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Abstract: The nature of universe problems is ambiguous due to the presence of asymmetric data
in almost all disciplines, including engineering, mathematics, medical sciences, physics, computer
science, operations research, artificial intelligence, and management sciences, and they involve
various types of uncertainties when dealing with them on various occasions. To deal with the
challenges of uncertainty and asymmetric information, different theories have been developed,
including probability, fuzzy sets, rough sets, soft ideals, etc. The strategies of hybrid ideals, hybrid
nil radicals, hybrid semiprime ideals, and hybrid products of rings are introduced in this paper and
hybrid structures are used to examine the structural properties of rings.

Keywords: rings; hybrid structure; hybrid ideals; hybrid nil radical; hybrid product.

1. Introduction

In [1], Zadeh developed and investigated fuzzy set theory and its features in relation
to set theory, which gives a suitable structure for generalising fundamental algebraic ideas,
including set theory, group theory, ring theory, etc. In group theory, Rosenfeld [2] explored
the perception of a fuzzy set. Kuroki [3-5] has proposed fuzzy ideal structures and bi-
ideals in the theory of semigroups. Liu [6] explored the fuzzy ideal of a ring and obtained
significant results. Mukherjee et al. [7] defined and discussed the fuzzy prime ideal notion
of a ring. Later, fuzzy prime ideals were further discussed by Swamy et al. [8]. Malik [9]
studied the fuzzy maximal and radical of a ring. Kumbhojkar et al. [10] studied fuzzy
nil radicals of a ring. A fuzzy nil radical in different algebraic structures was explored
by several researchers [11-14]. The fuzzy subnear-ring theory concept was presented by
Abou-Zaid [15]. Since then, many mathematicians have pursued their research in fuzzy
algebraic structures in different directions and obtained significant results in semigroups,
groups, rings, etc.

Molodtsov [16] introduced and examined the soft set theory idea to deal with un-
certainty concepts. Later on, different researchers looked at these ideas. The hybrid
structure idea, which is parallel to fuzzy set theory and soft set theory, was initiated by
Jun et al. [17] and obtained various results, and then applied to the theory of BCI/BCK-
algebras. Anis et al., in [18], presented hybrid structures in semigroups, including hybrid
subsemigroups, and hybrid ideals, and analysed their significant properties.

Elavarasan et al. [19], investigated the concept of hybrid ideals and hybrid bi-ideals
in semigroups and established equivalent conditions in terms of hybrid ideals and hybrid
bi-ideals for a semigroup to be regular and intra-regular. They also used hybrid ideals
and hybrid bi-ideals to characterise the left and right simple semigroups, as well as the
completely regular semigroups. In [20], Porselvi et al. defined hybrid interior ideals and
hybrid characteristic interior ideals of a semigroup and found some equivalent conditions
for a hybrid structure to be a hybrid interior ideal of a semigroup. For a regular semigroup
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and an intra-regular semigroup, hybrid interior ideals and hybrid ideals are also shown to
be the same.

In [21], Porselvi et al. introduced the concepts of hybrid interior ideals and hybrid
simple in an ordered semigroup, discussed the characteristic hybrid structures using ideals
and interior ideals, and defined the ordered semigroup in terms of various hybrid ideal
structures. The equivalent condition for an ordered semigroup was also established to
be simple. In [22], Porselvi et al. presented the ideas of hybrid AG-groupoid as well as
equivalent claims for a semigroup to be regular, and explored several properties of hybrid
ideal structures.

In [23], Elavarasan et al. hooked up the idea of hybrid ideals in a near-ring, established
various properties, and discussed hybrid structure images using homomorphism. Muhi-
uddin et al. in [24] proposed and investigated a hybrid subsemimodule over semirings,
investigated the representations of hybrid subsemimodules and hybrid ideals using hybrid
products, and obtained some intriguing results on f-pure hybrid ideals in subsemimodules
over semirings.

In a ternary semiring, Muhiuddin et al. [25] introduced hybrid ideals and k-hybrid
ideals, proved various properties of k-hybrid ideals, and gave characterisations of hybrid
intersections with respect to these k-hybrid ideals. There were also results based on the
homomorphic hybrid preimage of a k-hybrid ideal. More concepts related to this study
have been studied in [26-34].

The study of symmetry is one of the most important and beautiful themes uniting
various areas of contemporary arithmetic. Rings are useful structures in pure mathematics
for learning a geometrical object’s symmetries. The most important functions in ring
theory are those that preserve the ring operation, which are referred to as homomorphism.
Showing a link from ring theory to real life is a simple way to see a possible connection
between homomorphism and reality.

In this expository article, we discuss hybrid structures in ring theory, namely, hybrid
ideals, hybrid semiprime ideals, hybrid nil radicals, hybrid products, and characteristic
functions in rings, and present some results regarding these concepts. We also prove that
the hybrid intersection of a hybrid radical will coincide with the hybrid radical of a hybrid
intersection, the hybrid image of a hybrid radical will coincide with the hybrid radical of a
hybrid image under certain conditions, and the hybrid preimage of a hybrid radical will
coincide with the hybrid radical of a hybrid preimage. Further, we obtain an equivalent
assertion for the hybrid semiprime ideal in the ring.

2. Definitions and Results
We will present the glossary of definitions that we will use in this sequel.

Definition 1. A set Z(# ¢) together with two binary operations '+ and . is said to be a ring if
it fulfils the following assertions:

(i) % is an abelian group under '+,
(ii) < is associative under .,
(iii) c.(u+k)=cu+ckand (c+u)k=ck+ukforalc,ukecZ.

Throughout this paper, unless stated otherwise, % denotes a ring and &(.2), the
power set of a set 2.

Definition 2. Let I be the unit interval and 7 be an initial universal set. Consider a mapping
Ju = (],;1) R — PU) <1, x1 = (j(x1), 4(x1)), where | : # — P(U)and y : # — 1.
Then, J,, is described as a hybrid structure in % over % .

Let all the hybrid structures collected in % over % be described by ' (%). An order < in
A (%) is outlined as follows: For every j,, 1, € (%), ];, < I, ifand only if j(w) C I(w) and
u(w) > y(w) for allw € #. For any x1,x2 € %, ]f,(xl) Iy (x2) if and only zf]y(xl) < I (%)
and I, (xp) < Ju(x1). Additionally, j, < Iy and I, < j, 1fand only if j, = I,.. It is noted that
(%”(%) <) is a poset.
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Definition 3. Suppose (¢,.) is a group. A hybrid structure i € () is a hybrid subgroup in
& if it fulfils the following assertions: ¥V aj,a, € 9,

. i(aya2) 2 i(ay) Ni(ay)
@ ( O(aay) < Oar) v () >

i 7(’171) - ;<al)
(o)~ oen )
Equivalently, i(ajay ") 2 i(a1) Ni(az) and Qayay ') < Q(ay) vV Qay).

Definition 4. Let iy € (). Then, ¥ ki, wr € %,

, i(ky — w3) 2 1(ky) Ni(w,)
(i) ( ' ZZZ)<Q(I<11)\/Qazzwz) )

Q(ky
(i) ( (k1w2 D i ZUQ) >
Qkwz) < Q(wz) )’
(ii) ( i(Jya) 2 (k1) )
Q(kwz) < O(ky)
iq is a hybrid left ideal in % if it fulfils assertions (i) and (if), iq is a hybrid right ideal in % if it
fulfils assertions (i) and (iii), and iq is a hybrid ideal if it fulfils assertions (i), (ii), and (iii).

Example 1. Consider the set Zg = {0,1,2,3,4,5,6,7,8}. Then, (Zq, +9, .9) is a ring.
0,09] if k=0
Let iy in 52 (%) over % = [0,1] be described as i(k) = < [0,0.6] if k =3 or 6 and the
[0,0.2]  otherwise
mapping Q : % — 1 is constant. Then, iy is a hybrid ideal in Zg.

Definition 5. Let ,, i € 5 (%). Then, the hybrid structure
Jv ©iq = (jd1,v8Q)) is the hybrid product of j, and iq, where

o U fw)nik)} if JwkeZ:t=uwk
(joi)(t) = q t=wk
¢ otherwise
and
{ A {v(@) vk} if JwkeZ:t=wk
(v3Q)(t) = { t=wk
1 otherwise
ViteER.

Definition 6. Let iy, j,, € S (%). Then, the hybrid intersection of icy and j is defined as icy M J., :
R — P(U)x 1, ww ((iN])(w), (QAVy)(w)), where iN] : # — P (%), w > i(w) N j(w)
and QV y: Z — 1, w— Q(w) V y(w).

Definition 7 ([11]). Let R be a commutative ring. An ideal K C % is termed as semiprime if,
whenever d" € K for some positive integer nand d € %, then d € K.

Definition 8 ([11]). A ring Z is referred to as reqular if for eachd € %#; 3s € #> d = dsd.

Theorem 1 ([11]). Suppose % is commutative. Then, every ideal of % is semiprime if and only if
X is regular.

Definition 9. Consideramap ¥ : ¥/ — 7, where . and 7 are sets. For any hybrid structure
i € H(T) over %, consider ¥~ (i) := (¥~1(1), ¥~ (Q)) € #() where ¥~ (i(w)) =
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{(¥(w)) and ¥~1(Q)(w) = Q¥ (w)), Yw € .. The hybrid preimage of i, under the mapping
Y is represented by ¥ 1 (iny).

Forany iqy € () over % , under the mapping ¥, the hybrid image of iq) is considered as a
hybrid structure ¥ (iq) == (Y (1), ¥(Q)) in 7, where

U &) if ¥l ) #¢,
¥(i(c)) = < te¥1(c)
¢ otherwise,
N Q) if ¥l ) #¢,
¥(Q)(c) = ¢ te¥1(c)
1 otherwise
Vee J.

Definition 10. For A € (%), define x a(iq) € H# () as follows:
U if acA
¢  otherwise

xa(ia) = (xa(), xa(Q)), where x4 (i) : # — P (U ),a — {

0 ifacA
1 otherwise
This is called characteristic hybrid structure of A.

and x4 (Q) : # — I,a —

3. Hybrid Structures in Rings

We define the hybrid radical notion in a ring and explore its properties. We also show
that for any two hybrid ideals, the hybrid radical of the hybrid intersection is equivalent to
the hybrid intersection of the hybrid radical, and the hybrid radical of the hybrid sum is
equivalent to the hybrid sum of the hybrid radical.

Definition 11. Suppose i € 7 (%) is a hybrid ideal in %. Then, the hybrid nil radical of i, is
the hybrid structure in % over U , represented by \/iq := (Vi,vV/Q) where Vi(x) = | i(x")

n>1

and\F /\Q ), forx € #.

n>1

Lemma 1. Let iny, ], € (%) be hybrid ideals in %. Then, the following assertions hold:

(i) io < Via,
i) io <y = Via <y

(i) \/Vio = Via.

Proof.

(i) Lets € %.Then, Vi(s) = U i(s*) D i(s) D i(s), and vVQ(s) = A Qs < Q@sh) <
k>1

S). So ZNQ < \/%
(i) Lets € #. Then, Vi(s) = U i(sh) c U j(s) = \/f(s) and VQ(s) = A Q") >
k>1 =
A 75 = Vts). 5o Vi < \ [Ty

k>1
(iii) Lets € #Z. Then,

r>1 r2lm>1 t21
VVQs) = A\ VA = Q@)" = A Q') = Va(s)
r>1 rzlm=1 tz1

So,\/\/izz:\/%. O
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Theorem 2. Let % be a commutative ring and iy € (%) a hybrid ideal in . Then, \/iq is a
hybrid ideal in Z.

Proof. Let v,u € Z. Then, for positive integers 7, s, we have

N{Vie), Vi =NU @), Uiw) = J{U @) niw)}}, and

r>1 s>1 r>1 s>1
V{Va(), vaw)} = V{A Q@) A ow)} = A{A{QE) vaw)}}.
r>1 s>1 r>1 s>1

Since Z is commutative, all the terms in (v + u)""* contain either v" or u° as a factor.
Therefore, (v + 1) = xv" + yu® for some x,y € Z. Now,

i), i)} € i) Vi) } {i(u) ily)}}
C (Wi(xo"), i(yu’)}
C i(xv" + yu®)
=1(v+u)"s

CJile+ u)k
k>1

= \/f(v +u),

V{QE@), Qw)} > V{QE") AQ(x)} QW) AQ(y)
> V{Q(xo"), Qy’)}
> Q(x0" + yu®)
=Qv+u)*

> N\ Qv+ u)k
k>1

= VO(v +u).
Therefore, we have N{Vi(v), Vi(1)} C Vi(v+u) and V{VQ(v), VO(u)} > vVQ(v+

u). Now, for a positive integer r,

UtVi(e), Vi) = (U i), U i)} = U vite)},

r>1 r>1 r>1
NVO(0), VOu)} = AN\ Q@), A Qw)} = A{O@") A0}
r>1 r>1 r>1
Then, y } .
ULi(0"), i(u")} S i(o"u”)
=1i((vu)")
C U i((ow))
k>1
= \/f(vu),
ANMQE@), Q")) > Q")
= Q((ovu)")
> A Q((ou)*)
k>1
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Thus, U{\/ u)} € Vi(ou) and A{VQ(v), VQ(u)} > VQ(vu) and hence
Via is a hybrid ideal in .%’. O

Definition 12. Let i, ], € (%) be hybrid ideals in %. Then, the hybrid intrinsic product
in¥], is the hybrid structure in % stated as below: For x € %, define

U i), i(a2), . i(am), j(w1), j(w2), .., f(wm)}

x:Zjinite a;w;
(z~>~k]~)(x) = if x=aywi+ aywy + ... + amwy, for some a;, w; € %,
where each a;w; #0, m € N
o, otherwise

A VAQ(@), Qaz), .., Qam), ¥ (w1), ¥ (w2), ) Y (W) }

=Y finite AiWi
(Q%Fy)(x) = if x=awi+awy+ ...+ anwy for some a;, w; € %,
where each a;w; #0, m € N
1, otherwise

It is evident that if % is commutative, then in %, is commutative.

Letiq, j, € 5 (%) be hybrid ideals in 2. Then, the hybrid intrinsic product i in¥ ]7 is
also a hybrid ideal, and whenever iq, is a hybrid ideal, V n > 1, (in)" = in¥n¥%...¥in(n
times) is also a hybrid ideal.

Theorem 3. Let iny, ], € J(#) be hybrid ideals in %. Then, \/170%]} = \/z}) Mjy = VigM

Ty

Proof. Lets € Z with s = aywy + aywy + ... + aywy,, and a;w; # 0 foreachi € {1,2, ..., m}.
Then, i(a;) N j(w;) C i(a;) C i(a;w;) and Q(a;) V y(w;) > Q(a;) > Q(a;w;). Now,

(Wi(a1),i(a2), ., i(am), j(w1), j(w2), ., j(wm) } € (Wilarwr), i(a2w2), ..., i(@mwm) }
C i(aywy + apwy + ... + aywy,)

=i(s),

VAQ(a1), O(a2), ..., O(am), y(w1), v (w2), oo, Y(wm) } = \/{Q(a1w1), Qazw5), ..., Q(amwm) }
> Q(mwy + 4wy + ... + Ay Wiy )
= Q(s).

So, (i%])(s) € i(s) and
that in¥j, < J,- So, Ez%]g( ) C C i(s )
(Q2V 7)(s) and hence in%j, < iq M J,-.

(Q%7)(s) = QO(s). Hence in¥j, < iq. Similarly, we can show
Nj(s) = (iMj)(s) and (QF7)(s) > Qs) V(s) =

Therefore, by Lemma 1(ii), \/ in¥j, < \/ io M jy.
Lets € Z. Then,

k>1

2 (1#])(s™)

2 i(s") Nj(s")

= (iNj)(s") ¥Vn =1,
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Q#(s) = N\ (QF7)(s")
1

(Q%)(s™)
Q") V(s
=(QVy)(s") Van>1.

IANIAN

Therefore, i M j, < in%], which implies |/in M, < 1/in%j,, by Lemma 1(ii). Hence,
\/{Q My = \/1705‘]77'
Now, by Lemma 1(ii), we have

Viamj, < Vigand \/ig 0], < \/]lewhichimply\/l})@]i, <Vigh \/;

Conversely, let v € Z. Then, for any two positive integers t,r, we have

VNV = U i), U )}

t>1 r>1

= UJWJiE@)njE"),

£>1 r>1

(VaV v1)() = V{A Q@) \ ()}

t>1 r>1

Now,

which implies (Vi 1/7)(0) € /(7N ])(0).
Additionally,
Q') V(") > Q@) V(@) = (QV ) (")
> N\ Qv

k>1
=/ (QV7)(v)
which implies (VQ V /7)(v) > /(QV 7)(v).

So,\/%mw\/ﬁ<< 1/170@]77.Hence,\/grm\/j7: ViaMj,. O

Corollary 1. Let in € (%) be a hybrid ideal. Then, /1% = \/iq for all n > 1, where
i = in¥in¥...%iq (n - times).

Proof. Taking j, = in in Theorem 3, we obtain \/in%in = V/in. So, by induction principle,

\/%:\/%foralanL O

Corollary 2. Let in, j, € (%) be hybrid ideals in %. If i¥, < J, for some k > 1, then
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Proof. By applying Corollary 1, /i¥, = \/iq for all k > 1. Then, by Lemma 1(ii), \/f: >

V= Via. O

Definition 13. For any iq, j, € (%), the hybrid sum of iy and j.,, represented by iq & J., is
defined as i @ j, = (i+],Q+ ) € H(R), where

(F+ (@) U {i(s"YNj(s")}y if3§,8" € #>a'=s+s"
1 —|—] a') = al =5/ 45"
¢ otherwise

and

N Q) va(s")}y if3s,s" e Zsa =5 +5"
(Q+7y)(a) = a=s'+s"

1 otherwise

foralla' € %.
Lemma 2. Let iqy, j, € (%) be hybrid ideals in %. Then, iy & j, is a hybrid ideal in %.

Proof. As iq,j, € (%) are hybrid subgroups of commutative group (%, +), iq @ J,
is also a hybrid subgroup of commutative group (#,+). Letv,u € Z. If v = a+ b for

a,b € Z, then o } y
(+)u) = {J {ilau)nj(bu)}
vu=(a+b)u

> U A{i@njb)}

vu=(a+b)u
= U {ila)nj(p)}
v=a+b

(+1)(),

Q+7)(e) = A\ {Q(au) v y(bu)}
vu=(a+b)u

A AQ@) v(b)}

vu=(a+b)u

= A {Q@) v(0)}

v=a-+b
= (Q+7)(v).

IN

In addition,

{+Du)=J A{i(vr)nj(vs)}

vu=v(r+s)

> U Hinnjs)}

vu=v(r+s)

= U {i{nnjis)}
u=r+s

= (i+))(w),
Q+7)(u) = A\ {Q(vr) Vy(os)}

vu=0v(r+s)

A Q) va(s)}

vu=v(r+s)

= A {Q()va0)}

u=r+s

= (Q+7)(w).

IN
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Thus, i @ J, is a hybrid ideal in Z. O
Theorem 4. Suppose jo, iy, fu, P € H (). If jo < fuand i, < py, then jo @1, < fu & .

Proof. Suppose w € Z.1f w # s +r for r,s € %, then clearly jo ® 1, < f, ® py.
Assume w = s +r for some s,v € Z%. Then,

(+D@) = {ils)ni(r)}

w=s+r

U {f&)na(n}

w=s+r

(f + p)(w).

N

Additionally,
Q+7)w) = A Q@)V

wW=s+r

A v(s)Vu(r)

wW=s+r

(v 4 p) (w).

Y

Therefore, jo ® iy, < fu ® py. O

Theorem 5. Let % be a commutative ring and iy, j, € (%) be hybrid ideals in %. Then,
Via @y =1/ Via @ \/f:>> \/fg@\/ﬁ.

Proof. By Lemma 1(i), we have in < Vin and ]77 < \/]77 Again, by Lemma 1(i) and

Theorem 4, we have 4/1n 69]77 Sy \/%69 \/]N:

On the other hand, let x € #. Then,

Vi+ D= U {favmﬁ(u)}

X=0v+u

= U {Ui" L>J
")n

x=v+u m>1

= U (U Ui

x=v+u m>1 n>1

uh)})),

and

Va+vmm = A {(Va@) VW)

X=v+u

A LA Q@Y A v}

x=v+u m>1 n>1

A CA CA{QE™) v @)})).

x=v+u m>1 n>1

Now, letk = u +v; u,v € #; n,m any positive integers. As % is commutative, for
some t,r € %, we have k"1" = tu™ + rv". Now,
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Q™) vy (@") > Q(tu™) Vv y(ro")
(Q+ ) (tu™ +ro™)
= (Q+) (K"

> N\ (Q+7)(K)

a>1

=/ Q+ (k).
Thus, (Vi +1/7) (k) € /T4 (k) and (VA + ) (k) = VT3 (k).
Hence, \/in @ \/f: < \/iq @ jy- By Lemma 1, Via® Jv < \/ia @ J,. Therefore,

JViae i =\hej. O

Definition 14. Consider the function ¥ : ¥ — 7. A hybrid structure iqy in . is stated as
Y-invariant whenever ¥ (u) = ¥ (v) = i(u) = i(v) and Q(u) = Q(v) for any u,v € .7.

>
>

%

Theorem 6. Consider the ring homomorphism ¥ : % — .. If iy and J., are hybrid ideals in %
and 7, respectively, then the following assertions hold:

(i) Y1) =¥ (/1)-
(i) \/¥(ia) = Y(Viq), provided ¥ is onto and ic, is ¥-invariant.

Proof.
(i) Letve Z.Then,

’-\e
_
—
~
~—
—~
Q
~
I
—
€
—_
—
~
N
~—
—~
Q
N
~

‘
vV
—_

Il
-y
—
~3
—

I
—

<

N

~
~—
~

‘
V
[a

|
!
—
~a
—~

€
—~

<
N
~—

3

~

‘
%
—_

I
&w

Ve

&
—

S
—
=

6
AN
—
2
N—
=
Q
S~—
I
—
6
AN
—
)
SN—
S~—
—
Q
,
N—

‘._
\
-

|
>
=)
Jad

(s
N

‘
vV
—_

I
>
2
Jad
S
=

‘
[\
_

I
2
Jad
2

So, \/¥1(7,) = ¥ (/-
(ii) Since ¥ is onto, for v € .7, ¥(u) = v for some u € Z%. In addition, ¥ 71 (¥ (iq)) = in,
as 170 is Y-invariant. Now, for some integer m, we have
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So, \/¥(in) < ¥(Vn).
On the other hand, 3 ug € Z 3 ¥ (up) = v,and (¥(V7))(v) C Vi(up) = U i(ug) and
n>1
(Y(VQ))(v) > VQ(up) = A Q(uf). Then, 3 a positive integer k >

n>1

and

Thus, ¥(V/in) < 1/ ¥(in) and hence /¥ (i) = ¥(V/in). O

Theorem 7. Consider ¥ : # — . as the ring homomorphism. If iy is a hybrid left (resp, right,
ideal) ideal in ., then ¥ ~1(iqy) is a hybrid left (resp, right, ideal) in Z.

Proof. Letc,v € Z and i be a hybrid left ideal in .. Then,



Symmetry 2022, 14, 1367 12 of 16

)
Q) VYT Q)
Additionally,

So, Y~ 1(iq) € # (%) is hybrid left ideal. [

Theorem 8. Consider Y : % — . as onto ring homomorphism. If j,, € 7 (%) is a Y-invariant
hybrid left (resp, right) ideal in 2, then ¥ (], ) is a hybrid left (resp, right) ideal in .7 .

Proof. Let wy,wr, € %. Then, {k 1k € ‘I’_l(wl *ZUQ)} ) {M] — 71y iUl € ‘I’_l(wl),rz S
¥~ (w,)}. Now,

Y —w)= J k)

ke¥—1(wi—wy)

2 U j(uy —12)
uq E‘P_l (wl),rze‘l"l (wz)
) U {i(u1) Nj(r2)}

uq cy-1 (w1 ),1’2 cy-1 (ZUQ)

={ U Jjw)in{ U jr)}

u€¥1(w) €Y1 (wy)
=¥ (j)(w1) N¥(f) (w2),
Y () (w1 —wz) = A k)
ke¥—1(wy—wy)
< A (U —12)
w1 €Y 1(wy),rpe¥1(w,)
< A {v(u1) V(r)}

u €Y1 (wy),r€¥ 1 (wy)

={ A 2w)pv{ A )}

u €¥1(w) r€¥~1(w,)

=¥ (1) (w1) V¥ (7)(w2),
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ke¥ 1 (wyw,)

) U j(urra)
u €Y H(wq),r€¥ 1 (wy)
2 U {j(u1) Nj(r2)}

€Y (wy),re¥ 1 (wy)

={ U Jjw)in{ U jr)}

ue¥1(w) r €Y1 (wy)
=Y ()(w1) N¥(j) (w2),
Y (ww) = N\ (k)
kE‘Y_l(wle)
< /\ Y(u1r2)
u €Y Ywq),rne¥1(wo)
< A {y(u1) Vy(ra)}

uy cy-1 (w1 ),1’2 cy-1 (wz)

={ A vw)v{ A )}

ur €Y —1(wn) ro€¥—1(wy)
=¥ (7)(w1) V¥ (7)(w2).
So, ¥ (jy) is hybrid ideal. O

4. Hybrid Semiprime Ideals in Commutative Rings
We discuss some properties of hybrid semiprime ideals of a ring and we characterise
rings in terms of hybrid semiprime ideals. We also obtain an equivalent assertion for the

hybrid semiprime ideal. Throughout this section, unless otherwise stated, % denotes a
commutative ring.

Definition 15. A hybrid ideal icy € (%) in % is hybrid semiprime whenever \/iq = iq.

Example 2. Let # be a semiprime ideal of %. Let iqy in (%) over % = [0,1] be given by

i(k) = 0,05] lf ket and a mapping Q : # — 1 be constant. Then, iq is a hybrid
[0,0.1] if k¢

semiprime ideal in .

Lemma 3. Let in, ], € (%) be hybrid semiprime ideals in %. Then, i M j, € H(R) is a
hybrid semiprime ideal.

Proof. By Theorem 3, \/iq M j, = \/iq M \/; = in M j,. Therefore, i M J, is a hybrid
semiprime ideal. [J

Theorem 9. For any Q € (%) and iq € (), we have that Q is a semiprime ideal if and
only if xo(iny) is a hybrid semiprime ideal.
Proof. Assume Q is a semiprime ideal. Letu € 2.1f u> € Q, thenu € Q. Thus, xo()(u) =

% = xo(i)(u?) and xo(Q)(u) = 0 = xo(Q)(u?) which imply \/xq(in) = xo(in). If

2 ¢ Q, then xo()(12) = ¢ C xg() (1) and xg()(12) = 1 > xo(Q)() which imply
\/xo(ia) = xo(in)- So, xo(in) is a hybrid semiprime ideal.
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Conversely, suppose xo(in) is a hybrid semiprime ideal and u? € Q. Then, x (i) (1) 2

xo()(u?) = % and xo(Q)(u) < xo(Q)(u?) = 0 which imply u € Q. Hence Q is a
semiprime ideal. [

Theorem 10. Let iy € (%) be a hybrid ideal in %. Then, the following assertions are equivalent:

(i) iq is a hybrid semiprime ideal,
(i) (") =i(u)and Q(u") = Qu)Vu € %,¥n>1,
(i) i(u™) = i(u) and Q(u™) = Q(u) V u € X with some m > 2.

Proof. (i) = (ii) Let ny be any positive integer and u € %. Then,

f(w) Ciwm) € | i) = Vi) = i(u)

and

=Qu™) = Qu).
(if) = (iii) Evident.
(iii) = (i) Suppose w € # with m < s. Then, for some positive integer k, m* > s.
Now, forall s > m

Theorem 11. Ifi € J (%) is a hybrid ideal in %, then \/iq = ®{], : iq < jy, j, is a hybrid
semiprime ideal in %} .

Proof. Let {j,,}; € 5 (%) be hybrid semiprime ideals in % containing in. Let ¢ = M;J,.

By Lemma 1(i), vig < \/]77,- = J,, Vi, and hence \/in < M;f,, = 0. So, V/iq is hybrid
semiprime, by Theorem 2. In other words, / i is one of the ]771.. So, o < \/in and hence

0:\/%. O

Theorem 12. Let i € S (%). Then, the equivalent assertions are as follows:

(i)  Every hybrid ideal iy in % is a hybrid semiprime ideal,
(ii) % is regular.

Proof. (i) = (ii) Suppose X is an ideal of %Z. Then, xx(iq) is a hybrid semiprime ideal in
Z. By Theorem 9, X is semiprime. Thus, Z# is regular by Theorem 1.

(ii) = (i) Assume Z is regular with x € %Z. Then, 3r € # > x = xrx = x*r which
gives x = x"r"" 1V n > 2. Letin € # (%) be a hybrid ideal. Then, i(x) = i(x"r"~1) D
i(x") 2 i(x) and Q(x) = Q(x" 1) < O(x") < Q(x) which imply i(x") = i(x) and
Q(x") = Q(x) ¥ x € Z, n > 1. Therefore, by Theorem 10, iq is hybrid semiprime. [J

Theorem 13. Consider the ring homomorphism ¥ : # — . If iq € (%) and j, € H(7)
are hybrid semiprime in % and .7, respectively, then we have
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(i) Y~ 1(jy) is hybrid semiprime in %,
(ii) ¥ (iq) is hybrid semiprime in .7, provided Y is onto and iqy is Y-invariant.

Proof.

(i) By Theorem 6, we can have /¥Y~1(j,) = ‘F’l(\/f:) =Y"1(j,), and so ¥71(j,) is
hybrid semiprime ideal in Z.

(ii) By Theorem 6, we can have 1/ ¥ (in) = ¥Y(Via) = Y(iq), and so ¥(iq) is hybrid
semiprime ideal in .7
O

5. Conclusions

We developed an understanding of how hybrid nil radicals, hybrid ideals, hybrid
products, and hybrid semiprime ideals operate in rings and discussed several of their
properties. We have shown that for any hybrid ideal, the hybrid radical of the hybrid
intersection is equivalent to the hybrid intersection of the hybrid radical. We also obtained
an equivalent assertion for the hybrid radical of the hybrid intrinsic product, as well as
a hybrid semiprime ideal. A future research project explores hybrid primes and hybrid
quasi-primes in algebraic structures and establishes their structural properties.
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