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Abstract: In this paper, we introduce new subclasses k — ST;(p, B) and k — UK;(p, B) of analytic and
univalent functions in the canonical domain associated with the Srivastava and Attiya operator. The
radius problems of these subclasses regarding symmetrical points are investigated and compared
with previous known results. Certain properties and conditions of these subclasses such as integral
representation are also discussed in this work.

Keywords: Srivastava and Attiya operator; canonical domain; symmetrical points; integral represen-
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1. Introduction

Suppose f € A, where A is the set of analytic functions having the form

flz)=z+ i amz™,

m=2
in E = {z: |z| < 1}. Then, in geometric function theory, E is replaced with an arbitrary

domain by Riemann mapping theorem [1].
Let us consider P as the class of the positive real part given by

p(Z) = 1+ Z amzml

m=1

such that R(p(z)) > 0.
According to [2], the definition of UCV is

2f'(2) 2 (2)

f(2) f(2)
Similarly, any convex function having the property that the image curve of any circular
arc 7y given by f(-y) is a convex arc; then, for every circular arc, vy, which belongs to E with

center ¢ also in E is called uniformly convex.
According to [2], the definition of UST is

zf'(z) _ zf (2)
7 4<%<ﬂﬂ>’

We can also define the class of UST by the Alexander relation if zf ' € UST, then feucv.
Goodman [3] introduced these classes, and several other researchers have also worked on
these classes in various repects.

<R(1+ z € E.

z € E. 1)
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If any function w with conditions w(0) = 0 and |w(z)| < 1 exists, then it is called a
Schwartz function. We can relate any two functions f and g using the Schwartz function w
such that f(z) = g(w(z)); in this case, it is called “f is subordinate to ¢” and can be written
as f < g. Similarly, if ¢ is univalent in E, then in particular f(0) = ¢(0) and f(E) C g(E).

The conic region () with k € [0, c0) is studied by [4]:

Qk:{quiU:k (u—1)2+02<u}. )

For any fixed k, () denotes the set of conic regions successively bounded by the imaginary
axis (k = 0), a parabola v> = u — 1 (k = 1), and the right branch of a hyperbolic (0 < k < 1).
For k > 1, it represents the interior of the ellipse, where the domain becomes a bounded
domain.

In our condition, we taking k € [0, 1]. Then, using (), our functions are py(z), where
k belongs to the closed interval [0, 1], which plays the role of extremal functions mapping
in E onto ():

=2 i (k=0)
pk(Z) = 1+%<10g%ﬁ) , (k: 1) ) (3)
14+ 1—2k2 sinh? [(% arccosk) arctanf/z], (0 <k <1)

These functions are in class P and univalent in E. Using the subordination technique, the
class P(py) was introduced in the following form.

Suppose p(z) € A with the condition p(0) = 1. Then, p(z) belongs to P(py) iff p < py
in E. Furthermore, pi(z) is represented by Equation (3).

The generalized conic domain () 4 is given by

p=(1-B)%+ B,

with the extremal function

prp(z) = (1=B)pr+pB, with (0<B<1,kel0,1]).

The function p € P(pyp) if p(z) < prp(z) in E.
Similarly, it is known from [5] that P(py g) is a convex set. So,

P(py) C P(kil) C P.

For p € P(py), we also know that

arg p(z)] < 07,

with

2 1
0 = — arctan —. 4)
T

k
Thus, p(z) = h?(z), with h € P. Similarly,

P(prp) C P(iif) C P.

The starlike functions w.r.t. symmetrical points S} was introduced by Sakaguchi [6].
A necessary and sufficient condition of this class was studied in [6] and is represented as

(f(zz)zflﬁ)—z)>epf z€E.
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The convex functions w.r.t. symmetrical points C; was introduced by Das and
Singh [7]. A necessary and sufficient condition of this class was studied in [7] and is
represented as

2(2f(2))
) — =) <

and we know that f € Cs < zf € S* [7].
According to [8], suppose that f € A. Then f may be in the class k — STs(p) iff,

_22f'(z)
) —f(=) S Pleep) 2€E

Moreover, an integral operator 3¢, defined by [9], is

z € E,

o0 1_'_a C
Seaf(z) =2+ ) <> b7,z € E.
i \k+a

2. Definitions

In this section, we introduce the following new subclasses of univalent function
k — STs(p, B) and k — UK(p, B).

Definition 1. Consider f € A. Then f belongs to class of k — ST.(p, B) iff

(2+0)2(Seaf) (2) _c
5u (D) —Seal () 2 & T (Prp)

where z belongs to E.

Definition 2. Suppose a function f belongs from the class of analytic functions A. Then f is in
the class k — UCV.(p, B) iff zf' belongs to k — STc(p, B).

Definition 3. Let f be an analytic function of class A. Then f belongs to k — UK. (p, B) iff there
exists g which is in class k — ST, (p, B). Thus,

L1l D ¢ i),

where z is in E.

3. Preliminary Results

Our main results depend on the following lemmas:

Lemma 1. [10] Consider any two functions. Let q(z) and p(z) be convex and analytic functions,
respectively, in E with q(0) = 1 = p(0), and function h, : E — C for R(fh.(z)) > 0, whenever

(h«(2)zp'(2) + p(2)) < 4(2), zcE.
Then, p(z) < q(z), where z € E.

Lemma 2. [8] Consider two analytic functions N(z), D(z) in E such that N(0) = 0 = D(0).

Suppose that D is in the class of starlike functions, that is, S* for z € E, then g:—gg € P(pp)

implies that ggg € P(pip) forz € E.

Lemma 3. [4] For any two complex numbers y,, by with v, # 0 and 8‘%(%) + 0y > B, the
analytic function h,(z) € E, we have
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7h, (2)
(h*(z) + ’72}1*(2)4'52) < prp(2). ®)

If qyp is the analytic solution of equation

. Zq;(,ﬁ(z) ,
pk,ﬁ(z) - <7qu,ﬂ(z)+52qk,ﬁ( ))'

then gy g is a univalent function whenever

he < dk,p < Pk,p-
Hence, qyg(2) is said to be the best dominant of Equation (5).

4. Main Results

In this section, we study certain properties of our newly defined subclasses of univa-
lent function k — STs(p, B) and k — UK;(p, B). The desired results are also compared with
existing results.

Theorem 1. If

¥(2) = 5[~ Seaf(~2) + Seaf (2)] ©

is an odd S* function of order B1 = H—’g in E, where ., f(2) is in the class of k-starlike related
with symmetrical points of (p, B), then ¥(z) € k — ST(p, B).

Proof. Let,

—_

Y(z) = i[_%c,uf(_z) + Seaf(2)].

Then, after simplification

z2¥'(z) 1
ro = (@ @]+ e € Plpig),
Here, Z:II,{(()) € P(pp) because P(py g) is a convex set. Therefore,
Y(z) € k—ST(B).
0

Theorem 2. Let 3., f(2) € k — STs(p, B). Then, with z = ¢%,0 < 6; < 6, <2m,1>B>0
and 1 > k > 0, we can say

% L[ (Z2(8caf) (2)) —1]_2(1=p)
/91 %{W] d0 > —om +2cos ! {1—(1—2,8)#] + B1(62 — 61),

where o = % arctan(%) and B = %

Proof. Suppose,

S /
\C.;/f] € P(pﬁ,k)/

(=Seaf(=2) + Seaf(2)),

N\H



Symmetry 2021, 13, 1536

50f11

where ¥ € k — UCV(p,B) and C(B,p) D k—UCV(B,p).
Therefore,
[Scaf] = (T/)(iﬁlﬂ)h[r(z)r

with

heP(pB), Y1€C, z=¢% 0<6;,<6,<27 and 0<r<1,
takes the form
2 ([ (2(Seaf) (2)' ] 0 4 b2 ([ (2¥'(2))
f R Geyy Je == [ S Jao
02 %{Zh (2)

+0
61 h(z)

:|d9 + ﬁl(ez — 91).
Let us consider, for i € P(p, B),

9 arg h(re'?) = %%(—iln(rem)),

20
a 0y i0 h/reig
a—gargh(re ) = 8%(1’6 e )
Therefore,
0 1071,/ .10 . .
[ R |6 = arghtre™) —argh(re®,
01
and
0 071,60 , .
max /2 %[reh‘;;e} dG‘ = max ‘argh(relgz) — argh(re)|.
heP(p,B)| /6 hre! heP(p,B)

So, from above equations

1

p(z) = _ﬁ+1(*ﬁ+h(2))r as p € P(prp)-

With known results |z| = r < 1 and

we can write

200-p)r ‘h(z) 1 -2p)?

1—172 1—#2

An Apollonius circle encloses all the values of h. Its diameter is a line-segment
14+ (=26+1)r . 14+ (1—2B)r
to
1+7 1—r

which is the combination of points from

2(1-p)

) L. Therefore, | arg h(z)| approaches its max. value wherever a ray passing through

the origin is tangent to the circle, i.e.,

, and its radius is

2(=B+1)r

argh(z) = :I:Sinfl m .

@)

We can observe from Equation (7) that
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max

0 i01,/,.,i0 _
/ Zﬁ[W]dQ‘ < 2sin-1(—2U=B)r_,

heP(B,p) hret? 1—(1-2B)r2”
b2 [re®n'ret? 1, 2(1—=p)r
B A e e T

and for ¥, € C,

6>
/ R
01

Using Equations (7)—(9), we obtain

¥ (ret?) -

g i0
1+ ret? 1(re' )]de > 0.

[ R[ESD O g s [ 20=B ] o).

(Scaf) (2) 1—(1-2p)r?

O

Theorem 3. Let S¢qf (z) € k — STs(p, B); then its integral representation is

1 z 1

(Seaf(2)) = 5Pz exp

where z € E and p € P(pyp)-

0o t(2+c

Proof. Let S, f be taken from k — STs(p, B); then

_ 2+ )2(Scaf(2) ¢
p(z) = Seaf(2) —Seaf(—2) 2/ p € P(p,B).
[Scaf(2) = Seaf(—2)] 1 1

—Seaf(—2) +Seaf(2) 2z (2+0)z

After simplification, we can get

(2+¢)(Seaf(2) p/‘2+c (=) — (24 ¢))dt.

By putting F'(z) = (Scaf(z ) we obtain

F'(z)

O

Special case:
If ¢ = 0, one can get the result in the form

z 1 ,
PO exp [ i 1p(6) — p(—) ~2)dt = f'(2),
proved by K. I. Noor [8].

Theorem 4. Let Sc09(z) € k— STs(p, B) and m = 1,2,3,4,...,G, where

m+c—+1 Zt(ercfl)[

G2 = o Jo

Seag(t) — Seag(—t)]dt.

Then G(z) € k—ST(p, B).

] (=p(=t) +p(t) — (2+c))dt,

®)

©)

(10)
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Proof. Let

J(2) = [t 3 8eagt) - Soag(—1) |,

since S¢ag(2) € k— STs(p, B), 3[Scag(t) — Scag(—t)] € k—ST(p, B) C S*(B1) C S* and
B1 = % Therefore, using [8], we can say that J(z) is a function and (1 4 m)-valently
starlike (§*) in E. So Equation (10) can be written as,

z 1
Z(m+c)G(Z) = (m+c+ 1)/0 plm+c=1) [z[gcﬂg(t) - %c,ag(t)]]dt,

Z"G(z) = (m+c+1)](2).

After simplification,

G'(z) _ N(z) _ 7]'(2) = (m+)](2)

Glz) ~ D(z) 1) th

As D(0) = 0 and N(0) = 0. Furthermore, D(z) is (1 + m)-valently S*. Let ggg

then

= h(z),

W (z)D(z) + h(z)D'(z) = N'(z).

Therefore,

Let, ho(7) = 08 € P(pyg) and Ho(2) = ;15 € P(pyp). Then,

From Equation (11), we have

This implies

N'(z) _ {(Z]’)’
D'(2)

Using Lemma 2, we can say

(2)

= epP , ze€ E.
(Z) (pp,ﬁ)

Therefore, G € k — ST(p,B) inE. O

Theorem 5. Let S¢af, Scug € k— STs(p, B), and S¢oF(z) be defined as

1

Seab(z) = (144 1) i-eh) [*ytheen [Qeaf )= S (CO)
’ 0

0
[%c,ag(t) — Scag(—t) d

(12)

t
2 4
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wherez € E,0<5,¢>0,v=0and k(lgif) + (c+ 3} —1) > B. Then ScoF(2) € k — starlike
with (p, B) where z € E. If z = 3¢ 49(2) and v = ¢ = 0, then we can get the Bernardi operator
in its generalized form [11]. For S¢q8(z) =z, v=10,6 = % and ¢ = 0, we can get an integral
operator introduced by Libra that preserves geometric properties of close-to-convexity, convexity,

and starlikeness [12,13].

(93 _ < _ (93 _ < _
Proof. Let, Seaf(2) Z\SC’”f (=2) _ ¥(z) and Seag(?) ch’ag (=2) _ ¥,(z). Then,
¥, ¥, € k—ST(p, B) in E, and we can write Equation (12) as

z o
B =9uF(a) = (rre+g)died [ dm e nom o
If p(z) = ZFpl—(()) then after simplification, we have
y 28, 1 2% zp'(2)
=p(z)+ . 14
e Tane Y e oy
ZlIJ/ /
Since ¥; and ¥, € k — ST(p, B), which implies that ¥ L and ¥ S P(pxp) in E, and
1 2
P(py,p) also belongs to convex set. It follows that
v z¥] 1 z¥) >
epP , € L. 15
<1+7‘I’1(2)+1+7‘Yz(2) (Prp) g )

Similarly, Equations (14) and (15) give

zp'(2)
(p O A e ] 1)) )

Using Lemma 3, we can also say

p(2) < Grp(2) < prp(2).
Hence, F; € k—ST(p,B). O

5. The Class k — UKs(p, B)

In this work, we study certain properties of k — UK;(p, B), which consists of k — UK
functions with symmetrical points of order B [14].

Theorem 6. Let S¢qf € k — UK (k, ) and Fi(z) = S¢.F be defined by

m+c+1

F2) =" g ) 10 Seaf () ~ Seaf (~1))dt (16)

Then Fy(z) belongs to the class k — UKs(p, B) in E.
Proof. Since 3¢ f € k — UKs(k, B), we have

278caf'(2)
Seag(2) — Scag(—2

) € P(pk,ﬂ)/

and
Seag € k— STs(k, B) C S (kB1).

(93 _ <k _
Let G = Seagi(2) 2\$C'ag1( 2) be defined by Theorem 4, also g1 € k — ST(p, ) and
Gy € k—STs(p, B) C Si(p,B1)- Similarly, G = zG], then

G = %[Zgl (2) — (—2)8(—2)],
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G € k—UCVs(p, B),
g = Z%c,zzg/y

and
g € Gs(p, B1)-

From Equation (16), we have

] [(m +o)ZmeDE 4 z(m+C>P1'} = 2 DS, f(2) — Seaf(—2)],

which implies that
2h _ N2
G,  D(2)
We can conclude that D(0) = N(0) = 0, also ¢ € Cs(p, B1),

(ZD/(Z>)/ — (m—+c [Zsc,agﬂz) - %c,agl(_z)/],
()~ " Bs1(2) = Seaugi (-2
and
(Zg,((j))) = (m+C)+h1, h] Ep(p,ﬁl).

Since P(p, B1) belongs to the convex set, where D € Cs(p, 1) C S*(p, B1) in E [8]. There-
fore,

N(z) 2F]
Dz G € P(pkp), for ze€E.

Hence, Fi(z) € k— UKs(p,B) in E. O

Theorem 7. Let us consider,

(240)2Scaf'(2) c
<%c,ag(z) —Seag(—2) 2> =< Prp(2)
in E, and
F (Z) = 1_'_Lmz(lfm) [Zm%wf(z)]/, a”

wherem = 1,2,3,4,.... Thus, F; € Ks(p, B1) for |z| < r1, with

1 _¢
"= AL , (18)
2-B)+ /@B~ (Ltm—§)(-m =261 +1+5)
where
By — k+p
TRk
Proof. For p € P(p,a) with 1 > & > 0, we require the following results [15]:
1+ (1—2a)r 1—(1—2a)r
L S VAN > \-
1_1, —|p(z)|— 1+7’ 4 (19)
. 2[R(p(2) o]
z)) —alr
ri_—rz > |p'(2)]. (20)

Since S of € k— UKs(p, B), 3 Scug € Si(p, B1), such that, for z € E
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(2+0)z8caf'(2) C} _
{%c,ug(z) —Seag(—2) 2 Pl
where v
p € Prp C Pa), and =1
From Equation (17), we have
1
— (1—m) (m—1) !
Ri2) = ——7 [mz Seaf(2) + 2"Senf (z)]
After simplification, we can write
(24c¢)zF/(2) c 1 , c c
S —SnsD 2~ Tam M@+ @+ (p@+3)hD) - 5],
with
z¥'(2) & o
h(z) = ¥(2) € P(p,p1), and ¥(2) = Scag(2) — Scag(—2).
By the use of Equations (19) and (20), we have
(2+4c¢)zF] S Rip(z) —«]
Seag(2) — Scag(—2z) 2 1+m
2m(1—1%) —4r+201-(1-2811)(1—-r) c(1-1? 1)
2(1—17r2) 2(1—1r2)])’
where
T(r) =2m(1 —r?) —dr +2(1 — (1 =2B17))(1 —7) —c(1 —1?),
or
T(r) = (—2m — 4By +c +2)r2 —4(2 — B1)r + (2m — c +2).
So,

_ 1+m—35
@2=B) +4/@=p? — 1+ m—§)(-m—2p1 +1+5)

Therefore, F; € Kq(p, 1) for |z1| < r;. O

"

Special cases:

1.  For c = 0, we have the result obtained by [8].
Forp=k=0,f € Ksand ¢ = 0. Then, F; € K; forr, = Hyﬁ > |z|, defined by
Equation (17).

3. Whenpy =0(B=0=k),c=0and m = 1; then Fi(z) = [Z%ZW is in the class for
|z| < 1, which is proved by Livingston [16] for S* and C functions.

6. Conclusions

New subclasses k — STs(p, ) and k — UK;(p, B) of analytic and univalent functions
have been defined in canonical domain associated with the Srivastava and Attiya operator.
Furthermore, several results including integral representation and radius problems of these
subclasses have been derived and compared with different known results in this work.
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