model volume

0.
10

S 8
O-my /o-mx 0 10 (o /O-mx

Figure 6. Comparison between SEP volume and EEP model volume.

At the same time, the projection of the EEP model and SEP model in the XOY, XOZ,
and YOZ planes are compared, respectively. As shown in Figures 7-9, the EEP model more
accurately represents the difference of position error variance of FMS position estimation
in every direction, and realizes the accurate evaluation of the three-dimensional direction
of position uncertainty.
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Figure 8. Comparison between EEP model and SEP model in XOZ plane.
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Figure 9. Comparison between EEP model and SEP model in YOZ plane.

The calculation process of three-dimensional ANP evaluation method based on the
EEP model is shown in Figure 10 (Algorithm 1).
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Algorithm 1: Calculation process of three-dimensional ANP evaluation method

Step 1: Get the position error covariance matrix V from the FMS.
Step 2: Similarity transform the position error covariance V to obtain the positive definite

covariance matrix Vy,,

Step 3: Use numerical integration iterative to obtain the inclusion probability P of the EEP model.
Step 4: If |P — 0.95| < ¢, proceed to the next step; otherwise, return to step 3.

Step 5: Take the three-axis radius Ry, Ry, R; of the integrated ellipsoid domain are the ANP of the
FMS in three-dimensional directions.

START

Get V from FMS

!

V—=>Vm

e
Obtain
probability P of
the EEP model

Y

ANP=[Rx Ry Rz]

Figure 10. Three-dimensional ANP calculation process.

4. Experimental Setup

According to the objectives and mission characteristics of the ANP verification, the civil
aircraft RNP flight multi-source information fusion simulation and verification platform is
constructed, as shown in Figure 11.

RNP flight simulation
and verification
platform

FMS

Multi navigation
information
fusion

ANF evaluation

[

Display

Figure 11. RNP flight simulation and verification platform.

The simulation and verification platform was composed of a civil aircraft RNP flight
simulation module, multi-sensor navigation data generation module, multi-source navi-
gation information fusion, actual navigation performance evaluation module, and flight
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display module. It can simulate the output of civil aircraft airborne multi-source redundant
configuration sensors under RNP flight, simulate the information processing of FMS, fuse
and process the multi-source redundant navigation information, and evaluate the ANP of
the FMS so as to verify the method proposed in this paper.

Simulation with actual RNP flight operation [17], which can meet the simulation
function requirements of typical civil aviation flight environment.

The RNP flight procedure from Beijing Capital Airport (ZBAA) to Shanghai Hongqiao
International Airport (ZSSS) is executed in the simulation. The initial position is 40.073333°
N, 116.598333° E at an altitude of 30.4 m, the initial heading angle is 175°, and the end point
is 31.196667° N, 121.335000° E at an altitude is 8 m. The simulation duration is 7081 s. The
corresponding waypoint positions along the route are shown in Table 1, and the fly track
simulation output is shown in Figure 12.

Table 1. Simulation track waypoint table.

Way Point Longitude/° Latitude/°
ZBAA 116.598333 40.073333
ELKUR 116.665000 38.639722
DOXAB 116.625000 38.291111
OVNUG 116.692222 38.110278
PANKI 116.999722 37.295833
GUSIR 117.041667 37.206667
YQG 117.215000 36.833333
DALIM 117.213056 36.417778
ABTUB 117.367778 36.000556
UDINO 117.803333 34.822500
DPX 117.998333 34.278333
OMUDI 118.266667 33.970556
LAGAL 118.705556 33.467222
ATVAD 118.854167 33.295833
SUBKU 118.940278 33.197222
NIXEM 119.160556 32.941944
XUTGU 119.575556 32.463889
PIMOL 119.761667 32.245833
VMB 120.191667 31.743333
SASAN 120.319444 31.589444
ZSSS 121.335000 31.196667
. @En-route

10000 |

20005 ® Descent

Altitude/m

o @Climb
4000 —|
2000 —|
o (DTake off

0 =
3 =y —

W = — 1135 T
Latitude/° 33 = — :

Longitude/°

Figure 12. Flight simulation trajectory.

The parameters of airborne navigation sensors are set according to the minimum
aviation system performance standards for RNP operation [18]. The bias of gyros is set as
0.01°/h and the bias of accelerometers is set as 10~* g. The GNSS (GPS, Beidou) uses the
real ephemeris for simulation. The pseudo range measurement error is set to 10.5 m [19].
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The positions of the land-based navigation stations are shown in Table 2. The barometric
altimeter is also used to aid vertical navigation [20].

Table 2. Location information of ground stations.

Station Number Longitude/° Latitude/° Altitude/m
1 116.1 39.6 37
2 117.2 39.132811 7
3 118.285661 35.222025 49
4 118.882050 31.7362194 5
5 121.325931 31.1436056 5
5. Results

The three-dimensional position estimated error of FMS is compared with the tradi-
tional ANP method, SEP method, and the EEP method that is proposed in this paper.

Figures 13-15 show the comparison results of the position-estimated error of the FMS
in the longitude, latitude, and vertical direction with the ANP evaluation values.

4 T T
— Position error
——EEP
3.5 ——SEP 1
Traditional ANP
3 -
£
@ 2.5 S~—— i
°
2
2
s 2 i
£
215F 1
L
1k i
0.5 J
0 | L i | 1 1 l 1 |
0 1000 2000 3000 4000 5000 6000 7000 8000

Time/s

Figure 13. Comparison between longitude position error and ANP.

4 T T T
Position error
35 ——EEP i
e SEP
3 Traditional ANP
£
"QU) 25 S—— N
B
= T—
< 2 4
=
5 15} 4
=)
[sa]
1k 4
0.5 .
0 I i I
0 1000 2000 3000 4000 5000 6000 7000 8000

Time/s

Figure 14. Comparison between latitude position error and ANP.
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T
—— Altitude error
—— EEP 4
SEP

Error in Altitude/m

2000 3000 4000 5000 6000 7000 8000

Time/s

0 1000

Figure 15. Comparison between altitude position error and ANP.

The comparison of actual navigation performance evaluation algorithm results are
shown in Table 3.

Table 3. Comparison of actual navigation performance evaluation algorithm results.

Statistical Items

(RMSE) Longitude/m Latitude/m Altitude/m
Position error 0.557 0.5943 1.6269
Traditional ANP 3.0112 3.0112 -
SEP 2.4991 2.4991 2.4991
EEP 1.6527 2.2799 3.4975

In order to compare the evaluation accuracy and precision of the traditional ANP
model, SEP model, and EEP model proposed in this paper, the recall and mean absolute
percentage error (MAPE) statistics are shown in Tables 4 and 5.

Table 4. Comparison of actual navigation performance evaluation algorithm results.

Recall Longitude Latitude Altitude
Traditional ANP 100% 100% -
SEP 100% 100% 97.14%
EEP 100% 100% 100%

Table 5. Comparison of actual navigation performance evaluation algorithm results.

MAPE Longitude Latitude Altitude
Traditional ANP 50.7283 37.9040 -
SEP 46.4230 34.0138 45.4766
EEP 31.6131 30.3037 55.5729

Statistical analysis shows that the EEP model proposed in this paper has no false
evaluation compared with the SEP model, and the evaluation accuracy in longitude di-
rection and latitude direction is effectively improved compared with the traditional ANP
evaluation method and SEP evaluation method.
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In order to verify the effectiveness of the proposed algorithm, 50 groups of Monte
Carlo simulations were carried out under the same simulation conditions. The simulation
results are shown in Figure 16.

9 T T T T T
® Position error

® EEP
SEP
® Traditional ANP

Mean and standard deviation (m)

I | ]

-1 1 1 1 1 1 1 1 1 1 1 1
1 12 14 16 18 2 22 24 26 28 3 32
Longitude direction Latitude direction Altitude direction

Figure 16. Statistical comparison chart of Monte Carlo simulation.

For the 50 groups of Monte Carlo simulation results, the evaluation accuracy and
precision of the traditional ANP model, SEP model, and EEP model proposed in this paper
are statistically analyzed in Tables 6 and 7.

Table 6. Precision comparison of actual navigation performance evaluation algorithm results in
Monte Carlo simulation.

Recall Longitude Latitude Altitude
Traditional ANP 100% 100% -
SEP 100% 100% 97.14%
EEP 100% 100% 100%

Table 7. Accuracy comparison of actual navigation performance evaluation algorithm results in
Monte Carlo simulation.

MAPE Longitude Latitude Altitude
Traditional ANP 50.7283 37.9040 -
SEP 46.4230 34.0138 45.4766
EEP 31.6131 30.3037 55.5729

Statistical analysis shows that the EEP model proposed in this paper has no false
evaluation, and the evaluation accuracy in the longitude direction is 43.62% higher than
that of the traditional ANP evaluation method and 34.91% higher than that of the SEP
evaluation method. In the latitude direction, it is 34.55% higher than that of the traditional
ANP evaluation method and 13.28% higher than that of the SEP evaluation method.

6. Conclusions

During RNP operation, it is important to monitor the actual navigation performance
of FMS accurately. Traditional ANP calculation mainly focuses on the navigation and
positioning performance of the aircraft along the track direction and considers the position
uncertainty caused by a single sensor. The lack of comprehensive consideration of spatial
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position uncertainty will lead to the loss of dimension perception of aircraft navigation
performance and inaccurate evaluation of ANP.

In this paper, to meet the needs of future development of civil aircraft RNP to 3D/4D,
aiming at the lack of evaluation dimension of the traditional two-dimensional actual
navigation performance evaluation method and the inaccuracy of the SEP model, a three-
dimensional EEP model is proposed based on the uncertainty of the three-dimensional
position of civil aircraft with unequal variances and relevance, and the corresponding
three-dimensional ANP calculation method is given.

(1) Compared with the traditional two-dimensional ANP model and SEP model, it fully
considers the spatial uncertainty of civil aircraft, has smaller model inclusion volume,
and improves the accuracy of the evaluation model.

(2) The simulation results show that the EEP model proposed in this paper can effectively
improve the evaluation accuracy on the basis of ensuring the accuracy of the evalua-
tion of the actual navigation performance of the FMS in three-dimensional directions
and more accurately represent the uncertainty of the position of the FMS in the flight
space—time of the civil aircraft RNP to ensure flight safety.
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