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Abstract: In this paper, exponential synchronization for inertial neural networks with time delays
is investigated. First, by introducing a directive Lyapunov functional, a sufficient condition is
derived to ascertain the global exponential synchronization of the drive and response systems based
on feedback control. Second, by introducing a variable substitution, the second-order differential
equation is transformed into a first-order differential equation. As such, a new Lyapunov functional is
constructed to formulate a novel global exponential synchronization for the systems under study. The
two obtained sufficient conditions complement each other and are suitable to be applied in different
cases. Finally, two numerical examples are given to illustrated the effectiveness of the proposed
theoretical results.

Keywords: inertial neural networks; variable substitution; lyapunov functional;, exponential
synchronization

1. Introduction

One of the main problems in the field of motion control is that the motion of multiple mechanisms
should be controlled in a synchronous manner [1-3], such as position synchronization of two
robot systems [4], speed synchronization of multiple induction motors [5], synchronous control for
forging machines [6,7] and motion synchronization for dual-cylinder electro hydraulic lift systems [8].
Thus far, various kinds of synchronization control methods have been proposed, including feedback
control [9-11], adaptive control [12,13], impulse control [14], pinning control [15], and sliding mode
control [16-19].

When the inertia exceeds a critical value and the state of each neuron becomes under-damped,
properties of the networks will change qualitatively [20,21]. On the other hand, due to the finite
switching speed of amplifiers, time delays usually occur in a neural network [22-25]. Time delays
are commonly regarded as an important factor to degrade system performance [26-28]. Thus, it is
practically significant to study inertial neural networks with time-delays. For this reason, Ke and
Miao [29-32] investigated stability and periodic solutions in inertial BAM neural networks and inertial
Cohen-Grossberg-type neural networks, respectively. Asymptotical synchronization of a delayed
inertial neural networks is considered in [33] by using the Lyapunov functional method and the
Barbalat Lemma. Cao and Wana [34] presented some matrix measure strategies for stability and
synchronization of inertial BAM neural network with time delays. Different from the methods in [35],
the direct Lyapunov functional method is successfully applied to study stability and synchronization
for a delayed inertial neural networks. However, the above synchronization results cannot reflect how
fast the synchronization can be achieved [36-38]. As a fundamental issue, exponential synchronization
should be paid more attention if fast synchronization is expected. Nevertheless, to the best of the
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authors’ knowledge, few results have been reported on exponential synchronization of inertial delayed
neural networks, which motivates this work.

In this paper, we focus on the problem of exponential synchronization for inertial neural networks
with time delays. Two sufficient conditions are formulated on the global exponential synchronization of
the drive and response inertial delayed neural networks. The first one is based on a normal Lyapunov
functional. The second one is based on a variable transformation. As a result, the second-order
differential equation is transformed into a first-order differential equation, which allows us to construct
a new Lyapunov functional. The two sufficient conditions can be applied in different cases. Finally,
two illustrative examples are provided to show the effectiveness of the obtained theoretical results.

2. Problem Formulation

We consider the following inertial neural networks with time delay
n n
Xi(t) = —,Bifci<t) — zxixi(t) + 2 al]f](x](t)) + 2 bl]f](x](t — ’l’l])) + Il'(t), (€))
=1 =1

fori =1,2,...,n, where a; and B; > 0 are constants. x;(t) denotes the states variable; a;j and b;; are
connection weights of the system; f] denotes the activation functions; Tij is time delay and satisfies
0 < 7;j < 7;and [;(t) denotes the external inputs. The initial values of the system in Equation (1) are

xi(s) = @xi(s), %i(s) = Pxi(s), —T1<s<0, )

wherei =1,2,...,1,¢y(s), Pxi(s) are bounded and continuous functions.
In special cases, the system in Equation (1) contains mathematical models in mechanical fields.
For example, if n = 1, swing equation is given by

ml(t) + cO(t) +qo(t — 7) + kO(t) = g(t).

If n = 2, the system in Equation (1) contains the torque balance equation for two inertial bodies of
isolated
J161 = —Bi16h + K(62 — 01) — Ty,
J262 = —Ba6y — K(62 — 61) + T

which has strong application background.
Let the system in Equation (1) be a drive system. Then, the corresponding response system of
Equation (1) can be represented as

mm—-ﬁ%awmmw»+immwmw+§;meu—m»+uw+mm, )
= j=

where u;(t) is the feedback controller, i = 1,2, ..., n. The initial values of the system in Equation (3) are

vi(s) = @yi(s), ¥i(t) = ¢yi(s), -7 <s<0, @)

wherei =1,2,...,nand (pw-(s), gbyl-(s) are continuous and bounded functions.
Let e;(t) = y;(t) — x;(t), from Equations (1) and (3), we obtain the following error system

mw=—@aﬂ—Mma+im@@u»+im@@u—m»+mm, )
j= j=

where fj(ej(t)) = fi(yi(t)) — fj(xi(t),i = 1,2,...,n.

Throughout this paper, the following assumption is needed.
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(H) : The functions f; (j = 1,2, -+ ,n) are assumed to satisfy the Lipschitz condition. That is,
there exist constants [; > 0, such that

|fj(U1) —f]‘(vz))‘ < lj|'01 —02‘,01,02 € R,j =1,2,...,n

In this paper, we focus on exponential synchronization of the systems in Equations (1) and (3),
whose definition is given as follows.

Definition 1. The systems in Equations (1) and (3) are said to be exponentially synchronized if there exist
constants M > 0 and ¢ > 0 such that

n

Z xi(t) —yi(t)[* < Me 7| gx — @y |7 t

where

2= sup Y|t — pu(t)

—1<t<0i=1

lox — @

3. Main Results

In this section, two sufficient conditions are given to ascertain the exponentially synchronizing of
the systems in Equations (1) and (3).

Theorem 1. Assume (H) holds. For the following feedback controller
ui(t) = A(yi(t) — xi(t)), i=1,2,---,m,

where A; is a positive constant, if the inequalities

n n
—2u; +2A; + |2 —a;—Bi+ /\i‘ + Z(|“ij|l]‘ —|—2|aji|li) + le|bij| <0,
=1 =1

n n
2-2Bi+ 2= — i+ Al + ) gl + ) byl <0,
= =

are satisfied for i = 1,2...,n, then the systems in Equations (1) and (3) are globally exponentially synchronized.
Proof. For the feedback controller
ui(t) = Ai(yi(t) —xi(t)),i=1,2,---,n

from Equation (5), we can obtain

n n
&i(t) = —Biéi(t) — (a; — Ay)ei(t) + Z%aijfj(ej(t)) + 21 bijfiej(t — i), (6)
= =
wherei =1,2,...,n. Now, we consider the Lyapunov functional as
n
21 )+ éi(1))2et 42 21 y by |1 / TR (s)ds, @)
i= i=1j= Tij

where ¢ is a small positive constant.
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From Equations (6) and (7), we have

DRV = TAeed(t) + (elt) +(8)21e + 20es(i(8) + (ex(t) + &) (@ (1) + (0]

2 z by 13 ()T — 2 (t — )]}

= ”El{f[ei( )+ (ei(t) +¢(£))2] + 2¢;(£)é;(£) + 2((ei(t) + & (1) [(1 — By)éi(t)
(g = X)e(t) + & aflei(0) + £ byfiei(c = )] +2 & [bylh e (e = e )]}

< et é{(zs — 20+ 2002 () + (e +2 — 2B;)2() +2(e +2 — B — a; + Ad)ei(£)é (1) ®)
+2[Jei(1)] + |él-<t)n<j§1 JaglLe; (1) +j§1 1 1e; (¢ — 1)
+2 8 [bylhef (0™ = 3o = )

<ot Y {26 —2mi 12N+ |e+2— By — i+ Al + i (ol +2ail) + 1(|bl]|l

i=1 j=
+20bji[ ;e )] (1) + [e+2 = 2B + |e +2— ﬁz—a + Al + 2(‘aq|+‘b11|) e ()}

By the condition of Theorem 1, we can choose a small ¢ > 0 such that
n n
2e = 20; + 22 + e+ 2 — i — Bi + Ag| + Y (laijl]j +2ajilli) + Y Iyl + 2bjil ie”) < 0,
j=1 j=1

n n
e+2—-2B;+ |£+2—zxi—ﬁi+)\i| + Z |‘1ij|lj+ le|bij| <0,
=1 =1

fori=1,2...,n. From Equation (8), we get DTV (t) < 0, and thus V(t) < V(0), forall t > 0.
From Equation (7), we have

n
V(t) > Y ef(t)e. )
i=1
n n n
V(0) = Y [e3(0) + (ei(0) +(0) +2 ) Y Iyl / (T2 (5)ds
i=1 i=1j=1
n 5 n n - 5
= Z[ei (0) + (e:(0) +¢;(0 +2 Z Z |bz]|l / e (S+T”)<(Pyj(s) - q)xj) (s)ds
i=1 i=1j=1 j (10)
2 2 . 2
< 3y = gl + 219y — 9xl?) + 20 X ma (1 l3e gy — ]
i=11s/s
n
< [B+21 ) max {|bylL}e ][l py — el + 20y — %
im11sjsn
where [l — P = sup ¥ [9i(t) — pyi(t).
—7<t<0i=1
Since V(0) > V(t), from Equations (9) and (10), we obtain
200 et - 2 2
Z%ei (e < [3+27 Z; gjiﬁz{\bij\Lj}@”] Iy = @[ +2/lpy — g~ (11)
i= i=1"=/=
By multiplying both sides of Equation (11) with e~*, we get
n
Yo e () < Me™|py — gxl|%t 2 0, (12)
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n 2|y —1p||?
_ Lt 4 2=l
where M = [3+ 27 i§1 1r£1]a§xn{|b1] |L;}e™ + Toy—9:I7 ].

From Equation (12), we have

n
Y (xi(t) = yi())* < Me | gy — |, £>0.
=

50f 14

By Definition 1, the systems in Equations (1) and (3) are globally exponentially synchronized. [J

In the following, we will introduce some variable transformation and construct a new suitable
Lyapunov functional to realize the global exponential synchronization between the drive system in

Equation (1) and the responsive system in Equation (3).
By the variable transformation:

zi(£) = x;(t) + mxi(t), w;(t) = yi(t) + 17,‘]/{(15), ni>0i=12,...,n,
then Equations (1)—(4) can be rewritten as

J'Ci(l') = 7}’]ix1‘(t) +Zi(t),
{ 2i(t) = —(a; + 177 — Bimi)xi(£) — (Bi — i) zi(t) +j§1“ijfj(xj(t)) +],§1 bijfj(x(t = 7ij)) + Li(h).

yi(t) = —myi(t) +wi(t), ) )
wi(t) = —(a; + 02 = Bimi)yi(t) — (Bi — mi)wi(t) + El ;i fi(y;(t)) +]§1 bijfi(y;(t — 7))
+Li(t) +ui(t).

and
yi(s) = @yi(s),  ¥i(s) = yi(s),
wi(s) = @yi(s) + Pyi(s) = @i(s).

Let the error
e1i(t) = yi(t) — x;(t), ey(t) = w;(t) —zi(t),i=1,2...,n.
From Equations (13) and (15), we can obtain
&1i(t) = —mie1i(t) + ei(t), ) )
{ ei(t) = —(a; + 17 — Bimi)eri(t) — (Bi — ni)eai(t) +j§1 aiifi(esj(t)) + jg bij fie1j(t — Tj)) + ui(t),

where fj(e1;(t)) = f;(yi(t)) — fj(xi(t)).

Based on the above analysis, we have the following results.
Theorem 2. Assume (H) holds. For the following feedback controller

ui(t) = —Ajeyi(t) — piexi(t),

where A; and y; are positive constant, if the inequalities

n n
—2n; + |lX1' + 77,2 —Bini +Ai — 1| + Z |ﬂ]'i|li + Zli|bﬁ|eTji <0,
=1 =1

(13)

(14)

(15)

(16)

(17)
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n n
—2Bi+ 2 — 2ui + |oi + 7 — B+ A — 1+ Y failli + Y Li|byj| <0,

hold fori=1,2...,n, then the systems in Equations (1) and (3) are globally exponentially synchronized.
Proof. Consider the following feedback controller
ui(t) = —Al-eli(t) - ]ll'EZi(t),i =12...,n

From Equation (17), we can obtain

é1i(t) = —nieri(t) +ex(t),
n -
boi(t) = — (o + 177 — Bingi + Ai)exi(t) — (Bi — i + wi)eni(t) + '21 aiifi(e1j(t)) a8)
]:
n _
+ ;1 bijfi(eyj(t — 7))
which follows that
d
%M = —nie2,(t) + eri(t)exi(t) — (; + 57 — Bingi + Ai)eri(t)eni(t) — (Bi — i + pi)ed;(t)
+ ‘21 ajjeni(t) fi(er(t)) + ):1 bijeai(t) fj(erj(t — )
j= j=
< =i (t) — (a; + 77 — Bimgi + A — D)eqi(t)exi (£) — (Bi — mi + pi)es;(t)
n n
+ ‘21 |ai|1ileoi (£)[lej ()] + '21 1ilbijlle2i () |e1j(t — 7))
j= j=
< —mied;(t) — (Bi — i + pa)e; () + (i + 17 = B + Ai — 1]
n n
+j§1 |ajill;)e1i () |e2i (t)] +j§1 1i|bijlle2i () le1j (t — )| (19)
< ’71311(t) (Bi —1i + Vz)ezl(t) + (Ja; + 771 Bini + A — 1
+ Z Jailli )ﬂ+ Z I WM
:*[ (‘“z+’71 .31771 A -1
n
+ ‘21 lajilli)]e2;(t) — [Bi — i + ui — 5 (lai + 17 — Bimgi + Ai — 1
]:
n " dht—)
+ L lailli+ X 11Dl (1) + z by 2
j= j=
wherei =1,2...,n
We now construct the following Lyapunov functional
n ..
2{6“ P 20y 11 vt (), 0)
j=1 2 =

€ > 0 is a small number. By Equations (18) and (20), we obtain
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n 2.(t)+e3(t by .
DHV(t) = y (el per o 14 (02 (1) 4 o2, (1))ect + P SRS (e — (- 7y)e’]}

i=1

n 2. 2. n
< et L (e — (= Bt = B2, = 11+ 2 laglh)ef ()
1=

*[ﬁi*WiJFVi*%(MiJFUz Bini + A *1‘+Z|aﬂ|l
=1

{63, (1)e — & (t — )]}

n 2. 2.
= ot L (W02 gy — o+ - 01

\bql

n 5 n gl], T
+ ‘21 1j]bij|)]ez; () + '21 1j|b;] i Z
j= j=

n n
+ '21 lajill; + ‘21 Li|bjileT))ed, (t) — [Bi — mi + wi — 5 (|ai + 1 — Bimi + A — 1]
j= j=
n n
+ ¥ ajilli + X ilbijl)]ed ()
=1 j=1 .,
= jett '21{[8 =2+ (|a; + 7 — B + A =1 + ‘21 |aji|l;
i= j=
n
+ '21 Li|bjile%)]ed; () + [e — 2Bi + 21 — 2u; + (i + 77 — Bimgi + A — 1
]:
n n
+ ‘21 lajill; + ‘21 Ii|bij])]e3;(¢).
j= =

By condition of Theorem 2, we can choose a small e > 0 such that

n n
e=2n+ (Ja; + 7 = Bimi + A — 1+ Y lajilli + Y Li]bji]e%) <0,
= =

n n
e—2Bi+2n; —2ui + (|l + 77 — Bimgi + A — 1) + Y |a|li+ Y Lilby|) <0
=1 =1

7 of 14

21)

fori=1,2...,n. From (21), we get DT V() < 0, for all t > 0. On the other hand, from Equation (20),

we have n
LA et — § () = 507+ (0 (8) = ()
v (0) Z{g“ +g21 Ly Z oy, i O "ids)

_ Z{ (¢yi (0)— qvxz( )) ((Pyx(0)—¢xf(0)—2¢yf(0)+¢xi(0))

'[\13

Il
-

vt >

T z L5 1 (947 (5) = g(s) e ) ds)
Ut + gy — v ||2+ri max {1 [1;}e57 | gy — x|
> > y x E<ion pallke] Y x

IN

1 n
23+ 7 L max {|byll;}e]llgy - oxll* + Iy — v,

where [y — ¢y ||> = sup lem() Pyi(t)[%.

—1<t<0i=1
Since V(0) > V(t), from Equations (22) and (23), we obtain

-

S 1i(t) = xi(1)? + (wilt) —z:(1))?] < %[3+T Z max{lbz]\l}esf]llqu Px1* + Iy —

1

Multiplying both sides of Equation (24) with 2¢~¢ yields

M-

[(xi(t) = yi(£)* + (wi(t) — z)*] < Me ||y — x|,

i=1

(22)

(23)

(24)

(25)
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n 2
1 1 p2er o 2lley =l
where M = 2[3+Ti§11r£1]a§xn{|bl]|l]}e + Tor=aal? ]

From Equation (25),_we have

(xi(t) = yi(1))? < Me™||gy — s, £ >0.
1

n

By Definition 1, the systems in Equations (1) and (3) are globally exponentially synchronized. [J

Ifn =1, f(x(t)) = x(t), then the system in Equation (1) becomes the swing equation of ship with
time delays
X(t) + Brx(t) — bux(t — 1) + (w1 — ag1)x(t) = I(t). (26)

The response system is given as follows
§(t) + Bry(t) — buy(t — 71) + (e —a)y(t) +ua(t) = I(¢). (27)
By Theorem 1, we obtain the following corollary.
Corollary 1. Assume (H) holds. For the following feedback controller uy(t) = Aq(y1(t) — x1(t)), if
=201 +2A1 + 2 — g — B1 + Aq| + 3[an | + [bun| <O,

2-2B1+[2— a1 — By + M| + |an| + [b11| <0,

then the driven system in Equation (26) and the response system in Equation (27) are globally exponentially
synchronized.

Ifn = 2,061 = Kkp = d1p = 4ap1,411 = a4 = O,fi(xl-(t)) = xi(t),bl-]- = O,Ii(i’) = Ti,i,j =1,2,
then the system in Equation (1) become the torque balance equation for two inertial bodies of isolation

¥1(t) = =11 (t) + g (x2(t) — x1(t)) + To, 28)
X(t) = —Paxa(t) —ar(xa(t) — x1(t)) + T2

The response system that is driven by Equation (28) reads as

H1(t) = —B1ya(t) + a1 (ya(t) —ya(t)) + Ty +ur(t), (29)
a(t) = —Baya(t) — a1 (ya(t) —y1(t)) + T + ua(t)

By Theorem 2, we obtain:
Corollary 2. Assume (H) holds. For the following feedback controller

ui(t) = —Ajeyi(t) — piegi(t), A > 0,4 > 0,i = 1,2,

2+ |+ P = B+ A =1+ <0,i=1,2,
~2B; + 2015 = 20 + oy + 77 — B+ A — 1| + a1 <0,i =12,
then the system in Equation (28) exponentially synchronizes.
Remark 1. In Theorem 1, a Lyapunov function is directly constructed based on the error system in Equation

(6) to realize the global exponential synchronization between the the system in Equation (1) and the the system
in Equation (3).
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Remark 2. In Theorem 2, we introduce some variable transformation and construct a new suitable Lyapunov
functional to realize the global exponential synchronization between the drive system in Equation (1) and the
responsive system in Equation (3).

Remark 3. Theorems 1 and 2 give two sufficient conditions to ensure the global exponential synchronization
between the drive system in Equation (1) and the responsive system in Equation (3), respectively. For the purpose
of applications, we can select one of them according to the actual requirements. For example, the parameters
given in the systems in Equations (28) and (29) satisfy all the conditions of Theorem 2, but cannot satisfy the
conditions of Theorem 1. In this situation, we can draw a conclusion on the global exponential synchronization
of Equations (1) and (3) by Theorem 2 and not by Theorem 1.

4. Numerical Examples

In this section, we give two numerical examples to illustrate our results.

Example 1. Consider the following inertial neural networks with time delay (n = 2)
2 2
%i(t) = —Biki(t) — axi () + Y agifi(x;(8)) + Y bijfi(xi (£ — j)) + Li(t). (30)
j=1 j=1
The response system that is driven by Equation (30) is given as follows
2 2
Gi(t) = —Bivi(t) — aqyi(t) + ) aijfi(yi(t)) + Y bij f(yi(t — 1)) + Lit) + u;(t), (31)
j=1 j=1

where u;(t) = Aj(yi(f) — x;(t)),A; > 0,i = 1,2. Set w; = 12, 0p = 15, B1 = 2, pp = 2.5,

—_

= = 1 = 1 = L p. =L p, =21 p. =L py = —L
an 33, 12 35, 421 6ar 422 gar 011 35, 012 6ar 021 35, 022 Gar
filx) = isin(8x), Li(t) = Lexp(—t), T = In2,i,j = 1,2. Ay = 02, Ay = 0.4. Obviously,
i) = fily)| < lx—ylli=1, i=12

For numerical simulation, the initial condition is supposed to be [¢y1(0), p2(0), ¥41(0),
$22(0), 941(0), 942(0), 1 (0), $,2(0)] = [0.1;0.2;0.1;0.1;0.13;0.12;0.25;0.3].
The simulation results are shown in Figures 1-3.

0.2

—x,
SR

0.15¢

— 1 1 1 1 1
O'050 5 10 15 20 25 30

Figure 1. The synchronization trajectories between the state x; (¢) of the drive system in Equation (30)
and the state yq (t) of the response system in Equation (31) in Example 1.
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—x,0
~y(@)]

o

N

a
T

Figure 2. The synchronization trajectories between the state x;(t) of the drive system in Equation (30)
and the state y,(t) of the response system in Equation (31) in Example 1.

0.1
_el(t)
e, (1)
0.05 2%
-
sz O '
\_/H
Q
~0.05¢
05 5 10 15 20 25 30
t

Figure 3. Evolution of synchronization errors e1 (t), e3(t) in Example 1.

Through simple calculation, we get the following results

2
—201 +2A1 + |2 -0 — /31 +/\l‘ + Z<|611]‘l] +2|ﬂ]1|11> +
=

2
l]|b]1| < —-0.79 <0,
i j=1

2 2
2-2B1+2—ay — 1+ M|+ ) |yl + ) Lilbyj| < —0.89 <0,
=1

j=1 j

2
—20p + ZAZ + |2 — Ny — ﬁz + /\2‘ + Z(|a2]‘l] + 2|ﬂ]2|12) +
j=1

2
lzlb]2| < —-0.38 <0,
j=1

2 2
2-2B+ 11—z — o+ A2+ ) laylli + ) Ljlbyj| < —1.29 < 0.
j=1 j=1

By Theorem 1, the systems in Equations (30) and (31) are globally exponentially synchronized.
Clearly, this consequence is coincident with the results of numerical simulation.
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Example 2. We consider the following inertial neural networks with time delay (n = 2)
2 2
i(t) = —Biki(t) — axi () + Y agi fi(x;(8)) + Y bijfi(xi (£ — j)) + Li(t). (32)
j=1 j=1
The response system that is driven by Equation (32) is given as follows
2 2
Gi(t) = —Bii(t) — aiyi(t) + Y aijfj(y;(£) + Y bij fi(yj(t — ) + Lit) + ui(t), (33)
=1 j=1

where u;(t) = —Ai(yi(t) — xi(1)) — piwi(t) — zi(1), zi(t) = T + i (t),
wi(t) = L 4 pyi(1),i = 1,2
ap=1,a,=2 B1=3, P =25 a1 =175, G0 =—35, 01 = —gq, 42 = — ¢4,
b11 = —31*2, b]z = gjr b21 = 31*2, bzz = _6ljr fi(x) = %sin(Sx), Il'(t) = %exp(—t),
Tij = ln?., i,j =1,2. N = 0.6, N2 = 0.8, U1 = 1, Ho = 2, }\1 = 0.5, )\2 =04

Obviously, |fi(x) — fi(y)| < |x —y|, i = 1,2. We select I; = 1. The initial condition is set to
be [¢:1(0), ¢x2(0), ¥x1(0), ¥x2(0), ¢,1(0), ¢42(0), ¥y1(0), ,2(0)] = [0.1;0.2;0.1;0.3;0.02;0.06;0.5; 0.3].
The simulation results of Example 2 are shown in Figures 4-6.

We obtain the following results by calculation,

2 1
-2 + |061 -+ 17% — ,31771 + A — 1| + 2 |ﬂj1|11 + Z ll|b]1| < —=025<0,
j=1 =1

2 2
—2B1+ 21 — 2 + |aq + 77 — B + A — 1+ Y lan |l + Y | byjle™ < —4.55 <0,
j=1 j=1
2 2
2+ |aa + 75 — B+ A2 — 1|+ Y lapll+ Y Lifbp| < —1.4 <0,
j=1 j=1

2 2
—2B2 + 212 — 24 + oy + 17% — Batip + Ay — 1] + Z ‘11]'2“2 + lj|b2j|€T2j < —=72<0.
j=1 j=1

Thus, the conditions in Theorem 2 are satisfied. Then, the system in Equation (33) globally
exponentially synchronizes with the system in Equation (32). Obviously, the conclusion from Theorem 2
is consistent with the numerical simulation results.

0.3

_xl(t)
0.25[, -y, )

0.2 % a

_ I I I I I
O'050 5 10 15 20 25 30

Figure 4. The synchronization trajectories between the state x; (¢) of the drive system in Equation (32)
and the state y1 () of the response system in Equation (33) in Example 2.
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Figure 5. The synchronization trajectories between the state x;(t) of the drive system in Equation (32)
and the state y,(#) of the response system in Equation (33) in Example 2.

0.15 e )
01 "'ez(t),
2, 0.05" .
(]
€ o =
o
~0.05}+ 1
) 5 10 15 20 25 30

t

Figure 6. Evolution of synchronization errors ej (t), ez (t) in Example 2.
5. Conclusions

In this paper, we study the inertial neural networks with time delays, where f; is the damping
coefficient. By employing the Lyapunov functional method, two exponential synchronization have
been derived for the drive and response systems, which are useful in practice. These two sufficient
conditions complement each other to be applied in different cases. Two examples have shown their
effectiveness.
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