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Abstract: In this paper, we consider several classes of mappings related to the class of a-f -contraction
mappings by introducing a convexity condition and establish some fixed-point theorems for such
mappings in complete metric spaces. The present result extends and generalizes the well-known
results of Singh, Khan, and Kang (Mathematics, 2018, 6(6), 105), Istritescu (Liberta Math., 1981, 1,
151-163), and many others in the existing literature. An illustrative example is also provided to
exhibit the utility of our main results. Finally, we derive the existence and uniqueness of a solution
to an integral equation to support our main result and give a numerical example to validate the
application of our obtained results.
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1. Introduction and Preliminaries

In recent years, a great number of papers have presented generalizations of the well-
known Banach-Picard contraction principle. Ciri¢ [1] investigated the generalized contrac-
tion and extension of Banach’s contraction to combine X, y, Tx, and Ty of all six possible
values for all x,y € X and T a self-mapping on a metric space. In 1982, Istritescu [2] pro-
posed a generalization of seven contraction principle values by introducing a “convexity”
condition for the mapping iterates. He deduced that these conditions might be adapted
for other classes of mappings to obtain some extensions of known fixed-point results. Al-
ghamdi et al. [3] proved a generalization of the Banach contraction principle to the class of
convex contractions in non-normal cone metric spaces. In 2015, Miculescu et al. [4] obtained
a generalization of Istratescu’s fixed-point theorem concerning convex contractions. In
2017, Miculescu et al. [5] obtained a generalization of Matkowski’s fixed-point theorem
and Istratescu’s fixed-point theorem of convex contraction of a comparison function ¢ such
that d(£ (x), 1")(y)) < g(maxd(x,y),d(f(x), f(y)), .., d(f1"1(x), {11 () for all
x,y € X. Latif et al. [6] introduced the new concepts of partial generalized convex contrac-
tions and partial generalized convex contractions of order two. Moreover, they established
some approximate fixed-point results in a metric space endowed with an arbitrary binary
relation and some approximate fixed-point results in a metric space endowed with a graph.
In 2022, Latif et al. [7] established fixed points in the setting of metric spaces for generalized
multivalued contractive mappings with respect to the wj-distance . In 2013, Miandaragh
et al. [8] expanded the concept of convex contractions to generalized convex contractions
and generalized convex contractions of order two. In the same year, they proved some
approximate fixed-point results in the setting of generalized a-convex contractive mapping
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in [9]. Wardowski [10] introduced the F-contraction and proved a new fixed-point theorem
concerning the F-contraction. Samet et al. [11] introduced a new concept of a—ip-contractive-
type mappings and established fixed-point theorems for such mappings in complete metric
spaces. Asem and Singh proved some fixed-point theorems on a Meir-Keeler proximal
contraction for non-self-mappings in [12]. Following that [13,14], Karapinar established
some fixed-point theorems in different metric spaces for the concept of a-admissible map-
ping. Recently, Khan et al. [15] discussed the concepts of (&, p)-convex contraction and
asymptotically T2-regular sequence and demonstrated that an (&, p)-convex contraction
reduced to a two-sided convex contraction. Yildirim [16] introduced a definition of the
F-Hardy—Rogers contraction of Nadler type and also proved some fixed-point theorems for
such mappings using Mann’s iteration process in complete convex b-metric spaces. Singh
et al. [17] discussed an a-f -convex contraction of six possible values (without rational
type) in complete metric spaces. Eke et al. [18] introduced the convexity condition to
some classes of contraction mappings, such as the Chatterjea contractive mapping and
the Hardy and Rogers contractive mapping, and proved the fixed points of these maps in
complete metric spaces. Following that, some works on the generalization of such classes
of mappings in the setting of various spaces [19-34] appeared.

Singh et al. [17] discussed an a-f -convex contraction of six possible values (without
rational type) and proved the fixed points of these maps in complete metric spaces. In this
paper, we extend and generalize their main theorem into an a-/ -convex contraction of
seven possible values (with rational type) in the setting of complete metric spaces inspired
and motivated by Singh et al. [17]. Examples and applications to integral equations are
provided to illustrate the usability of our obtained results.

Throughout this paper, we use the following notations: R represents (—oo, +00), R
is (0, 40), and RY represents [0, +co).

Definition 1. [11] Let T : A — A be a self-mapping on a nonvoid set A and « : A x A — [0, 00)
be a mapping. Then, T is said to be a-admissible if for all j,m € A, a(y7,m) > 1 = a(I'y,I'm) > 1.

Example 1. Let A = (—oc0,00) and defineT : A — A by

3, else.

Define o : A x A — [0,00) by

a(g,m) = {3’ yo=m

0, else.

Then, T is a-admissible as a(y, m) > 1 = a(T'y,Tm) > 1fory > mand a(y, m) = a(m,7),
forally = m.

Definition 2. [13] Let T : A — A be a self-mapping and « : A x A — (—o0,+00) be a mapping.
Then, we say that I is triangular a-admissible if

(T1) a(y,m) >1= a(l'y,Tm) > 1, forally,m € A;
(T2) a(n,0) > 1and a(o,m) > 1imply a(y,m) > 1, forall y,m,0 € A.

Example 2. Let A = [0, +00), Ty = 2 + ¢/l and

1, ify,mel0,1];
w(n,m)={0 ym e o

Hence, I is a triangular a-admissible mapping.
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Definition 3. [14] Let A # @ and let T be an a-admissible mapping on A. Then, A has the
property (H) if for each 7, m € Fix(T'), there exists o € A such that a(1,0) > 1 and a(o,m) > 1.

Definition 4. [17] An w«-admissible mapping I is said to be «*-admissible, if for each 1,
m € Fix(T') # @, we get a(y,m) > 1. If Fix(T') = @, then T is called vacuously a*-admissible.

Example 3. Let A = [0,00) and T : A — A by Ty =3+, forall y € A. Define a mapping
a:AxA—[0,00)by
e(rlfm), 1f;7 >m;

0, else.

a(n,m) = {

Then, T is a-admissible. Since T has no fixed point, we have Fix(T') = @, and T is vacuously
a*-admissible.

Example 4. Let A = [0,00) and T : A — A by Ty = %S,forall n € A. Definea : A x A —
[0, 00) by

#(,m) = {1, ify,m e [0,3];

0, else.

Clearly, T is a-admissible and Fix(T') = {0,3}. Then, I is a*-admissible.

Example 5. Let A = [0,00) and defineT : A — AbyI'y = @,for all y € A. Define
a: A XA —[0,00)by

1, ify,mel0,2];
a(mm)z{o o

Clearly, T is a-admissible and Fix(T') = {0,2,3}. Note that T is not a*-admissible, since
a(n,3) =0forn € {0,2}.

Definition 5. [10] For a nonvoid set A, a function Q : A x A — R, is said to be metric if it
satisfies the following conditions:

1. Q(y,m)>0and Q(y,m) = 0ifand only if n = m.
2. Q(n,m) = Q(m,n),forally,m € A.
3. Q(y,m) < Q(n,0) + Q(o,m), forall y,m,0 € A.

In addition, the pair (A, Q) is called a metric space.

Definition 6. [10] Let | €  be the set of all mappings I : R — R satisfying the stipulations:

(Fy) F is strictly nondecreasing, i.e., for all 5,€ € Ry such that § < e = F (6) < F (e);
(F2) For each sequence {0g} gen, 51531 bp=0¢s ﬁl1_r>n F(8g) = —oo;

(F3) There exists k € (0,1) such that 5111(r)1+ skr(8) = 0.
—

Definition 7. [10] A mapping T’ : A — A is said to be an | -contraction on a metric space (A, Q)
if there exists I € S and yu > 0 such that for all y,m € A,

Q(In,Tm) >0 = pu+F (Q(Iy,Tm)) < F(Q(n,m)). 1

Example 6. [10] The following functions f : R4 — Rare in 3:

(i) F () =Ins;
(i) F(6) =1Ind+35;
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e o —1 .
(i) F(8) =7
(iv) F (8) = In(6*+6).
The following theorem was proved by Wardowski [10].

Theorem 1. [10] Let (A, Q) be a complete metric space and T : A — A be an F -contraction.
Then, we get

(i) o € Ais the unique fixed point of T;
(ii) Forally € A, the sequence {TPy} is convergent to o € A.

Definition 8. [1] Let T be a self-mapping on a metric space (A, Q). Then, we say that T is orbitally
continuous on A ifélim TPey = o implies that Elim [Pey = To.
—00 —00

Let T : A — A be a self-mapping on a nonvoid set A. Define Fix(T') = {n : I'y =
1, forally € A}.

We establish some fixed-point theorems on an a-f -convex contraction of possible
seven values included rational type with an application to integral equations, inspired by
Singh et al. [17].

2. Main Results

First, we introduce the concept of “a-f -convex contraction” with examples.

Definition 9. A self-mapping I' on A is said to be an a-F -convex contraction, if there exist two
functions o : A x A — [0,00) and F €  such that for all y,m € A,

Q (%), T?m) >0 = p+ 1 (a(y,m)Q (I, Tm)) < F (¢’ (5,m)), @)
where b € [1,00), u > 0and

p’(n,m) = max{Q’(y,m), Q" (1,T), Q" (T, T%y), Q" (m,Tm), Q" (I'm, [*m),

Q" (5, Tm) + Q’(m,Ty) Q' (Ty,T?m) + Q" (Tm, r2;7)}
2 ! 2 :

®)

Example 7. Let F (r) = In(x),r > 0. Obviously, F € . Let T be a self-mapping on a metric
space (A, Q). We postulate that the convex contraction of type 2 ([2]) putting a(n, m) = 1, for all
nmeNet=k= Zzzl g <landwe >0forallt=1,2,...,7.

Q(T%y,T?m) < a1 Q(n,m) + a2Q(1,Tn7) + a3 Q (T, T?7)
Q(n,IT'm) + Q(m, Fn))

+ a4 Q(m, Tm) + a5Q(T'm, T?m) +1x6< 7

2 2
+047(Q(r17’r m) + Q(I'm,T 17)>,

2

where y,m € A with  # m. Then, we obtain
a(y,m) Q(I%y, T*m) = Q(Iy, T*m)

7
< Y- aemax{ QG m), Q(y, T, (T, T2y), Qm, Tw), Q(Tm, m),
=1
Q(y,Tm) + Q(m,Tyy) Q(I'y, I*m) + Q(T'm, T%y) }

2 ’ 2 !
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which implies that
a (i, m) Q(T?, T?m) < kp' (1, m) = e~ Fpl(y,m).
Applying the natural logarithm on both sides, we get
it F(a(y,m)Q(y, T2m)) < £ (p' (17, m)).
Therefore,
QI I*m) >0 = p+F (a(y,m)Q(I?n,I*m)) < F (p(y,m)),

forall y,m € A. We conclude that T is an a-F -convex contraction with b = 1.

Example 8. Let A = [0,1] with Q(y,m) = |y —m|. Define a mapping T : A — A by

I'm= ’772 + &, forally € Awith a(y7,m) = 1, for all ,m € A. Then, T is a-admissible. Now, we
get T is nonexpansive, since we obtain

Ty —Tm| = %|;72—m2| < |n—m|, forally,m e A.

Setting | € S such that F (x) = Ingy,r > 0. Then, for all y,m € A with y # m, we obtain
(17, m) [Ty, Tm| = |[2y, m|
= 5@(|(64;74 + 8072 — 64m* — 80m?)|)

< 5 (6407* — ¥+ 80[ — )

< 31Ty = Tm| + ]y |

< £ max{|Ty ~ Tl [y ~ ]}

< e Mpl(y,m),
where —y = ln(%). Applying the logarithm on both sides, we have

A+ F(a(y,m)Q(T%y,Tm)) < F (p' (5, m)).

We conclude that T is an a-| -convex contraction with b = 1.

Example 9. DefineT' : [0,1] — [0,1] by Iy = #,for ally € [0,1) and a(y, m) = 1, for all
7, m € [0,1], with usual metric Q(y, m) = |y — wm|. Then, I is a-admissible. Setting F € < such
that F () = Ing,x > 0. Then, for all y,m € [0, 1] with 11 # m, we obtain

1
[T, T = 2 y? = w?| < [ — m|
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and
a(17,m)[T%7, T2m| = [29, T2m|
=1<|zn2— = 20 4
L2 — 2|+ gt — )

i —m|+ |172 —m?|

»—\I\J\Hoo\

Sl —m|+ fIFn T'm|
< 1.max{|17 —m|, [Ty —Tm|}
<e Fpl(y,m).
where —y = In(1). Applying the logarithm on both sides, we get
i (a(y,m)Q(y, T?m)) < F (p(y,m)).
However, by y = —In(1), there does not exist any u > 0 such that
p F(a(,m) Q(I%y, T2m)) < F(p (3, m)).
Therefore, T is not an a-fF -convex contraction with b = 1. Now, we see

1
[Ty = Twmf? = 2 = w?[? < [y — m?

and

a(, m) (T2, T2m ) = = 22 — p* — 2m + m* 2

64
1
< U =Pyt — w2
1o a0 1 4
1 2, 1, 5 22
< Zly — — _
< glm=ml"+ " —m
< f’émax{w m[2, [T — Tm[2}
<7
< 1gP 2(y,m)
= e_”pz(iy,m).

Applying the logarithm on both sides, we get
Ht F(a(n,m)Q(I?, T?m)) < F(p*(y,m)),
where —y = In %. Therefore, T is an a-F -convex contraction with b = 2.
Now, first, we prove the Lemma through an «a-/ -convex contraction.

Lemma 1. Let (A, Q) be a complete metric space, T : A — A a given map, and let « : A x A —
[0, 00) be a mapping. Suppose that the following affirmations hold:

(i) Thereexists b € [1,00) and p > 0 such that for all y,m € A,

Q" (%, T?m) >0 = p+F (a(y,m)Q"(I%,T?m)) < F (p" (7, m)),
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where

P’ (7, m) = max{Q’(y,m), Q"(y,T), Q" (I, T%y), @ (m, Im), Q" ('m, T?m),

QW%W0+Q%mM)QWMI%0+Qij%H
2 ! 2 :

(ii) T is a-admissible;
(iii) There exists g € A such that a(no,T'no) > 1.

Define a sequence {ng} in A by g1 = Tyg = TPy, for all B > 0, then {Qb(ﬂﬁ,f’]ﬁ+1)}
is a strictly decreasing sequence in A.

Proof. Let o € A be such that a(70,T70) > 1 and define a sequence {75} by #7541 = ',
forall B € NU{0}. By (ii), we have

a(no,m) = a(no,Tro) > 1= a(na,13) = a(Tpy, T2p0) > 1

Inductively, we obtain a(1g,7541) > 1, for all B > 0. Postulating that 175 # 7751 for

all B > 0, then Q° (1g,1p+1) >0, forall B > 0. Letv = max{Q’ (110, 71), Q" (171, 12) }. From
(3), taking 7 = 19 and m = 71, we obtain

P’ (10,111) = max{Q’ (170,m), " (110, T10), Q" (T, T2110), @’ (111, Ty1), Q" (T, Ty,
Q (170, Tm1) + Q*(n1,Tn0)  Q°(Tmo, T211) + Q(Tm,Fzﬂo)}
2 ' 2
- max{ Qb (1701 771)/ Qb (770/ 771)/ Qb (771/ 172)/ Qb (1711 172)/ Qb (772/ ;73)/

Q (110,12) + @ (m,m) (1, 13) + Q12 172)}
2 ’ 2

: >
= max{Q (0, 1), @ (1, 12), @ (2, 1), 2 (1720'172)/ = (1721”73)}

= max{Q’ (10, 1), Q" (11,172), @ (112, 113) }-. @)

By (F1) and a(79,71) > 1, by (2) and (4), we obtain

F(Q (p2m3)) = F(Q (T, T1))
< F(a(r0,m)Q (T, T2y1))
< F (0 (n0,m)) —
= (max{Q’(n0,m), Q" (11,172), Q" (2,13)}) — p
< F (max{v, Q" (12,13)}) — . )
If max{v, Q"(12,113)} = Q" (12, 113), then (5) gives

F(Q (1,1m13)) < F(Q (12,113)) — 1 < F(Q (12, 773)).

This is a contradiction. It follows that

F(Q (2,13)) < F(v) — p < F (v).

Since # > 0 and by (F;), we have

Q (12, 113) < v = max{Q"(no,1), Q" (11, 12) }-
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Again, by (3) with 7 = 77 and m = 75, we get

0’ (71, 72) = max{ Q" (41, 12), Q" (11, Tij1), Q" (Ty1, T21), Q* (112, T1p2), Q" (Tija, T?172),

Q" (11,Tn2) + @ (12, Tm) Q" (Ty1, T?12) + Q(Trpa, 1"2171)}
2 ’ 2

- max{ Qb (771/ 172)1 Qb (171/ 772)/ Qb (772/ 173)/ Qb (7721 173)/ Qb (1731 774)/

Q (11,13) + @ (12, 112) (112, 14) + Q3, 173)}
2 ’ 2

b b
= max(Q’ (1, 12), @ (12, 1), @ (1, ), LL18), L2 4)

= max{Q’(y11,12), @ (12,113), Q" (173, 11a) }. ©)

By (2) and (6), we obtain

F(Q (13,1a)) = F (Q (T2, T%2))

a(n1,1m2) Q" (T1, T12))

P (7,1m2)) — p

max{ Q" (1, 12), Q (12,173), Q (13, 14) }) — -

INIA

(
F(
F(
F(

1f max{Q"(n1,12), @ (12,13), Q" (413, 14)} = Q° (413, 14), then we obtain

F(Q (13,18)) < F(Q (3,14)) — 1 < F(Q(113,14)),
which is a contradiction. We obtain
max{Q’ (111, 12), Q" (n2,13)} > Q" (113, 13).
Therefore,
v > Qb(ﬂzrn?ﬁ) > Qb(ﬂ31174)'

Inductively, continuing in this way, we prove that the sequence {Qb(ﬂlg, Np+1)} is
strictly decreasing in A. O

Theorem 2. Let (A, Q) be a complete metric space, T : A — A a given map, and let a : A x A —
[0, 00) be a mapping. Suppose that the following affirmations hold:

(i)  Thereexists b € [1,00) and p > 0 such that for all y,m € A,
Q (%, T?m) >0 = p+F (a(n,m)Q (%, T?m)) < F (¢’ (5, m)),
where

p’(n,m) = max{Q’(y,m), Q" (1,Ty), Q" (T, T%y), Q" (m,Tm), Q" (T'm, [*m),

Q" (57,Tm) + Q"(m,Try) Q" (I, T?m) + Q"(T'm, Fzry)}
2 ! 2 '

(ii) T is a-admissible;
(iii) There exists g € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.

Then, T has a fixed point in A. Further, if I is a*-admissible, then I has a unique fixed
point o € A. Moreover, for any 1o € A if g1 = TFTlyg # T, for all B € NU {0}, then
lim TPy = o.

B—ro0
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Proof. Lety € Abesuch thata(I7,10) > 1and constructa sequence {14} by 17511 = T,
forall B € NU{0}. If g, = np,41, i-e., T'yg, = 15, for some By € NU {0}, then 74, is a
fixed point of I'.

Now, we postulate that 75 # 7511 V p > 0. Then, Qb(U‘B,Uﬁ+1) > 0, for all
B > 0. By (ii), we have a(10,T70) > 1 = a(n1,72) = a(Tyo,T?y9) > 1. Therefore,
inductively, we show that a(17g,17541) = «(IPno, TP*1yg) > 1, for all p > 0. Letting

v = max{Q’(0,11), " (11,12)}.
Now, from (3), taking 7 = 175 and m = 1751 with f > 2, we have

P’ (1p—2,11p—1) = max{d’ (-2, 17p-1), 4" (152, T11p—2), & (Ty_2, T215_2),
db<77/3711Fﬂﬁfl)rdb(rﬂﬁflrrzﬂﬁfl)r

& (-2, Tnp-1) +& (151, Tp2) & (Tyg_2,T2p1) + & (Typ_1, T2 2) )
2 ! 2

= max{d’ (1g_2,7p-1), & (g2, 1p—1), &’ (g1, 1),
& (np-1,1p), & (g, 1p+1),
& (ng-2,71p) +d(1p-1,1p-1) & (1p-1,1p+1) + (15, 7p) )
2 ’ 2
= max{d’ (p_2,1p-1), 4’ (Np—2,Mp-1), 4" (Np_1,7p),

& (1p-2,1p) & (g1, 1p+1)
db(ﬂﬁ—llﬂﬁ),db(ﬂg,775+1), ﬁz i , P > ias }

= max{d’ (-2, 1p-1), 4" (1p-1,1p), & (1, 7p+1) }-
By (F;), condition (ii), and Equation (2), we have

(T2, T%p-1))

F(Q (1. 1p+1)) = F(Q
(0‘(’7/572/ 15-1)Q (T2, T%p-1))
(p
(

IN

IN

"(np—2,1p-1)) — 1t

F
F
F (max{ Q" (15-2,1p-1), Q" (np-1,1p), @ (1. 1p:1)}) — -

IN

fmax{Q" (152, 11p-1), @ (1p-1,1p), Q" (g, p+1)} = Q(11p, 1p+1), then we obtain

F(Q (g, mpe1)) < F(Q (g, mp41)) — 1 < F (2" (18, 1p41))-

This is a contradiction. Therefore,
F(Q (15, 11p11)) < F (max{Q’(115_2,115-1), Q" (15-1,1)}) — -
Since {Q” (118,Mp+1)} is a strictly nonincreasing sequence, we obtain
F(Q (g 1p+1) < F(Q(p-2,1p-1)) = < o < F (0) = I, @)
wheneverf=2Jorf=2]+1for ] > 1.
From (6), we obtain

ﬁlg{}o F(Q (1p,1p41)) = —oe. ®)
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Therefore, by (F2) and by Equation (8), we have
Jim @ (g, 7p1) = 0. )
By (F3), there exists 0 < k < 1 such that
Jim [Q* . p41)1*F (Q (g, 1p+1)) = O. (10)
Moreover, by Equation (7), we get

(Q° (g, 15411 [F (Q" (11, 11p11)) — F (0)] < —[Q" (5, 1p41)] Ju <0, (11)

where f =2Jorf =2]+1for | > 1. Setting  — oo in (11) along with (9) and (10),
we have

Jim J1Q’ (g, np1)]< = 0. (12)

Now, two cases arise.
Case-(i): If B is even and B > 2, then by Equation (12), we have

Jim BIQ" (g, 1p+1)]* = 0. (13)

Case-(ii): If B is odd and B > 3, then by Equation (12), we have

Jim (B = 1)[Q (np np41)]* = 0. (14)
Using (9), (14) gives
Jim BIQ" (g, 1p1)]* = 0. (15)

We conclude for the above cases that, 3 f; € N such that

ﬁ[Qb(Wﬁ"?ﬁH)]k <1V 2> B

Therefore, we obtain

1
Qb(’?ﬁfﬂﬁﬂ) < ﬁiﬁ, VB =B

Now, we prove the sequence {73} is a Cauchy sequence. For all b > q > B;, we have

Q (m,,1q) < Q (1 11y-1) + QL (1,15 2) + e + Q (111, 7q) Z (e, e41) < Y

=
K‘b—" =

Taking q — oo, we get 11m Q (15, 11q) = 0, since }3” ; T is convergent. This proves
ek

that the sequence {73} is a Cauchy sequence in A. By the completeness property, there
exists 0 € A such that ﬁlim g = o. Now, we show that o is a fixed point of I'. Since I is
—» 00

continuous,
b T b T b _
Q’(o0,T0) = ﬁlglgo Q(np, I'np) = ﬁlgr; Q’(np, np+1) = 0.

This implies that o is a fixed point of T'.
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Again, we postulate that I' is orbitally continuous on A, then
Np+1 =T1p = T(TPy9) — Toas B — co.

By completeness, we obtain I'o = o. Therefore, Fix(I') # 0.
Further, postulating that I is a* —admissible, ¥ o, 0* € Fix(I'), we have a(o,0%) > 1.
By Equations (2) and (3), we have

F(Q(T%,1%%))

w(0,0")Q"(I%0,T20%))

p’(0,0%) — i

max{Qb(o 0*), Qb(o,l"o),Qb(Fo,on),Qb(o*,ro*),Qb(ro*,rzo*),

Q’(0,T0*) + Q" (0*,To) Q’(To,T20*) + Q(I'o*,T20)
= F(Q(0,0") — .

F(Q(0,0%))

IN

F
F
f

(
(
(
(
b

Since ;> 0 and using (F; ), we obtain
F(Q(0,0%)) < F(Q(0,0%)).
This is a contradiction. Therefore, I' has a unique fixed pointin A. O
Example 10. Let A = [0,1] and Q : A x A — R be given by
Q (11, m) = |y —ml,

forally,m € A. Then, (A, Q) is a complete metric space. Define a mapping T : A — A by

OOM—‘

l"r]—%

forall y € A with a(y,m) = 1, for all y,m € A. Then, T is a-admissible. Let F €  be
F(xr) =Ing,r > 0. Since we have

1
[T, Tm| = S [n* = w?| < [ — m],
forally € A, we have

1
(o m) (T2, T2mf2) = | (297 — %) — (22 — )

< St g2 22

< gz —m* 47 = w7

< 4 2 22

< gl — w4 [ — w2P?)

fi 2 22, L4 4p

<1<|r TP+ 1y —mp)

< 2 max{Jyy ~ m[? Ty ~ TP’}
5

Sépz(nrm)

— M2 (1, m).
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where —p = ln(%). Applying the logarithm on both sides, we get

i F (@, m)Q (%, T2m)) < F (p' (1, m)).
This shows that T is an a-F -convex contraction mapping. We define a sequence {ng} by

p__ L
7

B

1

then g — 1 — il

Therefore,

as B — oo.

1, B 1., 1
=TI =-(7—-——F7)"+3]—>1-—,
as 3 — oo. Thus, all conditions of Theorem 2 are satisfied and 1 = 1 — %2 is the unique fixed point
of 'in A.

Corollary 1. Let (A, Q) be a complete metric space and o : A X A — [0, c0) a mapping. Postu-
lating that T : A — A is a self~-mapping, the following affirmations hold:

(i) VymeA,

a(,m)Q’ (T, T?m) < kmax{Q"(y,m), Q" (,Ty), Q" (I, T%y), Q" (m,Tm), Q’(Tm, T*m),

Q(7,Tm) + Q°(m,Ty) Q"(Iy,Im) + Q°(I'm, an)}
2 ’ 2

(16)

wherek € (0,1);
(it) T is a-admissible;
(iii) There exists g € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.

Then, I has a fixed point in A. Further, if I is an a*-admissible mapping, then I has a unique
fixed point o € A. Moreover, for any 1o € A if g1 = TPl # TPuq, for all p € NU {0}, then
lim TPyy = o.
B—o0

Proof. Setting / (r) = In(x),z > 0. Obviously, /' € . Applying the logarithm on both
sides of (16), we get
—Ink +Ina(y,m)Q" (I, I?m) < In(max{Q"(y,m), Q’(y,T7),

Q" (T, 12y), Q" (m,Tm), Q°(Tm, I?m),

Q(,I'm) + Q(m,Tyy) Q" (', T*m) + Q*(T'm, )

2 ’ 2 b
which implies that
ot F (o, m)Q (P2, T2m)) < £ (p' (7, m),
forall 7,m € A withn # mwhere p = — Ink. It follows that I' is an -/ -convex contraction

with b = 1. Thus, all the affirmations of Theorem 2 are held and hence, I has a unique fixed
pointin A. [

Corollary 2. Let (A, Q) be a complete metric space and o : A x A — [0, c0) a mapping. Postu-
lating that T : A — A is a self-mapping, the following affirmations hold:

(i) VymeA,
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a(y,m)Q° (T2, T?m) < aq Q° (17, m) + 2, Q° (1, Tn7) + a3 Q° (Ty7, T277)

Q(y,Tm) + Q’(m, rw)
2

+ 0y Q (m,Tm) + as Q’ (Tm, Fzm) + g (

b 2 b 2
+“7<Q (T'y, T m)—;—Q (Tm, T 17))/

where 0 < wp < 1, =1,2,...,7 such that ZZ:] wp < 1;
(ii) T is a-admissible;
(iii) There exists o € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.

Then, I has a fixed point in A. Further, if I is an a*-admissible mapping, then I has a unique fixed
point o € A. Moreover, for any 119 € A if ng1 = TPy # TPyg, for all p € NU{0}, then
lim TPy = o.

B—o0

Proof. Setting f (r) = In(z),r > 0. Obviously, F € Q. Forall y,m € A withy # m,
we obtain

a(n,m)Q’ (I, Pm) = Q" (I, T?m)
< a1 Q" (,m) + 229" (1, Tn) + a3 Q’ (T, T2y)
+ 249 (m, Tm) + a5Q° (T'm, [2m),
b b b 2 b 2
+“6<Q (7,Tm) + Q (m,Fiy)) +067<Q (Ty,Tm) + Q"(Tm,T 17)>

2 2

< kmax{ Q (1,m), @ (y,Ty), @ (T, T2y), @ (m, Tm), @ (Tm, T2m),

Q" (7, Tm) + Q" (m,Ty) Q"(Ty, T2m) + Q°(I'm,T2y) }
2 ’ 2 7

where k = Y5_; a¢ < 1. By Corollary 1, ' has a unique fixed point in A. [J

Corollary 3. Consider a continuous self-mapping T on a complete metric space (A, Q). If there
exists k € (0, 1) satisfying the following inequality

Q (%, T?m)) < kmaX{ Q (n,m), Q(n,Tn), @ (T, ), @ (m, Tm), Q" (I'm, [*m),

Q(7,Tm) + Q’(m,Tyy) Q(I'y,T%m) + Q°(I'm,T?y) }
2 ! 2

forally,m € A, then T has a unique fixed point in A.

3. Application

In this application part, we provide a nonlinear integral equation application of our
main results.

Consider a real-valued continuous function A = {[a, b] defined on [a, b] with metric
d(p,¥) = ¢ = ¢| = maxsejap) [@(s) = 9(s)| ¥ ¢, € {[a,b]. Then, (A, d) is a complete

metric space.
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Consider

1
b—a

b
1) = v(s) + 5= [ K(s,ty(e))e, 17)

where s, t € [a,b], v(s) is a given function in A and K : [a,b] X [a,b] X A = R, v : [a,b] —
R are given continuous functions.

Theorem 3. Let (A, d) be a metric space with metric d(@, ) = |@ — | = maxge|ap) [@(s) —
Y(s)| V @, ¢ € A and define a continuous operator T : A — A on A by

1

I'n(s) =v(s)+ —

/ * K(s,t, () )dt. (18)

If there exists k € (0,1) such thatV ,m € Awithy # mand t,s € [a,b] satisfying the following
inequality

[K(s, %, Ty (£)) — K(s,, Tm(x))] < kmax{w(t) —m(x)], [Ty — Tml, |y — Ty, [Ty — T2,

|m_1—~m| |1—'m_1—~2m| <|77_rm| + |m_r77|>
7 7 2 7

12 12
<IF17 |+ I rm)}, -

then, by (18), the integral operator has a unique solution o € A and for each o € A, I #
gV B € NU{0}, we have /3hm Iig = o.
— 00

Proof. Define a mapping & : A x A — Ry by a(n,m) = 1V y,m € A. Therefore, I is
a-admissible. Let f € S such that F (r) = In(r),r > 0. Let 770 € A and a sequence {7} in
A defined by 1741 = I'tp = TA+1yy ¥V B > 0. By Equation (18), we have

1 b
Tpsr = Tp(s) = vle) + o [ K(s,t,p(t))at. 0)

—a Ja

We prove that I' is an a-f -convex contraction on {[a, b]. By Equations (18) and (19),
we obtain

B 1
“hoa
< 1
=4

k b
< o [ max{ ) = (o)l [ty T, Iy = Ty, 0y~ 1),

IT25(s) — T?m(s)| '/ab K(s,t,Ty(t))dt — K(s, t,Tm(t))dt

/:|K(s, £,T5(t)) — K(s, t, Tm(t)) dt

|m — T'm|, [Tm — [?m|, (|

_1m _ 12
([T =Tom b irm ),

ﬂ—rml+|m—ﬁ7|>
2 4

Taking the maximum on both sides, for all s € [a, b], we have
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a(T%y,Mm) = m[ax] IT25(s) — T?m(s)|
sclab

b
< gy max [ max{ e) = m(e)] [09() = Fm(o)], Iy (x) =Ty (o),
Ty () = T29(®)], Im(x) ~ Ton(c) |, Fm(x) = Pm(e)],

|
<|77(t) —Tm(e)| + |m(t) — Tﬂ(t))
2

7

[Ty () — T*m(t)| + [Tm(t) — T2y (t)]
(Ut t2 m(t Ut)}dt.

< gy x| max {1n(0) = ()], 7 (8) ~ T (2) ~ Ty (o),

IT3(8) = T2 (9)], [m(8) — Tm(9)], [Tm(8) — T*m(8)],
<|17(19) —Tm(@)| + [m(8) — r71(19)|>
2 7

R

2

dt

a

=k max{d(n, m),d(T'y,Tm),d(y,Ty),d(Ty, 1“217), d(m,I'm),d(Tm, Fzm),

(d(iy,Fm) +d(m,T'y) ) ’ (d(l’n, I?m) + d(Tm, Fzry)) }

2 2
= kpl(iy,m).

Therefore, d(T'%5, T?m) < kp' (17, m). Hence, we have
a (7, m)a(T?, T?m) < kp' (17, m).
Now, applying the logarithm on both sides, we get
—Ink+ In[a(y, m)d(T?y7, T?m)] < In p'(y, m).
Therefore, we have
k+ £ (a(y,m)d(I%y, I?m) < £ (p' (,m)),

where —1In k = p. It follows that I is an a-/ -convex contraction withb =1V y,m € A

with 7 # m. Since I is a-admissible and A = ([a,b] is a complete metric space, the

iteration scheme converges to some point o € A, ie., ﬁhm g — o. From the continuity,
—00

we show that o is a fixed point of I'. It follows that 7o = o. Clearly, Fix(T) # @. Now,
V5, m € Fix(T),a(0,0*) = 1. This shows that I is a*-admissible. Thus, all the affirmations
of Theorem 2 are held and hence, I has a unique fixed point solutiono € A. O

The example below demonstrates the existence of a singular integral operator solution
meeting each of the conditions in Theorem 3.

Example 11. Let A = {[0,1] be a set of all continuous function on [0, 1], v(s) = {zs* and
K(s,t,7(t)) = 1s2(1+ £)(5(¢) + 1). Then, (18) becomes

1
Ty(s) = %su/o 120+ () + . 1)

Now,
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1. max|}s?(1+3%)| < Jforall (s,t) €[0,1] x [0,1];
2. Forally,m € Awithy # mand (s,t) € [0,1] x [0,1] and using (18), we obtain

Ty —Tm| < |7 —m|.

By the above inequality, we obtain I is not an F-contraction. Now, we obtain

/0 (Stn +/ (St” )dt)dt_/olK<S,t,n(s)
e
[S2wa—ww)
—ngﬁ]/ LIS (v - m)

<

F2r](s) — Fzm(s)

dtdt

dtdt

=]
= e‘“pl(v,m)-

Therefore, ‘1’217(s) - Fzm(s)‘ < e Mpl(ny,m), whereIn = —p. Seta : A x A — [0,0)
by a(ny,m) =1, forally,m € Aand [ € S such that F (r) = In(r),x > 0. Therefore, we obtain
a(y,m)[T2y — Tm| < pl (7, m).

Applying the logarithm on both sides, we get
i+ Ina(y,m)d(T%y, Im) < Inp'(y,m),
that is,
i F(a(g,m)d(T?, T2m)) < F(p (5, m)).

We conclude that T is an «-f -convex contraction with b = 1Y n,m € A. Thus, all the
affirmations of Theorem 2 are held and therefore, Equation (18) has a unique solution. It follows that
11(s) = s? is the exact solution of Equation (18). Using Equations (20), (21) becomes

Ip1(8) = Dnpls) = e+ [ 1214 S)(np(e) + a. 22)

Letting 1o(s) = 0 be an initial solution. Letting p = 0,1, 2, ..., respectively, in (22), we get

71 (s) = 0.7791666667s%,  12(s) = 0.8684461806s2,  13(s) = 0.8786761249s2,
n7a(s) = 0.879848306s%,  #5(s) = 0.8799826184s2,  14(s) = 0.8799980084s2,
117(s) = 0.8799997718s2,  n5(s) = 0.8799999739s2,  n9(s) = 0.8799999959s2,
110(s) = 0.8799999984s2, 111 (s) = 0.8799999998s%,  #15(s) = 0.88s2,

m3(s) = 0.88s>.

Figure 1 discuss about the convergence criterion by using the 11(s) numerical values.
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Figure 1. Convergence criterion.

Therefore, 11(s) = 0.88s? is the unique solution.

4. Conclusions
This study introduced convexity conditions to a-f -contraction mappings with pos-

sible seven values. This research proved that the fixed point for a-f two-sided convex

contraction mappings in a complete metric space was unique. The solution of a nonlinear
integral equation was obtained via -/ -convex contraction mappings. This research work
has many potential applications as the fixed point for these newly introduced convex
contraction mappings can be established in different abstract spaces. Faraji and Radenovic
provided some fixed-point results for convex contraction mappings on F-metric spaces.
This will provide a structural method for finding a value of a fixed point. It is an interest-
ing open problem to study the fixed-point results a-f -convex contraction mappings on

complete F-metric spaces.
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