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Abstract: This work studies mixtures of probability measures on R" and gives bounds on the Poincaré
and the log—Sobolev constants of two-component mixtures provided that each component satisfies
the functional inequality, and both components are close in the x?-distance. The estimation of
those constants for a mixture can be far more subtle than it is for its parts. Even mixing Gaussian
measures may produce a measure with a Hamiltonian potential possessing multiple wells leading to
metastability and large constants in Sobolev type inequalities. In particular, the Poincaré constant
stays bounded in the mixture parameter, whereas the log-Sobolev may blow up as the mixture ratio
goes to 0 or 1. This observation generalizes the one by Chafai and Malrieu to the multidimensional
case. The behavior is shown for a class of examples to be not only a mere artifact of the method.

Keywords: Poincaré inequality; log-Sobolev inequality; relative entropy; fisher information; Dirichlet
form; mixture; finite Gaussian mixtures

1. Introduction

A mixture of two probability measures g and pq on R" is for some parameter p € [0,1] the
probability measure p, defined by

Hp == ppo+ (1 —p)p1. o

Hereby, both measures o and y; are assumed to be absolutely continuous with respect to the
Lebesgue measure and their supports are nested, i.e., supp gy C supp y; or supppi C supp Ho-
Under these assumptions at least one measure is absolutely continuous to the other one

Ho<<p or g <o,
which implies that at least one of the measures has a density with respect to the other one
dpo dp
d():id] or dlzido.
: dpy : : dpg g
This work establishes criteria to check in a simple way under which a mixture of measures satisfies
a Poincaré PI(p) or log—Sobolev inequality LSI(«) with constants ¢ and &, respectively, provided that

each of the components satisfies one.

Definition 1 (PI(¢) and LSI(w)). A probability measure p on R" satisfies the Poincaré inequality with
constant ¢ > 0, if for all functions f : R" — R

Var,[f] ::/‘f—/fdy’zdy < Z/lVﬂzdy. PI(0)
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A probability measure y satisfies the log-Sobolev inequality with constant « > 0, if for all functions
f:R" — R* holds

: . 2
Enty [f] := /f log fdu — /fdu 10g(/fdy) < % WZJ;' dy . LSI(a)
By the change of variable f — f2, the log-Sobolev inequality LSI(«) is equivalent to

Bty 2] < 2 [IVFPdn. @

The question of how ¢, and &, in PI(¢,) and LSI(a,) depend for a mixture i, on the parameter
p € [0,1] was first studied by Chafai and Malrieu [1] for measures on R". The aim is to deduce simple
criteria under which the measure y (1) satisfies PI(¢p) and LSI(«,) knowing that yo and y; satisfy
PI(0p), PI(01) and LSI(ap), LSI(«1 ), respectively. The approach by Chafai and Malrieu [1] is based on
a functional depending on the distribution function of the measures ji¢ and 1, which then lead to
bounds on the Poincaré and log-Sobolev constant of the mixture in one dimension.

This work generalizes part of the results from Chafai and Malrieu [1] to the multidimensional
case by a simple argument. The estimates on the Poincaré and log-Sobolev constants hold for the case,
when the y?-distance of uo and pq is bounded (see Label (5) for its definition). For this to be true, at least
one of the measures yy and 1 needs to be absolutely continuous to the other, which is also a necessary
condition for the mixture having connected support. The resulting bound is optimal in the scaling
behavior of the mixture parameter p — 0,1, i.e., a logarithmic blow-up behavior in p for the log-Sobolev
constant, whereas the Poincaré constant stays bounded. This different behavior of the Poincaré and
log-Sobolev constant was also observed in the setting of metastability in ([2], Remark 2.20).

Let us first introduce the principle for the Poincaré inequality in Section 2 and then for the
log-Sobolev inequality in Section 3. Then, the procedure is illustrated on specific examples of mixtures
in Section 4.

2. Poincaré Inequality

To keep the presentation concise, the following notation for the mean of a function f : R* — R
with respect to a measure y is introduced

Eyu[f] = /fdP’-
In this way, the variance in PI(¢) and relative entropy in LSI(«) become

Var, [f] = Ey{(f—Ey[f])z} =Eu[f] - (Ey[f})2 and Ent,[f] = E,[flog f] — E,[f] log(Ey[f]) :

Likewise, the covariance of two functions f, g : R” — R is defined by

Covulf, 8] = Ey[(f—Eu[f])(g_Eu[g])] = Eu[f g] — Ex[f] Eulg]-

The Cauchy-Schwarz inequality for the covariance takes now the form

Covyl[f, 8] < Vary[f] Var[g].

The argument is based on an easy but powerful observation for measures yy and y; with
joint support.
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Lemma 1 (Mean-difference as covariance). If supp po = supp p1, then for any ¢ € [0, 1] and any function
f:R" = R holds

Eyy[f] = Ep [f] = =9 Covy, {f, jm +(1—9)Covy, [f, ;‘m . ®)

Proof. The change of measure formula yields that the covariances above are just the difference of the
expectation on the right-hand side

Covy, [f, j:‘lﬂ =E,, [f jlm — Euolf] Epo [jm = Ey, [f] — Ep[f]

and likewise for Covy, { f j—flﬂ .

The subsequent strategy is based on the identity (3) by using a Cauchy—-Schwarz inequality to
arrive at the product of two variances. Then, PI(gg) or PI(¢1) can be applied and the parameter ¢
leaves freedom to optimize the resulting expression. This allows for proving the following theorem,
which is the generalization of ([1], Theorem 4.4) to the multidimensional case for the Poincaré inequality
provided y and i are absolutely continuous to each other.

Theorem 1 (PI for absolutely continuous mixtures). Let pug and pq satisfy P1(og) and P1(oy), respectively,
and let both measures be absolutely continuous to each other. Then, for all p € (0,1) and g = 1 — p, the mixture
measure y, = p po + q pq satisfies P1(op) with

1 . 01
— y— Z ]- + 7
Qo f Qo a1
1 1 .00
- S 7 y— Z 1 + 7 (4)
o |a U ixo
pXxX1+pqXxoxi+qxo else
Qo P X1+ 019 Xo ’
where q q
. ap1 — dpo
Xo = Vary, [d}lo} and  x1:= Vary, [d‘ul ] ®)

Proof. The variance of f with respect to y, is decomposed to

Vary,[f] = pVary,[f] + q Vary, [f] + p q(Eulf] — B [f])z

Hereby, the first two terms are just the expectation of the conditional variances. The third term is
the variance of a Bernoulli random variable. Now, the mean-difference is rewritten by Lemma 1 and
the square is estimated with the Young inequality introducing an additional parameter 77 > 0

(a+b*<(1+n)a®+ 1+ Hr

Then, the Cauchy-Schwarz inequality is applied to the covariances to obtain
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Var;t[f] Spvar}lo[ﬂ"_qvar}ll [f1+
e a0 Cod [£ P+ (1e7) (-0 cov £, 512 )

< (14 @+n) Pax0) p Var[f]+ (1+ (1+77") (1= 9 p21) q Vary, [f] ©
14+ (1+75) % qx0 1+ (1+77)(1-9)?%px1 >
< o /IVfI pdpo + o /\Vfl qdm
<max{1+(1+17) 2qx0 1+ (147" (1_19)2PX1}/vf|2dy'
Qo 01 .

The resulting maximum is now minimized in # > 0 and ¢ € [0,1]. To do so without loss of
generality, oo > 0 is assumed. The other case can always be obtained by interchanging the roles of yg
and pq. If g9 > 01, then ¢ = 1 and # — 0 is optimal as long as

1+qx o 1
Q Q1
This corresponds to the second case in (4). By symmetry, the first case follows if g1 > 0o.
Now, in the case 09 > 01 and 09 < (1 + gx0)01, there exists by monotonicity for every ¢ € (0,1)
a unique 75 = 775 (8) > 0 such that both terms in the max of the right-hand side in (6) are equal and
hence the max is minimal. Since qxp > 0 and p x1 > 0, the sum of the coefficients in the front is
then given by h(®) := (1 +1)8% + (1 + %) (1 —9)? in ¢ as a function of ;7. The minimization of & in
¢ €(0,1)leads to &, = ﬁ and

1 Ui
h(9* —+—— =1
(#7) = 1+17+1+17

holds Hence, in this case, the parameter s = (1 +7.) 92 = l+77 € (0,1)and (1471 (1—8.)? =
=1 —s. Thus, the problem can be rephrased: Find s, € (0,1) which solves

1+1’]*

I+sgxo _1+(1-=s)pxi
Q 01

The solution s is given by
_(+prxieo—a

QPXI+taiqxo
For this value of s,, the value of the max in (6) is given by

1+s.qx0 _ PXIF g qxo+ (LHp,x1)dx0 — 5 9X0 _ pyxi+ paxoxi+4xo
00 00 P X1+ 019 Xo Qopxiteoigxo

O

Remark 1. The constants xo and x1 can be rewritten if yg and pq are mutual absolutely continuous as

olm)2 /dul /(duo)z /duo
= —— | dyuyg—1= | ——=du; -1 and = —/— ) duyy—1= | ——dug—1.
X0 /<d}40 Ho J duo M1 X1 diny M1 din Ho
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This quantity is also known as x>-distance on the space of probability measures (cf. [3]). The x*-distance
is a rather weak distance and therefore bounds many other probability distances. Among them is also the relative
entropy. Indeed, by the concavity of the logarithm and the Jensen inequality follows

1} / : (/ o )
Ent = [1lo du <lo d = log(1 + < xo.
Ho {dﬂo g 0o M1 g 1o M1 g( X0) < Xo

Remark 2. The proof of Theorem 1 shows that the expression for % in the last case of (4) can be bounded above
and below by

PX1+P4X0Xr+QM)<nmX{1+4M)1+PX1}‘ )
T @pxitaqxe 0 ' a

2
o]
X
—
|-
o |-
——
AN

In the case, where xo = x1 = X, the formula for ¢y, (4) simplifies to

I+pgx

< )
poo+4q01

1
— ®)
o

Corollary 1. Let pg < py and po, pq satisfy P1(0o), PI(01), respectively. Then, for all p € [0,1] with
q = 1 — p, the mixture measure y, = p po + q 1 satisfies P1(0p) with

1 _ max{{ HW}
Op 00 01

Likewise, if p1 < po, then it holds

1 {11400}
p 01 00

Proof. The proof is a simple consequence of Lemma 1 with ¢ = 0 and a similar line of estimates as
in(6). O

3. Log-Sobolev Inequality

In this section, a criterion for LSI(«) is established. It will be convenient to establish it in the
form (2). For a function ¢ : R” — R" and two probability measures i and y1, the averaged function
g:{0,1} — R is defined by

g(0) :=Ey,[g] and g(1):=Eyg].

Moreover, the mixture of two Dirac measures Jy and J; is by slight abuse of notation denoted
by dp := pdo+q 1 for p € [0,1] and g = 1 — p. Then, the entropy of the mixture p, = p po + g is
given by

Enty, (%] = pEnty, [f?] + q Enty, [£2] + Enty, [ £2] . ©)

The following discrete log-Sobolev inequality for a Bernoulli random variable is used to estimate
the entropy of the averaged function f. The optimal log-Sobolev constant was found by Higuchi and
Yoshida [4] and Diaconis and Saloff-Coste ([5], Theorem A.2.) at the same time.
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Lemma 2 (Optimal log-Sobolev inequality for Bernoulli measures). A Bernoulli measure i, on {0,1},
i.e., a mixture of two Dirac measures 6, = pdy + q6y with p € [0,1] and q = 1 — p satisfies the discrete
log—Sobolev inequality

Bt [g] < 7005 (5(0) —g() forallg {01} RY,

where A : RT x RT — R is the logarithmic mean defined by

P—q i _
AMp) = (o Tiogg frP 7 and Alpp)i=lm Alp,g) = p.

The above result allows for estimating the coarse-grained entropy in (9).

Lemma 3 (Estimate of the coarse-grained entropy). Let f2: {0,1} — R be given by f2(i) = E,,,[f?]
fori € {0,1}. Then, forall p € [0,1]andq=1—p,

Enty, [17] < 22 (Varo 1] + Var [f] + (o lf] ~ En [1)°) (10

holds.

Proof. Lemma 2 applied to Ent;, (£2) yields

The square-root-mean-difference on the right-hand side of (11) can be estimated by using the
fact that the function (a,b) — (v/a — V/b)? is jointly convex on R x R*. Indeed, by introducing the
functions fy, f : R" x R" — ]RJr defined by fo(x,y) = f(x) and fi(x,y) = f(y), an application of the
Jensen inequality yields the estimate

WEm[fZ}—w:W[fZ) (Vw31 = VB 7] )2

< By | (o= £1)?] (12)
< Euy [f?] = 2By [f] By [f] + By [ ]
— Vary, [f] + Vary, [f] + (Eyo Lf] — By [£1)2

Now, a combination (11) and (12) gives (10). O

Entn(f2)) <

The decomposition (9) together with (10) yields that a mixture y, = p po + q 1 for p € [0,1] and
g =1 — p satisfies

Entyp [fz] <p Ent%o [f2] +4q Entm [fz]

2 (13)
+ Aoy Varalf)+ Var ]+ (Byolf] = B 1))
The right-hand side of (13) consists of quantities, which can be estimated under the assumption
that pp and p; satisfy LSI(ag) and LSI(«q). The following theorem provides an extension of the
result ([1] Theorem 4.4) to the multidimensional case for the log—Sobolev inequality.



Entropy 2019, 21, 89 7 of 15

Theorem 2 (LSI for absolutely continuous mixtures). Let pg and py satisfy LSI(ag) and LSI(aq),
respectively, and let both measures be absolutely continuous to each other. Then, for all p € (0,1) and
q = 1 — p, the mixture measure y, = p po + q piq satisfies LSI(«p) with

1+4gA, !
i Td>14p0,0 14gA
o zfao_ +pAp(1+x1(1+qAp)),

1 1+P/\p .- K0
Sl e i o —>1 Ap(1 1 Ap)), (14
a, = ) Ucalf +q p( +xo(l+p p)) (14)

p(L+qAp)x1+parpxoxi +q(1+pAy) xo olse

ao P X1+ 219 X0 ’

Hereby, xo and x1 are given in (5) and Ay is used for the inverse logarithmic mean

1 logp —logq 1
Ay = = , or -, and Ay =2.
p Alp,q) p—q forp # 5 1/2

Proof. The starting point is the splitting obtained from (13). The variances and mean-difference in (13)
can be estimated in the same way as in the proof (6) of Theorem 1. Additionally, the fact [6] that LSI(«)
implies PI(«) is used to derive for any 7 > 0 and any ¢ € (0,1)

Ent,,,[%] < %O(Hq)\p (1+ 1+ ¥ x0)) [IVf pdng

1
+a(1+p)\p (1+(1+;7*1)(1—19)27c1))/!Vf|26/d#1 (15)
. max{1 04 1+ 1+ 8x0) 14+pdy (14147 (1=8)n) } I
oo a1 :

By introducing reduced log-Sobolev constants

- . _ %0 . X1
&y = [T g0, and i = T3 phy’ (16)
as well as defining the constants fy and {; by
3 XoAp 3 X1Ap
= = 17
Xo T+, and X1 Tt ph,” (17)
the bound (15) takes the form
14 (14 5)0%5 1+1+5)1-9)%k
Enty, (f?) < max{ - : Lty = / V1% dpp - (18)
0 1

The estimate (18) has the same structure as the estimate (6), where &, &; play the role of g,
01 and fo, X1 the roles of xp, x1. Hence, the optimization procedure from the proof of Theorem 1
applies to this case and the last step consists of translating the constants &, &; and %o, {1 back to the
original ones. [

Remark 3. Let the bound for é in the last case of (14) be denoted by A%- Then, the proof shows that it can be
bounded above and below in the same way as in (7) in terms of the reduced constants (16) and (17)
max{1+qu 1+pAp} 1 {1+q/\p(1+xo) 1+p/\p(1+x1)}

< — < max ’
X0 a1 p X0 X1
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In the case xo = x1 = X, the simplified bound

ap pag +quq

(19)

holds. The inverse logarithmic mean A, = m blows up logarithmically for p — {0,1}. Hence, even in the
case x = 0, the bound (19) diverges logarithmically. This logarithmic divergence looks at first sight artificial,
especially in comparison to (8) showing that the Poincaré constant is bounded. However, the next section with
examples shows that this blow-up may actually occur. Hence, the bound in (14) is actually optimal on this level

of generality.

An analogue statement as Corollary 1 for the Poincaré constant is obtained for the lob-Sobolev
constant, whose proof follows along the same lines and is omitted.

Corollary 2. Let py < pq and po, pq satisfy LSI(ag) and LSI(aq), respectively. Then, for any p € (0,1) and
p = 1 — q, the mixture measure p, = p po + q pi1 satisfies LSI(«,) with

s <mo
— < max

1+4gAp 1+pAp(1+X1)}
o ! ’
p

X0 X1

Likewise, if 1 << po, then

1 Ay 1 Ap(1
1§max{ +p P +qAp( +XO)}
&y 5] L%}

holds.

4. Examples

The results of Theorems 1 and 2 are illustrated for some specific examples and also compared to
the results ([1], Section 4.5), which however are restricted to one-dimensional measures. Although the
criterion of Theorems 1 and 2 can only give upper bounds for the multidimensional case, when at least
one of the mixture component is absolutely continuous to the other, it is still possible to obtain the
optimal results in terms of scaling in the mixture parameter p — {0,1}.

4.1. Mixture of Two Gaussian Measures with Equal Covariance Matrix

Let us consider the mixtures of two Gaussians yo := N'(0,X) and u1 := N (y,X), for some y € R"
and a strictly positive definite covariance matrix X > ¢ Id in the sense of quadratic forms for some
o > 0. Then, yg and y; satisfy PI(c~!) and LSI(¢~!) by the Bakry-Emery criterion (Theorem A1),
ie, 00 = &g = 01 = &y = o~ !. Furthermore, the x*-distance between 1 and y; can be explicitly
calculated as a Gaussian integral (see also [7])

1
=X1= exp(—x- T v+ lx—y) -2 (x—y))dx -1
Yo =X1= o7 detZ/ p( Yx—y) =7 (x—y))
1 2
=exp(y T 7 /ex da =i ty))dr 1< 1
p(y-z ) (2r)} Vaers p(—1x+y)Z  (x+)) <

Then, the bound from Theorem 1 in the form (8) yields

"
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Likewise, the log—Sobolev constant follows from Theorem 2 in the form (19) leads to

1

. < (1+pq/\p(e‘y‘2/"+1))a.

By noting that pg < pgA, < %, both constants stay uniformly bounded in p. The large exponential
factor in the distance ¢” /¢ cannot be avoided on this level of generality since the mixed measure y,
has a bimodal structure leading to metastable effects ([2], Remark 2.20).

The result ([1] Corollary 4.7) deduced the following bound on Ql—p for the mixture of two
one-dimensional standard Gaussians o = 1 in (20)

1 2 WP dil g | 1
o ST PalvP(@(Del™+ et 1 3), @

where ®(a) = \/% [ e/ dy. The elementary inequalities e —1 < a2e" and P(a) > 1+ \/%e’“%
for all a € R show that the bound (20) is better than the bound (21) for all parameter values p € [0,1]
and |y| > 0.

Hence, this example shows that, for mixtures with components that are absolutely continuous to
each other as well as whose tail behavior is controlled in terms of the y?-distance, Theorems 1 and 2

even improve the bound of [1] and generalize it to the multidimensional case.

4.2. Mixture of a Gaussian and Sub-Gaussian Measure

Let us consider y; = N(0,X) where ¥ > ¢Id is strictly positive definite. In addition, let
the density of yp with respect to y; be bounded uniformly by some x > 1, that is the relative
density satisfies duo/dy; < x almost everywhere on R”. By the Bakry—Emery criterion (Theorem A1),
0] =01 = % holds. Furthermore, an upper bound for x is obtained by the assumption on the bound

on the relative density
2
_ Ho / ( Ho ) 2
= Var,,| —| = — ) duy—-1<x"—1.
X1 1251 |:y1 :l ,ul ]’ll >~

Provided that y satisfies PI(gg), the Poincaré constant of the mixture y, = p pig + q pi1 satisfies
by Corollary 1 the estimate

— < max{glo, (14 p(x* - 1))0} .

Similarly, Corollary 2 provides whenever p satisfies LSI(xg) the following bound for the
log-Sobolev constant of the mixture measure i,
1 { 1+4gAp

— < max
&0

,(1+ p/\pxz)a}.
Ap

In this case, the logarithmic blow-up of the log—Sobolev constant cannot be ruled out for p —
{0,1}, without any further information on .

4.3. Mixture of Two Centered Gaussians with Different Variance

For pg = N(0,Id) and u; = N(0,01d), the Bakry-Emery criterion (Theorem A1) implies
o=ap=1land gy =) = o1, The calculation of the y?-distance can be done using the spherical
symmetry and is reduced to the one dimensional integral

~1
dp d 1= L(E)Bl)/+rnf1[(gf%)r2 dr—1.
R

xo = TM 1= (27{)%(771
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Hereby, H"~1(5"~1) denotes the n — 1-dimensional Hausdorff measure of the sphere 9B = {x €
R" : |x| = 1}. The integral does only exist for ¢ < 2. In this case, it can be evaluated and simplified.
The bound for the constant y; follows by duality under the substitution o + ¢~! and is given by

%_1/ U<2/ %71/ 0'>%/
Xo = } (0(2-0))2 and xp =1 ('@ )? (22)
+00, o>2, +o0, o<

N|—=

If o < 1/2, that is for x1 = oo, the bound given in Corollary 1 yields

[N

1 < max = max - — = ——
o = max{e 1+ axo} {‘Tr(l ”’H(U(z_g))z} Pr e

Similarly, if o > 2, that is, for xp = oo, the bound becomes

i max P
v {1, (1+px1)e} SU(H (01(2_01))5)-

In the case % < 0 < 2, the interpolation bound (4) of Theorem 1 could be applied. However,
the scaling behavior for the Poincaré constant can already be observed with the estimate (7) in Remark 2,
where again, thanks to the symmetry o — };,

p—i—#, foroc <1,
(0(2—-0))

NI=

< (23)

1
Qp

U<q+ P ,l>, foro > 1,
(c12-c 1)}

holds. Hence, the Poincaré constant stays bounded for the full range of parameter p € [0,1] and ¢ > 0.
In the case for the log-Sobolev constant, the bound from Corollary 2 gives

I+ oo ("A”))n, r<1,
o(2—0))2
1. ) (24)
pr ol 1+ #n , O Z 1.
(0,71(2,(771))7

The bound (24) blows up logarithmically for p — {0, 1} in general. However, the special case
o = 1, although trivially, allows for the combined bound ,Xip < 1+ min{p,q}A,, which stays bounded.

This behavior can be extended to the range o € (%, 2) thanks to (22) and the interpolation bound of
Theorem 2.

The result (23) can be compared with the one of ([1], Section 4.5.2), which states that, for some
C>0,allc>1and p € (0,1/2),

<o+ Cp% (25)
Op,cM

holds. In general, depending on the constant C, the bound (23) is better for o small, whereas the scaling
in o is better for (25), namely linear instead of o3 asin (20).
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)11 B, with B; the unit ball around zero. Then, gy = 1 holds by
= %2 by the result of [8]. Furthermore,

2
diam(By)?
(26)

4.4. Mixture of Uniform and Gaussian Measure
1
(B1

Let o = N(0,1d) and py = 75
the Bakry-Emergy criterion (Theorem A1) and ¢; >
since y1 < o, the x?-distance between g and p1 becomes thanks to the spherical symmetry
27r)> H" 1 (0By) /1 172 g,
0

(2m)? / NP |
Ble dx = Hn(Bl)Z

2
H1
PLY Qun —
Vo) 0= 3 (B,)2
The volume H" (B;) and the surface area 7"~ !(9B;) of the n-sphere satisfy the following relations
(27)

SR

Xot+1l= /(
2%1“(ﬁ +1) =: gn.

(27)
2

’H”_l(aBl) o and
H'(B1) H"(B1)
The integral on the right-hand side in (26) can be bounded below by 1 and above by %,

gn < xo+1< Vegn.
(28)

which altogether yields
Corollary 1 implies that the Poincaré constant of the mixture p, = p po + q j11 satisfies
1
o < maX{,l + q)co} <p+aqvegn
p
where the last inequality follows from % <p+g+egnforn>1landallp € [0,1]
The estimate of the log-Sobolev constant uses ag = 1 by the Bakry-Emergy criterion (Theorem A1)
and a1 > % from (A1l). Then, Corollary 2 yields the bound
1+pA, 1T4+gA,(1+ 1+pA
Plp — 11 Al XO)} Smax{( 5 ”)e,1+qux/Egn)}. (29)

{ 151 1%}

1
— < max
Xp

There is a logarithmically blow-up of the bound for p — {0,1}.

The blow-up for p — 1 is artificial, which can be shown by a combination Bakry-Emery criterion

and the Holley-Stroock perturbation principle. To do so, the Hamiltonian of i, is decomposed into

p_u 1-p
e 2 +Hn(Bl)]1B](O)(x)>

a convex function and some error term

Hy(x) := —log pp(x) = —log((zmg
KR 1—p (2n)2
= —108<6’ zF2 4 p';[n?[; )\/51131(0)(9()) + Cpn
2— ~
[+ 1 — () + Cp, (30)

where
Pp(x) = <log (e_
The function ¢, is radially monotone towards the boundary of By, which yields for [x| — 1
(31)

—p (2m)} ﬁ)

the bound

1
< <1 1+ —
0= prla) < Og< T HB)
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2
From (30), the Hamiltonian H) is compared with the convex potential MT_l with the bound (31)
on the perturbation . This together yields, by the Bakry—Emergy criterion (Theorem A1) and the
Holley-Stroock perturbation principle (Theorem A2), the y,, satisfies PI(g,) and LSI(&,) with

1 1 1-p
TSTSl—i_i\/ég/ (32)
Op ~ fp p
where g, is the same constant as in (27). This bound only blows up for p — 0. However, the blow-up
is like 1. Furthermore, the bound on the Poincaré constant is worse than the one from (28). Therefore,
both approaches need to be combined.

The combination of the bounds obtained in (29) and (32) results in the improved bound

1
" <C,(1+ qrp gn), with C, some universal constant, (33)
which only logarithmically blows up for p — 0.

This example shows that the Poincaré constant and log-Sobolev constant may have different
scaling behavior for p — 0. Indeed, Ref. [1] shows, for this specific mixture in the one-dimensional
case that the log-Sobolev constant can be bounded below by

Cllogp| <

R |

for p small enough and a constant C independent of p. In one dimension, lower bounds are
accessible via the functional introduced by Bobkov-Gotze [9]. Hence, the bound (33) is optimal
in the one-dimensional case, which strongly indicates also optimality for the higher dimension case in
terms of scaling in the mixture ration p.

To conclude, the Bakry—-Emery criterion in combination with the Holley-Stroock perturbation
principle is effective for detecting blow-ups of the log-Sobolev constant for mixtures, but has, in general,
the wrong scaling behavior in the mixing parameter p. On the other hand, the criterion presented in
Theorem 2 provides the right scaling of the blow-up but may give artificial blow-ups, if the components
of the mixture become singular in the sense of the y2-distance.

5. Conclusions

Recently, the investigation of mixtures can be found in many different applications, and the main
results of this work may be useful to the investigation of asymmetric Kalman filter estimates [10],
the study of asymmetric mixtures in Marine Biology [11], Econometrics [12], Gradient-quadratic and
fixed-point iteration algorithms [7] and estimates of multivariate Gaussian mixtures [13].

Theorems 1 and 2 provide a simple estimate of the Poincaré and log-Sobolev constants of
a two-component mixture measure ji, = p jio + q 1 if the x>-distance of g and 1 is bounded and
each of the components satisfies a Poincaré or log-Sobolev inequality. Section 4 reviews several
examples with the following findings:

e  For mixtures with components that are mutually absolutely continuous and whose tail behavior
is mutually controlled in terms of the x2-distance, Theorems 1 and 2 are very effective.

e If only one of the components is absolutely continuous to the other one with bounded density,
then it is still possible to obtain a bound on the Poincaré and log-Sobolev constant. However,
the log—Sobolev constant blows up logarithmically in the mixture parameter p approaching 0 or 1.
It is shown for specific examples that this blow-up is at least for one limit p — 0 or p — 1 not
artificial due to the applied method.

e A necessary condition for the finiteness of the y2-distance between two measures is that at least
one of the measures iy and y is absolutely continuous to the other one, which in particular
provides a mixture with connected support. This condition is too strong since one can easily
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decompose a measure into a mixture, where the joint support of the components is a null set.
In this case, the present approach would not be helpful, even though the mixture may still satisfy
both functional inequalities.

Future work could overcome the limits of the present approach by revisiting the crucial ingredient
for both the Poincaré and log-Sobolev inequality, which was the representation of the mean-difference
in Lemma 1 regarding covariances. Formula (3) from Lemma 1 applies only in the case where both
measures are mutually absolutely continuous. However, the idea of an interpolation bound can be
generalized to suitable weighted Sobolev spaces. For this, since yo, 1 < pip forall p € (0,1), one can
formally write and estimate

Euolf] = Ew [f] = Covy, (34)

d‘u() d]/ll
fr dn, d]/tp] = Hf||H1(;4,,)

‘dﬂo _dm
dyp d;tp

Hil(ﬂp)

Hereby, H' (1) is the homogeneous weighted H! space with norm ”inll(yp) := [|Vf]*du, and
H~1(pp) is its dual space with norm

lwlF,,) = sup {2(f @)y, — I fllin :
H1(up) fGHl(;lp){ Hp H(ﬂp)}

The representation (34) is fruitful to many more applications in which the components of the
mixture do not need to be absolutely continuous. Similar ideas for estimating mean-differences were
successfully applied in the metastable setting [2,14], in which suitable bounds on the H~!-norm are
obtained. In this regard, the bound (34) promises many interesting new insights for future studies.
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Appendix A. Bakry-Emery Criterion and Holley-Stroock Perturbation Principle

Two classical conditions for Poincaré and log-Sobolev inequalities are stated in this part of the
appendix. The Bakry—Emery criterion relates the convexity of the Hamiltonian of a measure and positive
curvature of the underlying space to constants for the Poincaré and log—Sobolev inequalities. Although
the result is classical for the case of R", the result for general convex domain was established in
([16], Theorem 2.1).

Theorem A1l (Bakry—Emery criterion ([17] Proposition 3, Corollary 2), ([16], Theorem 2.1)). Let (3 C R”
be convex and let H : Q) — R be a Hamiltonian with Gibbs measure y(dx) = lele’H(x)]lQ(x) dx and
assume that V2H(x) >k > 0 for all x € supp p. Then, u satisfies P1(0) and LSI(«) with

0>K and N> K.

The second condition is the Holley—Stroock perturbation principle, which allows to show Poincaré
and log-Sobolev inequalities for a very large class of measures.

Theorem A2 (Holley-Stroock perturbation principle ([18], p. 1184)). Let O C R" and H : ) — R and
P : QO — R” be a bounded function. Let y and fi be the Gibbs measures with Hamiltonian H and H + ¢,
respectively
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u(dx) = Zie*H(")]lQ(x) dx  and  ji(dx) = 1_e*H(x)*‘p(x)110(x) dx.

M 14

Then, if u satisfies P1(0) and LSI(«), then fi satisfies P1(¢) and LSI(&), respectively. Hereby, the
constants satisfy

0> e*OSCQ‘/’Q and @ > e 0ty
where oscq ¢ 1= supp P — infq .

Proofs relying on semigroup theory of Theorems Al and A2 can be found in the exposition by
Ledoux ([6], Corollary 1.4, Corollary 1.6 and Lemma 1.2).

1

Example A1 (Uniform measure on the ball). The measure y; = T (By)

zero, satisfies LSI(aq) with

1g,, with By is the unit ball around

a > = (A1)

N

The proof compares the measure yy with a family of measures
1 2,0
Vo (dx) = Z—aexp(—a|x| +§)]l(x) dx  foro>0.

Then, it holds that v, satisfies LSI(20) by the Bakry—Emery criterion (Theorem A1). Moreover, it holds that
oscyep, |—0|x[* + /2| = § and hence yy satisfies LSI(20e~7) by the Holley—Stroock perturbation principle
(Theorem A2) for all o > 0. Optimizing the expression 20e™7 in o gives the bound (A1).
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