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Abstract: The main purpose of this paper is to implement a simulation model in @RISKTM and study
the impact of incorporating random variables, such as the degree days in a traditional deterministic
model, for calculating the optimum thickness of thermal insulation in walls. Currently, green
buildings have become important because of the increasing worldwide interest in the reduction of
environmental pollution. One method of saving energy is to use thermal insulation. The optimum
thickness of these insulators has traditionally been calculated using deterministic models. With the
information generated from real data using the degree days required in a certain zone in Palestine
during winter, random samples of the degree days required annually in this town were generated
for periods of 10, 20, 50, and 70 years. The results showed that the probability of exceeding the net
present value of the cost calculated using deterministic analysis ranges from 0% to 100%, without
regard to the inflation rate. The results also show that, for design lifetimes greater than 40 years,
the risk of overspending is lower if the building lasts longer than the period for which it was
designed. Moreover, this risk is transferred to whomever will pay the operating costs of heating the
building. The contribution of this research is twofold: (a) a stochastic approach is incorporated into
the traditional models that determine the optimum thickness of thermal insulation used in buildings,
by introducing the variability of the degree days required in a given region; (b) a measure of the
economic risk incurred by building heating is established as a function of the years of use for which
the building is designed and the number of years it is actually used.

Keywords: thermal insulation; Monte Carlo simulation; life cycle cost; green building; optimal
thickness; engineering economics

MSC: 90-10

1. Introduction

To ensure a green building approach, energy conservation in buildings is a crucial
factor in most countries. The use of insulating material in construction can help reduce
energy use and therefore, in some cases, reduce polluting material generated through
heating and cooling devices. In many countries, building energy consumption accounts for
~40% of global energy demands. The energy requirement for the space heating and cooling
of a building is ~60% of the total energy consumed in buildings, which accounts for the
largest percentage of energy usage [1–4].

Another study by the Ministry of Industry and Electricity, Kingdom of Saudi Arabia [5],
mentions that the energy requirement for the cooling and heating of buildings is respon-
sible for ~50% of the total electric energy consumption in the Kingdom of Saudi Arabia.
Karakaya et al. [6] analyzed the heating and cooling performance of different insulating
materials and fuel types in various geographic regions of Turkey. These analyses were

AppliedMath 2024, 4, 305–319. https://doi.org/10.3390/appliedmath4010016 https://www.mdpi.com/journal/appliedmath

https://doi.org/10.3390/appliedmath4010016
https://doi.org/10.3390/appliedmath4010016
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/appliedmath
https://www.mdpi.com
https://orcid.org/0000-0002-9756-1554
https://orcid.org/0000-0001-6545-8889
https://doi.org/10.3390/appliedmath4010016
https://www.mdpi.com/journal/appliedmath
https://www.mdpi.com/article/10.3390/appliedmath4010016?type=check_update&version=1


AppliedMath 2024, 4 306

performed using different values of insulation thickness, annual gains, payback periods,
and emissions analyses. They proposed new empirical models, in which the equations
developed confirm the ability to accurately predict optimal insulation and thickness val-
ues. They also mention that, in recent years, there has been a very rapid urbanization
phenomenon around the world in which most of the buildings that are built do not follow
the International Energy Efficiency Standards, so it is important that the institutions that
are authorized to grant construction permits are aware and sensitive in this regard. On
the other hand, Akpinar and Demir [7] developed a study in which they calculated the
optimal insulation thickness of external walls, the energy savings over a 10-year lifetime,
and payback periods for two different types of walls, with carbon as an energy source
and two different insulation materials in cities from four different climate zones in Turkey.
The results indicated a payback period of 0.3 to 6.5 years, which depended on the cities,
the type of wall, the insulating material, and the cost of coal fuel. The energy savings
were greater, the insulation was more effective, and the payback period was shorter for
higher-ranking cities. Balo and Ulutas [8] investigated the optimal value of insulation
thickness for buildings in a city in Turkey, proposing a comprehensive approach through
the combination of technical and economic factors in the sustainable design of buildings.
The results of the simulations of their mathematical models indicate that the use of different
energy alternatives has a significant impact on air quality in residential areas, indicating
that the lowest value of energy consumption is achieved by using natural gas, a porous
lightweight brick building material, and glass wool insulation. Similar results will only be
possible if policymakers and practitioners work together to design and implement energy
efficiency plans in buildings.

Anastaselos et al. [9] reported high volumes of energy consumption for housing
and service purposes throughout the EU. In many countries, heating and cooling spaces
makes up the highest relative percentage of energy consumption in households [10,11].
Ozbek et al. [12] mention that buildings account for one-third of the world’s energy con-
sumption and that reducing fuel consumption and emission values is only possible by
making them more energy efficient through methods such as the use of adequate thermal
insulation. They determined the optimal insulation thicknesses for cities in the various
climatic regions of Turkey. Insulation thickness, thermal conductivity, heating degree
days, and fuel type were determined as variable parameters, where the optimal insulation
thickness and the total heating cost of the cities were determined using the response surface
method, for which they developed mathematical models that estimate the total cost of
natural gas coal and fuel oil, depending on the thickness of the thermal insulation, the
thermal conductivity, and the degrees of heating days.

Daouas et al. [13] reported that in Tunisia, a significant increase in summer comfort
requirements translated into a great boom in air conditioning device use, with an average
annual increase of ~28% between 1999 and 2004. This increase led to a remarkably high
electric energy consumption, which reached a new peak in summer. Recently, because
of environmental changes, attention has been paid to summer comfort by accounting for
cooling loads and reducing heat transfer to the buildings using an optimum insulation
thickness. Küçüktopcu [14] conducted a study to determine the effect of insulation thick-
ness on the energy efficiency and cost savings of the outer walls of cold storage facilities
in climatic zones of Turkey, specifying that refrigeration facilities consume a considerable
amount of energy, especially in hot climates, which can be reduced by using thermal insu-
lators to maintain a stable temperature, also suggesting that the application of geographic
information systems is important because of significant topographical differences, which
were particularly useful in assessing investment opportunities. It was found in the different
evaluations of models and economic parameters that the values of the coldest days of the
year, along with energy and insulation prices, could produce different results.
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The International Energy Agency [15] and other organizations provide accurate and
up-to-date data on global energy consumption across various sectors (see Figure 1). It is
evident from these references that the highest energy consumption comes from residential,
commercial, and public service sources.
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In the literature, there are many studies on the optimal insulation in walls; for exam-
ple, Shaik and Talanki [16] analyzed the influence of insulation location within a flat roof
directly exposed to solar radiation to reduce the heat gain in buildings. In their proposal,
they considered the unstable thermal response of the building roof, such as admittance,
transmittance, decay factor, and time delays, through a one-dimensional diffusion equa-
tion under convective periodic boundary conditions. The theoretical compared with the
experimental results of four types of walls are available in the literature [16].

Similar studies have been conducted to minimize the thickness of the insulators
to reduce their weight; for example, D’Agostino et al. [17] evaluated the energetic and
economic influences of external thermal insulation using energy simulations under dynamic
conditions (DesignBuilder software) for a case study. The analysis was conducted for
various cities (Palermo, Milan, and Cairo) and for multiple volumes (10, 20, and 30 W/m2)
of internal thermal loads. The optimal insulation thicknesses were derived, and the results
demonstrate the need to avoid excessive insulation of buildings to obtain the highest
possible energy saving.

An interesting study was performed by Stazi et al. [18], whose objective was to
verify the dynamic behavior of three envelopes characterized by various traditional wall
constructions adopted in temperate climates. In each case, the solution to the problem
was identified in terms of comfort and energy savings. The proposal was tested for
three buildings characteristic of the existing building heritage. The results showed that
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the behavior of the three envelopes differs greatly because they interact in unique ways
according to climatic changes.

The research developed by Bojić et al. [19] uses a small residential house in Serbia
where an optimization in the thickness of its thermal insulation layer is investigated using
EnergyPlus software and the Hooke–Jeeves direct search method. The embodied energy of
thermal insulation is considered. Optimization occurs throughout the life cycle of thermal
insulation. The results show that the optimal thickness of thermal insulation produces the
minimum consumption of primary energy.

In a proposal by Annibaldi et al. [20], a multidisciplinary approach is used to compare
the optimal insulation thickness determined from the transmittance values of historical
walls measured in situ with those reported in the literature. Their proposal includes a
preliminary analysis of the historical envelope necessary to conduct in situ measurements
of thermal transmittance and an analysis of the insulating material and its thickness to
determine the optimal combination between the energy performance of the building and
the related investment. These analyses would ensure optimal thermal insulation and
improved environmental impact through life cycle cost analysis.

Idchabania et al. [21] highlighted the cost-effectiveness achieved through the use of
thermal insulation in building walls in cold regions. Their study was based on life cycle
cost analysis, in which they found that the optimal insulation thickness varies significantly
depending on the insulation material selected. Benallel et al. [22] presented research
using six Moroccan climatic regions, applying the concept of degree days and a life-cycle
cost analysis to compare the economic and environmental evaluation of various thermal
insulation materials integrated in the middle of a typical double wall. The results obtained
show that the optimal insulation thicknesses increase with the increase in the total number
of degree-days of heating and cooling; this translates into increased cost savings and a
shorter payback period.

Recently, Acikkalp and Kandemir [23] developed a methodology, which they named
the Combined Economic and Environment Method (CEEM), to determine the optimal
thickness for two types of insulation materials. They performed a comparison using three
methods (economic, economic and environmental, and environmental), concluding that
the CEEM method is approximately twice as effective as the economic approach.

Li and Denesley [24] developed a study for decision making in regards to building re-
furbishment policies related to insulation in England. They suggested that it is necessary to
consider a holistic whole-life approach, in which the characteristics and impacts of national
funds, building parks, climatic conditions, and carbon performance of the electricity grid
must be taken into account to determine tailor-made optimized wall insulation thicknesses
in order to maximize both carbon emissions and reduce energy consumption.

We conducted a bibliographic search and did not find any references in which the effect
of uncertainty is reflected in the calculations of the costs incurred under the selection of an
optimal thickness calculated from the deterministic method. For this reason, in this study,
we calculated the risk of exceeding the optimal cost calculated using the traditional method.

2. Materials and Methods

Construction materials vary between countries and regions. In this study, we take as a
basis for comparison the case of Palestine, where concrete, bricks, stones, and steel bars for
reinforcement are used in new building walls.

2.1. Energy Prices and Building Materials

In this study, we employed some secondary data, especially those previously provided
by Hasan [2] regarding energy prices and wall characteristics. Some of these are USD
0.38/L, USD 0.38/L, USD 0.57/kg, and USD 0.15/kWh for diesel, kerosene, LPG, and
electricity, respectively. The construction materials employed, along with some of their
thermal characteristics, are shown in Figure 2.
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2.2. Heating Load

The energy for space heating, Eh, requirements are directly proportional to the degree
days, DD, required for heating and the wall conductance U, and inversely proportional to
the efficiency β of the equipment used. To calculate Eh, the following expression is given in
ASHRAE Handbook of Applications [25].

Eh = 86400 U DD/β (1)

Conductance U, for a typical wall, including the insulating layer in terms of the total
resistance of the wall, is given by (see the previous nomenclature)

U = [Ri + Rw + Rin + Ro]
−1 (2)

The wall resistance, including the indoor and outdoor air films, is given by

Rwt = Ri + Rw + Ro (3)

From Equations (1) and (2), it is not difficult to prove that the load heating, Eh, in terms
of the degree days, and the total resistance of the wall, Rwt, as also provided by Hasan [2],
and Bolatturk [4], is

Eh = 86400 DD
1

Rwt +
X
k

(
1
β

)
(4)

where k and X are the thermal conductivity and thickness of the insulating material,
respectively.

2.3. Optimization of Insulation Thickness

The global cost per unit area, Ch, in terms of the cost of fuel, Cf, and its value of global
warming, H, is then given by

Ch = 86400 DD C f

[
1

Rwt +
X
k

](
1

Hβ

)
(5)

In engineering economics, life cycle cost is the traditional method of evaluating the
alternatives of decision whose only differences include the incurred annual costs.
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The annual cost of each alternative decision is the present value (PNV) through the
factor of the present value (PWF), which, in the field of construction, depends on the rate
of inflation, g, the interest rate, I, and the number of years, N, over the project’s life cycle,
according to Park [26] and Hasan [2].

The insulation cost is represented by

Cin = Ci X (6)

Thus, the value of the total cost during the cycle of life in USD per unit area is given
by

Ct = PWF Ch + Ci X (7)

Substituting the value of Ch from Equation (5) into Equation (7),

Ct=86400 PWF DD Cf[
1

Rwt+ X
k

](
1

Hβ
)+Ci X (8)

This function is convex and differentiable for X, which is the thickness of the insulation;
therefore, it is possible to find the value of Xop, which is minimized, and is given by

Xop=293.94 [
PWF DD k Cf

CiHβ
]

1
2

−k Rwt (9)

The previous expression is also obtained by Bolatturk [4], who is studying optimal
insulation in Turkey. In his study, he uses the P1 − P2 method to derive the expression.

2.4. Deterministic Analyses

The traditional analyses use the expressions below, implicitly considering that the
costs of fuel have experienced inflation over the life of the project period, with all other
factors remaining constant.

Given that our main interest is to compare the results generated by deterministic and
stochastic approaches, we first calculated the optimal thicknesses suggested by Equation (9)
for a particular case. The input data used are shown in Table 1.

Table 1. Parameters used in calculating the optimum thickness.

Inputs to Model Value Units

Fuel price 0.38 USD/BTU
Heating value 4.05 × 107 J/l

Efficiency 0.7
Interest rate 8%
Inflation rate 3%

Combined rate 5%
PWF 18.6745126

Material cost (polystyrene) 83 USD/m3

Conductivity
Years

0.038
50

W/m K
years

The results for the optimal thickness, in meters, of the insulating material, considering
various resistances of the wall and degree days required, are shown in Figure 3. The optimal
costs for four types of walls, including all constant parameters in Table 1 which are between
15 and 17 USD/m2, can be seen in Figure 4.
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Figure 5 shows the optimal thickness results for various walls across the life cycle
period, i.e., 10 years. These figures show a considerable impact on the optimal thickness, as
there is a significant difference between them. This difference has implications in terms of
establishing a well-defined project life cycle.
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2.5. Stochastic Analysis

Some issues regarding the deterministic analysis are as follows: the degree days may
vary from year to year, and these days may also increase because of global warming;
moreover, the efficiency of the equipment may be dependent on the use. As a result of this
study, a more realistic analysis for calculating the present value cost given by Equation (7)
is that the degree days required annually are modeled using a random behavior. The
advantages of stochastic analysis in economic studies have been demonstrated in works
such as those of Coates and Kuhl [27].

To achieve this analysis, information was obtained from the degree days required
in Palestine, available on the website http://www.degreedays.net/#generate (accessed
on 1 August 2023) [28]. The data contained 80 records of the degree days required in a
specific winter; goodness of fit tests using @RISKTM software, www.palisade.com (accessed
on 1 August 2023) [29], were performed, resulting in the best fit beta distribution, with
parameters that can be seen in Figure 6.

Given that Equation (7) requires annual degree days, a random sample was generated
for an assumed period of two hundred days during the cold season. As expected using the
central limit theorem, the sum of these random variables with beta distribution turned out
to be a normal distribution, with the mean and standard deviation of 1104 (this value was
used in deterministic analysis) and 59.47, respectively.

Therefore, the analysis algorithm used in this study can be summarized in the
following steps:

Step 0: Select the life cycle of the building in years (10, 20, 50, or 70).
Step 1: Choose typical wall and insulation materials, along with their respective thermal
characteristics.
Step 2: Select economic data, inlcuding rates of interest and inflation, number, the current
price of the used fuel, and the average of the degree days given by the normal distribution.
(This generates optimal thickness insulation, Xop, and optimal cost, Co

t , given by Equations
(8) and (7), respectively.)
Step 3: Generate random degree days using the normal distribution required for each
different year selected in Step 0.
Step 4: Note that fuel prices were inflated throughout the analysis period.

http://www.degreedays.net/#generate
www.palisade.com
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Step 5: Calculate the energy cost for each year using Equation (4) (using the optimal
thickness determined in Step 2).
Step 6: Note that costs used for heating in each year were based on the present value.
Step 7: Conduct a simulation using 1000 replicas to generate a random sample of net
present value costs.
Step 8: Calculate the risk that the random variable representing the net present value of
cost exceeds the Co

t value (Risk = Pr [NPVC > Co
t ]).
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The previous steps were implemented in a spreadsheet in Excel, which is available at
the following location: https://tinyurl.com/yvvwbk3z (accessed on 1 August 2023).

Screenshots of the conceptual model (Big PictureTM) and computational models are
presented in Figure 7 and Table 2, respectively.

Table 2. Partial computational model in @RiskTM [Own elaboration].

SIMULATION

OptThickness 0.0537515

YEAR Degree Days Energy Price
Adjusted for Inflation Energy Cost NPW

(Energy Cost)
NPW

(Total Cost)

1140.156819

1 985.2049072 0.38 0.6426097 0.595008 5.05637

2 1079.655298 0.3914 0.7253424 0.621864 5.67824

3 1201.776356 0.403142 0.8316083 0.660157 6.33840

https://tinyurl.com/yvvwbk3z
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Table 2. Cont.

SIMULATION

OptThickness 0.0537515

YEAR Degree Days Energy Price
Adjusted for Inflation Energy Cost NPW

(Energy Cost)
NPW

(Total Cost)

4 1120.855522 0.415236 0.7988808 0.587201 6.92560

5 1098.906553 0.427693 0.806734 0.549049 7.47465

6 1090.952222 0.440524 0.8249214 0.519840 7.99449

16 1004.042359 0.592027 1.0203075 0.297818 11.9181

46 1166.32283 1.437006 2.8768325 0.083449 17.0962

66 1097.883311 2.595393 4.8909867 0.030438 18.0775

67 1052.997803 2.673255 4.8317559 0.027842 18.1053

68 1137.209278 2.753452 5.3747113 0.028677 18.1340
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3. Results and Discussion

To make cost comparisons using the deterministic and stochastic approaches, the
optimal thickness (in m) and optimal cost (in USD/m2) were calculated using the input
data in Table 1, for values of the useful life of 10, 20, 50, and 70 years, and inflation rates of
3%, 0%, and 1.5%. These values can be observed in Table 3.
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Table 3. Optimal cost (USD/m2) for various combinations of inflation rates and planned years of use.

Planned Years Inflation Rate

0.010 0.015 0.03

10 9.265 9.522 9.654 10.061

20 11.446 11.969 12.244 13.127

50 12.909 13.847 14.372 16.217

70 13.028 14.047 14.629 16.757

Subsequently, simulations were implemented following the series of steps described
above, and the risk defined in Step 8 was calculated for some values of the planned cycle
life, operated years, and inflation rate (see Tables 4–6).

Table 4. Risk for planned life cycle versus operated years (inflation rate of 3%).

Operated Years Planned Years

10 20 50 70

10 3.84% 99.60% 100.00% 100.00%

20 92.86% 1.21% 93.69% 99.82%

50 100.00% 61.39% 0.00% 0.00%

70 100.00% 93.03% 0.00% 0.00%

Table 5. Risk for planned life cycle versus operated years (inflation rate 0%).

Operated Years Planned Years

10 20 50 70

10 49.32% 99.68% 100.00% 100.00%

20 98.69% 50.49% 84.16% 88.82%

50 100.00% 84.43% 50.45% 50.73%

70 100.00% 87.89% 50.58% 50.45%

Table 6. Risk for planned life cycle versus operated years (inflation rate of 1.5%).

Operated Years Planned Years

10 20 50 70

10 18.28% 99.39% 100.00% 100.00%

20 96.50% 11.55% 81.04% 90.63%

50 100.00% 67.21% 5.91% 6.02%

70 100.00% 80.61% 5.30% 5.21%

Finally, the risk map was created using the values of Tables 3–5 to obtain a better
perception regarding life cycle building design errors that are not actually incorporated
into the buildings (Figures 8–10).
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of 3%).

From these Figures, we can deduce that the risk is always lower when the planned
years of the building’s life cycle are equal to the years operated. However, the risk increases
considerably when the years of operation are greater or less than the planned life of the
building. In particular, the contour graph highlights that when the building is designed
for a life cycle of more than 50 years and the it operates for a longer period, the risk is low,
while if it is operated for a shorter period, the risk increases considerably. This is because
the heating costs of operating the building for more than 50 years, due to the thickness of
the insulation implemented, do not exceed the expected costs of the design.

4. Conclusions and Future Studies

The analysis conducted calculated sensitivity using the optimum thickness of the
insulating material under deterministic and stochastic conditions. Using a deterministic
approach, the thickness may increase by 80% if the useful life ranges from 10 to 50 years.
Stochastic analysis, incorporating the variability of the degree days required annually,
showed that the probability of exceeding the value of the optimal cost suggested by
deterministic analysis can range from 0% to 100%, depending on the designed duration
of the project’s lifetime and the building’s operated years. However, if the inflation rate
is ignored, the risk increases. This risk is transferred to whomever will pay the operating
costs of heating the building. These figures call for a study to consider the financial risks
of building designs. In future studies, we propose the use of risk alternative selection
methodologies to analyze the tradeoffs between various characteristics of the value of the
cost from the stochastic perspective.
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Nomenclature

Cf Fuel cost, USD/L
Ch Annual heating cost, USD/m2 year
Ci Insulation material cost, USD/m3

Cin Insulation cost, USD/m2

Ct Total heating cost as present value, USD
DD Degree days, ◦C days
Eh Required annual heating energy, J/m2 year.
g Inflation rate
H Heating value of fuel, J/L
I Interest rate
I* Interest rate adjusted for inflation (combined rate)
k Thermal conductivity of insulation, W/m K
N Lifetime, years
PWF Present worth factor
Ri Inside air film thermal resistance, m2 K/W
Rin Insulation thermal resistance, m2 K/W
Ro Outside air film thermal resistance, m2 K/W
Rw Composite wall thermal resistance, m2 K/W
Rwt Total wall thermal resistance, excluding the insulation material, m2 K/W
X Insulation thickness, m
Xop Optimum insulation thickness, m
β Efficiency of space heating system
NPVC Random variable representing the net present value of the costs
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