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Abstract: More than one hundred years of experimental and theoretical investigations of electron
scattering in gases delivered cross-sections in a wide energy range, from few meV to keV. An analogy
in optics, characterizing different materials, comes under the name of the dispersion relation, i.e., of
the dependence of the refraction index on the light wavelength. The dispersion relation for electron
(and positron) scattering was hypothesized in the 1970s, but without clear results. Here, we review
experimental, theoretical, and semi-empirical cross-sections for Ny, CO,, CHy, and CF, in search of
any hint for such a relation—unfortunately, without satisfactory conclusions.
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1. The Need for Cross Sections

Cross sections for electron scattering are the input data in modeling and diagnostics
of industrial plasma, gas discharge [1], thermonuclear plasma [2,3], biological media [4,5],
and atmospheric processes, including extra-solar planets [6]. Such modeling requires
the knowledge of the total and partial (elastic, ionization, dissociation, and electronic,
vibrational, rotational excitation) cross sections in a broad energy range. Out of the gases
considered in this paper, CF, is used for etching SiO,, in spite of the disadvantages resulting
from the presence of hot radicals (with the energy of few eV) in Ar/O,/CF, plasmas. CHy
acts as an intrinsic cooler in carbon-lined tokamaks like JET, thanks to its high cross sections
for the vibrational excitations in the region of a few eV, see reference [7]. Resonant processes
in electron scattering in N and CO; at a few eV (2.1 and 3.9 eV, respectively), enhancing
the vibrational and rotational transitions, are the basis of high-power IR lasers [8]. For
thermonuclear plasmas, the energy range up to 1 keV is of interest [9].

Experimental determinations are relatively easy for total cross section (TCS) in the
energy range 1-100 eV, using beam methods [10]. In some gases, like Ny and CHy [7], the
uncertainty on the TCS is as low as 5%. At very low energies, swarm measurements, espe-
cially in gas mixtures, obtain self-consistent sets of partial cross sections, also for rotational
and vibrational excitations [11]. However, as discussed for H,O (e.g., reference [12]), such
sets may not be unique. Good agreements (e.g., within few per cent) exist for ionization
cross sections [13]. Scarce data are available for electronic excitations; however, their contri-
bution to the TCS are usually only a few per cent. Measurements of vibrational excitations
are difficult; similar to electronic excitations, they require a good energy resolution of
analyzers and integrating differential cross sections (DCS) in the whole 0-180° angular
range (see [14]). A “missing channel” in the measurements of partial cross sections in
molecules is, frequently, the dissociation into neutral fragments (see [15]). All these partial
cross sections should sum-up to the TCS. Our question is: may we deduce some more
information from (pretty precise) measurements of total cross sections to derive partial
ones? Are there any schemes of partitioning and/or semi-empirical indications?
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The knowledge of positron-scattering cross sections is rather fragmentary. Positrons
may be considered as complementary to electron scattering [16-18]; no exchange effects
occur for positrons and the overall interaction is weaker, as the attractive polarization
potential (of the electronic cloud) subtracts from the repulsive static potential of the nuclear
core. Modeling is needed in studies of positron annihilation for the defectoscopy of
the solid state [19] and for medical applications (positron emission tomography—PET).
Experiments, theory, and semi-empirical models are the input data for further modeling,
yielding improved sets of data (see [20]).

2. Semi-Empirical Models

Semi-empirical models have been developed to estimate partial cross sections. The
models try to relate electron (and positron) scattering cross sections in different energy
ranges to some molecular features, like the “radii” [21], total atomic number Z, dipole
polarizability, electron binding energies in the target, etc. At the very low energy range, in
particular for noble gases, the modified effective range theory (MERT) [22,23] extrapolates
the elastic (integral and differential) cross section down to zero energy. The input data for
MERT are the dipole polarizability and the integral and/or differential cross sections in the
range of sub-eV, see the detailed discussion for CHy in reference [24]. MERT has also been
applied to positron scattering, say in Ar and Ny, up to the energies of a few eV [25].

The relation to the dipole polarizability appears again in the intermediate (about
100 eV) energy range. Several authors [26,27] have indicated that the maxima of the
ionization cross sections rise with the rise of dipole polarizability. As the ionization at these
energies constitutes a significant part of the TCS, other works [28,29] suggested that the
TCS in its maximum also depends on the polarizability. Thus, the question arises: why are
the same molecular feature governed/reflected in the cross sections in two distant energy
ranges?

For ionization cross sections, the most widely used is the Born-Bethe binary encounter
model (BEB) [30]. It requires as input, data on the binding and kinetic energies of electrons
on given electronic orbitals. However, as far as the BEB model is successful in calculating
the total ionization cross section, i.e., the sum of ionization from single orbitals, it hardly
predicts these partial ionization cross sections, see, for example, reference [31].

A modified version of BEB is also used to predict electronic excitation cross sections [32].
The input for this model is the optical oscillator strength that can be deduced from experi-
mental zero-angle DCS for electronic excitations [33] at high (i.e., “Born”, see reference [34])
energies.

Born approximation is also used for vibrational excitations in the region above the
threshold. For infrared-active modes it is quite successful both for electron and positron [35]
scattering. It is not useful in predicting the vibrational excitation in resonances. Note, in
this issue, two papers going beyond Born approximation: by Ayouz et al. [36] for electron
scattering on HyO and by Poveda, do N. Varella and Mohallem [37] for positron scattering
on Hj.

The region of few eV is the domain of resonant states in electron-molecule scattering.
These states are usually classified as: (1) Feshbach resonances, resulting from the capturing
of the incoming electron to a free electronic orbital of the target, and showing up as narrow
structures in the elastic and TCS; and (2) shape resonances, due to temporary trapping of
the incoming electron inside the effective (i.e., comprising the centrifugal barrier) potential
well of the target, and showing-up as relatively broad maxima in TCS, frequently with a
vibrational-like structure superimposed, see Figure 1 for Np, and compare the highlighted
figure of reference [38] showing the two types of resonances in TCS in N».

The contribution of Feshbach resonances to TCS is insignificant, but the shape res-
onances, say in Ny (Figure 1) and CO; (Figure 2) give the maxima of TCS even by few
folds higher than the potential-scattering “background” [39-41]. The contribution of the
vibrational excitations in these maxima is high, roughly 1/6 of TCS in molecules like N»
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and CO and as much as 1/3 of TCS in 2IT resonances in CO,, N,O, OCS, see Figure 2
for CO,.
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Figure 1. Integral (elastic, vibrational, total) cross sections for electron—N; scattering in the low
energy range. MERT analysis [39] predicts a shape resonance: its position and width depend on the
choice of the low-energy data used as the input for the analysis. Elastic cross sections re-edited from

reference [39], vibrational excitation by Michael Allan [42], elaborated in reference [43]. TCS values
are taken from reference [10].
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Figure 2. Integral (elastic and vibrational) cross sections for electron—CO; scattering in the low
energy range. As for N, the MERT analysis [40] predicts a shape resonance. Elastic cross sections

re-edited from reference [40], vibrational—measurements from the Kaiserslautern group [44], TCS—
recommended values from reference [45].

Advanced theories, like complex Kohn [46], Schwinger multi-channel [47], Schwinger
multi-channel with pseudo-potentials [48], close-coupling [49], and R-matrix [50] are
needed to reproduce the existence of resonances, especially shape ones. However, extend-
ing the MERT analysis [25] to energies of a few eV (as compared to ca. 1 eV in previous
works [23]) produced a rather unexpected result, namely resonant-like maxima in the
integral elastic cross sections [24,39-41], see Figures 1-4 for Ny, CO;, CHy, and CFy, respec-
tively. These maxima appear from a fast change of single (s, p, d) phase shifts at energies
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of a few eV, see the insets in Figures 1 and 2. The positions, amplitudes, and widths of
maxima depend on the partial-wave channel in which the resonance appears as small
variations within the experimental uncertainties; the low-energy experimental data used
for the MERT lead to the resonances in different channels (Figures 1 and 2). In CH4 and
CF, the resonances are broad and result from the contribution of more than one partial
wave [24,41].

Obviously, semi-empirical analyses can not substitute more rigorous theories, but the
lesson from such “MERT resonances [24,39—41]" is that the same potential may govern
elastic cross sections in the few meV and few eV energy ranges (this is not the case of some
ab-intio methods, using three different potentials in different energy ranges [51]).
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Figure 3. Integral (elastic, vibrational, total) cross sections for electron—CHy scattering in the low
energy range. For references see reference [24].
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Figure 4. Integral (elastic, vibrational, total, dissociative electron attachment) cross sections for
electron—CF; scattering in the low energy range. For references see reference [41].

3. Is Total Cross Section Merely a Sum of Partials?

Conceptually, TCS is considered as a sum of partial cross sections, that are usually re-
garded as independent quantities: this is a hidden hypothesis in many of the semi-empirical
approaches. Furthermore, theories usually treat the elastic and inelastic channels inde-
pendently. The approaches most successful recently, like the R-matrix [50] and Schwinger
multi-channels [48] stop before the thresholds for electronic excitations and/or ionization.
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In the intermediate energy range, a so-called optical potential [52] is commonly used
in calculations of the summed inelastic cross sections (i.e., all electronic excitations and
the ionization, also called "absorption" cross section), see, for example, [53]. Then, via
some assuptions on the partitioning scheme, the ionization cross sections were derived [5].
However, relations between these schemes and the parameters used in BEB models for
ionizations are not clear.

These approaches would suggest that scattering channels are independent. However,
other theories indicate that including additional channels influences results. This is well
seen in calculations of electronic excitations, say in H,O [54] and also in calculations that
go beyond the Born approximation of the near-threshold vibrational excitation for the same
molecule, see reference [36] in this volume.

Generally, experimental hints for channel coupling are faint. Figure 4 for CF; would
suggest that the vibrational excitation in CF, in the threshold region is simply summed
to the elastic (MERT) part. However, in the resonant regions, the two channels are clearly
coupled. The maximum in the vibrational channels anticipates the one in the elastic
scattering; moreover, in the elastic channel, a kind of shoulder is seen, instead. A similar
picture holds for NF; [31]. Does this phenomenon reflect a high value of the transition
dipole moment (0.122ape in CF4 as compared to 0.021 ape in CHy [55]) for the asymmetric
stretching vibrational modes?

In some molecules, like N, and CO (see Figure 19 in reference [43]), a progression
of high (up to v = 11) vibrational overtones in shape resonances was observed, but
excitations of these modes are shifted in energy, see Figure 1 for N,. This behavior has
been recently reproduced in N, (and NO) shape resonances by the local optical potential
model [56,57] that assumes coupling between the discrete and continuum states of the
colliding system. The superposition of the elastic scattering and vibrational modes makes
the whole resonance peak much broader (but lower), resulting from the MERT model.

For positron scattering, it seems rather clear that inelastic channels, like positronium-
formation, sum-up with elastic channels, see Figure 5 for Ny. In the case of Ar, the theory
that included absorption [58] indicated a step of the integral elastic cross section at the
opening of the absorption channels, but the effect is too small to be proved experimentally
at present. Another application of the optical potential for positron scattering at 100-300 eV
in argon [59] showed that “absorption” effects reduce the DCS at intermediate (30-120°)
angles but raise it by a factor of a few folds in the zero-angle limit.
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Figure 5. Total cross section for positron scattering on Nj. All experiments (in spite of their method-
ological uncertainties) indicate the rise of TCS towards zero energy (MERT domain), a flat, hard
sphere-like region up to the threshold for the positronium formation (Ps—indicated by vertical
arrow), and the rapid (a Wannier-like) rise of TCS above this threshold. For references see [60].
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Figure 5 shows another interesting feature of the low-energy positron-scattering cross
sections: a constant value of TCS in range up to the threshold for positronium formation.
This feature is present in many targets, including Hy, CO,, SF¢. Taking a geometrical cross
section, one derives hard-sphere “dimensions” of the molecules, see reference [16]. Detailed
models [21,61] explain that this feature comes from an inter-play between the short-range
repulsive (i.e., of the nuclear core) and long-range attractive (due to the polarization)
interactions. Note also that a hard-sphere model applied successfully by Borghesani [62] to
electron-helium scattering (this issue).

Apart from He, TCS for electron scattering hardly relates to any “hard-sphere” radii. In
N, the TCS at 5 eV (i.e., outside the resonance and still below the thresholds for electronic
excitations) is lower by a factor of three for positrons than for electrons. Does it reflect a
mere difference in the interaction potential or exchange effects? As the exchange effects
should be less significant at high energies, it is worth exploiting the TCS in a broad energy
range. This will be done via the dispersion relation that considers the high and very low
energy ranges together.

4. Dispersion Relation

In optics, the dispersion relation, i.e., the dependence of the complex refraction index
on the wavelength (Kronig-Kramers relations [52]) gives complete information on the
optical properties of the material. The dispersion relation for electron (and positron)
scattering has been formulated by Gerjuoy and Krall [63]. It relates the real part of the
scattering amplitude f(E,0) at a given energy E and zero scattering angle with the Born
amplitude for direct (fg) and exchange (gp) scattering [64].

P e ko(E
Ref(E,0) = fo(E,0) ~ ga(E,0) + oy [~ SE)

Kauppila et al. [65], already in the 1980s, performed measurements of TCS up to 700
eV and checked the validity of the dispersion relation for electron and positron scattering
on He, Ne, Ar. Their conclusion for electron scattering was negative (the relation does not
hold) and the relation seemed valid for positron scattering on these three atoms, within the
experimental uncertainties. Note, however, that in that time positron measurements at low
energies were subject to big uncertainties, see Figure 5; similarly, in the high energy part,
no Born region was reached, see Figure 6 (and compare with a similar Figure 7 for COy).

An extra term for electrons, as compared to positron scattering, comes from the ex-
change part of the scattering amplitude (gp), that is non-analytic for negative energies [52].
However, the very idea of a dispersion relation led to the method of optical poten-
tial [6,59,66] widely used in calculations of absorption (i.e., electronic excitation and ioniza-
tion) cross sections adding the elastic part and TCS.

The dispersion relation should hold for any arbitrarily chosen lower limit of inte-
gration, i.e., for any energy, like it was checked by de Heer and collaborators for H and
He [67]. Choosing the low limit of integration at E = 0 simplifies the analysis: for non-polar
molecules (like the four considered here) the scattering at zero energy is isotropic and
the scattering amplitude f(0,0) equals the minus scattering length. Consequently, the
dispersion relation simplifies to:

dE' )

A et L [T oK
Ao = fis— g5+ 5 /0 o(K')dk @)

The Born amplitude f3 is the Fourier transform of the scattering potential U(r) corre-
sponding to the wave vector transferred K = k; — k¢ (k; and ky being the initial and final
scattering vector).

1 .
fB= ~in exp(iKr)U(r)dr ®3)

In principle, for an energy-independent potential (as should be the case of the static
interaction), the Born amplitude for the zero-momentum transferred (i.e., for scattering into



Atoms 2021, 9, 97

7 of 13

the forward direction) should also be energy independent. Further, DCS is the square of the
scattering amplitude—in the Born approximation, it remains unchanged when the sign of
the interaction potential changes. This should be the case of electron and positron scattering
at “sufficiently” high energies, where the polarization potential may be disregarded. A
series of works [68-70] started in the 1970s to verify the Born conditions in elastic scattering
on molecules, see Figure 8 for COs.

For positron scattering, we are not aware of similar DCSs extending to zero angles as
those shown in Figure 8. Kauppila et al. [71] measured DCS in Ar for electron and positron
scattering at 300 eV; the experimental points at 30-90° coincide within experimental uncer-
tainties, but the ab inito optical model [72] predicts the DCS at the zero angle by a factor of
two lower for positrons than for electrons.

One could expect that the information on the opposite-sign of the short-range scatter-
ing potentials for positrons and electrons is “hidden” in the MERT parameters, in particular
the “effective range”. However, as one of us shows (KF) in this issue [73] it is not so
straightforward. Nevertheless, in the next section we resume experimental data that can be
useful in evaluation of the dispersion relation.
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Figure 6. High-energy total cross sections for electron and positron scattering on Nj. The lines are the
Bethe-Born fit, Equation (4). For references for electron scattering see the review [43]; for positrons
Detroit [74] and Trento data [75] are used.
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Figure 7. High-energy total cross sections for electron—CO; and CF, scattering. The line is the
Bethe-Born fit, Equation (4). Experimental data are from Madrid laboratory [76], Trento [77,78],
Detroit [79] and Gdarnsk [80].
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Figure 8. In search of the forward Born amplitude. Do DCSs at high energies tend to a constant
value? Data for CO; are by Bromberg [69]; a single point for 10° at 400 eV by Iga et al. [81] coincides
with Bromberg’s data.

5. Experimental Input

Lack of experimental data was one of the obstacles in verifying the dispersion relation
and its modifications in the past [64]. Here, we propose an “experimental” dispersion
relation that requires, apart from total cross sections in a wide energy range (asymptotically
from 0 to o0), scattering length, i.e., the integral cross sections at zero energy and the
elastic DCS at zero momentum transferred (i.e., asymptotically at zero angle) and high
(“Born” [34]) energy.

In the zero-energy limit, the already mentioned new approach to MERT [24,39] con-
sisted of fitting the phase shifts and cross sections directly, to increase the fidelity in the
zero-energy limit and extend its applicability above 1 eV.

At high energies, two groups—from Trento [82-84] and Madrid University [76,85]—
extended TCS measurements on molecules up to 3-5 keV. Trento measurements [83]
above 1 keV were subject to the angular resolution error (mainly in the inelastic channel)
underestimating the TCS at their highest energies by some 20-30% [7]. The Madrid
group [76] used the energy analyzer at the exit of the scattering channel (therefore excluding
electron scattered inelastically into forward angles), so their TCS are reliable up to their
highest energies. They also promptly applied the Bethe-Born formula, extrapolating TCS
into very high (up to relativistic) energies. This formula contains a logarithmic term that
reflects the infinite range of the Coulomb interaction between target electrons and the
incoming electron/positron [86].

oc(E) = A/E+ Blog(E)/E. 4)

The scattering length Ay was adopted from the MERT-free fit in reference [39,40]
for Ny and COa, respectively, and from MERT fits in references[24,41] for CH, and CFy,
respectively.

Born forward scattering amplitude has been deduced from low-angle elastic dif-
ferential cross sections at high energies. For N, numerous elastic DCS measurements
were completed [68,70,87]; Zhang et al. [70] extrapolated them to the zero-angle, obtaining
the value of 17.4 x 107!® cm?/sr (and declaring 1% error bar). For CO,, the DCS mea-
sured [69] down to 2° already at 300-500 eV indicates a constant zero-angle value, of about
67 x 10716 cm? (with an uncertainty of +-10%), see Figure 8.

For CHy4 and CF; we used the data of Sakae et al. [88], extending up to 700 eV, but the
uncertainty of these values is high (some 20%). The lowest angle measured was 5°, the
extrapolation was done via a polynomial fit (no details given), and the experimental data
agree in shape with the model of Jain [51] but are a factor of three lower at the zero angle,
agreeing with much earlier theory of Szabo and Ostlund [89].
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Parameters A and B of the Born-Bethe fit to the electron TCS (Equation (4),
Figures 6 and 7) are: —60, 310; —100, 510; 52, 232; and 317, 923, for N, CO,, CHy (see
ref. [7]), and CFy, respectively. Note that the parameter B scales with the total number 7 of
electrons in the target (the ratio B/n amounting to about 22 in units) — a similar conclusion
in the high energy limit was drawn by Garcfa and Manero [90]. On the other hand, the TCS
in its maximum (but outside resonance) correlates well [29] with the polarizability, see TCS
values at 30 eV (around the maximum) in Table 1.

Table 1. In search for dispersion relation in electron-molecule scattering.

Molecule Ag (ap) fB(c0,0)* (—Ao— fB)(a0) | TCS (ag)?* a(al) s TCS@30 eV 1 B!l
N, Ig:;lgi [é?] 7.89[70] :Z:éz 16.5 115 12.8[91] 310
CO, —6.65[40] 15.4 [69] —8.75 23.9 16.9 16.2[77] 510
CH, —2.00 [24] 6.5 [88] —4.50 16.1 165 16.5 [92] 232
CFy —2.80[41] 19 % [88] ~16.20 357 19.1 20.4 [80] 923

* data read from the figure. ¥ The Born direct scattering amplitude f5(E = 0,8 = 0) is taken as the square root of the differential cross
sections at zero angle and at sufficiently high energies (see Figure 8). ¥ The integral over TCS in the dispersion relation, Equation (2), is
taken within limits 107° eV to 10° eV (this range assures the independence of the result from the limits of the integration); the uncertainty
of the integral is some 10%. § For dipole polarizabilities we give experimental values (see NIST database [93]). T TCS in column 7 are in
1071% cm? units. ' B stays for the high-energy term in Bethe-Born TCS approximation, Equation (4) (in agR units, R being the Rydberg
constant); the uncertainty is about 10%, see Figures 6 and 7.

The integral over the TCS in formula (2) was completed in the energy range from
107¢ eV to 10° eV: such a choice assures that the value of the integral does not depend
significantly (less than 1%) on the integration limits. The integral was performed in three
sub-sets: (i) MERT region from 1076 eV to 1 eV, see the discussion in Figures 1-4, (ii) the low
and intermediate energy range 1-1000 eV, using the recommended TCS from reference [45],
(iii) high energy range—using the extrapolations via Bethe-Born fit, see Figures 6-7. Results
for electrons are given in Table 1.

The check of the dispersion relation for positrons is given in Table 2. The scattering
length Aj for N, CO;, and CH,4 were taken from our previous papers [25,94]. We are not
aware of the experimental TCS for CF, positron-scattering in the very low energy range.
In the high energy limit it was noted [75] that TCS (for N, Ar, Kr) merge in the range of
a few keV. As shown in Figure 6, for N, the coefficient B of the high-energy Bethe-Born
fit is, within experimental uncertainties, equal for positrons and electrons. This result is
also supported by the optical-model calculations by Khander et al. [95] (this issue) for
electron and positron scattering on such a heavy atoms as radon. Parameters A and B of
the Born-Bethe fit to positron TCS, Equation (4), are: —130, 310, —240, 510, 0, 232, 317, and
923, for Ny, CO,, CHy, and CFy, respectively.

Table 2. In search for dispersion relation in positron-molecule scattering.

Molecule Ag(ag) fg(00,0) * (—=Ao — fB)(a0) J TCS (ao) a(al) TCS@30 eV ¥
N, —9.27[25] —7.89[70] 17.16 13.8 115 8.2 [74]
Co, 461 [40] —15.4[69] 20.01 18.7 169 10.2 [74]
560 to 12.10 10.6 [96]
CHy —8.50 * [24] —6.5[88] 15.00 13.8 16.5 11.1 [97]

* depending on low-energy experimental data used for MERT fit. * The absolute values of the Born direct scattering amplitude
fB(E = 00,0 = 0) for positrons are taken as equal to those for electrons even if we do not have “exact” theoretical either experimental
evidence; the optical model by Jochain and Potvliege [59] for Ar predicts at 100-300 eV and zero-angle the DCSs lower by a factor of two
for positrons than for electrons; the sign of the Born amplitude is negative as the (static) interaction is repulsive. ¥ TCS in column 7 are in

1016 ¢m? units.
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Let us review the main points from the present comparisons (see columns 4 and 5 in
Tables 1 and 2). The dispersion relation, as proposed originally, seems to be quite reasonable
in the case of positron scattering. The optical model [72] tells us that the Born amplitude
for the real (static + polarization + absorption) potential may be lower for positrons than
for electrons. In fact, for CHy, where the DCS for electrons are probably underestimated
(we are not aware of the data similar to these in Figure 8), the values in column four (the
difference of terms) and column five (the integral) in Table 2 are equal within uncertainties.
This would confirm the conclusion of Kauppila et al. that the dispersion relation holds for
positron scattering on noble gases, and also on noble-like CHy. To resolve the answer for
N> and COy, the ab initio (i.e., not semi-empirical) Born amplitude for positrons is needed.

For electrons, the situation is more unclear; the very sign of the terms disagree. More-
over, the results suggest that the contribution of the Born exchange scattering amplitude
(gp) should be significantly greater than the Born direct scattering amplitude (fp) to hold
the dispersion relation. What remains is the question of resonances, does the dispersion
relation holds when the projectile and the target molecule do not form bound states [98]?
Out of the four discussed molecules none showed stable negative ions, only temporary
negative states [99] decaying into radicals/atoms are formed via resonances (see example
for CF, on Figure 4). In turn, detailed searches for resonances in positron scattering gave a
negative result [100].

We are not able to draw clear conclusions from the present comparisons. Still, many of
the experiment-deduced components of the dispersion relation lay within high uncertainty
limits. For sure, different quantities in the dispersion relation are interlinked. The input
from the theory is necessary.
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