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Abstract: The analytical dependences for determining the overlap area of V-shaped grooves of par-
tially regular microrelief shifted by an angular pitch of 0.5° are established. The V-shaped grooves 
are formed on the end surface of the rotary body by vibration. In addition, the intersection between 
groove elements can be of different types. The relationship between the geometric parameters of V-
shaped grooves and their location is determined. The influence of geometrical parameters of 
grooves on the overlap area is established depending on their location. Measures are proposed to 
ensure that the burnishing area is the same at different distances from the center of rotation of the 
rotary body end surface on which the partially regular microrelief is formed. A graph showing the 
dependence of the overlap area of two grooves on the axial pitch between them is constructed, and 
a block diagram of the algorithm for determining the optimal value of the axial pitch is developed. 
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1. Introduction 
End surfaces of rotary bodies are widely used as working surfaces of actuators in 

modern automotive and mechanical engineering. These include conical disks of continu-
ously variable transmission of automatic transmissions of cars, parts of end bearings (both 
tapered and axial) [1–4], valves of gas-distributing mechanisms of internal combustion 
engines, and so on. These surfaces are usually exposed to high operating temperatures 
and specific pressures [5,6].  

Using plastic deformation of the surface to form a regular microrelief on the conju-
gated working surfaces of heavily loaded friction pairs allows enhancing their durability 
[7–10].  

Fundamental in terms of findings obtained in the study of the influence of rolling 
modes on the surface layer structure of the treated surface is work [11]. The authors es-
tablished the influence of burnishing force and rolling feed on the roughness parameters 
of the rolled surface. In addition, the authors investigated residual stresses in-depth (in 
the axial direction) at different feed rates of rolled materials (prediction of residual 
stresses (in the axial direction) for different burnishing feed rates, along with depth). 

The result of comparing the structure of the material obtained by ball burnishing and 
shifted in the axial direction of the roller allowed us to systematize the influence of tech-
nological parameters and structural components of the material. 

Specific parameters of the relative area of burnishing are challenging to provide 
when grooves of partially regular microrelief (PRMR) of the 3rd type are formed, which 
are characterized by an overlap of the groove. Therefore, the formation of PRMR of the 
3rd type with a given relative area of burnishing on the rotary body end surfaces (RBES) 
is a rather complex technological task.  
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The formation of a regular microrelief on the conjugated working surfaces of heavily 
loaded friction pairs significantly enhances their functional properties and, accordingly, 
the service life of the unit itself [12–14]. The regular microrelief’s positive effect on the 
surface roughness parameters is also described in [15]. A regular microrelief was formed 
on the outer cylindrical surfaces of specimens from medium-carbon steel 1C45 and low-
carbon alloy steel 18CrMn4-4, which were used to determine the effect of processing con-
ditions on the surface roughness and hardness. One of the leading research findings was 
that a significant influence of the vibration amplitude was found to be the most determin-
ing factor for the surface roughness parameter Ra. 

In [16], the effect of changes in the deformation force and feed rate on the surface 
roughness parameters during burnishing and the mechanical properties of the surface 
layer was investigated. In addition, surface parameters obtained by ball burnishing and 
milling were compared. The range of optimal pressure values at the processing of speci-
mens by ball burnishing (ball burnishing treatment), at which values of roughness param-
eters will be minimal, was established. 

In [17], the relative area of the regular microrelief (RMR) Fn was presented as the ratio 
of the area occupied by regular roughness Fgr to the surface area of the part to be processed 
Fw. According to [1], the relative surface area Fn was a partially regular microrelief param-
eter, which most fully characterizes almost all the surface’s functional properties and, pri-
marily, the actual contact area of one surface. 

Therefore, the regular microrelief Fn’s relative surface area was one of its most im-
portant indicators, which characterizes the working properties of the surface on which it 
is formed. Its optimal value varies between 30–45% depending on the conjugated surfaces’ 
operating conditions [18]. The optimal relative areas of burnishing of the regular microre-
lief depending on the operating conditions of the machine parts’ cylindrical surfaces were 
studied in detail in [19–21]. Such relative areas of burnishing are determined by the opti-
mal value of the relative reference length of the profile top [22]. This value is defined as 
the ratio of the reference length of the profile to its base length. The Abbott–Firestone 
curve can describe the relationship between surface performance and roughness parame-
ters. This relationship was described in [23]. The performance characteristics of the surface 
were evaluated not by the surface roughness, but the parameters of the Abbott–Firestone 
curve. According to the authors, the above three parameters determined from the Abbott–
Firestone curve (Rpk, Rk and Rvk) illustrate the surface texture’s ability to resist friction. 

Peculiarities of evaluating the surface condition by the Abbott–Firestone curve pa-
rameters are described in [24]. The authors have found that surface integrity illustrates 
the relationship between the surface’s required functional properties and changes in the 
new surface properties. The surface can be evaluated using two fundamental properties: 
The spatial arrangement of the surface (surface roughness) and the surface layer’s physi-
cochemical properties. To determine the burnishing area of a partially regular microrelief 
of the 3rd type formed on the rotary body end surface with V-shaped grooves, which were 
shifted by an angular pitch of 0.5°, it was necessary to determine the overlap area of PRMR 
grooves [25]. PRMR grooves of the 3rd type with a large degree of overlap significantly 
reduce the microrelief’s total area and, accordingly, the relative area of vibration. Studies 
in this area focus mainly on determining the relative area of burnishing and the influence 
of the grooves’ geometric parameters and arrangement. 

In [26,27], the formation of a regular microrelief on profile surfaces with different 
geometric parameters depending on the formation conditions was considered. The au-
thors conducted a full-factor experiment with four variables: The diameter of the deform-
ing element, the deformation force, the amplitude of the deforming element, and the num-
ber of oscillations. According to the research findings, Pareto histograms were con-
structed, which show that the number of oscillations and the deforming element ampli-
tude significantly influence changes in the shape of the regular microrelief cells.  

The authors of [28] presented the results obtained with the experimental tool L8 
Taguchi, which was used to form a regular microrelief on planar surfaces. The parameters 
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that significantly affect the process of forming a regular microrelief using a CNC milling 
machine on flat surfaces were determined. By changing the processing modes, regular 
microreliefs of different sizes were formed, on which the orientation of grooves was dif-
ferent. Such an element of the forming mode as the feed was also used. 

A comparative analysis of different types of regular microrelief was conducted sub-
ject to the condition of forming the largest area of contact with the liquid [29]. RMR types, 
such as concave cones, spherical holes, and longitudinal lines, were compared. It was 
found that with other identical parameters, the microrelief represented by conical holes 
was the most optimal. The smallest area of contact with the liquid was provided by a 
microrelief represented by a plurality of holes of concave spherical shape. The area of tri-
angular grooves, depending on the groove’s geometric parameters and their location on 
the rotary body end surfaces, was calculated in [30].  

The authors of [31], Barauskiene O. and Zyhulia S., developed an algorithm for the 
technological process of forming geometric parameters of a partially regular microrelief 
by burnishing on the outer cylindrical surface of printing equipment. The influence of 
technological factors on changes in the surface area with partially regular microrelief was 
established. The limits and conditions of possible variation of the relative surface area 
were determined to enhance the performance of the printing equipment parts. In [32], the 
control algorithm was developed for the technological process of forming microrelief 
guides by a method of fine plastic deformation applied to flat surfaces of the printing 
equipment parts. The proposed technology allows increasing the wear resistance of flat 
guides and improving printed products’ positioning when passing the surface of micro 
guides of printed products. The developed algorithm includes a set of indicators related 
to the material, geometric, and physicomechanical parameters of the flat guide surface 
and plastic deformation conditions. 

The problem of the overlap of the groove area was considered in [33]. However, the 
author considered a sinusoidal type groove, which was approximated as a set of rectilin-
ear sections. This method of approximation is quite inaccurate to determine the area of 
overlap. After analyzing scientific publications in the public domain, we can conclude that 
no studies have been carried out to determine the overlap area of V-shaped grooves 
formed on the regular or partially regular microrelief. 

This research aims to determine the overlap area of the PMR grooves formed on the 
RBES and the influence of mutual placement and geometric parameters of the grooves. 

2. Materials and Methods 
According to [17], regular microreliefs and [25] partially regular microreliefs were 

classified as follows: Type I—microreliefs with non-intersecting grooves, Type II—with 
tactile grooves, Type III—with intersecting grooves. 

The technological scheme of forming a partially regular microrelief of type III with 
V-shaped grooves on the rotary body end surfaces with molding movements is shown in 
Figure 1. 
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(a) (b) 

Figure 1. Partially regular microrelief formed on the disk: (a) Formation scheme with molding movements; (b) visual 
image; 1—deforming element; 2—end surface of the variator disk; Dv—rotational movement of the disk; Ds—tool feed 
movement; Di—the oscillating reciprocating motion of the tool. 

According to the classification presented in [25], the grooves’ mutual arrangement, 
the location of the axial lines of symmetry of the grooves, and the shape of the grooves 
were the classification features of the PRMR grooves formed on the RBES. Overlap area 
Sov. was the regular microrelief parameter, which characterized the mutual placement of 
intersecting microrelief grooves. On the other hand, the overlap area was the area of im-
pressions formed by groove surfaces, which was common for the grooves shifted by the 
axial pitch.  

3. Results 
Consider the general case of the intersection of V-shaped grooves formed on rotary 

bodies’ end surfaces (Figure 2). This will help us establish the dependent geometric pa-
rameters of the grooves and the relationship between them. 

 
Figure 2. The general case of the intersection of partially regular microrelief (PRMR) grooves 
formed on rotary body end surfaces (RBES): Ak1—amplitude of groove 1, mm; Ak2—amplitude of 
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groove 2, mm; So—the axial pitch of the grooves, mm; αk1—the angle of the element of groove 1 
formed on RBES with radius Rkc1, degrees; αk2—the angle of the element of groove 2 formed on 
RBES with radius Rkc2, degrees; kϕ —angular step of PRMR grooves, degrees; kρ —imprint radius of 
the PRMR deforming element (groove width). 

The relationships between groove parameters were as follows: 
The angular pitch of the groove is determined from the equation: 

360
k

elN
ϕ =


 (1)

where Nel is the number of PRMR elements located on the RBES within the range of 360°. 
We write down the equation for determining the angle αk1 

( ) ( )
( )

1 1

1 1

2
2 2

kc k k

k k

AB R A tg

AB A tg

= − ⋅ ϕ


= ⋅ ⋅ α
 (2)

Having solved the system of equations to determine αk1, we obtain:  

( ) ( )1 1
1

1

2
2

2
kc k k

k
k

R A tg
arctg

A
− ⋅ ϕ 

α = ⋅  ⋅ 
 (3)

Similarly, we write down the equation to determine the angle αk2: 

( ) ( )
( )

1 2

2 2

2
2 2

kc o k k

k k

CD R S A tg

CD A tg

= + + ⋅ ϕ


= ⋅ ⋅ α
 (4)

Having solved the system of equations to determine αk2, we obtain: 

( ) ( )1 2
2

2

2
2

2
kc o k k

k
k

R S A tg
arctg

A
+ + ⋅ ϕ 

α = ⋅  ⋅ 
 (5)

In addition, we can express angle αk2 via angle αk1. To do this, we make a system of 
equations from system of equations (2) and (3). 

( ) ( ) ( )
( ) ( ) ( )

1 1 1 1

2 2 1 2

2 2 2
2 2 2

k k kc k k

k k kc o k k

A tg R A tg

A tg R S A tg

⋅ ⋅ α = − ⋅ ϕ


⋅ ⋅ α = + + ⋅ ϕ
 (6)

Having solved this system of equations to determine αk2, we obtain: 

( ) ( ) ( )1 2 1 1
2

2

0,5 2 2
2 k k o k k k

k
k

A A S tg A tg
arctg

A
⋅ + + ⋅ ϕ + ⋅ α 

α = ⋅  
 

 (7)

Thus, the obtained dependencies allow us to express the required geometric param-
eters using known quantities. 

When analyzing the groove intersection process, seven stages of the intersection were 
found. In addition, the degree of overlap transforms from the intersection of the segmental 
parts of vertices to a complete intersection of rectilinear sections of the grooves. 

Analytical dependences to determine the overlap area will be different at each stage, 
thus we consider each case separately. 

It should also be noted that the overlap area of the grooves for cases I–IV was defined 
as the area of a complex figure formed by segments and trapezoids. The number of such 
areas will be equal to half the number of intersecting grooves. 

For cases V–VII, the overlap area was defined as the area of intersecting diamonds. 
The number of such areas will be equal to the number of intersecting grooves. 

Stage I. Consider the case when the groove vertices intersect within a circular seg-
ment with radius kρ  and chord height Δρ (Figure 3). 
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Figure 3. Scheme of overlap of V-shaped grooves of PRMR (stage I). 

The overlap area of two grooves was defined as the sum of their segments’ areas with 
the chord height Δρ. 

2 sin
180ov kS ρ

ρ

π⋅α 
= ρ ⋅ − α 

 
  (8)

The formula determines the chord height: 

1 22
2

k o k kS A A
ρ

⋅ ρ − + +
Δ =  (9)

where kρ  is the segment radius, mm; So is the axial pitch of PRMR grooves, mm; Ak is the 
amplitude of PRMR grooves, mm.  

The formula determines angle ρα : 

1 22 arccos
2

o k k

k

S A A
ρ

 − −
α = ⋅  ⋅ρ 

 (10)

Taking into account (10), formula (8) takes the following form: 

1 2

2 1 2

2 arccos
2

sin 2 arccos
2180

o k k

k o k k
ov k

k

S A A
S A A

S

  − −⋅ π ⋅    ⋅ρ  − −  = ρ ⋅ − ⋅    ⋅ρ   
  


 (11)

The area of existence for this formula was determined by the limit value of the axial 
pitch of the PRMR, which was determined from the following dependence: 

2
1 2 1 2

2 1

2 2 sin
2
k

k k k o k k k

k k

A A S A A α + + ⋅ρ > ≥ + + ⋅ρ ⋅  
 

α > α

 (12)

Stage II. Consider the case when the groove vertices intersect within the circular seg-
ment with radius kρ  and chord height 

1ρΔ and partially rectilinear sections (Figure 4). 
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Figure 4. The scheme of overlapping of V-shaped grooves of PRMR (stage II). 

We calculated the overlap area of the grooves for this case.  
In this case, the overlap area will be defined as the sum of the areas of two circular 

segments with radius kρ  and the areas of two trapezoids (ACDB and AELB) (Figure 4). 

1 2 1 2ov s s t tS S S S S= + + +  (13)

where Ss1 is the segment area of groove 1, mm2; St1 is the trapezoid area of groove 1, mm2; 
Ss2 is the segment area of groove 2, mm2; St2 is the trapezoid area of groove 2, mm2. 

To determine the overlap area according to the scheme (Figure 4), it was advisable to 
determine the coordinates of point B pertaining to the intersection of groove elements. 

To do this, we wrote down the equation of the axial lines of grooves 1 and 2 in the 
coordinate system xy. 

The equation of centerline a–a (groove 1) is written in the following form: 

( )
1 1 290
2 2
k o k k

ii a a

S A Ay tg x−

α − − = − ⋅ + 
 

 (14)

The equation of centerline b–b (groove 2) is written in the following form: 

( )
2 1 290
2 2
k o k k

ii b b

S A Ay tg x−

α − − = − − ⋅ − 
 

 (15)

The equation of the imprint of side surface a′–a′ (groove 1) is written in the following 
form: 

( )
1 1 2

1

90
2 2 sin

2

k o k k k
ii a a

k

S A Ay tg x′ ′−

α − − ρ = − ⋅ + −  α  
 
 

 
(16)

The equation of the imprint of side surface b′–b′ (groove 2) is written in the following 
form: 

( )
2 1 2

2

90
2 2 sin

2

k o k k k
ii b b

k

S A Ay tg x′ ′−

α − − ρ = − − ⋅ − +  α  
 
 

 
(17)

We equate expressions (16) and (17) to find value i xx = Δ , at which values ( )i a ay ′ ′−  

and ( )i b by ′ ′−  will be the same. That is, we find coordinate x of point B. 
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( )1 2
2 1

1 2

1 1

sin sin
2 2

90 90
2 2

k o k k
k k

x
k k

S A A

tg tg

 
 
 ρ ⋅ + − − −

α α    
        Δ =

α α   − + −   
   

 
(18)

Substituting the obtained value into formula (16), we obtain value yΔ . 

( )1 2
2 1

1 1 2

1 2 1

1 1

sin sin
2 2

90
2 290 90 sin

2 2 2

k o k k
k k

k o k k k
y

k k k

S A A

S A Atg
tg tg

 
 
 ρ ⋅ + − − −

α α    
    α − − ρ      Δ = − ⋅ + −  α α α       − + −     
     

 
(19)

The formula determines the area of the ACDB trapezoid: 

1 1
1 12

t t
t h

a b
S

+
= ⋅ Δ  (20)

where at1 is the length of the lower base of trapezoid AB formed by the intersection of two 
grooves, mm, bt1 is the length of the lower base of trapezoid CD formed by the intersection 
of two grooves, mm; Δh1 is the height of the trapezoid formed by the intersection of two 
grooves, mm. 

( ) 1 2
1 1sin 2

2
o k k

h k k y
S A A− −

Δ = ρ ⋅ α − + Δ  (21)

Formula (20) for determining the area of trapezoid ACDB is written as: 

( )1 1 1 12 2t x h k hS tg= ⋅ Δ − Δ ⋅ α ⋅ Δ    (22)

Taking into account formula (18), formula (22) will be written as follows: 

( )

( )

1 2
2 1

1 1 1 1
1 2

1 12 2
sin sin

2 2
2

90 90
2 2

k o k k
k k

t h k h
k k

S A A

S tg
tg tg

  
  
  ρ ⋅ + − ⋅ − −

α α     
          = − Δ ⋅ α ⋅ Δ

α α    − + −        
 
 
 

 (23)

Similarly, we find the area of trapezoid ABLE. 

( ) 1 2
2 2sin 2

2
o k k

h k k y
S A A− −

Δ = ρ ⋅ α − − Δ  (24)

( )

( )

1 2
1 2

2 2 2 2
2 1

1 12 2
sin sin

2 2
2

90 90
2 2

k o k k
k k

t h k h
k k

S A A

S tg
tg tg

  
  
  ρ ⋅ + − ⋅ − −

α α     
          = − Δ ⋅ α ⋅ Δ

α α    − + −        
 
 
 

 (25)
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The formula found the area of the segment with the CD chord: 

( ) ( )
2

1
1 1

180
sin 180

2 180
k

sS
π⋅ − α ρ

= ⋅ − − α 
 

  (26)

The formula found the area of the segment with the EL chord: 

( ) ( )
2

2
2 2

180
sin 180

2 180
k

sS
π⋅ − α ρ

= ⋅ − − α 
 

  (27)

The area of existence for formula (13) was determined by the limit value of the axial 
pitch of PRRM, which was determined by the dependence: 

( )
2

1 2 1 2
2

12 sin 1
2 sin 2
k

k k k o k k k
k

A A S A A
 α ⋅ρ ⋅ + + > > + + ρ −    α   

 (28)

Stage III. Consider the option when the intersecting grooves formed one sector on 
top of one of the grooves (Figure 5). 

 
Figure 5. The scheme of overlapping of V-shaped grooves of PRMR (stage III). 

The overlap area for this case was calculated by formula (13), taking into account the 
absence of the circular sector area with radius Δt1, which was determined by the formula: 

1 2 1 2 3ov s s t t sS S S S S S= + + + −  (29)

where Ss3 is the ABC sector area of the circle formed by the intersection of grooves 1 and 
2, mm2. 

The area of figures St1 was determined by formula (23), St2—by formula (25), Ss1—by 
formula (26), Ss2—by formula (27) 

The formula determined the area of the ABC sector: 
2
1 2

3 360
t k

sS
π⋅ Δ ⋅α

=  (30)

where Δt1 is the radius of sector ABC, mm. 
The formula determined the sector radius: 
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( )1 1 2
2

11
sin 2t k k o k

k

A A S
 

Δ = + − + ρ −  α 
 (31)

Taking into account formula (31), formula (30) takes the following form: 

( )

2

1 2 2
2

3

11
sin 2

360

k k o k k
k

s

A A S

S

  
π⋅ + − + ρ − ⋅α   α   =  

(32)

The area of existence for this formula was determined by the limit value of the axial 
pitch of PRMR, which was determined from the dependence: 

( ) ( )
1 2

1 22
1

2 1

11 11sin 2
sin 2

k k k
o k k kk

k
k k

A A
S A A

  
 + + ρ −    > > + + ρ −α      α  α > α

 (33)

Stage IV. Consider the option when the intersecting grooves form circular sectors at 
the top of each groove (Figure 6). 

 
Figure 6. The scheme of overlapping of V-shaped grooves of PRMR (stage IV). 

The overlap area for this case was calculated by formula (13), taking into account the 
absence of the circular sector area with radii Δt1 and Δt2, which was determined by the 
formula: 

1 2 1 2 3 4ov s s t t s sS S S S S S S= + + + − −  (34)

where Ss4 is the sector area of circle DEF formed by the intersection of grooves 1 and 2, 
mm2. 

The area of figures St1 is determined by formula (23), St2—by formula (25), Ss1—by 
formula (26), Ss2—by formula (27), Ss3—by formula (32). 

The formula determined the area of the DEF sector: 
2
2 1

4 360
t k

sS
π⋅ Δ ⋅α

=


 (35)

where Δt2 is the radius of sector DEF, mm. 
The formula determined the sector radius:  
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( )2 1 2
1

11
sin 2t k k o k

k

A A S
 

Δ = + − + ρ −  α 
 (36)

Taking into account formula (36), formula (35) takes the following form: 

( )

2

1 2 1
1

4

11
sin 2

360

k k o k k
k

s

A A S

S

  
π⋅ + − + ρ − ⋅α   α   =


 

(37)

The area of existence for this formula was determined by the limit value of the axial 
pitch of PRMR, which was determined from the dependence: 

( )

( ) ( )
( )

( )
( )

( )

1 2
1

2

11 2
1 2

11 2

1 2

2 1

11
sin 2

cos 22
sin 2sin 21 1
2sin 2 sin 2 1

( 2) ( 2)

o k k k
k

k kk

kk k
o k k k

kk k

k k

k k

S A A

S A A
tg

tg tg

  
> + + ρ −   α  

 ρ ⋅ α⋅ρ −
 αα + α    > + − ρ + +    αα α   −
 α + α


α > α



 (38)

Stage V. Consider the option when the intersecting grooves form two intersecting 
diamonds (Figure 7).  

The overlap area for this case was calculated by formula (13), taking into account the 
absence of the circular sector area with radii Δt1 and Δt2, which was determined by the 
formula: 

2 1 2 4 2ov s t t BCD s CDES S S S S S S= + + − − − ⋅  (39)

The area of figures St1 is determined by formula (23), St2—by formula (25),  
Ss2—by formula (27), Ss4—by formula (37). 

 
Figure 7. The scheme of overlapping of V-shaped grooves of PRMR (stage V). 
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Area ΔBCD was determined by the formula: 

1 1
1 1 sin cos

2 2
k k

BCD t k kS CL LD
  α  α   = ⋅ = Δ − ρ ⋅ − ⋅ρ ⋅     

     
 (40)

Taking into account formula (31), formula (40) takes the following form: 

( )
1 1

1 2
2

11 1 sin cos
sin 2 2 2

k k
BCD k k o k k k

k

S A A S
    α  α   = + − + ρ − − ρ ⋅ − ⋅ρ ⋅        α        

 (41)

Area ΔCDE was determined by the formula: 

11 sin
2 2

k s
CDES CD CE α − α = ⋅ ⋅ ⋅  

 
 (42)

The length of segment CD was determined by the formula: 

( )
( )

1cos 2
sin 2
k k

s

СD
ρ ⋅ α

=
α

 (43)

The length of segment CE can be found from the sine theorem. 

1 2 1 2 2sin sin
2 2 2

k k k k k s

СD CE=
α + α α + α α − α   −   

   

 
(44)

( )
( )

1 1

1 2

cos 2
sin

sin 2 2

sin
2

k k k s

s

k k

CE

ρ ⋅ α α + α ⋅  α  =
α + α 

 
 

 (45)

Then formula (42) for determining area ΔCDE takes the following form: 

( )
( )

( )
( )

1 1

1 1

1 2

cos 2
sin

cos 2 sin 2 21 sin
2 sin 2 2sin

2

k k k s

k k s k s
CDE

k ks

S

ρ ⋅ α α + α ⋅  ρ ⋅ α α α − α   = ⋅ ⋅ ⋅  α + αα    
 
 

 (46)

Angle αs is determined from dependence: 

2s
LDarctg
LC

 α = ⋅  
 

 (47)

( )2sLD LC tg= ⋅ α  (48)

( ) ( )1 2 1
2

11 1 sin 2
sin 2k k o k k k

k

LС A A S
 

= + − + ρ − − ρ − α     α 
 (49)

Taking into account formulas (48) and (49), formula (47) takes the following form: 

( )

( ) ( )
1

1 2 1
2

cos 2
2

sin 2
sin 2

k k
s

k
k k o k k

k

arctg
A A S

 
 ρ ⋅ α α = ⋅

ρ + − − + ρ α α 

 (50)

The area of existence for this formula was determined by the limit value of the axial 
pitch of PRMR, which was determined from the dependence:  
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( ) ( )
( )

( )
( )

( )

( ) ( )
( )

( )
( )

( )

1

21 2
1 2

21 2

1 2

2

11 2
1 2

11 2

1 2

cos 22
sin 2sin 21 1
2sin 2 sin 2

1
( 2) ( 2)

cos 22
sin 2sin 21 1
2sin 2 sin 2 1

( 2) (

k kk

kk k
o k k k

kk k

k k

k kk

kk k
o k k k

kk k

k k

S A A
tg

tg tg

S A A
tg

tg tg

ρ ⋅ α⋅ρ −
αα + α    > + − ρ + +   αα α  −

α + α
ρ ⋅ α⋅ρ −

αα + α    < + − ρ + +   αα α  −
α + α

2 1

2)

k k















α > α






 (51)

Stage VI. Consider the option when intersecting grooves form two intersecting dia-
monds (Figure 8). 

  
Figure 8. The scheme of overlapping of V-shaped grooves of PRMR (stage VI). 

The overlap area of grooves 1 and 2 in case of their incomplete intersection was cal-
culated as the sum of diamond areas formed as a result of such intersection (Figure 7), 
except for the area of diamond NCMF, according to the formula: 

2ov R rS S S= ⋅ −  (52)

where SR is the area of diamond ABMV, mm2; Sr is the area of diamond NCMF, mm2. 

( )2 sinR d dS b= ⋅ α  (53)

where bd is the length of side AB of diamond ABMV, mm; 
αd is the central angle ABC of diamond ABMV, degrees; 

1 2

2
k k

d
α + α

α =  (54)

From triangle ABE 
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1 2

2

cos 90
2

k
d

k k

b
⋅ρ

=
α + α − 

 

 
(55)

2

1 2

1 2

2 sin
2cos 90

2

k k k
R

k k

S

 
 ⋅ρ α + α  = ⋅  α + α    −    

 (56)

After reductions we obtain: 
2

1 2

4

sin
2

k
R

k k

S
⋅ρ

=
α + α 

 
 

 
(57)

The area of diamond NCMF is determined by the formula: 
2

1 2

2 2

r
k k

СFS
ctg ctg

=
α α   +   

   

 
(58)

( ) ( )0 1 2
1 2

1 1
sin 2 sin 2k k k

k k

СF S A A
 

= − − + ρ +  α α 
 (59)

Taking into account formula (59), formula (58) takes the following form: 

( ) ( )

2

0 1 2
1 2

1 2

1 1
sin 2 sin 2

2 2

k k k
k k

r
k k

S A A

S
ctg ctg

  
− − + ρ +   α α   =

α α   +   
   

 (60)

( ) ( )

2

0 1 22
1 2

1 2 1 2

1 1
sin 2 sin 28

sin
2 2 2

k k k
k kk

ov
k k k k

S A A

S
ctg ctg

  
− − + ρ +   α α⋅ρ    = −

α + α α α     +     
     

 (61)

The area of existence for this formula was determined by the limit value of the axial 
pitch of PRMR, which was determined from the dependence: 

( ) ( )

( ) ( )
( )

( )
( )

( )

1 2
1 2

1

21 2
1 2

21 2

1 2

2 1

1 1
sin 2 sin 2

cos 22
sin 2sin 21 1
2sin 2 sin 2 1

( 2) ( 2)

o k k k
k k

k kk

kk k
o k k k

kk k

k k

k k

S A A

S A A
tg

tg tg

  
> + − ρ +   α α  

 ρ ⋅ α⋅ρ −
 αα + α    < + − ρ + +    αα α   −
 α + α


α > α



 (62)

Stage VII. Consider the options when intersecting grooves form two diamonds that 
do not intersect (Figure 9).  
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Figure 9. The scheme of overlapping of V-shaped grooves of PRMR (stage VII). 

The overlap area of grooves 1 and 2 in case of their full intersection was calculated as 
the sum of the diamond areas formed as a result of such intersection (Figure 7) according 
to the formula: 

( )22 sinov d dS b= ⋅ ⋅ α  (63)

where bd is the length of side AB of diamond ABCD, mm; αd is the central angle ABC of 
diamond ABCD, degrees; 

1 2

2
k k

d
α + α

α =   (64)

From triangle ABE 

1 2

2

cos 90
2

k
d

k k

b
⋅ρ

=
α + α − 

 

 
(65)

2

1 2

1 2

22 sin
2cos 90

2

k k k
ov

k k

S

 
 ⋅ρ α + α  = ⋅ ⋅  α + α    −    

 (66)

After reductions we obtain: 
2

1 2

8

sin
2

k
ov

k k

S
⋅ρ

=
α + α 

 
 

 
(67)
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The area of existence for this formula was determined by the limit value of the axial 
pitch of PRMR, which was determined from the dependence: 

( ) ( )1 2
1 2

1 1
sin 2 sin 2o k k k

k k

S A A
 

< + − ρ +  α α 
 (68)

To ensure the same performance properties of the surface with a partially regular 
microrelief formed on the rotary body end surface, grooves should be placed with such 
axial pitch, at which the relative vibration area of the microrelief will be the same (Figure 
10). 

 
Figure 10. Transformation of the overlap area of V-shaped grooves of partially regular microrelief of the 3rd type shifted 
by an angular pitch of 0.5° at Rkc1 = 200 mm; Ak1 = 13 mm; Ak2 = 11 mm; ρk = 5 mm; ϕk = 6̊. 

Having obtained formulas for determining the overlap area of the grooves and their 
existence conditions, we can develop an algorithm for finding the optimal value of the 
axial pitch Soopt (Figure 11). The optimization criterion will be Fn (the relative area of bur-
nishing), which should be in the range of 30–45%. 
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Figure 11. Block diagram of the algorithm for determining the optimal value of axial pitch So. 

The numbers of formulas by which the corresponding values should be calculated 
are given in parentheses in Figure 11. 

The following symbols are also used in the block diagram: 
Fk is the groove area formed on the rotary body end surface [30]; 
Fsur is the end surface area, on which the regular microrelief is formed; 
Frm is the groove area formed on a regular microrelief, taking into account the overlap 

area; 
Fn is the relative area of burnishing obtained in [1]. 
a is the discrete value of the variation of axial pitch So (which is accepted depending 

on technical possibilities of the equipment, on which the regular microrelief is formed). 
The algorithm for determining the optimal value of the axial pitch So is as follows: 
The user enters the initial data (module 2), in particular, the amplitude of oscillations 

Ak, the number of the groove elements Nel, the radius of RMR elements arrangement Rkc, 
the imprint radius ρk, the axial pitch So. 

The value of variable Soi is assigned to the value of So (the axial pitch of the grooves) 
(module 3). 

The system compares the axial pitch value with the RMR formation condition, on 
which V-shaped grooves of partially regular microrelief of the 3rd type shifted by an an-
gular pitch of 0.5° (module 4) are formed, namely:  
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1 2 2oi k k kS A A< + + ρ  (69)

If this condition is not met, the system issues a message that the condition for the 
formation of RMR of the 3rd type is not met (module 5). If this condition (module 4) is 
met, the system checks to which of the seven stages of the overlap process belongs the 
entered value of the axial pitch Soi (modules 6, 8, 10, 12, 14, 16, 18). When one of these 
conditions is met, the overlap area of the grooves is calculated according to the formulas 
from the article, the numbering of which is given in parentheses (modules 7, 9, 11, 13, 15, 
17, 19). 

If none of these conditions is met, the system issues a message about incorrect data 
(module 20). 

After that, the values included in the formula for determining the relative area of 
burnishing, in particular, Fk, Fsur, Frm (module 21), are determined. Having obtained these 
values, the system recognizes the value of the relative area of burnishing Fn and checks 
whether it is greater than the minimum allowable value of 35% (module 22). If not, the 
system increases the Soi variable by value a (module 23), and the process is repeated from 
module 3. 

If the obtained value of the relative burnishing area Fn is greater than the minimum 
allowable value, the system checks whether it is less than the maximum allowable value 
of 45% (module 24). 

If the obtained value of Fn is greater than the maximum allowable value, the system 
reduces the value of Soi by value a (module 25), and the process is repeated from module 3. 

If the obtained value of the relative area of burnishing Fn is in the range of 30–45%, 
the system issues a message that the value of Soi is within optimal limits (module 26). 

The intersection of grooves of the partially regular microrelief (type III), which is 
formed on the end surfaces of rotary bodies, is the most difficult case of their mutual 
placement, as it has seven different phases. The correctness of determining the relative 
area of burnishing, which accounts for the performance properties of the formed surface, 
depends on the correct determination of the intersection area in each of these phases. 
Therefore, the use of the proposed technique will ensure stable performance properties of 
the end surface of the rotary body in any part of it. 

4. Conclusions 
Schemes of the possible mutual arrangement of V-shaped PRMR grooves of the 3rd 

type formed on RBES are analyzed, the overlap area for each of the schemes considered is 
defined, and conditions of their existence are established. Changes in this area depending 
on the axial pitch are found to have a nonlinear character. 

The range of values of the axial pitch of the partially regular microrelief for each 
scheme of mutual arrangement of the PRMR groove elements is determined. 

A graphical dependence of the overlap area of the PRMR grooves on the geometric 
parameters of V-shaped grooves is constructed, which shows that there are overlapping 
stages, at which the overlap area of the grooves increases rapidly (stages I–IV) or remains 
nearly unchanged (stages V–VII). 

The obtained analytical dependences provide for the required area of burnishing by 
changing the axial pitch of the PRMR in a given range of values. 

An algorithm for determining the optimal value of the axial pitch So of V-shaped 
PRMR grooves formed on the end surfaces of rotary bodies is developed. 
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