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Abstract: The usual thermodynamic formalism is uniform in all directions and, therefore, it is not
adapted to study multi-dimensional functions with various directional behaviors. It is based on a
scaling function characterized in terms of isotropic Sobolev or Besov-type norms. The purpose of
the present paper was twofold. Firstly, we proved wavelet criteria for a natural extended directional
scaling function expressed in terms of directional Sobolev or Besov spaces. Secondly, we performed
the directional multifractal formalism, i.e., we computed or estimated directional Holder spectra,
either directly or via some Legendre transforms on either directional scaling function or anisotropic
scaling functions. We obtained general upper bounds for directional Hélder spectra. We also showed
optimal results for two large classes of examples of deterministic and random anisotropic self-similar
tools for possible modeling turbulence (or cascades) and textures in images: Sierpinski cascade
functions and fractional Brownian sheets.
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1. Introduction

Multifractal models were originally proposed to describe the intermittent behavior of
fully-developed turbulence [1,2] and also chaotic features in dynamical systems [3,4]. If T is the
time and v(T) is a the stream-wise component of the velocity of a turbulent flow at a given point,
Kolmogorov [5] expected a power law behavior:

/I[%|U(T+t) —o(T)|P dT ~ |¢|"™(P)  for small |¢], 1)

with 5 (p) = p/3. Kolmogorov and Oboukhov and [6,7] have refined this prediction into a
quadratic behavior.

Various experimental results and other models have confirm the nonlinear behavior.
Mandelbrot [2,8,9] has introduced multiplicative cascades for the dissipation of energy in turbulent
flows and thus has associated fractals to measures (or functions). Frisch and Parisi [10] conjectured
that 177 (p) describes the statistical repartition of the pointwise Lipschitz regularities. The Lipschitz
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spectrum of v is the map which associates to each 0 < H < 1 the Hausdorff dimension d(H) of the set
of times T where v has a given pointwise Lipschitz regularity /1,(T) = H in the sense that:

[o(T+1t) —o(T)| ~ [t/ forsmall |¢] . )

By heuristic arguments, the thermodynamic formalism [10] states that d(H) is given by the following
Legendre transform of 1 (p):

d(H) = ir;f(HP—ﬂL(P) +1). 3)

A similar formalism for measures has been derived; if  is a probability measure on R¢, the notion of
pointwise Lipschitz regularity is replaced by the local regularity of u defined as:

iy (x) = lim inf 28 BZ1)) @)
r—0 logr
(see [34,11-20]....). Note thatif d = 1 and h,(T) € [0,1), then h¢(T) = hy(T) for f(x) = p((—o0, x]).
In [21], Daubechies and Lagarias proved the validity of the thermodynamic formalism (3) for
some refinement functions used in the construction of orthonormal wavelet bases in one dimension.
An alternative formulation of the Lipschitz scaling function #1 (p) in terms of continuous wavelet

transform C, ), = 5117/Rd f(x)¢(x b

Muzy in RY with d = 1 (see [22-24]). The corresponding thermodynamic formalism was proved in [22]
for the primitive of a multinomial measure or a C! perturbation of such a measure.

Jaffard [25] extended these formulae in R? and showed the link between them via the function
space interpretation of the scaling function in terms of (isotropic) Sobolev or Besov-type norms.
Such spaces for smoothness index higher than 1 are also characterized by finite order differences.
The corresponding scaling function #(p) (given in (14)) is expected to give information for the

) dx (a > 0 and b € R?) was proposed by Arneodo, Bacry and

Holder spectrum d(H) for any value of H. The scaling function #(p) is also characterized by either
isotropic wavelet bases (i.e., decompositions on tensor products of one-dimensional wavelets with
the same dilation factor 2/ at scale jin all coordinate axes) or continuous wavelet transform (in fact,

tog [ [Coul” at
n(p) = 11{};15&7 .

The scope of the mathematical validity of the thermodynamic formalism,
d(H) = inf(Hp —(p) +4), ®)

has become an important issue. The general rule for a good multifractal formalism is to get optimal
upper bounds for the spectra. Optimality is obtained for examples that saturate the upper bound,
i.e., the upper bound becomes equality.

If the range P of p’s over which one computes the Legendre transform is chosen appropriately:

P={p: n(p) >d}, (©)

then (5) yields an upper bound for all functions [25].

The optimality has been either studied or proved under self-similarity assumptions [21,22,25-31],
or for a class of particular random processes [32], or for specific functions [33,34], or even generically
in either Baire’s categories [35] or prevalence sense [36,37].

Alternatively, Kestener and Arneodo (see [38] and references therein) proposed, also for d = 2
and d = 3, different vectoriel wavelet transform formulas. They applied them to turbulent velocity
and vorticity 3D numerical data.
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Unfortunately, for d > 2, the scaling functions #;(p) and 7(p) are uniform in all directions,
and, therefore, are not adapted to study images and multi-dimensional sighals with various directional
behaviors. These behaviors are important for detection of edges, efficient image compression, texture
classification, etc., (see, for instance, [39-51] and the references therein). They also appear in partial
differential equations, pseudo-differential operators theory, approximation theory, etc. (for example, see [52]
or [53] and references therein). In that case, signals present anisotropies quantified through regularity
characteristics and features that strongly differ when measured in different directions [17,19,46,47,49,54-56].
Classes of functions that satisfy different scaling properties according the coordinate axes have been studied

in [2942444649-5153-5557-72].  For an a priori prescribed anisotropy a = (ag,---,ay) with
d

0 < a,---,05 and szi = d, such signals can be expanded in Triebel bases (i.e., tensor products of
i=1

one-dimensional wavelets that allow dilations factors about 21, - - - ,2/% in coordinate axes [69,70]). Alternatively,

1 -b
we can also use anisotropic continuous wavelet transform — / Fl)w( a2t A

- e ) gy (see [45,45]).
Signals where no a priori anisotropy is prescribed, can be expanded in DeVore, Konyagin, and Temlyakov
hyperbolic wavelet bases [73], i.e., tensor products of one-dimensional wavelets that allow different dilations factors
2t,... 2j in coordinate axes (see also [39,74-76]. Hyperbolic wavelet bases contain all possible anisotropies.
Both Triebel and hyperbolic bases characterize anisotropic Besov spaces [39,70].
Let d > 2 be a positive integer. Let ¢ be a fixed vector in the unit sphere $?~1. We will focus on
the following global and local directional behaviors:

e A natural directional Lipschitz scaling function #1 (p, ) of v in direction e can be given by:
/d lo(y + te) — v(y)|P dy ~ |¢|1(Pe) for small |¢] . (7)
R

It can be extended to a directional scaling function #(p, ) that involves any finite order differences
in direction e (see Definition 1). It can be also restricted to a bounded domain (see Definition 3).
e A natural directional pointwise Lipschitz regularity 1 (y, e) of v at i in direction e can be given by:

[o(y + te) — v(y)| ~ |t]¥e) for small |¢| . 8)

It can be extended to a directional pointwise Holder regularity h(y, e) (see Definition 5).

In this paper, we want to understand how singularities given by directional pointwise Holder
regularities fluctuate from point to point for a fixed direction e. These singularities may share a
given value on a fractal set. One wishes to compute the Hausdorff dimension of this set. One also
wishes to derive this size from global quantities extracted from the signal, given by either a directional
scaling function or anisotropic scaling functions. Firstly, we prove wavelet criteria for the directional
scaling function #(p, e) (see Section 1-3). Secondly, we perform directional multifractal formalism
(see Section 4-6), i.e., we compute or estimate directional Holder spectra either directly or via some
Legendre transforms on either directional scaling function or anisotropies scaling functions.

Two types of results will be performed:

We will obtain general upper bounds for the directional Holder spectra.

We will show optimal results for two large classes of examples of deterministic and random
anisotropic self-similar tools for possible modeling turbulence (or cascades) and textures in
images (see [50]): Sierpinski cascade functions introduced by the first author in [29] and fractional
Brownian sheets introduced by both Kamont in [67] and Pesquet-Popesu and Lévy-Véhel in [77],
and revisited by Ayache, Léger, and Pontier [78] for extra properties.

Note that the heuristic classical arguments from which the thermodynamic formalism for
pointwise Lipschitz regularity was derived (see, for example, [25], pp. 947-948) cannot be applied
to the directional pointwise Lipschitz regularity; near a point y such that h(y) = H, we have
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lo(y +t) — v(y)| ~ |t| in a cube of radius |t|. There are about |t|~%(") such cubes, so that the
total contribution to /le [o(y + t) — v(y)|P dy is |¢t|"P+4=4(H) Tt follows that 17 (p) = igf(Hp —d(H)+4d).
If d(H) is concave, it is recovered by an inverse Legendre transform formula which yields
d(H) = ir’}f(H p —1r(p) +d). In the context of directional pointwise Lipschitz regularity, we want to

calculate the contribution of critical directional pointwise Lipschitz regularity of order H in

direction e to the integral / ] |v
R

lo(y + te) —v(y)| ~ [f" in a small segment of length |{|. So, we cannot pursue the above
heuristic arguments.

To overcome this inconvenience, we will use a criterion of directional pointwise Holder regularity
h(y, e) in terms of rapid decay of highly oriented multi-scaled wavelet coefficients. Actually, h(y, e)
is related to anisotropic pointwise Holder regularities h,(y), for all anisotropies a (see [43,44]).

(y +te) —ov(y)|P dy: near a point y such that h(y,e) = H, we have

The anisotropic pointwise regularity /,(y) was already introduced in [29] and characterized with
either anisotropic continuous wavelets or in Triebel bases [43,44].

Alternatively, we will use a characterization of directional pointwise Lipschitz regularity obtained
in [58] directly (i.e., without passing through anisotropies) in terms of decay conditions for the
coefficients of the expansion in the hyperbolic Schauder basis.

Note that partial characterizations for the directional pointwise Holder regularity have been
obtained by Sampo and Sumetkijakan [51,79,80] (respective to Jaffard [48]), when using parabolic basis,
i.e., curvelets and Hart-Smith transform (respective to the anisotropic Gabor-wavelet transform).

Note that other directional behaviors have been studied. Donoho [81], Guo, and Labate [82]
have used wedgelets and shearlets for the detection of discontinuities along smooth edges. Candes,
Donoho [83], and Mallat [84] have used wavelet bases elongated in particular directions (ridgelets
and bandelets) to deal with singularities along lines, along hyperplanes, etc. Fell, Fiihr, and
Voigtlaender [85] characterized the wavefront set in terms of rapid continuous wavelet decay, for a
large variety of dilation groups. For the shearlet groups single wavelets suffice, whereas similitude
and diagonal groups need suitable families of wavelets. Recently, by using the harmonic wavelet,
Sun, Leng, and Cattani [86] constructed a new multilevel system in the Fourier domain, which has
the circular shape. This new system is more suitable for the distribution of general images in the
Fourier domain.

In the next section, we first give the definition of the directional scaling function 7 (p, e) in terms of
directional Sobolev or Besov spaces (expressed by finite order differences) to which v belongs. We then
make the connection between directional scaling function and anisotropic scaling functions analyzed
in anisotropic function spaces (see Theorem 1).

In Section 3, using the characterization of the anisotropic scaling function in Triebel wavelet
bases [69,70], we deduce a criterion of directional scaling function in these bases (see Theorem 2).
Then, using the characterization of the anisotropic scaling function in hyperbolic wavelet bases [39],
we deduce a criterion of directional scaling function in these bases (see Theorem 3). Finally, using a
result of Kamont [87], we deduce a criterion of directional Lipschitz scaling function in hyperbolic
Schauder bases without passing through anisotropies (see Theorem 4).

In Section 4, we recall the connection between both directional and anisotropic Holder regularities
(see Proposition 9). We first deduce a general upper bound for the directional Holder spectrum by
anisotropic Holder spectra (i.e., Hausdorff dimension of anisotropic Holder sets) (see Theorem 5).
Note that in [58], we characterized directional pointwise Lipschitz regularity in terms of decay
conditions for the coefficients of the expansion of f in the hyperbolic basis of tensor products of
Schauder functions, but we do not yet succeed to deduce a general upper bound for the directional
Lipschitz spectrum. We will instead recall a result of [59] in which we adapted the notion of Hausdorff
dimension to the anisotropy, we used a criterion of [43] for anisotropic pointwise regularity in terms
of conditions on Triebel wavelet coefficients and deduced a general upper bound for the adapted
anisotropic Holder spectrum by means a Legendre transform of the anisotropic scaling function.
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Both this upper bound and Theorem 5 yield a general upper bound for the directional spectrum
(see Theorem 6).

In Section 5, we apply Theorem 4 for fractional Brownian sheets to show that unlike the
Lipschitz scaling function 71 (p) and the Lipschitz spectum d(H) which are uniform in all directions,
the directional scaling function 1 (p,e) and the directional spectrum d(H,e) are tools that detect
directional behaviors (see Theorems 7 and 8). We also prove that if the corresponding appropriate
range P of p’s over which one will computes the Legendre transform is:

P={p>1: nup)>1y={p>1: n(pe)>1Vie{l, -, d}} )

then infJ (Hp — y(p,e) + 1) provides a common directional Lipschitz scaling based directional
pe

thermodynamic formalism for these examples (see Theorem 8).

In Section 6, we apply Theorem 4 for Sierpinski cascade functions to show that the directional
scaling function 77 (p,e) and the directional spectrum d(H,e) are tools that detect directional
behaviors. We also show that contrary to 1. (p,e), the directional spectrum d(H,e) depends on
the geometric disposition of the chosen contractions for each cascade function. We also provide non
common directional Lipschitz scaling based directional thermodynamic formalisms for these examples
(see Theorems 9 and 11). These formalisms depend on the geometric disposition of contractions for each
cascade function. Nevertheless, all obtained formalisms share the same corresponding appropriate
range P of p’s over which one will compute the Legendre transform given in (9). Moreover, we show
the optimality of Theorem 6 for Sierpinski cascade functions corresponding to a large class of geometric
disposition of contractions (see Theorem 12). Finally, we modify the notion of the Hausdorff dimension
to provide a new common directional Lipschitz scaling based directional thermodynamic formalism
for all Sierpinski cascade functions (see Theorem 13).

Finally Section 7 motivates the anisotropic cascade model on the physics side.

2. Directional Scaling Function and Its Connection with Anisotropic Scaling Functions

2.1. Directional Scaling Function

For the definitions of Besov spaces stated in this section, we refer the reader to [69]. Letd > 2
be a positive integer. Let e be a fixed vector in the unit sphere S*~1. For t € R and y € R, define the
difference A; . f in direction e by the standard formula:

Atef(y) = fly+te) — f(y) - (10)

Define the iterated differences in direction ¢ inductively by
A},ef = At,ﬂ’f and A?,Z_lf = A},e( ;l,ef) .

Definition 1. Let 0 <s < Mand M € N,1 < p < coand f € LP(R?).
We say that f € B;(Rd, e) if there exists C > 0 such that:

Vo<t<1 /Rdmff, ()|? dy < Ct|* . (11)

Define the directional scaling function y(p,e) of f in direction e by:

n(pe) =sup{sp : f€B,(Re)}. (12)
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We say that f belongs to the usual isotropic Besov space B, ,(R?) (we will ignore oo and write B;(Rd ) if there
exists C > 0 such that:

Veestlvo<t<1 /Rdmg‘g ()| dy < |7 . (13)
Define the scaling function n(p) of f by:

n(p) =sup{sp : fe BRI}, (14)

Anisotropic Besov spaces were introduced for the study of semi-elliptic pseudo-differential
operators whose symbols have different degrees of smoothness along different directions (see [52];
see also [53] and references therein, for a recent use of such spaces for optimal regularity results for the
heat equation).

Definition 2. Let 1 < p < co. Denote by D the set {1,--- ,d}. Fori € D,let M; € N,0 < s; < M; and
e; = (014, ,04;) denotes the i-th coordinate vector in R?. The so-called classical anisotropic Besov space

B;}sl,"'/sd) (]Rd) is deﬁned as
B0 () = ) B (R, )
ieD

Remark 1. When sy, - -+ ,s; = s, the space B,E,Sl"”’sd) (R%) coincides with B;(Rd).

We will be interested in the characterization of #(p, ) in terms of decay conditions for a structure
function of the coefficients of the expansion of f in either Triebel anisotropic wavelet bases [69,70]
(see Section 3), or hyperbolic wavelet bases [68,73-76] (see Section 4). Without any loss of generality,
we can assume that ¢ = ¢, because we can take coordinates on an orthonormal basis B of R? that
starts with e. Using the partial ordering property,

S (RY) € BV W (RY) sl <s VieD, (15)
we introduce the following substitute for 7 (p, e),
ii(p,e) = sup {slp :d0<e<s; fe B,E,Sl’s""’s) (Rd)} . (16)
We obtain the following result.

Proposition1. 1. Ify(p,e) = Othenij(p,e) = 0.
2. We have always:

ii(p.e) <nlpse). (17)
3. Ifn(p) > 0 thenij(p,e) = 1(p,e).

Proof. Both first and second points follow directly from Definition 2.

Assume that 77(p) > 0, then f € B;}o‘,---,a) (R%) for 0 < pd < 5(p). Clearly, f € Bg(Rd, e;) for all

i€ D. Letppr <1(p,e). Since f € Bgl (R%, ¢), then Definition 2 and the partial ordering property (15)
yield the third point. O
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2.2. Connection Between the Directional Scaling Function and Anisotropic Scaling Functions

Space B;(fl’m i) (R?) is related to the anisotropic Besov space Bf,’,g,ﬂél""’“d) (R%) introduced in [60,61]
using an anisotropic Littlewood Paley analysis. We will drop co. Let a = (ay,...,a44) € R? be an
anisotropy, i.e.,

a1 >0,---,a5 >0 and Zai:d. (18)
ieD

Forr > 0and x = (xq,...,x4) € R?, we define the anisotropic map:
rix = (rflxy, ..., r%xy) . (19)

Define the mean smoothness $ of (s1, - - - ,s;) and the anisotropic indices by:

1 1 1 5
—==), - d aj=—. 2
: d,'gsi and «; s (20)
Then,
By (RY) = B (RY) . (21)
Ifs1,---,s4 = s then § = s and « is the isotropy (1,...,1). Thus,
L, , 1,.“,1
By (RY) = B} (R?) = By (RY) . (22)
For a fixed anisotropy «, define the anisotropic scaling function by:
7a(p) = sup {Tp : fe B;'“(Rd)} . (23)

Clearly, using relation (21), the substitute 7j(p, ) for (p, e) given in (16) satisfies the following result.

Theorem 1. Let B denotes any orthonormal basis of R starting with e. Let Q) be the set of all anisotropies o
satisfying (18) and ap = - - - = ay. Then:

M _ 1a(p)
e =g (%), &
Ifn(p) > O then:
— 1a(p)
1(pre) = sup ( 2 ) : (25)

3. Criteria of Directional Scaling Function

3.1. Criterion of Directional Scaling Function in Triebel Wavelet Bases

We will use Theorem 1 to characterize the directional scaling function 7(p, e) in Triebel anisotropic
wavelet bases [69,70].

Triebel anisotropic wavelets characterize anisotropic Besov spaces; if ¥_1 and y; are the
Lemarié-Meyer [88,89] (respective to Daubechies [90]) father and mother wavelets in the Schwartz class
(respective to compactly supported and finitely smooth with a large enough smoothness), such that all

moments (respective to a large enough finite number of moments) of i; vanish, /R P_1(x)dx =1and

the collection (1,0,1 (x — k))keZ and (2]'/24,1(2]';( - k))jeN wer is an orthonormal basis of L?(R). Let a
0r
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an anisotropy as in (18). For j € Ny, let I}, be the set of pairs (G,I) where G = (G, ...,Gg) € {1, 1}
such that at least one component G; is —land I = (I,...,1;) € Ng where:

li = [jo] if G;= -1, (26)
Jai] <L < [(j+ D] if Gi=1 and [(j+ 1)a;] > [jai], (27)

and
li = [ja;] if G;=1 and [(j+ 1)a;] = [ja;]. (28)

(Clearly, in the isotropic setting « = (1,...,1) and I = (j,...,))).
The cardinality of [;, is bounded independently of j, more precisely:

1<, < (27 =1) [T@+aw). (29)

i€D
The following proposition is given in [69,70].

Proposition 2. Forall x = (x1,...,x3) € RYand all k = (ky,...,kg) € Z%, we put:

Yoqc1(x) = [T w-1( (30)
i€D
and:
¥ () = [ ye, 'xi — ki) (31)
ieD

Set | := Y_ 1. The collection of the union of (¥_... 1) for k € Z% and (21112 ‘If )for] € Ny,
i€D

(G1) € ljpand k € 74, is then an orthonormal basis of L>(RY). Thus any function f € L2(R%) can be

written as:

fix) = Y e 1p¥or.—1x(x), (32)
kezd
(Gl) (G1)
+ ““Y “( x), (33)
]'GNokeZd(G,l)Ze] ke Tk,
with:
C 11k = Rdf(x)\lj—l,m,—l,k(x) dx , (34)
and: l
(G,
G =21 [ P () dx. (35)

The following result was obtained in [69,70].

Proposition 3. Let p > 0and s € R. Then, f € By*(RY) if and only if:

(sp—d); (GIh|P
sup 2 p=4)] Z Z Choa
j€Ng kez? (Gl)€Elj,

< 00, (36)

Using (25), we deduce the following theorem.
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Theorem 2. The anisotropic Besov exponent is given by:

—di G,
log [ 274 Z Z |C](‘,k,1x) P
kezd (G,l)elm

= liminf . 7
fa(p) = limin og 2 7) (37)
Let B and Q) be as in Theorem 1. If y(p) > 0 then:
—di Gl
log (2 dj Z Z \c](’k/a) p)
. . kezd (G,l)eljla
n(p,e) = sup | iminf (38)

acQ | Joe 10g(2*j061)

3.2. Criterion of Directional Scaling Function in Hyperbolic Wavelet Bases

We will use Theorem 1 to characterize the directional scaling function 7 (p, e) in hyperbolic wavelet
bases [68,73-76]. As in [39], without any loss of generality take d = 2. For x = (x1,x;) € R2 and
k= (ki,k2) € Z>, weput ¥ 1 _1x(x) asin (30) ford = 2,

¥ k(X)) = P1(21xy — ky )y (2232 — ka),

Y -1x(x) = 1 (201 — k)1 (x2 —ka),
Y o1 pr(x) =9-1(x1 — k1)1 (22x5 — ky).

The collection of the union of {¥_; _1; : k € 72}, {201+2)/2 Yok © (uj2) € N§ k € 7%},
{21/2¥; 1k : j1 €No,k € Z?},and {22/2¥_y ;¢ : j» € N,k € Z?}, is then an orthonormal basis
of L2(R?). Thus any function f € L?(R?) can be written as:

fx) = Y e x Y@+ Y Y kY pk(X), (39)
kez? (j1,j2) ENG ke Z?

+ Y Y k) + Y Y Y opk(x), (40)
j1€No keZ2 j2€Ng kez2

with c_q 1, asin (34) ford = 2,

Civjpk = 201+72) R2 f(x)lF]'lsz,k(x) dx , (41)
Cjy -1 =21 /sz(x)‘}’jl,—l,k(x) dx, (42)

and:
C_1jpk =2 /sz(x)‘hl,jz,k(x) dx . (43)

Let (a1, ) an anisotropy as in (18) (with d = 2). For j € Ny, set:

Ti(ay,a) = F?'l(txl,vq) U r;-'h(tkl,t)éz) U r?'h(ﬂél,ﬂéz), (44)
with )
I (a,00) = TG~ D) =1, -+, [ja] + 13, (45)
i=1

I (o1, 02) = [~ D] =1+, fjma] +13 x {0, [( — D] ~ 13, (46)
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and
T (a1, a2) = {0, [ = D] =1} x {[( = D] =1, [joa] +1} . (47)

The following result was obtained in [39].
Proposition 4. Let p > 0and s € R. Then, f € BZ’(“““Z) (R?) if and only if

sup sup 2spi—(ir+i2) Y P v . (48)

j€No (j1,j2) €T j(a1,22) kez?

Ciyjak

Using (25), we deduce the following theorem.

Theorem 3. The anisotropic Besov exponent is given by:

(i1 47 P

log (2 (/l+]2) ZZ le,].z,k )

= lim inf kezZ . (49)
M) P) = e G (er log(277)
Let B and Q) be as in Theorem 1. If y(p) > 0 then:
T p
log (2 (]1+]2) Zz Cj1,j2,k )
€)= su lim inf keZ” (50)
1 <M,MI>D€Q j=e0, (u2) €T (01,82) log(27%J)

3.3. Criterion of Directional Lipschitz Scaling Function of f on Hyperbolic Schauder Bases

We will characterize the directional Lipschitz scaling function restricted to a bounded domain on
hyperbolic Schauder functions without passing through anisotropies as done previously. Without any
loss of generality, we will work on the unit cube I?. For this purpose we have to adapt the difference
At f in direction e by the standard formula

_ i d
st = { for0-10) Eyreer

Definition 3. Let 0 <s < 1,1 < p < coand f € LV (I%). We say that f € Lip;(ld, e) if there exists C > 0
such that:
Vo<t<1 /d Aef(y)|P dy < CJH* . (52)
I
Define the directional Lipschitz scaling function of f in direction e by:
n(pe)=p sup{0<s<1 : fe Lip;(ld,e)} . (53)
We say that f € Lip;(ld) if there exists C > 0 such that:
Veestlvo<t<1 /d Aref (y)|P dy < CJH[* . (54)
I

Define the Lipschitz scaling function of f by:

n(p)=p sup{0<s<1 : fe Lip;(l”l)} . (55)
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Remark 2. Fix1 < p < oo. As in Bonami and Estrade [55], using triangular inequality, we can prove that
if there exists ey such that 0 < np(p,eq) < p then the map e — 31 (p,e) takes at most d different values.
Moreover, it is constant except, perhaps, on the intersection of unit sphere S~ with a subspace of dimension at
most d — 1 where it may take larger values. Therefore,

7L(p) = min 7p(p,e) = minyL(p,e;) . (56)
ecSd-1 ieD

Since we will use a Kamont result [67], we follow the same notations. Let ¢; and D be

as in Definition 2. Write A;;f instead of At f. Denote by 0 and 1, respectively, the vectors

(0,---,0)and (1,---,1) in R%. Leta = (aj,---,a4) and b = (by,---,b;) be two vectors of RY.

Put |a| = |a1| + -+ |ag]. f A C D, puta(A) = (a1,--- ,dy) where 4; = a;ifi € A, and 4; = 0 if

i¢ A Writea < bifa; <b;foralli € D,and a < bifa; < b, foralli € D. Finally, write ab = H a?i.

ieD
Forh = (hy,--- ,hg) € R?and A = {i}, -+ ,ix} C D, set:
Ah,Af = Ahil/il O:--+0 Ahik/ikf . (57)
Clearly,
Dy © By if = Bpj o By if - (58)
For f € LP(I4), define:
wpa(f,t) = sup [[Apaflly for teRY, 0<t<1. (59)
0<h<t
Remark 3. Clearly, f € Lip;i(ld,ei) is equivalent to w,, iy (f,t) = O(t]").
Let0 < (s, --,s4) < 1.Fort= (t,--- ,t4), define:
wr s () = T8 (60)
ieD
and )
w3 () = ([T£) (1 - X log(t) /2. (61)
ieD i€D
For a function g given on I%, A C D, and t € I%, put:
g(tA) =g(t(A) +1(D\ A)) . (62)
Set:
D*={ACD: A#Q}. (63)

In [67], Kamont considered the following spaces described in terms of moduli of smoothness in
the LP-norm:

Lipiv ) (17) = {f € LP(I?) : VA € D* wpa(f,t) = O(w "0 (5 A))}, (64)

Nf—=

Lz'p;sl"“'sd)'%<1d) — {f € LP(I) : VA € D* wpa(f,t) = O(wl1 203 (t; A))}, (65)

and
. (sll"'rsd)r% d\ __ . (Slf'“/sd)’% dy . * — (51/"'/5d)rl .
lipy (Iy={f € Lipy, (I*):YAeD cup,A(f,t) =o(w 2(; A)}, (66)

where O(t(A)) and o(t(A)) refer to min(¢; : i € A) — 0.
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The following embeddings hold.

Proposition 5. 1.

Lipy™ ) (1%) < () Lipji(I%e;) . (67)
i€D
2.
() Lipy( 4 e) C sz(glsl" ’Gdsd)(ld) VO< = (6, - ,0;) with|)| <1. (68)

i€D
Proof of Proposition 5:

1. Iffe Lip(sl’” )(Id) thenw,, ;) (f, t) = O(t]") for all i € D. The result follows from Remark 3.
Conversely, assume that f € szs'(I"l ej) foralli € D. Let A C D be non-empty. Write
= {i1, -~ ,ix}, wehave Ay Af = Ahzllilg where ¢ = Ahiz,iz o---0 Ahik/ikf' Since f € Lip“;’j(ld, e;)

and g is a linear combination of translated copies of f, then w;, 4(f,t) = O(ifz1 ). Similarly, using

property (58), we have wy, 4(f, t) = O(tls-;l) for all 2 < I < k. On the other hand, since f € L?(I¢)
then wa(f,t) = O(1) forall k + 1 < I < d. Therefore, (68) holds. [J

The following embeddings hold too.

1 1
Proposition 6. 1. We have Lip,ﬁ,sl""’sd)(ld) C Lip; ), '2(1%) and lzp( ) (1) ¢ lip;s]""’sd)’f(ld).
2.0 (s}, ,sh) < (s1,--- ,54) then Lip§"” S“’)(Id) C lips ’sd)(Id).
1
3. If (s}, - -+ ,s)y) < (s1,---,5q) then Liplg,S Sa)2 2(11) ¢ szg,sl' 'Sd)(Id).
Proof of Proposition 6:

1.  The first point is a consequence of w1 52) () < w(51,~~-,sd),%(t),
Let f € sz(sl’”’s”’)(ld) and (s},---,s;) < (s1,---,s4). We know from (69) that

feLip ‘sl" #0) (1), Let A € D*. Since (s}, -+ ,sh) < (51, ,54) then

M < Caw1sa)=(1750) (1, A) = o(t(A)) .

Hence f € lipés 1 (Id).
3. Letf € sz<s1 (I?) and (s}, ,s}) < (s1,-++,s4). Let A € D*. Since (s}, -+ ,s}) <
(s1,---,54) and tlogt = o(1) when t goes to 0 then

wA(f't) (51, ,84)— (s, s ) 1/2
— OAE < cels s =) (5 A) (1 - Y log( t(A)).
w(sl,'“,sd)(t;A) lg g ( ( ))

It follows that f € Lipgjsll""'s‘;)(ld). O

We will characterize 71 (p, ) in terms of decay conditions for the coefficients of the expansion of f
in the basis of tensor products of Schauder functions. Without any loss of generality, the orthonormal
basis B (on which coordinates are considered) can start with e.

Using the partial ordering property

Lipf™ (1) € Lippt (1) W (s < (s s (69)
we introduce the following definition as a substitute for 71.(p, )

7i(pe) =p sup {sl €(01):q0<e<1 fe Lipésl’s"“’s)(ld)} . (70)
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We will show the following proposition.

Proposition7. 1. Ify.(p,e) =0 then yr(p,e) = 0.
2. We have always

ne(p.e) <nelpe). (71)
3. Ifni(p) > O then yjL(p,e) = nL(p,e).

Proof of Proposition 7:

Both first and second results are consequences of the first part of Proposition 5.

Assume that 71 (p) > 0, then f € Lipf,(ld) for 0 < pé < nr(p). Clearly, f € Lip‘;(ld,ei) for
alli € Dand n.(p,e) > pé. Let ps; < nr(p,e). Since f € Lipy! (I,e), then the second result in

Proposition 5 implies that f € Lip;(l_(d_l)e)sl’%’m'95) (I) forall 0 < 6 < Ll Letting 6 tends to 0,

we obtain 771 (p,e) > nr(p,e). O

In [67,87], Kamont characterized the space Lipg,sl"" i) (I?) in terms of decay conditions for the
coefficients of the expansion of f in the basis of tensor products of Schauder functions.

Let {¢x, k > 0} be the family of Schauder functions on I, normed in L®, i.e., ¢g = 1, ¢1(t) = ¢,
and fork > 2,k =2 +n withj > 0and 1 < n < 2, ¢r(t) = (])(2f+1t —2n+ 1) (with support
[(n —1)277,n277]), where ¢(t) = max(0,1 — |t|) (the so-called Schauder function).

In several dimensions, we consider the family {®y,k > 0} of tensor products of Schauder
functions, i.e., @i (x) = ¢k, (x1) - - - Pk, (xg) for k = (ky,- -, ky).

Forje M={-2,-1,0,1,2,--- }, let

No,={0}, N.y={1}, and Nj = {2 +n:n=1,---,2/} forj >0, (72)

and for a vector j = (j1,- -+, jg) we put

Nj = Njy -+ Nj, . (73)
Let for f € C(I?),i € D,x € ["and k > 0
cio(f)(x) = flx —xie;) , cin(f)(x) = flx + (1 = xi)er) — fx = xie;) (74)
and fork=2+n e NjwithjZO
2n—1 1 n

cik(f)(x) = flx+(

B — ) = (f+ (o = xe) + fla+ (5 —x)e)). (79

Fork = (kq,--- ,kg) we put

C(f) =cig 0 -oca,(f). (76)
Then for any f € C(I4) we have
f=Y X Gf)P«. (77)
jGMd kEN]'

In ) we assume the following order: for j = (ji, .., jz) and j’ = (j], ..., f}), if max(ji, ..., ja) <
jeMd
max(fy, ..., j;), then j precedes j'.
For f given by (77) we put

1/p
T, (f) =277 ( Y ICk(f)I”) : (78)

kENj
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The following wavelet characterization of spaces Lipésl’m i) (1) is due to Kamont [67].

Proposition 8. Let:
t = (2~ max(7.0) ... p—max(jz0)y (79)

Then, for (1/p,---,1/p) < (s1,---,s4) <1,
feLipp (1Y) e T, (f) = O () as [j] = 0. (80)
Thanks to Proposition 7, the last result leads to the following characterization.

Theorem 4. Assume that ni(p) > 0. If:

1 :
vieD  liminf_80r()

— " >1/p, 81
|j|—oc0 log(Z*maX(]i;O)) /p (81)

then:

— . .. log T],p(f)
MLp,ei) = nLp,e;) = p min (Lllﬁ‘jgfbg(z_max(m)) '

Remark 4. We will see that assumption (81) yields the appropriate range P given in (9) (thanks to (56)) for
the directional thermodynamic formalisms that we will find in Section 7 (respective to Section 8) for fractional
Brownian sheets (respective to Sierpinski cascade functions).

4. General Upper Bound for the Directional Hoélder Spectrum

Let us first recall the notions of Holder regularity, directional Holder regularity and anisotropic
Holder regularity.

Definition 4. Let h > 0 be non integer, y € R? and f : RY — C. We say that f € C"(y) if there exists C > 0
and a polynomial Py of degree at most the integer part [h] of h such that in a neighborhood of y we have

|f(x) = Py(x)| < Clx—y|". (82)
The Holder exponent (or regularity) of f at y is
h(y) = sup {h : fe Ch(y)}.
We say that f € CM"(R?) if f € L*°(R?) and if (82) holds for any x and y in R? with uniform constant C.

The Holder (upper-Holder) spectrum of f is the map which associates to each H the Hausdorff
dimension d(H) (respective to D(H)) of the set of points y where h(y) = H (respective to h(y) < H).

Definition 5. Let h > 0 be non integer,y € R? and f : R? — C. Let e € S4~1. We say that f € C"(y,e)
if there exists 6 > 0, C > 0 and a polynomial Py of degree at most the integer part [h] of h such that for all
te(=4,0)

[f(y+te) — Py(y +te)| < CJt[". (83)

The directional Holder exponent (or regularity) of f at y in direction e is

h(y,e) = sup {h : fe Ch(y,e)}.
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We say that f € C"(R, e) if f € L®(RY) and if (83) holds for any y € R? and t € R with uniform constant C.

The directional Holder (upper-Holder) spectrum of f in direction e is the map which associates to
each H the Hausdorff dimension d(H, e) (respective to D(H, e)) of the set of points y where h(y,e) = H
(respective to. h(y,e) < H).

In [44], we found a connection between both the notion of directional Holder regularity and the
anisotropic version of Definition 4 (see [29,43]).

Leta € R? be an anisotropy as in (18). For x = (x1,...,x4) € RY, we set

|x]0 = max(|x1|1/"‘1,...,|xd|1/"‘d). (84)

The corresponding a-ball Ry (x,r) := {y ERY: |x—yla < r} of a-radius r centered on x is a rectangle
with sides parallel to the axes of coordinates, centered at x and with side-length 2r* in the x;-direction.
IfpP= Z Ay, d)x’f e xfj is a polynomial, define its a-homogeneous degree by

(i1,-siq) ENG

leD

Definition 6. Let i > 0and y € R?. A function f : RY — C belongs to Cl'(y) if there exist C > 0 and a
polynomial P of a-homogeneous degree smaller than h such that in a neighborhood of y

|f(x) = Py(x)| < Clx —ylh . (85)

The x-Hdolder exponent of f at y is defined by:

ha(y) =sup {h: feCly)}. (86)

In [44], we found a connection between both directional and anisotropic pointwise Holder
exponents of f.

Proposition 9. Let B and Q) be as in Theorem 1. Then

h(x,e) = sup <h,x(x)> . (87)

aeQ) &1

Proposition 9 yields the following general upper bound for the directional Hélder spectrum.
Theorem 5. Let B and Q) be as in Theorem 1. Then

D(H,e) < inf dim {x R ¢ ha(x) < (le} . (88)
aeQ)

Remark 5. In [58], we characterized directional pointwise Lipschitz reqularity in terms of decay conditions

for the coefficients of the expansion of f in the hyperbolic basis of tensor products of Schauder functions (see

Section 8.2). Nevertheless, we do not yet deduce a general upper bound for the directional Lipschitz spectrum.

Let us now show how to use Theorem 5 in order to obtain a general upper bound for the directional
spectrum. In [29,43], we adapted the notion of Hausdorff dimension to the anisotropy «; if E C Rd, we

define its a-diameter to be |E|, := sup |x — y|a. By replacing in the definition of Hausdorff measure,
x,y€E
the usual notion of diameter by the a-diameter, we easily check (see [91]) that we get the following

notion of anisotropic dimension.
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Definition 7. Let E C R?, & > 0 and R, the set of all coverings R = (E;),cn of E by sets Ey of a-diameter
|Ey|o at most €. Let
M, (E) = inf Y [Eu[;.
ReR, neN
The é-dimensional a-Hausdorff measure of E is

MS(E) = limsup M, (E).

e—0

The a-Hausdorff dimension of E is
dimg(E) = inf {5 . MS(E) = 0} = sup {5 . MS(E) = oo} .

Note that we get the same value of dim, (E) if we use coverings R = (E;),en of E by rectangles
E, with sides parallel to the axes of coordinates and with side-length 2¢% in the x;-direction.

In the isotropic case, |.| (1, 1) is equivalent to the Euclidean norm on R and dim, _1)(E) coincides
with dimE. Butif « # (1,...,1), then dim, (E) doesn’t necessarily coincide with dimE. Actually, if

Xopin = rlrel%l a; and  aypy = riré%( a;, (89)

then there exists C > 1 such that

1
Vx € RY 6min{|x|1/"""i",|x|1/"‘"’”} < xla < Cmax{|x|1/"‘mi",|x|1/”""”} . (90)

and
W ppin dim(E) < dimy (E) < typay dim(E) . (91)

Definition 8. The a-spectrum is:
dy(H) = dimy {x ER : hy(x) = H} . (92)

The a-upper-spectrum is:
Du(H) = dint, {x R ¢ hy(x) < H} . (93)

The following upper bound was proved in [59].
Proposition 10. If f is uniform Holder on RY in the sense that f € C¢(R?) for e > 0, then:

Dy(H) < inf (Hp —n4(p) +4), (94)
P>Pa

where 11, is the anisotropic scaling function of f given in (23) and p, satisfies
Na(pa) =d. (95)
Consequently, we obtain the following result.

Theorem 6. Let B and Q) be as in Theorem 1. If f is uniform Holder on RY, then

< i i — .
D(H,e) < inf P pgl}f“(lep Na(p) +d) (96)
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Proof. By (91)

D(H,e) < inf

D H).
x€Q) Kyyin a(“l )

Thus (94) yields (96). O

Remark 6. Let us come back to the optimality of (91). For that, we will consider a general anisotropic Sierpinski
carpet; let s and t be two integers with s < t. We divide the unit square R = [0,1]? into a uniform grid of
rectangles of height 1/t and width 1/s. Choose A C {0,1,...,s —1} x{0,1,...,t —1}. Forw = (u,v) € A,

the contraction S, (x1,x) = (% + %, % + %) maps the unit square R into the rectangle:
u u+l v v+1
Ro = |-, -, . 97
0 =15 3 5 ©7)

The (general) Sierpinski carpet K (see [17,19,29]) and references therein) is the unique non-empty compact set
(see [16]) satisfying

K= J Sw(K). (98)
weA
It is given by:
K = {xeR : (S, 0:050,) (x) € |J R VYw=(wi,...,wn) € A"}
weA
= NCU %)
neN weA”"
where
Row = (Sw,0---084,)(R) for w=(wi,...,wy) .
Leto = logs and
logt
., 20 2 . ,2logs 2logt
(22,02) = (1 +0’1 +0) ~ “log(st)” logs ) ©9)
By arguments similar to those of [15] pages 118-119, we can prove that dimy, ,,)(K) = 1(1)(;%;;) where a is

S
log(}_ Nf)
i=1
logs

the i-th column of the grid (see [15] page 129).
If s < t then (&yin, ®max) = (&1, x2). By restricting ourselves to the two cases below, we will show that
the optimality of (91) may depend on the geometric arrangement of the chosen w’s in A. Actually, the left-right

side of (91) is optimal in casel and non optimal in case if s < t.

the cardinality of A, whereas dim(K) = where N; is the number of selected rectangles in A from

. . . 1
1. Casel: assume that each column of the grid contains at most one Ry, w € A. Then dimK = 122?
Therefore, aydimK = dim ,, ,,\K.
1
2. Case2: assume that there is only one column containing all the R, w € A. Then dimK = Crlo(;gsa.
Therefore, %dimK = dimy, 4, K.

5. Fractional Brownian Sheets

We will apply Theorem 4 for fractional Brownian sheets to show that unlike the Lipschitz scaling
function 71 (p) and the Lipschitz spectum d(H) which are uniform in all directions, the directional
scaling function 71 (p, e) and the directional spectrum d(H, e) are tools that detect directional behaviors.
We also provide a directional thermodynamic formalism valid for all fractional Brownian sheets.
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Actually, we will prove that if the corresponding appropriate range P of p’s over which one will
computes the Legendre transform is given by (9), then inIfJ (Hp —nr(p,e) + 1) provides a common
pe

directional Lipschitz scaling based directional thermodynamic formalism.

5.1. Computation of the Directional Scaling Function

The fractional Brownian sheet {BHuHi)(y) = y = (y1,---,y4) € R?} was introduced by
Kamont in [67], then redefined by Ayache, Léger, and Pontier in [78] through its harmonizable
representation, for any (Hy,-- -, Hy) € (0,1)%

i€ ~Hi—% gin
Bl ’Hd)(y) = /Rd 1—%(3 yisi — 1)|¢;] Hi=3 dw(élf'v(fd)’ (100)
ic

where W(C1,~~ ;) 1s the Fourier transform of a Brownian measure Wz, .. #) on R4
Fractional Brownian Sheet has stationary rectangular increments and satisfies the following
anisotropic scaling relation

(BHLHD) (g4, - 28aYa) }yerd = {(Hale) B(Hl,...,Hd)(y)}yeRd (same law) . (101)
ieD

1
In [67], Kamont proved that, if ? < H; < 1foralli € D, then with Probability 1, the restrictions

Bg{l"” Ha) of realizations of B~ Ha) to [4 satisfy
1
Bl Ha) @ oo gy, (102)
and .
Bl Ha) g gypy i iz pdy (103)
Put
Hyipy = min(Hy, - -+, Hy) . (104)

We will prove the following result.
1 . . qs (Hy, -+ ,Hy) .
Theorem 7. If v < H; <1foralli € D, then with Probability 1, B, satisfy

VieD ne(p,e;) = pH;, (105)

and
1L(p) = pHmin - (106)

Proof. Using the third point in Proposition 6, relation (102) implies that, with Probability 1
BU M) e Lipht 017y W(sy, - ,5q) < (Hi, -, Hy) - (107)
Using the second point in Proposition 6, relation (103) implies that, with Probability 1

Bl M) g Liph S0 (1%) W(sy, - ,50) > (Hy, oo, Hy) - (108)

Thanks to the first point in Proposition 5, relation (107) yields the lower bound in (106).
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The optimality of this lower bound cannot be deduced from (108). Nevertheless, the coefficients

of B;fl’“' Ha) i the tensor product Schauder basis were obtained in [67]; in fact
Hy,- H
B§d ) Y. ) Gy (109)
jeMd kGN]

where (Cy x>0 is a Gaussian sequence, with ECy = 0, and the variance given by the formula

E|C> = [T, (110)
i€D
where
ap =0, ay = land a, = (272 —272)27%i" for k; e N;; j; > 0. (111)

The above optimality follows immediately from Theorem 4 and arguments similar to those
in [92] (p. 236), since both (102), the third result in Proposition 6 and the first result in Proposition 5
imply that n.(p) > pHyin > 0. The latest lower bound for 5 (p) turned out to be equality
thanks to (56). O

Remark 7. If the unit cube 1 is replaced by any arbitrary cube Q C RY then the same arguments applied to
the dilated and shifted field {p|(Fv Ha) | B(H1 - Ha) (=1t —¢) : t € I}, (o > 0,c € RY) give the same result
as in Theorem 7.

5.2. Lipschitz and Directional Spectra and Thermodynamic Formalisms

We will now compute both Lipschitz spectrum d(H) and directional Lipschitz spectra d(H, e) for

Hy,,
d

BE Ha ). Let us first recall these notions.

Definition 9. Let f be a continuous function on I¢ (we write f € C(I?)). Lety € 1. Let 0 < H < 1. We say
that f € CH(y) if there exists C > 0, such that:

fly+6) = fl <ClH vy+tel. (112)
The pointwise Lipschitz regularity of f at y is:
h(y) =sup{0 < H<1: feCly)}. (113)

Define the Lipschitz spectrum (respective to upper Lipschitz spectrum) of f as the function d(H) (respective to
D(H)) given by the Hausdorff dimension of the set of points y where h(y) = H (respective to h(y) < H).
We say that f € CH(I?), if there exists C > 0 such that

fy+8) —fl <ClH ¥ (yy+1) e (1) (114)

Definition 10. Let 0 < H < land f € C(I?). Lete € S, Let y € I°.
We say that f € CH(y, e) if there exists C > 0 such that

fly+te)— fy)| <ClH" Yy+teel”. (115)
The directional pointwise Lipschitz regularity of f at y in direction e is

h(y,e) =sup{0 < H<1: feClye)}. (116)
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Define the directional Lipschitz spectrum (respective to directional upper Lipschitz spectrum) of f in direction e
as the function d(H, e) (respective to D(H, e)) given by the Hausdorff dimension of the set of points y where
h(y,e) = H (respective to h(y,e) < H).

The following theorem provides a common directional thermodynamic formalism for all fractional
Brownian sheets.

Theorem 8. With probability 1, both Lipschitz and upper Lipschitz spectra of the restrictions B;fl’m Ha) of

realizations of BUFvHa) are trivial and satisfy the following thermodynamic formalism
—® lfH 7é Hipin .
- lfH < Hyin .
D(H) = = f (Hp-— H<1. 1
(H) { i ifH> Hy, poinf (Hp—iu(p)+d) VH< (118)

With probability 1, both directional Lipschitz and directional upper Lipschitz spectra of the

. Hy, - H L
restrictions B;dl @) of realizations of B(Hi, Hy)

thermodynamic formalism

are trivial and satisfy the following directional

—oo if H # H; .
) — — _ . < H.
d(H,e;) { p iFH = H, p>11§1£m’_n(Hp n(p,e;)+d) VH<H;, (119)
and
—00 lfH < H; .
N — - : <1.
D(H,¢;) { y FH > H, p>111/'1£[min(Hp n(pe)+d) VH<I1 (120)
Moreover, Remark 4 holds.
Proof. In [67], we have
Bt M) g CHin (14) . (121)

Lety = (y1,---,y4) € I°. The unidimensional process X (x;) = Bﬁfl’m’Hd)(xl,yz,- -+ ,¥y,) is Gaussian,
self-similar, with stationary increments and has H; as Hurst index. From the uniqueness of the
fractional Brownian motion with Hurst index H;, we deduce that hi(y,e;) = Hp. Similarly, we get
h(y,e;) = H; for all i € D. Using (121), we deduce that h(y) = H,;,. The rest of the proof is

straightforward. [J

6. Sierpinski Cascade Functions

We will apply Theorem 4 for Sierpinski cascade functions to show that unlike the Lipschitz scaling
function 71 (p) and the Lipschitz spectum d(H) which are uniform in all directions, the directional
scaling function #1(p,e) and the directional spectrum d(H,e) are tools that detect directional
behaviors. We also show that contrary to 71 (p,e), the directional spectrum d(H,e) depends on
the geometric disposition of the chosen contractions for each cascade function. We also provide non
common directional Lipschitz scaling based directional thermodynamic formalisms for these examples.
These formalisms depend on the geometric disposition of contractions for each cascade function.
Nevertheless, all obtained formalisms share the same corresponding appropriate range P of p’s over
which one will compute the Legendre transform given in (9). Moreover, we show the optimality of
Theorem 6 for Sierpinski cascade functions corresponding to a large class of geometric disposition
of contractions corresponding to case 1 described in Remark 6. Finally, we modify the notion of
the Hausdorff dimension to provide a new common directional Lipschitz scaling based directional
thermodynamic formalism for all Sierpinski cascade functions.
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Without any loss of generality, we take d = 2. A Sierpinski cascade function is a self-similar
function adapted to the subdivision A used for the construction of Sierpinski carpet K given in (98).
It is written as the superposition of similar anisotropic structures at different scales, reminiscent of
some possible modelization of turbulence or cascade models. In [29], we proved that some Sierpinski
cascade functions do not satisfy the thermodynamic formalism (5). Put g(x) = A(x;)A(xz) with

A(t) = min(t,1 —t) if t € [0,1] and 0 else. Clearly, A(t) = %Cbz(t).
The Sierpinski cascade function adapted to the subdivision A satisfies

VxeR  F(x)= Y AF(S,'(x)) + g(x). (122)
weA
Define
) log [Almas log [A|,;
‘/\lmax = g’[ea;‘(v\w‘ , |A|min = wmelfql|)tw| , Hyin = _gl(l)gtnm and Hy,px = _glogltmm .
The following result was obtained in [29].
Proposition 11. Suppose that ) |Ay| < st, then the series:
weA
F(x) =g(0)+ ) Aor Ay & (St -+ Sl (3)) - (123)
n=1(wy,...,wy)EA"

is a unique solution in L' (R) for Equation (122).
1
If, furthermore, 7 < [Almax < 1, then F € CHmin(R) with 0 < Hyyy < 1.

Clearly, if w; = (u;,v;) then

g (S;ﬂ1 e S;ll(x)) = A(s"x; — " tuy — - —suy_g — ) A"y — oy — o —to, g —0y)
In [29], we proved that unlike the spectrum d(H), the Lipschitz scaling function 7y (p) (given in (55))
does not depend on the geometrical arrangement of the chosen R, , w € A, and, so, the multifractal
formalism d(H) = inf,(Hp — 11.(p) + 2) may fail.

6.1. Computation of the Directional Lipschitz Scaling Function

Using Theorem 4 and Remark 2, we obtain the following result which shows that, unlike the
Lipschitz scaling function #1(p) which is uniform in all directions, the directional scaling function
1L(p, e) is a tool to detect directional behaviors.

Theorem 9. Let S and T be two positive integers. Assume that s = 2° and t = 27 and s < t. Assume that

1
? < |)\|max < 1.

log,( ) [Awl”)

weA

Let1 < p<oco. Setc=S5/Tand t(p) = — S

that corresponds to A.

. Let F be the Sierpinski cascade function

e  Suppose thats < t (ie., o <1).
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1
- Wehave% < Z [Aw|P < sis equivalent to (1 < c+1+0t(p) <p and 1< 1+;+
weA
T(p) < p). In that case,

1
deﬁ)=l+;+T@%de@)=0+1+0ﬂw-
and
Ve#+xer nu(pe)=c+1+o0t(p)=nclp).

- Wehave — = 7 < Y AolP <sand Y [Au|P < L is equivalent to (1 < o+ 1+ o0t(p) <p
weA weA

and 1+ % +1(p) > p). In that case

n(per) = p, n(pe) = o+ 1+0t(p)
and
Ve # te nL(pe) =c+1+o0t(p) =4L(p) .
s
—  In the case w;A AwlP < T we have . (p,e1) = nr(p,e2) = p.

e  Suppose thats =t (ie.,, o = 1).

- Wehave 5 < Y [Awl? < sisequivalent to1 < 2+ T(p) < p. In that case,

weA
Udnﬁ)=2+T@)mﬂnMn@)=2+T@%
- Inthecase where Y |Aq|P < < , we have 2+ T(p) > p, therefore,
weA

n(p.er) =nu(pe) =p.
Proof. Of course, if % < |A|max < 1, then by Proposition 11 F € CHmin () with 0 < H,,;,, < 1 and, so,

nL(p) > 0.
Forj = (j1,j2) = (nS,nT), we have

n/p
Gp(f) =27 S”VP(ZM |P> .

weA
It follows that
logT,(f) 1 T 1 1 1
=Rt VAR AN [ R | AolP) | == (14 = .
i = (145 slem (T i ) = 5 (145 400
and | 0 . (
OgT”’i.f =0 OgT]”i.f) _1 (c+1+07(p)) .
log(277) log(271) —p
In order to apply Theorem 4, we need that lim inf M > 1/p forevery i = 1,2. Clearly,
lj|»co log(27i)
log T i, p(f) p
lim inf >1/peo+ltor(p) >1et(p)>-1a ) | <s,

ljl-+e0 log(2772) weA
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0og jp(f)
11m1nf7<1<:>0+1+0’r <pPe 5 < Awl?
[jl—o0 log(2 ]2) (p) P wZ€:A| W|
liming 0852 Upol+itrp)>1ot(p)>—1/ro Y Mel? <t
ljl—e0 10%(2 ]1) o weA
and )
log 7j,p 1 t
liminf —> " <1&14+=-+4+1(p) < <:>—< Awl?
[jl—o0 10g(2 ]1) o (P) ’ w§4| W|
Clearly, since s < t then L < L
tP— sP—
e Suppose thats <t (i.e, 0 <1).
- f—< Y. A \”<sthenp>1/(717L(p,e1)—1+1+T()and;yL( e) =0c+1+
weA
(p) So, using Remark 2, we deduce that y(p,e) = c+ 1+ 01(p) = 7.(p) for all e # +ey.
s
- If— < Y Awlf <sand ) [Au]? < 7then17L(p,e1) =pandy(p,ex) =0 +1+
weA weA
(p) So, usmg Remark 2, we deduce that 5 (p,e) = c+1+01(p) = n.(p) for all e # Le.

Note thats < S iff p < 1/0.
s
- I ) (ALl < — theny.(p,e1) = nL(p,e2) = p.

weA
e Suppose thats = t.

-  Wehave %5 < Y |Aw|? < sisequivalentto 1 < 24 7(p) < p. In that case
weA

ne(p,e1) =2+ 1(p) and y1(p,e) =2+ 1(p) .

- Inthe case where ) [Ay|? < ——,wehave 2+ 7(p) > p, therefore,
weA

ne(p.er) =nu(pe) =p.
O

Remark 8. Theorem 9 improves previous results in [29] without any assumptions on the choice of w € A and
the positivity of the corresponding A.,. Recall that in [29], we were interested in the computation of ny (p) by
the increments method.

6.2. Directional Pointwise Lipschitz Regularity

We will now compute the pointwise directional Lipschitz regularity of the Sierpinski function.
In [29], we were interested in the computation of the pointwise Lipschitz regularity. Let us recall the
obtained results. Consider the “separated open set condition”:

V(ww)eA? w#w =>RNRy =0. (124)
Recall that K is the Sierpinski carpet (98).
Vx¢K  h(x)=1. (125)

Define for x € K, w = w(x) = (w,wy,..., Wy, -+) € AN by w; = (u,v;) € A with

~(BeEy)
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Denote by
w(n,x) = (w1,...,w0n) , Agnx) = Ay = Aw,
log |A log |A
ar(x) = lirginfgl(lg(;w and as(x) = lirginfilf;:(nr;x)| .
n—oo0 n—0o

In Proposition 3 in [29], using increments method for the Sierpinski cascade function, we proved that
h(x) > a;(x) under assumptions (124), a;(x) < 1 and

VweA, RoC[1/s,1—1/s]x[1/t,1—1/1]. (126)

This yields
h(x,e2) > ar(x) . (127)

Similar arguments allow us to obtain
h(x,e1) > as(x) if as(x) < 1. (128)

In Proposition 4 in [29], using increments method, we proved that h(x) < a;(x) under
assumptions (124), a;(x) <1

0<Aup <1l VweA, (129)
and either:
VweA, R, C[1/s,1-1/s] x[1/t,1/2], (130)
or
Yw e A, RepC[1/s,1—-1/s]x[1/2,1—-1/¢t]. (131)

Actually, we proved that h(x,e;) < a;(x). We deduce that:
h(x) = h(x,ep) = as(x) . (132)

We will improve result (132) and obtain a similar result for h(x, e;) without adding assumption (130)
nor (131). For that we will use Theorem 4 obtained in [58], in which we characterized directional
pointwise Lipschitz regularity in terms of decay conditions for the coefficients Cy (f) (given in (76)) of
the expansion of f in the basis of tensor products of Schauder functions. Let us recall this result for
d=2;ifk; € le., with k; > 2 then ¢, has support [(1; — 1)27Ji,n;27Ji]. Tt follows that for j; € M with
ji > 0and x € I?, there exists a unique value of k;(x;) for which x; € [(n; — 1)27Ji,n,27J1). We keep the
notation k;(x)) evenif j; € {—2,—1}.

Proposition 12. Let x € I? and f € C(I?). Set

. _, log <|C(k1,k2(x2)) (f) |47k2(x2)(x2)>
p(x,e1) =liminf inf inf — —
1= keN; €M log (2771 + [ 2771 — xq])

and

. log <|C(kl(x1),k2) (f) |‘Pk1(x1)(x1)>
p(x,ep) = liminf inf inf — —
=0 kyeN;, 1M log (2772 + [np2712 — x5))

Assume that f is uniformly Lipschitz reqular on I? in direction ey in the sense that there exists 6 > 0 and C > 0,
such that | f(x + tey) — f(x)| < C|t|° for all x and x + te; € I
If:
Yk Ciyy(xa)) (f) =0, (133)
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then:
h(x,e1) =min (1,p(x,e7)) . (134)
Assume that f is uniformly Lipschitz regular on I? in direction e.
If:
Yk Ciyx) k) (f) =0, (135)
then:
h(x,ex) = min (1,p(x,ez)) . (136)

Theorem 10. Assume Ayax > 1/t, (124), (126), (129) and (142). Then, for the Sierpinski cascade function:

_ 1 ifx¢ K
h(x,e1) = { a(x) ifx K (137)

and
eyt { L T2

Proof. Results for x ¢ K follow from (125).

Assumption (129) yields both (133) and (135). On the other hand, by assumption A, > 1/,
Proposition 11 implies that F € CHwin (91) with 0 < H,,;, < 1. This implies that F is uniformly Lipschitz
regular on 12 in any direction. By Proposition 12, for x € Kand i =1,2:

(138)

h(x,e;) = min (1,p(x,e;)) . (139)

Of course,

108 (Cl e () (32)
p(x,e1) <liminf inf  inf — —
=00 ky(x)eN; peM  log (271 4 [n1 2771 — xq|)

Assumption (126) yields:

p(x,er) < as(x) (140)

because from the definition of (kq(x1),k2(x2)), we have [7;27/1 — x1| < 271 and if xp = ) % then
=1
thanks to assumption (126):
_ o D 1
Pry () (X2) = 2A(H"xp — " Yoy — o — 1o, — o) = 2A() ’ZZH) > T
=1

Similarly, assumption (126) yields:

p(x,e2) < ar(x) . (141)

Properties (139), (140), and (141) make equalities in results (127) and (128) (under assumptions (124)
and (126)). O

6.3. Directional Pointwise Lipschitz Spectrum and Directional Thermodynamic Formalisms

We will now compute the directional Lipschitz spectrum of the Sierpinski function and provide
directional thermodynamic formalisms. We will see that, unlike the directional Lipschitz scaling
function 771 (p, e), the directional spectrum d(H, e) (and, so, the directional thermodynamic formalisms)
may depend on the geometric arrangement of the chosen R,. Actually, in [29], we proved a similar
property for the Lipschitz scaling function 71 (p) and the Lipschitz spectrum d(H). Nevertheless, we
will show that unlike the Lipschitz spectrum d(H) which is uniform in all directions, the directional
Lipschitz spectrum d(H, ¢) may depend on e and consequently is a tool to detect directional behaviors.
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Assume that if column u of the grid contains points of K, then the two adjacent columns do not, i.e.,
if w=(wuov)eA then (utlov)¢A. (142)

The following theorem holds. It provides directional thermodynamic formalisms valid for the
Sierpinski function.

Theorem 11. Assume Ayax > 1/t, (124), (126), (129), and (142). Let F be the corresponding Sierpinski

cascade function.
The set P given in (9) is:
t
P={p>1: S?l<Z|Aw\P<s}. (143)
weA
Put:
v'(P)={t'(p) : p€P} and ot/ (P)={ot'(p) : pe€P}. (144)

1. Case 1: Assume that each column of the grid contains at most one Ry, w € A. Then:

-0 if H < Hpin
d(H,e;) = d(H) = { inf(go " H ~(g)) i H € [Hyin, min(1, Hyax)] (145)
d
" —o0 l:fH(T < Hyin
d(H,e1) = d(Ho,e2) = { inf(qH —7(q)) if Ho € [Hyin, min(1, Hy)] (146)

The following directional thermodynamic formalisms hold:
VH € T/(P) N (—oo, % min(1, Hyqay)] d(H,e;) = ;relg(pH —ni(p,er) +1+ %) (147)
and
WH € o7/ (P) N (—oo, min(1, Hyat)] d(H, es) = }T;glfJ(pH Cilper) +140).  (148)

2. Case 2: Assume that there is only one column containing all the R, w € A. Then:

—o lfH < Hpin
A e2) = U =\ int(qH —o(g)) i H € (Hyin, min(L Hnas)] (149
and
—o0 ifHO’ < Hyin
d(H,e1) = d(Ho,ep) = { cinf(qH ~(q) if Ho € [Hy min(1, Hyey)] (150)

The following directional thermodynamic formalisms hold:
1 1
VH € 7/(P) N (—oo, - min(1, Hpax)] d(H,e1) =0 inlf)(pH —1L(p.er) +1+ E) (151)
pe

and

VH € o7/ (P) N (—oco,min(1, Hyax)] d(H,ey) = inf(pH —np(p,e2) +1+0) . (152)

inf
peP
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Proof. Relation (143) is direct consequence of Theorem 9.

Since s < t then (132) yields d(H) = d(H, ey ), therefore, results of Proposition 5 in [29] (respective
to Proposition 6 in [29]) remain valid for d(H) replaced by d(H, e;) with the same conditions except
for (130) or (131) which can be replaced by the weaker condition (126) (see the previous section).
Moreover, results (146) and (150) follow from the fact that as(t) = (1711 ¢(x). The above thermodynamic

formalisms follow directly from Theorem 9. [

Remark 9. When s = t, the above thermodynamic formalisms coincide with the classical formalism.

6.4. Optimality of Theorem 6 in Case 1

We will prove that Theorem 6 is optimal in casel, in the sense that the upper bound (96)
becomes equality.

Theorem 12. Let B and Q) be as in Theorem 1. Assume Ayayx > 1/, (124), (126), (129) and (142). Let F be
the corresponding Sierpinski cascade function.
Assume that each column of the grid contains at most one R,. Then:

VH <1 D(H,e) = inf inf (ac1Hp — na(p) +4d) . (153)
a€Q) Kiyip  P=Pa

Proof. If (a1, a2) is given by (99), then aiy = a1, p(a, a,) iven in (95) satisfies T(p(y, 4,)) = 0, and
. U(al,az)(p)
Vie{1,2} n(pe)= —
1

Relations (147) and (148) (in case 1), respectively, can be rewritten as:

1
VH € T/(P) N (—oo, - min(1, Hyex)] d(H,e) = inf (01 Hp — 14y 0) (P) +2)

&min  peP
and
VH € ot (P) N (—co,min(1, Hyayx)] d(H,er) = inf (2 HP — 1(ay,00) (P) +2) -
®min  pEP
Since:

{P > p(al,az)} C P,

then the previous upper bounds become equalities and (153) holds.

6.5. Directional Thermodynamic Formalisms Independent on the Choice of A

We will modify the notion of the Hausdorff dimension to provide a new directional
thermodynamic formalism independent on the choice of A. Forany n > 1, T, := {R, ;w € A"} is

a partition of K. Let 7 = U Ty Define dim in a similar way to the Hausdorff dimension but by
n>1
considering only coverings by elements of 7. Note that such ‘restriction’ to the elements of dynamics

was done by many authors (see [11-14,20,30]). Of course, the diameter |R,| for w € A" can be
replaced by s~" (because it is equivalent to s~"). Define the modified directional Lipschitz 7 spectrum
(respective to directional upper Lipschitz 7 spectrum) of f in direction e as the function d7(H, e)
(respective to D7 (H, e)) given by the dimy of the set of points y where h(y,e) = H (respective to
h(y,e) < H).
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Theorem 13. Assume Ayax > 1/t, (124), (126), (129) and (142). Let F be the corresponding Sierpinski
cascade function. Let P as in (143). Then the following directional thermodynamic formalisms hold:

1
VHe T (P)N(—oco,min(1, Hyay)]  d7(H,e1) = irellfj(pH —nu(p,er) +1+ E) (154)
P
and

1
V H € ot/ (P) N (—oo, min(1, Hyax )] dr(H,ep) = - irelg(pH —ni(p,e)+1+0). (155)
p

Proof. Set P, (q) = AL,s™(®) and let }q be a probability measure on K such that:

V(wi,...,wn) € A" ug(Ray,.wn) = Py (q) - - P, (q)-

Since:
Hq (mwl,...,wn,wi,...,wﬁn) = Hq (mwl,...,wn )If‘q (%wi,...,wﬁ,l) ’

()

then, as in [25,30], we can concentrate a Gibbs measure v, on Ef, ,i.e.,
Vo o vp(Re) > (1(Re))P R~ 7W)
where ¢ is defined as in [13], and, thus, we obtain:

dr(H,e1) = irqlf(Hq —7(q))

and
dr(H,e2) = inf(‘ g — (0)) = ~ inf(Hg — oe(q)).

Therefore, (154) and (155) hold. OJ

Remark 10. The new formalism shows also that if D(H, e) in Theorem 6 is replaced by D1 (H, e) then we get
optimality independently on the choice of A.

7. Motivation of the Anisotropic Cascade Model on the Physics Side

In all realistic flows in turbulence, there always exists some anisotropy at all scales (for example,
see [93] and references therein); the statistical properties of the velocity field are effected by the
geometry of the boundaries or the driving mechanism, which are never rotationally invariant [94].
For example, all geophysical flows are subject to the rotation of the globe, which introduces anisotropy
via the Coriolis forces [95]. There is also a whole literature on anisotropy in turbulence created by
vortex stretching (for example, see [96] and references therein). It has been a grand challenge in
the mathematical fluid mechanics community to try to explain/quantify the process of anisotropic
dissipation in turbulent flows directly from the mathematical model the 3D Navier-Stokes equations
NSE. In [97], Constantin derived a singular integral representation of the stretching factor in the
evolution of the vorticity magnitude featuring a geometric kernel that is depleted by local coherence of
the vorticity direction. In [98], Ran showed that there are dynamical systems that are much simpler
than the NSE but that can still have turbulent states and for which many concepts developed in the
theory of dynamical systems can be successfully applied.

Clearly, cascade models introduced to model turbulence (the cascade picture of turbulent flows
takes its origin from Richardson in 1922) should be able to take into account anisotropy. If we want
to be able to make model selection with, we must use an anisotropic multifractal formalism as the
equality in (94).
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