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Abstract: Navigation grade inertial measurement units (IMUs) should be calibrated after Inertial
Navigation Systems (INSs) are assembled and be re-calibrated after certain periods of time. The
multi-position calibration methods with advantage of not requiring high-precision equipment are
widely discussed. However, the existing multi-position calibration methods for IMU are based on
the model of linear scale factors. To improve the precision of INS, the nonlinear scale factors should
be calibrated accurately. This paper proposes an optimized multi-position calibration method with
nonlinear scale factor for IMU, and the optimal calibration motion of IMU has been designed based
on the analysis of sensitivity of the cost function to the calibration parameters. Besides, in order to
improve the accuracy and robustness of the optimization, an estimation method on initial values is
presented to solve the problem of setting initial values for iterative methods. Simulations and
experiments show that the proposed method outperforms the calibration method without nonlinear
scale factors. The navigation accuracy of INS can be improved by up to 17% in lab conditions and
12% in the moving vehicle experiment, respectively.

Keywords: inertial measurement units; nonlinear scale factor; multi-position method;
optimization method

1. Introduction

Inertial Navigation System (INS) is an entirely self-contained system that solves positions of a
point by integrating its accelerations [1]. It can provide high-rate attitude, velocity and position
information, hence it is widely used as the navigation means of autonomous underwater vehicles,
missiles, robots, aircrafts and other autonomous vehicles. Inertial Measurement Unit (IMU),
composed of accelerometer and gyroscope, is the essential device of INS that plays a critical role in
the precision of INS [2]. IMU calibration is a process of estimating the coefficients that convert the
raw outputs of IMU to accelerations and rotation rates, which can be used to reflect the motion status
of the vehicle. The applications of IMU calibration can be divided into two types: the factory
calibration after the navigation system is assembled and the re-calibration process after certain
intervals of time.

Traditionally, the navigation-grade IMU calibration is performed by comparing the IMU
outputs with a known reference generated from the high-precision equipment [3]. Apparently, the
accuracy of the traditional methods strongly relies on the accuracy of the calibration equipment [4].
Due to the frequent unavailability of costly high-precision calibration equipment, the multi-position
calibration method has been widely discussed in recent years [5-14], which is based on the principle
that the norms of outputs of the accelerometer and the gyroscope clusters are equal to the magnitudes
of inputs of specific force and rotational velocity respectively. The multi-position calibration method
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can date back to 1995 when Ferraris F et al conducted their research in which the accelerometers and
gyroscopes are calibrated by the local gravity and the geometrical quantities respectively without any
rotation table or other velocity standards [5]. The IMU is placed on six static positions to determine the
biases and scale factors, but unable to obtain the misalighment errors. Shin and Sheimy extended the
methods by estimating the misalignment errors with gravity and earth rotation rate in 2002 [6].
However, the main drawback of this method is that the gyroscope scale factors and misalignment errors
cannot be estimated reliably because of the observable problem that the magnitude of the earth rotation
rate is very small. The method was modified in 2006 to calibrate the misalignment errors of gyroscopes
with a single-axis turntable to provide a strong rotation rate signal by Newton's method [7].
David Jurman et al in 2007 proposed a method which employs constrained Newton optimization
procedure for the estimation of 9 parameters including the bias, scale factor errors and misalignment
errors [8]. However, this method suffers from the disadvantage of large computation and demand on
precise initial conditions.

Zhang et al in 2009 transformed the optimal problem to a set of linear equations and proposed a
new approach to calibrate the inter-triad misalignment [9]. Although this method do not need any
initial values like other iterative method the number of position and rotation clusters for IMU should
be more than the number of equations in order to solve the set of equations. Cheuk et al in 2012
proposed a hand motion-based method to calibrate the consumer-grade IMU and utilized the
accelerometer and magnetometer as the reference to calibrate the gyroscope in six minutes [10].
Yang et al in 2012 proposed an improved iterative estimation method to derive the scale factors,
misalignments, biases and squared coefficients without any orientation information [11]. Cai et al in
2013 presented a calibration method for accelerometer with nonlinear scale factor using the particle
swarm optimization to solve the nonlinear equation [12]. Although the results are very promising,
the problem of initial values setting still exists. Sarkka et al in 2017 proposed an enhanced
multi-position calibration method based on Gauss-Newton method for consumer-grade
accelerometers, gyroscopes and magnetometers, and for accelerometers and magnetometers, the
direction of reference signals, such as the gravity and the magnetic field of the Earth, are estimated
with calibration parameters [13]. Wang et al in 2017 presented a 16-position calibration method for
gyroscope’s drift coefficients on centrifuge [14].

The calibration process is an optimized estimation for parameters. There are many methods for
solving the following unconstrained optimization problem

min f(x) M

Where f(x) is a smooth cost function. Among them the line search methods [15-17] and trust
region methods [18-20] are the most popular ones. Levenberg-Marquardt (LM) optimization with
trust region method makes a good trade-off between the steepest decent method and the Gauss-
Newton method which is widely used in nonlinear optimization [21,22]. However, the initial values
should be approximately determined before estimation [23].

In a word, although the multi-position calibration method has been widely researched, some
problems are still not settled. Firstly, the nonlinear scale factor of gyroscope and accelerometer should
be calibrated accurately to improve the precision of INS. IMU has different scale factor for different
specific force and angular velocity, due to the change of temperature and magnetic field. Besides, the
scale factor often changes as a function of the products of specific force and angular velocity
components [12]. The optimization methods used in the literature can be divided into 3 types:
(1) Transform the set of nonlinear equations into linear equations; (2) Use the iterative methods and
(3) Use the particle swarm optimization. However, the number of position and rotation for IMU should
be increased to solve the linear equations in method (1). Rough initial values are needed to obtain global
optimal values in method (2). The training process is cumbersome in method (3). Secondly, a simple
optimization method without those disadvantages in method (1-3) should be investigated.

The main purpose of this paper is to improve the accuracy of IMU by estimating its nonlinear
coefficients. The rest of this paper is organized as follows. The IMU models designed in this paper
are discussed in Section 2, including the nonlinear scale factors. The effects of nonlinear scale factors
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of IMU on the performance of INS are discussed in Section 3. The nonlinear optimization methods
based on the optimal motions of IMU and the nonlinear optimization method with initial values
estimation are discussed in Section 4. The analysis of simulation and experiment results are presented
in Section 5. Finally, the conclusions are concluded in Section 6.

2. IMU Model

2.1. Definition of Frames

The frames used in the paper are listed in Table 1.

Table 1. The definition of frames.

Symbol Frames
i The orthogonal inertial frame
The orthogonal navigation frame directs east-north-up (ENU)
The computer navigation frame
The earth-fixed frame
The turntable frame
The non-orthogonal frame denoted by accelerometers’ sensitivity axes
The non-orthogonal frame denoted by gyroscopes’ sensitivity axes
The orthogonal frame defined by a-frame
The orthogonal frame defined by g-frame

=

2 =0 N N o =

A six-degree-of-freedom IMU composed of a triple axis accelerometer and a triple axis
gyroscope. The accelerometer senses the acceleration along each input axis in a-frame, while
gyroscope measures the angular velocity around each input axis in g-frame. Due to the assembly
imperfections, each axis of IMU deviates by a small angle from its designed mounting direction.
Hence, both a-frame and g-frame are the non-orthogonal frames. The p-frame is defined as follows:
axis xp of p-frame coincides with the unit vector x. of a-frame, axis y, is perpendicular to x, in the plane
Xaya, while zp, xp and y, together form the right-hand frame. The g-frame is defined as follows: axis x4
of g-frame coincides with the unit vector x¢ of g-frame, axis y, is perpendicular to x, in the plane xgys,
while z;, x4 and y, together form the right-hand frame. The definition of p-frame and g-frame are
shown in Figure 1, and Ew, Eax, Esy, Eap, Eswx, Ezy are the misalignment errors of IMU. The
transformation matrix C7is defined as the inter-triad misalignment, which represent the transform

form p-frame to g-frame.

Figure 1. Definition of the p-frame and g-frame.

2.2. Nonlinear Model of Accelerometers

In this paper, the nonlinear model of accelerometers is established inspired by reference [12],
and the accelerometer model is expressed as
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def def
fr=Cl(K,N'+K,N“+K NV +V')+v’ = f' +o" =Cl f* +0" (2)

Where f? is the true value of the specific force in p-frame, f” and f “ are the raw output of

accelerometers in p-frame and a-frame, respectively; Kn=diag(Ka1, Kay1, Kez1), Ke=diag(Km2, Kay2, Kaz2)
and Kwm=diag(Kws, Kas, Kis) are the linear, the second-order and the third-order scale factor of

accelerometers, respectively; V “and v’ are the bias and the noise of accelerometers, respectively; N *
is the output of accelerometers in pulses per second, N “® denotes the vector with the square of each

element in N “ and N “® denotes the vector with the cube of each element in N *

2 2 22T
v =) () (Y] 0
a(3) a 3 a 3 a 3 !
N =[(N) () () @
C’is the transformation matrix from a-frame to p-frame, and can be written as
1 0 0
C; = Eﬂyx 1 0 (5)
Eazx Eﬂzy 1

Where Euyx, Eazx, Eazy are the misalignment errors of accelerometers.
2.3. Nonlinear Model of Gyroscopes
Similarly, the gyroscope model can be expressed as
W], = Cl (K N¥ + K N5 + £ +0%) 6)
Where a)fq is the true value of gyroscope output in g-frame, Kg=diag(Ks1, Kg1, Kg1) and

Kg=diag(Ksx2, Kgy2, Ksz2) are the linear and the second-order scale factor of gyroscopes, respectively; &
and v° are the bias and the noise of gyroscopes, respectively; N ¢ is the raw output of gyroscopes in

pulses per second, N £® denotes the vector with the square of each element in N *:
@ 2 2 27
N () () () ?)

C! is the transformation matrix from g-frame to g-frame, and can be written as

1 0 O
Cg = Egyx 1 0 8)
Egzx 82y 1

Where Egy, Egzx, Egzy are the misalignment errors of gyroscopes.

The task of IMU calibration is to estimate the linear scale factors, nonlinear scale factors, biases and
the misalignments of IMU. According to (2) and (6), the raw output of IMU can be calibrated in the
orthogonal p-frame and g-frame from non-orthogonal g-frame and g-frame, respectively. In order to
ensure the accuracy of alignment and navigation, it is necessary to calibrate the accelerometer and
gyroscope in the same frame. Hence, the calibration method of the inter-triad misalignment in
Reference [9] is utilized in this paper.
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3. The Effects of Nonlinear Scale Factors

For high-precision navigation grade IMU with the precision of 0.01 mg and 0.01 °/h, the
nonlinear scale factors should not be ignored. This section discuses about the effects of Nonlinear
Scale Factors of IMU on the precision of INS. The well-known differential equations of navigation
error for INS are described as [24]:

V" = f" <@ +V" x(2a), +a, ) +V" x(20a], + 5, ) + 5 f" 9)
¢ =9¢" x (0 + @), )+ S0, + 5w, - 5wy, (10)

Where V'=[Ve Vv Vu]" denotes the velocity of vehicle in n-frame, f'=[fe fv fu]" denotes the
accelerometers output in n-frame and ¢=[¢t pn Gu]’ denotes the misalignment angle between n-frame
and n'-frame. 0[] denotes the error of the vector [-]. The rotation rate of the earth in n-frame is

@, =[0 ®,cosL w,sinL ]T (11)
Where L denotes the latitude of the vehicle, and the rotation rate of n-frame related to e-frame is

T
v, V. V,
w:{ 2 tanl 12)

M N N

Where Rm and Rv denote the meridian radius of the earth. In order to analysis the effects of
nonlinear scale factors of IMU only, substitute Equations (2), (6) into Equations (9), (10) and we have,

V" = f" < + V" x(20f, +af, ) +V" x(200] + 001, )+ G} (KN +K N (13)

9" =¢" x(@), + @), )+ S0 + Sw], - C; K ,N** (14)

Hence, if the nonlinear scale factors are not calibrated, the velocity and attitude errors of INS are
increased as shown in Equation (13) and (14). There exists a constant error in the differential equations
caused by the nonlinear scale factors of IMU. Besides, when the vehicle is in the quasi-static state, the
navigation error equations can be simpliﬁed as

f ¢ Cﬂ ( Nu(Z) +K Nﬂ(3)) (15)

¢' =¢" <o, ~CK,N* (16)

It can be seen that as time grows, the error caused by the nonlinear scale factors will be integrated
into the velocity and attitude errors of INS. In summary, the nonlinear scale factors of IMU
determines the growth speed of navigation errors. Hence, in order to improve the precision of INS,
the nonlinear scale factors should be calibrated accurately.

4. Nonlinear Optimization Method

4.1. Nonlinear Optimization of Accelerometer

Theoretically, the norm of accelerometer output in p-frame is equal to the specific force in
n-frame, that is:

I 1 =lef (17)

Where G is the gravity vector. According to (2) and (6), the nonlinear cost function of
accelerometer can be expressed as:

C! (K N7+ KN + K N +v°) e

(18)

K, an Kna v 2
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Where N is the output of accelerometer in the ith position.

In order to find the optimized position cluster and identify all parameters of accelerometer, the
sensitivity of measurement to the parameters should be maximized. Define

-1l el
=(K,.,N, +K,,,N? +K, N3+V”) +(EpK, N, + K, N, +E,, K, N2+ K, N

F=

E(KalN;l +Ka2Nia(2) + Ku3Nia(3) +Va) |Gn

ayx ™ “alx” T x ayx“alx
+ anxKanNS + K N3 + Euyxvﬁar + Vﬂ ) (EuzxKnlxN + EazyKalyN + K N (19)
+ EuzxKaZ;\Nz + EuzyKa2yN2 + K N2 + Eaz;\Ku?;xNS + EuzyKaByN; + K N3

+E_V'+E V“+V“) -¢

azy y

Take the partial derivatives of (19) with respect to the linear scale factor Kaix, and ignore the
little quantity items with misalignment errors:

oF . . o
6[( x - Vx y Tayxt Vx z Pzt Yx < x " Vx (20)
alx

Similarly, take the partial derivatives of (19) with respect to other parameters:

JF

K, =2J}ypNy, 5K—m=2ﬁpNz 1)

aK o %ﬂfypm az—i=2ffo 22)
aliix =2fIN, aliiy =2fIN;, aliiz =2fIN; 23)
aavFi “2f, 8V“ =21y, aV” =2f @4
aE fy”fw =2f'f!, E—Zf 'fy (25)

Based on Equations (20)—(25), the sensitivity of measurement to the parameters can be analyzed.
Firstly, the sensitivity to linear scale factor, nonlinear scale factors and bias of the i-axis (i = x, y, z)
accelerometer are maximized, when the sensitive direction of the i-axis (i = x, y, z)) accelerometer is
parallel to the gravity vector. Secondly, the sensitivity to misalignment errors E«j (i = y, j = x or
i=z, j=x,y)is maximized, when the gravity vector is in the plane formed by the i-axis and the j-axis
accelerometer with an angle of 45° or 135° between the axis and the gravity vector. Hence, considering

the sensitivity of measurement to parameters, the optimal position clusters to estimate the 15
parameters in (2) are shown in Figure 2.
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Figure 2. The 15 optimal position clusters.

4.2. Nonlinear Optimization of Gyroscope

The output of gyroscope contains the angular rate of SINS and the earth’s rotation rate, that is:
v, = o + o] (26)

Where @) is the true value of gyroscope output, @ is the earth’s rotation rate, @, is the true

value of the rotation rate that SINS is sensitive to. Different from the optimization of accelerometer,
the earth’s rotation rate is too small for gyroscope calibration of accurate scale factors and
misalignment [6]. Hence, clockwise and counter-clockwise rotation of SINS is utilized to estimate the
scale factors and misalignment of gyroscope firstly.

Take (6) in (26), and integrate the angular rate over the clockwise rotation period ¢, we have:

[ (KN () + KN (1) + e +0% )dr = widr+ [ wf (r)dr @7)

Where N(7)¢" is the output of gyroscope during clockwise rotation. Similarly, when SINS rotates
in counter-clockwise during the period of f.:

CZ‘[:(KglN(T)k +K82N(T)g<2)* e +Ug)dr - J‘sz w?edT_‘[; @ (1) 28)

Where N(7)* is the output of gyroscope during counter-clockwise rotation. Subtract (28) from
(27), and make t= = t»:

CIK [ (N(0)" =N (2) Jdz+ K, [ (N ()" = N ()" )z =20 (29)
Where 0= ‘[Or w! (T)dT is the rotation angle of SINS in a period of t, hence the nonlinear cost

function of gyroscope can be expressed as:

min —
K1, Kp,Cl 2 42

\cqK N, +CIK,N: i)

g7 81" Ysum sum

(30)

Where N _[[:(N (’C)g+ —N(T)gf)d’c is the integration of gyroscope output in the ith

sum

rotation, and N I;(N(T)g(2)+ _ N(T)g(2)7 )dT .

sum
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Similar to accelerometer, in order to find the optimized rotation cluster and then identify the
scale factors and the misalignment errors of gyroscope, the sensitivity of measurement to the
parameters is maximized. Define

=HC‘7K N, +C'K N

g 8l

"~ Joof <[y -[el’
= (Ky1eN e K, Nm) HEguK1oN e + Ky Noyy + B Ko NG

gyx~glx” ¥ sumx gly® Y sumy sumx

(31)
+K, Nsumy) (B o Ny + Egey K1y Noyy + KN

gzx " glx” Y sumx 'gzy~ Y gly~ Y sumy glz™ Y sumz
sumx Qzy " Y92y~ sumy

VB KN, + B KN, K N T oof

Where Naun=[Nsunx, Nsumy, Nsunz]T, and define 1p? = CgKgleu + CqK Nsum Cgll)g . Take partial

derivatives of (31) with respect to the scale factors and misalignment errors:

oP oP
Su”’x 4 sumy 7 SHmZ 32
oK.y, K, K, 42
6P 2 aP 2)
=2¢IND., =20IND | ——=2¢ING), (33)
aKgZx angy v oK,
P

=20, S =20, —— =290y (34)

E,, » aE

According to equations (32)—(34), the sensitivity to scale factors of the i-axis (i=x, y, z) gyroscope
are maximized, when the sensitive direction of the i-axis (i=x, y, z) gyroscope is parallel to the rotation
vector. Besides, the sensitivity to misalignment errors Egij (i=y, j=x or i=z, j=x, y) is maximized, when
the rotation vector is in the plane formed by the i-axis and the j-axis gyroscope with an angle of 45°
or 135° between the axis and the rotation vector. Hence, the optimization of rotation clusters is to
estimate the 9 parameters: the scale factors and misalignment errors in (6) are shown in Figure 3.

b de K
}'x 2 45°Z 45 Z
y z y

Rotation 1 Rotation 2 Rotation 3 Rotation 4 Rotation 5
| y
145
z X
Rotation 6 Rotation 7 Rotation 8 Rotation 9

Figure 3. The 9 optimal rotation clusters.

The bias of gyroscope can be estimated using the position clusters redundantly shown in Figure 2,
with the cost function:

LI
min—
&

C"(K N$ +K N +£g)2 (35)

82

i=1

Where Cg ,K grand K g2 are estimated in (30), N $ is the output of gyroscope in the ith position.
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4.3. The Nonlinear Optimization with Initial Values Estimation

The nonlinear unconstrained optimization problems described in Equations (18), (30) and (35)
can be turned into the problem expressed in Equations (36)-(39), where fi(x) (i=1, 2, 3) is the cost
function of the optimization problem corresponding to Equations (18), (30) and (35), xi(i=1, 2, 3) is the
parameters to be optimized and si (=1, 2, 3) is the demission of xi.

min | f ()] (36)

'xl = |:Ka1x Kaly Kzzlz KaZx KaZy K:zZz KnSx KnSy KaSz anx Enzx Eazy Vx Vy vz :|T (37)
%, = Koo Kory Kot Koo Kooy Koo B Ec By || (38)

X, = [ef es & JT (39)

The Levenberg-Marquardt (LM) algorithm, one of the most popular algorithms for the solution
of nonlinear least squares problems, is used in this paper. To implement LM algorithm, Ceres Solver,
an open source C++ library to handle large complex optimization problems, is used. For cost function
f(x) that is strongly convex and twice differentiable, the iterative sequence using LM algorithm will be

) (0 _( HY + pdiag(HY ))1 G (40)

Where x® (i=k, k+1) is the parameters vector at the ith iteration, H is the Hessian matrix of f(x), J
is the Jacobian matrix of f(x) and g is the blending factor that determines the mix between steepest
descent and Newton-Raphson [25]. However, the initial values have great influence on the
convergence and accuracy of LM algorithm. To ensure the initial values are closer to the optimal
solution, the linear scale factors are approximately estimated as the initial values of the optimization,
considering that the linear scale factors are more important to navigation-grade IMU in factory
calibration. Initial values estimation for linear scale factors before the optimization process is
proposed in this paper. Ignoring the nonlinear scale factors, misalignment errors and bias of IMU,
the linear scale factors of accelerometer and gyroscope are estimated by the cost functions shown in
equations (41) and (42), respectively.

%?%2\\%%?2-”6“
mm—ZH"KU NP (42)

Where K and K§1 are the rough linear scale factor matrix of accelerometer and gyroscope

respectively. Hence, the initial values of linear scale factors can be approximately determined.
5. Simulations and Experiments

5.1. Analysis of Simulation Results

Monte Carlo simulations are conducted to verify the proposed method. Using MATLAB, the
IMU outputs with random errors are generated in a uniform distribution as the true values. The
calibration is conducted using the proposed method, and the calibration errors can be calculated.

The simulation conditions are set as: the turntable angle errors are 3”, 3" and 3° (10), respectively
to verify the relationship between the accuracy of proposed method and the accuracy of turntable.
The random bias of accelerometer and gyroscope are 100 g (10) and 0.01 °/h (10), respectively. The
biases, linear scale factors, second-order scale factors, third-order scale factors and the misalignment
errors comply with the uniform distribution U(-10* ug, 10* ug), U(l ug/pulse, 5 ug/pulse),
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U(-5fg/pulse?, 5 fg/pulse?), U(-5 zg/pulse?, 5 zg/pulse?), U(-5 x 104, 5 x 10~*). The statistical results of
500 Monte Carlo simulations of accelerometers are shown in Table 2. It should be pointed out that the
distribution of all parameters shown in Table 2 are set based on the IMU parameters in real experiments.

Table 2. Statistical results of Monte Carlo simulations for accelerometers.

. . 3” Turntable Angle 3’ Turntable Angle 3° Turntable Angle
Calibration e .
Parameters Distribution Errors Errors Errors
Mean RMS Mean RMS Mean RMS
Vi 4.32 x 102 1.90 4.33 x 102 1.91 450 x 102 211
Bias (ug) Vy U(-104, 10%) 2.14 x 102 2.02 2.14 x 102 2.01 2.31 x 1072 1.95
V. -3.69 x 103 1.96 -3.68 x 103 1.96 -2.95x 103 2.06
Linear scale Kaix 1.17x107 190x10° 1.17x107 190x10° 1.16x107 2.04x107
factor Kay U(1, 5) -237x107 3.35x105 -237x107 335x10°5 -228x107 3.41x107
(ug/pulse) Kaz =749 %107 1.86x105 -748x107 1.86x10°5 -722x107 1.81 =107
Second-order  Kax 1.70x103  493x102 1.69x103 494x102 1.75x10° 5.40 =102
scale factor Kazy U(-5, 5) -3.14x10* 4.64x102 -313x10* 4.64x102 -286x10* 4.52x102
(fg/pulse?) 1 Koz 245x10°8  4.72x102 246x108 4.72x102 255x108  4.94x102
Third-order Kazx 1.10 x 103 0.37 1.10 x 103 0.38 1.48 x 103 0.40
scale factor Kaay U(-5, 5) 241 %103 0.62 2.40 =103 0.62 2.12 %103 0.63
(zg/pulse®) 2 Koz 1.96 x 102 0.37 1.96 x 102 0.37 1.88 x 102 0.35
Misalignment Eayx -525x10% 191x102 -525x10% 191x102 -5.04x10% 1.90x102
errors(10-) azx U(-5,5) -5.87x104 1.90x102 -5.87x10* 190x102 -6.00x10%* 1.87x102
azy 220x 10+ 1.87x102 220x10% 1.87x102 219x10% 1.97x102

11fg (femto g) = 105g

21zg (zepto g) =102'g

Table 2 shows that: firstly, the mean values and the root mean squares of calibration errors in

Monte Calo experiments are far less than the calibration parameters which means that all calibration
parameters of accelerometers can be calibrated accurately. The maximum calibration errors of bias,
linear scale factor, second-order scale factor, third-order scale factor and misalignment error are
0.045 ug, —7.49 x 107 ug/pulse, 2.55 x 1073 fg/pulse?, 1.96 x 102zg/pulse’and —6.00 x 10, respectively.

Secondly, whatever the turntable errors are, the calibration results of the proposed method are
almost the same, and the calibration errors of parameters are of the same order of magnitude. Hence,
the turntable angle errors have no effects on the calibration errors of proposed method, which means
that the proposed method can calibrate all parameters of accelerometers, including the nonlinear
scale factors, without relying on the error of the turntable.

The statistical results of 500 Monte Carlo simulations of gyroscopes are shown in Table 3. Similar
to accelerometers, all calibration parameters of gyroscopes can be calibrated accurately without
relying on the angle errors of the turntable. The maximum calibration errors of bias, linear scale
factor, second-order scale factor and misalignment error are 9.88 x 10-10°/s, =3.38 x 10716 °/s/pulse,
-6.21 x 102 °/s/pulse? and 7.95 x 1071, respectively. The above simulation results verified the
correctness of establishing calibration model of IMU with nonlinear scale factor.

Table 3. Statistical results of Monte Carlo simulations for gyroscopes.

. . 3” Turntable Angle 3’ Turntable Angle 3° Turntable Angle
Calibration .
Parameters Distribution Errors Errors Errors
Mean RMS Mean RMS Mean RMS
Ex 6.48 x104 158x102 6.46x10+* 1.58 x10-2 552x10% 157 x1072
Bias (10 °/s) &y U(-5, 5) 9.85x104 1.94x103 9.84x10% 1.95x103 9.88x10%* 1.94x103
£z 850x104 2.04x103 852x10% 2.03x10% 838x10%* 2.01x103
Linear scale Ksix ua, 5) 744 x1010 314x10®% 1.48x10° 1.73x108% 4.48x101 1.87x1038
factor Ky ! 1.29x10° 6.27x108 -3.38x10° 450x108 -248x10° 6.51x1038
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(107 °/s/pulse)  Kg= -124x10° 3.88x10% 1.47x10° 1.90x10% 3.51x107° 1.68x103

Second-order Kiox -1.71x103 9.40x102 -6.21 x1073 0.15 1.91 x 103 0.10
scale factor Key  U(-5,5) -9.34x10° 273x102 1.86x10°% 292x102 214x10° 6.14x102
(1017 °/s/pulse?)  Kge- 2.63x10° 7.18x102 -243x10°% 353x102 7.88x10° 1.19x102
Misalignment Egyx 203x10°¢ 1.18x10* 795x10°¢ 190x10* -292x10° 1.41x10*
errors (10-) Egzx U(-5,5) 1.81x10° 1.18x10* 774x10° 190x10* -338x10°¢ 1.31x10+*
g2y -2.18x10°¢ 8.02x10° 3.45x10°¢ 417x10°> -4.81x107 1.81x10°

The calibration results shown in Table 2 and Table 3 are with the initial values estimation
proposed in 4.3. To verify that the proposed method can help the LM algorithm converge to the global
optimal values, 500 Monte Carlo simulations are carried out, and the calibration errors without and
with the initial values estimation of gyroscopes are shown in Figure 4 and Figure 5 respectively.
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Figure 4. The calibration errors of gyroscope without the initial values estimation.
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Figure 5. The calibration errors of gyroscope with the initial values estimation.
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As shown in Figure 4, the 34th and the 469th Monte Carlo simulation converge to the local
optimal values leading to the unacceptable calibration errors because of the incorrect initial values of
LM algorithm. Otherwise, the calibration errors with the initial values estimation proposed in 4.3 are
acceptable as shown in Figure 5. Figure 4 and Figure 5 shows that estimating the linear scale factors
of IMU firstly and make them as the initial values of the optimization can improve the accuracy and
the robustness of calibration. The above simulation results showed that the proposed calibration
method not only efficiently identified the nonlinear scale factors of IMU without relying on the
accuracy of the turntable, but also improved the accuracy and robustness of the calibration with the
initial values estimation.

5.2. Analysis of Experiment Results

In order to verify the proposed calibration method in practice, the calibration experiments, the
la navigation experiments and the moving vehicle experiments are carried out based on 1-axis
Rotational Inertial Navigation System (RINS). The RINS consists of three fiber optic gyroscopes, three
quartz accelerometers with the precision of 0.01 °/h and 0.01 mg respectively, a rotating mechanism
with the rotation axis pointing to vertical direction and a core control processor based on Digital
Signal Processor (DSP).

5.2.1. Calibration Experiments results
The calibration experiments are conducted using three methods:

(1) The Traditional calibration method based on the high-precision 3-axis turntable shown in
Figure 6 with about 5"angle errors, whose accuracy relies on the accuracy of the turntable.

(2) The Multi-position calibration method in Reference [9] based on the low-precision 2-axis
turntable shown in Figure 7 with about 5'angle errors and the rotating mechanism of RINS.

(3) The proposed method in this paper based on the turntable in method 2 and the rotating
mechanism of RINS.

It should be pointed out that the rotating mechanism of RINS is used to help the RINS complete

the rotation shown in Figure 3 on the 2-axis turntable.

=
1

R S

Figure 6. The high-precision 3-axis turntable.
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Figure 7. The low-precision 2-axis turntable.

Method 1 calibrates the IMU in the frame of turntable r-frame, while method 2 and 3 firstly
calibrates the accelerometers and gyroscopes in p-frame and g-frame respectively, and then calibrates
the inter-triad misalignment, making the accelerometers and gyroscopes calibrated to the same
orthogonal frame g-frame [9]. The inter-triad misalignment (7, the transformation matrix C; and

C. can be expressed by Euler angles a1, f1, 1, az, f2, y2, a3, 3 and s, respectively.

cosa,cosy, — sinaysinfsiny, cosy,sina, +cosa,sinfsiny, —cospsiny,
a_ . .
C) = —cos fsina, cosa,cos P, sinf, (43)
cosa,siny, + cosy,sina,sinf3,  sina,siny, —cosaycosy,sinf,  cosp,cosy,
cosa,cosy, —sina,sinf3,siny, cosy,sinc, +cosa,sinf,siny, —cosp,siny,
r ;. ;
C = —cos f,sina, cosa,cos f, sinf, (44)
| cosa,siny, +cosy,sina,sinf3,  sina,siny, —cosa,cosy,sinf3,  cosp,cosy,
cosa,cosy, — sina,Sinfsiny, cosy,sina, + cososinf,siny, —cospf,siny,
- B . .
C, = cos f,sina, cosa,cos B, sinf, (45)
| cosasiny; + cosy;sinassinfl; - sina,siny; — cosa;cosyssinfl;  cosBicosy,

The calibration results of method 1, 2 and 3 for RINS are shown in Table 4. It is obvious that
method 3 proposed in the paper can calibrate the nonlinear scale factors of IMU compared with
Method 2. Method 1 calibrates the IMU by the comparison of the IMU outputs with the turntable
outputs, hence the results of calibration rely on the precision of the turntable. However, the
multi-position calibration methods calibrate the IMU in a reference frame instead of the turntable
frame. Therefore, the precision of the turntable has no effects on the calibration results.

Table 4. The calibration results of RINS.

Calibration

Calibration

Method 1 Method 2 Method 3 Method1 Method2 Method 3

Parameters Parameters

V(g) -1.23x102 -123x102 -121x102 Kgx (°/s/pulse) 5.08 x107 5.08x107  5.09 x 107

Vy(g) -155x102 -1.55x102 -154x102 Kgy (°/s/pulse) 5.10x107 510x107  5.10 x 107

V(g) -1.39x102 -1.39x102 -1.37x102 Kg: (°/s/pulse) 5.08x107 5.08x107  5.09 x 107
Kax(g/pulse) 2.32 x10° 2.32 x 10 2.32 x10° Ke(°/s/pulse?) — — —6.35 x 1018
Kay(g/pulse) 2.25x 10 2.25 x 10¢ 2.26 x 10¢ Kezy(°/s/pulse?) — — 9.00 x 1018
Kaz(g/pulse) 2.18 x 10° 2.18 x 10-¢ 2.18 x 10° Ke=(°/s/pulse?) — — -9.97 x 1018
Kax(g/pulse?) - — -1.53 x 1015 Equx(104) — 3.58 3.58
Ka2y(g/pulse?) - — -1.12 x 1015 Egzx(1074) — 13.29 13.30
Ka:(g/pulse?) - — -1.21 x 1015 Egzy(1074) — -2.09 -2.09
Kax(g/pulse®) — — =5.07 x 1021 aa(') — -14.72 -14.72
Kazy(g/pulse?) — — -7.80 x 102 B() — 0.0039 0.0039
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Kosz(g/pulse?) — — -6.91 x 102 71() — -4.84 -4.84
Eayx(1074) — 4.24 4.24 a2(") -7.48 — —
Exx(10-%) — 3.21 3.21 p2() -0.69 — —
Eazy(10-%) — 1.74 1.75 y2(') -7.36 — —
ex(°/s) 344 x10¢ -344x10°¢ -3.45x10° as(') 5.97 — —
ey (°/s) 2.04 x10-¢ 2.04 x 10-¢ 2.04 x10-¢ B3() -0.026 — —
&z (°/s) -6.71 x 10 -6.71x10° -6.70x107 73(") -3.77 — —

5.2.2. Navigation Experiments in lab results

Install the RINS on the 3-axis turntable shown in Figure 6, and perform the self-alignment and
navigation experiments in 2 states:

(1) The quasi-static state that keeps the turntable in a fixed angle;

(2) The swing state that enables the turntable swing along 3 axes in the condition shown in
Table 5, where Heading, Pitch, Roll denotes the rotation axis of the turntable.

Table 5. The swing condition of turntable.

Heading Pitch Roll
Swing frequency (Hz) 2 2 8
Swing amplitude (°) 3 3 5

The position errors in state (1) and (2) are shown in Figure 8 and Figure 9 respectively.
Method 1, 2 and 3 are the calibration methods described in 4.2.1. It is obvious that Method 1 and
Method 2 have the similar accuracy on the position errors, while Method 3 proposed in this paper
leads to higher precision of navigation for RINS.
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Figure 8. The navigation errors in state (1).
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Figure 9. The navigation errors in state (2).
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Multiple navigation experiments in the lab condition are performed to verify the proposed
method. The maximum position errors and the navigation time of each experiment are shown in
Figure 10. Experiment 1 to 3 are in state (1), while experiment 4 to 6 are in state (2). Compared with
Method 1 and Method 2, the position accuracy based on the proposed calibration method 3 can be
improved up to 5.19% in quasi-static state and 17.89% in swing state. The position errors can be
reduced through the calibration and compensation of the nonlinear scale factor of IMU, because it
contributes to the navigation errors as shown in Equations (13)—(16). Besides, it is concluded that
compared with the navigation accuracy under quasi-static conditions, the navigation accuracy under
the dynamic conditions can be more improved by the proposed method. It is because that the
gyroscope only senses the earth rotation rate in quasi-static state, while it also senses the rotation rate
shown in Table 5 in swing state. Hence, the non-linearity of gyroscope’s scale factor is more
significant in swing state than in quasi-static stare, and it contributes more to the position error in
swing state.

0.6
— [ vethod 1
L [ Method 2
s 05 | Method 3
04
[}
5
=03
17
[e]
Q
£ 02
-
£
2 0.1
[
=

1(2h) 2(3h) 3(2h) 4(1h) 5(3.6h) 6(2.8h)
Experiment No.

Figure 10. The position errors of multiple navigation experiments.

5.2.3. Moving Vehicle Experiment Results

To verify the calibration method based on the navigation errors of RINS, the moving vehicle
experiments are carried out 3 times using the same calibration results to compare the results of three
different calibration methods. The navigation experiment vehicle is shown in Figure 11, which is a
human operated automobile equipped with a GPS receiver, 1-axis RINS and a computer for data
visualization. The 1-axis RINS is installed inside the vehicle as shown in Figure 12. The precision of
GPS is 1m, as the reference for navigation. The trajectory of the vehicle is shown in Figure 13, and the
route includes movements of turning, uphill, downhill, acceleration and deceleration within 3.2 hours.

Figure 11. The navigation experiment vehicle.
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Figure 12. The RINS in navigation experiment vehicle.

The maximum position errors of the three field experiments are shown in Table 6. Because the
results of the three experiments are similar, we take the first experiment result for example for
detailed analysis in this paper. The trajectories of the GPS output and the RINS navigation result
using the parameters of methods 1-3 are shown in Figure 13. The position errors of three RINS
navigation results are compared with the GPS output in Figure 14. The field experiment results show
that the precision of method 1 is approximately equal to that of method 2. As the nonlinear scale
factors can be accurately calibrated, the navigation results using the parameters of method 3 are better
than both method 1 and method 2. As shown in Table 6, the position error of method 3 in moving
vehicle navigation experiments can be decreased by 12.19% maximally compared to that of method 1.
Besides, the results of three field experiments show that the maximum position error can be reduced
by an average of 11% with the calibration and compensation of nonlinear scale factor of IMU.
Different from the lab experiments, the accelerometer senses the acceleration of the vehicle in
addition to the gravity acceleration in the field experiments. Therefore, the non-linearity of
accelerometer’s scale factor is more significant in field experiments than that in lab experiments.
Hence, similar to the results of navigation experiments in lab conditions, it can be concluded that the
position precision is also improved in field condition using the proposed method, which can estimate
the IMU nonlinear scale factors accurately without high-precision turntable.
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Table 6. The maximum position errors of field experiment.

Experiment Number Method 1 Method 2 Method 3 The Decreased
Percentage 2
Experiment 1 1452nmile! 1513nmile 1.275nmile 12.19%
Experiment 2 1537 nmile 1.528 nmile  1.389 n mile 9.63%
Experiment 3 1426 nmile 1.448nmile  1.263 n mile 11.43%

11 n mile (nautical mile) = 1.852 km.
2 The decreased percentage of maximum position error between method 3 and method 1

o GPs Initial point
0 Method 1 L
)
S
<
>
4
8 6 -4 2 0
x/(n mile)
Figure 13. Trajectories of the navigation results.
15 Method 1 i
— — —Method 2
————— Method 3 i \
E ,"l \
e 1 i \.
S / \
GL) o~ \\
5 2N
= y X4 N/
g 9 V4 R
a /,
e
0
0 0.5 1 1.5 2 25 3 3.5

Figure 14. Position errors of three navigation results.

6. Conclusions

This paper presents a study on the optimized calibration method with nonlinear scale factor for
IMU. The effects of nonlinear scale factors of IMU are analyzed, and it proved that the nonlinear scale
factors should not be ignored in order to improve the accuracy of navigation for high-precision INS.
A nonlinear optimization model of IMU is established, and the optimized calibration motion of IMU
is designed based on the analysis of sensitivity of the cost function to the calibration parameters. To
solve the nonlinear optimization problems and obtain the global optimal values, LM algorithm of
Ceres Solver is used, and in addition, the model for estimating the initial values of nonlinear
optimization is established to improve the accuracy and robustness of the optimization. Finally,
simulations and experiments are conducted to test the performance of the proposed method. The
results of navigation experiments based on the traditional calibration method, the multi-position
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calibration method without the nonlinear scale factors and the proposed calibration method are
compared. It is shown that in the calibration of nonlinear scale factor for IMU without high-precision
turntable, the position precisions can be improved by up to 17% in the lab conditions and 12% in the
moving vehicle experiment respectively. It is concluded that the traditional calibration method and
the multi-position calibration method without the nonlinear scale factors have the similar accuracy,
while the proposed method with the nonlinear scale factors leads to higher precision of navigation
for INS.

Author Contributions: X.C. and Z.W. proposed the initial idea and conceived the experiments. Z.W. performed
the experiments and wrote the paper. X.C. and J.F. reviewed and edited the manuscript. All authors read and
approved this manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (No. 61773116).

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Savage P. G. Strapdown analytics, 2rd ed.; Strapdown Associates, Maple Plain: Minnesota, USA, 2000; pp. 1-5.

2. Poddar, S.; Kumar, V.; Kumar, A. A comprehensive overview of inertial sensor calibration techniques.
J. Dyn. Syst., Meas., Control 2017, 139, 1-11.

3. El-Diasty, M.; Pagiatakis, S. Calibration and stochastic modelling of inertial navigation sensor errors.
J. Global Positioning Syst. 2008, 7, 170-182.

4.  Dong, C; Ren, S.; Chen, X.; Wang, Z. A Separated Calibration Method for Inertial Measurement Units
Mounted on Three-Axis Turntables. Sensors 2018, 18, 2846.

5. Ferraris, F.; Grimaldi, U.; Parvis, M. Procedure for effortless in-field calibration of three-axis rate gyros and
accelerometers. Sens. Mater. 1995, 7, 311-311.

6. Shin, E.H.; El-Sheimy, N. A new calibration method for strapdown inertial navigation systems.
Z. Vermess 2002, 127, 1-10.

7. Skog, I; Handel, P. Calibration of a MEMS inertial measurement unit. In Proceedings of the XVII IMEKO
world congress, Rio de Janeiro, Brazil, 17-22 September, 2006.

8. Jurman, D.; Jankovec, M.; Kamnik, R.; Topi¢, M. Calibration and data fusion solution for the miniature
attitude and heading reference system. Sens. Actuators, A 2007, 138, 411-420.

9.  Zhang, H; Wu, Y,; Wu, W.; Wu, M.; Hu, X. Improved multi-position calibration for inertial measurement
units. Meas. Sci. Technol. 2009, 21, 1-11.

10. Cheuk, CM.; Lau, T.K,; Lin, KW.; Liu, Y. Automatic calibration for inertial measurement unit.
In Proceedings of the 12th International Conference on Control Automation Robotics & Vision (ICARCV),
Guangzhou, China, 5-7 December, 2012; pp. 1341-1346.

11. Yang, J.; Wu, W.; Wu, Y,; Lian, J. Improved iterative calibration for triaxial accelerometers based on the
optimal observation. Sensors 2012, 12, 8157-8175.

12. Cai, Q. Song, N.; Yang, G.; Liu, Y. Accelerometer calibration with nonlinear scale factor based on
multi-position observation. Meas. Sci. Technol. 2013, 24, 1-9.

13. Sarkka, O.; Nieminen, T.; Suuriniemi, S.; Kettunen, L. A multi-position calibration method for
consumer-grade accelerometers, gyroscopes, and magnetometers to field conditions. [EEE Sens. ].
2017, 17, 3470-3481.

14. Wang, S.; Meng, N. A new Multi-position calibration method for gyroscope's drift coefficients on
centrifuge. Aerosp. Sci. Technol. 2017, 68, 104-108.

15. Chen, Y.; Sun, W. A dwindling filter line search method for unconstrained optimization. Math. Comput.
2015, 84, 187-208.

16. Ivorra, B.; Mohammadi, B.; Ramos, A.M. A multi-layer line search method to improve the initialization of
optimization algorithms. Eur. ]. Oper. Res. 2015, 247, 711-720.

17. Kreji¢, N.; Luzanin, Z.; Nikolovski, F.; Stojkovska, I. A nonmonotone line search method for noisy
minimization. Optim. Lett. 2015, 9, 1371-1391.

18.  Yuan, Y. Recent advances in trust region algorithms. Math. Program. 2015, 151, 249-281.

19. Wu, Y.; Mansimov, E.; Grosse, R.B.; Liao, S.; Ba, J. Scalable trust-region method for deep reinforcement
learning using kronecker-factored approximation. In Proceedings of the 31st Conference on Neural
Information Processing Systems (NIPS), Long Beach, CA, USA, 4-9 December, 2017.



Sensors 2019, 19, 3568 19 of 19

20.

21.

22.

23.

24.

25.

Chen, R.; Menickelly, M.; Scheinberg, K. Stochastic optimization using a trust-region method and random
models. Math. Program. 2018, 169, 447-487.

Dong, J.; Lu, K; Xue, J.; Dai, S.; Zhai, R.; Pan, W. Accelerated nonrigid image registration using improved
Levenberg-Marquardt method. Inf. Sci. 2018, 423, 66-79.

Ma, C,; Liu, X; Wen, Z. Globally convergent Levenberg-Marquardt method for phase retrieval.
IEEE Trans. Inf. Theory, 2019, 65, 2343-2359.

Shi, R.; Tuo, X.; Zheng, H.; Li, H.; Xu, Y.; Wang, Q. Fast adaptive particle spectrum fitting algorithm based
on moment-estimated initial parameters. Appl. Radiat. Isot. 2017, 129, 1-5.

Nourmohammadi, H.; Keighobadji, ]. Fuzzy adaptive integration scheme for low-cost SINS/GPS navigation
system. Mech. Syst. Signal Proc. 2018, 99, 434-449.

Khan, K,; Lobiyal, D.K. Levenberg-Marquardt optimization method for coverage and connectivity control
in backbone-based wireless networks. Int. J. Commun. Syst. 2017, 30, 1-8.

© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
|@ @ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).



