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1. Introduction

We can quickly see the importance of fixed-point (fp) theorems by considering their
applications in a variety of fields. The fp theorems demand that the function has at least one
fp under specified conditions. As is evident, these conclusions usually benefit mathematics
as a whole and are crucial for analyzing the existence and uniqueness of solutions to
various mathematical models. Since then, numerous actual applications for handling
uncertainty have utilized fuzzy sets (FSs) and fuzzy logic. The traditional FSs utilize one
real value pi 4 (@) € [0,1] to constitute the class of community of a FS A defined in terms
of the universe Z. Occasionally, j 4 (@) itself is unknown and difficult to define using an
invigorating value. So, the concept of the interval valued as FS was proposed in [1] to
capture the unpredictable nature of class of community.

FS uses an interval value [y g L (@), pgq U(@)] with0 < pgq L (@)pq U(@) < 1 to
constitute the class of the community of FS A. For applications that consider authority
structure, reliance system and information fusion, we should not only consider the truth
community supported by the noticeable. An IFS can only hold insufficient details but not
undefined details and inconsistent details, which commonly exist in reliance structures.
In IFS, this detail is 1 — 74(®@) — f4(®@) by default. For instance, when we call on the
support of a specialist to create a definite declaration, they may believe that the chances the
declaration is true is 0.5, the chances that the declaration is wrong is 0.6, and level that it is
dubious is 0.2.

In the neutrosophic set (NS), indeterminacy is quantified explicitly, and membership
of the truth, indeterminacy, and falsehood classes are all independent. This presumption
is crucial in many circumstances, including information fusion, which is the process of
combining data derived from many sensors. Smarandache first introduced neutrosophy in
1995. The genesis, character, and range of neutralities, as well as how they interact with
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various ideational spectra, are studied in this area of philosophy [1]. The concept of the
classic set, FS [2], interval-valued FS [3], IFS [4], etc., are all considered.

The Banach fp theorem, which Banach [5] initially proposed in 1922 and Caccioppoli [6]
further derived in 1931 based on the framework of metric space (ms) fp theory, is covered
in this paper. Several researchers established various conditions to examine fps. Through
the help of Banach and Caccioppoli, the fp research community produced several good
results. Utilizing the concept of FS theory, which Zadeh [2] developed in 1965, fixing real-
world problems becomes undoubtedly simple because it helps to explain ambiguity and
inaccuracy. Using the framework of a metric linear space, Arora and Sharma [7] derived
the common fps through fuzzy mappings.

Park [8], using the idea of IFS, defined the notion of IFMSs, with the support of
continuous t-norms (CTN) and continuous t-conorms (CTCN) as a theory of fuzzy metric
space (FMS), due to the work of George and Veeramani [9]. Sessa [10] describes a theory of
fluctuation, which is called weak commutativity. Further, Jungck [11] established many
theories of commutativity, which are called compatibility. Mishra et al. [12] gain common fp
theorems for compatible maps based on FMS. Turkoglu et al. [13] worked out the definitions
of compatible maps of class () and (3) in IFMS. Alaca et al. [14] established the theory of
compatible mappings type (I) and (II) and satisfied common fp theorems for four mappings
in IFMSs.

Kirisci et al. [15] established the NMSs. Ishtiaq et al. [16] established the concept of
neutrosophic extended metric-like spaces and established few FP theorems. In neutrosophic
extended metric-like spaces, the authors utilized the concept of neutrosophic sets, metric
space, continuous triangular norms, and continuous conorms. Uddin et al. [17] defined the
concept of neutrosophic double-controlled metric spaces as a generalization of NMSs. For
more related results, see [18-23].

The main aim of this manuscript is to enhance a common fp theorem to any even
number of mappings using a complete NMS. In the second part of this paper, we provide
several basic definitions and results derived from the existing literature. In part 3, we
establish the main theorems of this paper. In part 4, we satisfy a common fixed-point (CFP)
theorem for four finite families of mappings using a complete NMS.

2. Preliminaries

In this section, we provide some definitions that are helpful for readers to understand
the main section.

Definition 1 ([18]). We suppose that a binary operation * : [0,1] x [0,1] — [0,1] is said to be
CTN if * is fulfilling the following conditions:

(T1) = is associative and commutative;

(T2) = is continuous;

(T3) ¢x1=¢Voe€[0,1];

(T4) o+ m < c*dwhenever 9 < cand m < d,and o, 7,c,d € [0,1].

Definition 2 ([18]). A binary operation { :[0,1] x [0,1] = [0,1] isa CTCN if { satisfies the
(T1), (T2), and (T4) and also fulfills:

(T5) 0 O 0=0Voe€|[01]

Definition 3 ([23]). We suppose that = is a nonempty set, x is a CIN and M is a fuzzy set for
E x B x [0,00). Then, M is said to be a fuzzy metric on = if for all ®,w,0 € E, M satisfies the
following conditions:

(f1) M(@,w,0) =0;

(2) M(@,w,t)=1forallt>0,iff u =0,

f3) M(®,w,7) = M(w,®,1);

(f4) M(@,0,T+A) > M(@,w,T)* M(w,o,A) forall T,A > 0;
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(f5) M(®,w,.): (0,00) — [0,1] is left continuous and lim m(w,w,T) =1;

T—00

Then, (E, M, ) is called fuzzy metric space.

Definition 4 ([20]). A 5-tuple (E, My, Ny, %, ¢ ) is said to be an IFMS if & is an arbitrary set, *
isa CTN, ¢ isa CTCN, and My, N, are FS on E? x (0,00) , satisfying the following conditions
forall ®,w,0c€ 5, A, T>0,

(a) Md(co, w,T)+ Ny(w,w,7) <1;

(b) My(®o,w,0)=0;

(c) My(@,w,t)=1V1>0 <= 0 =w;

(d) My(o,w,t)=My(w,®,T1);

() My(@,w,T)*My(w,o,A) < My(w,0,T+A)Vo,w,ceEAT>0;

) My(o,w, -):(0,00) — [0,1] is left continuous;

(g) Tlig(}c)M,i(ci),c(J,(r):1Va),cu€E;

(h) Ny(@o,w,0)=1;

(i) Nd(a)wr)—OVT>0<:>w:w;

() Nyg(@,w,7) = Ny(w,®,71);

(k) Nyg(@,w,7) O Nj(w,o,A) > Ny(@,0,T+A)Vo,w,0€ E,AT>0;

(1)  Ny(@,w, -):(0,00) = [0,1] is right continuous;

(m) Tliﬁn;oNd(cO,w,1.') =0, Vo,w € E.

Then, (M, N) is said to be an IFM on E.

Example 1 ([9]). We suppose that (E,d) is a ms. Let 9 x 1 = g and ¢ O m = min{1, o + 7},
¥ o, € [0,1] and let My and Ny be FSs on 52 x (0, 00), specifying the following conditions:

ht"
Ma(@,w,7) = ht + md(w@,w)’
Ny(o,w,T) = d(@, )

AT+ md(@,w)’
forall h,A,m,n € N. Then, (E, My, Ny, *, { ) is an IFMS.

Remark 1. Note that the above example holds even with the CTN ¢ x T = min{o, 7t} and the
CTCN ¢ * 7w = max{o, 7} ; hence, (M, N) is an IFMS with respect to any CTN and CICN. In
the above example, by takingh =A =m=n =1,

d(®,w) T

Na(@,w,7) = g0 gy Mal@w, ™) = 2y -

Theorem 1 ([22]). Let (E, My, Ny, *, O ) be a complete intuitionistic fuzzy metric space, and let
A,B,S, T, pand Q be mappings from = into itself such that the following conditions are satisfied:
1. p(E) C ST(Z), Q(Z) C AB(Z).

AB =BA,ST =TS, pB = Bp, QT = TQ.

Either p or AB is continuous.

(p, AB) is compatible of type (B) and (Q, ST) is semi-compatible.

There exists A € (0,1) such that for every @, w € E, a € (0,2) and T > 0

ISERGIRC

M;(p@, Qw, At) > min{M;(AB®, Qw, (2 — a)T), Mg(ABw,STw, ), M4(STw, Qw, T)}

N;(p@, Qw, At) < max{N;(ABw, Quw, (2 —a)T1), Ny(ABw, STw, T), Ny (STw, Qw, T) }

Then, the mappings AB, ST, p and Q have a unique common fixed point in X, and A, B, p,Q, S and
T have a unique common fixed point in =.
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Example 2 ([18]). Let (E, My, Ny, *, O ) be an intuitionistic fuzzy metric space, where the
E = [0,2] t-norm is defined by a x b = min{a, b} , t-conorm is defined by a O b = max{a, b} for

all a,b € [0, 2], and
-1
i =250

and

-1
Ny(@o,w,T) = [exp(M)} {exp(M)} forallo,we &, t>0

Clearly, (£, My, Ny, *, O ) is an intuionistic fuzzy metric space.

Theorem 2 ([21]). Let (&£, My, Ny, *, O ) be a complete intuionistic fuzzy metric space with
continuous t-norm % and continuous t-conorm § defined by Tt > tand (1—-71) 0 (1—1) <
(I1—1)forallt e [0, 1].

Further, let (A, S) and (B, T) be pointwise R-weakly commuting pairs of self-mappings
in a compatible pair (A, S) or (B, T) is continuous; then, A, B,S and T have a unique

common fixed point.

Example 3. Let E = [0, 0) and let My and N be defined by

T

My(@,w,T) = ————

(@@, 7) T+ |@ — w|
and | |
w—w

Nij(o,w,T) = ———

2(@,w,7) T+ |@ — w|

Then, (£, My, Ny, *, ¢ ) is a complete intuitionistic fuzzy metric space. The t-norm is defined by
axb = min{a,b}, and the t-conorm is defined by a O b = max{a, b} forall a,b € [0,2].

Definition 5 ([15]). A 6-tuple (2, M, N, O %, { ) is said to be an NMS if E is an arbitrary set, *
isa CTN, & isa CTCN, and M, N, O are NS on E% x (0, 00), satisfying the following conditions:
Vo,woe& AT>0,

(NMS1) M(®,w, T) + N(w,w, )+ 0(w,w,Tt) < 3;

(NMS2) M(®,w,0) =

(NMS3) M(®, w, )_1VT>O =0 =w;

(NMS4) M(@, w,T) = M(w, ®, T);

(NMS5) M(®@, w, T)*M(w o, /\) <M(w,0,t+A)Vo,w,ceEAT>0;
(NMS6) M(@,w, -): (0,00) — [0,1] is left continuous;

(NMS?) TlgnM(w w,o) = 1 Vo,we 5

(NMS8) N(@, w,0) = 1;

(NMS9) N(@,w,T) =0V T >0 <= @ = w;

(NMS10) N(®w,w,7) = N(w, @, T);

(NMS11) N(w,w,7) O N(w,0,A) > N(w,0, T+ A)Vo,w,0 € E,AT>0;
(NMS12) N(w,w, -) : (0,00) — [0,1] is right continuous;

(NMS13) Tlg]goN(co w,T)=0,Vo,we 5

(NMS14) O(@, w,0) = 1;

(NMS15) O(@,w, T) = OVT >0 <— 0 = w;

(NMS16) O(w,w, T) = O(w, @, T);

(NMS17) O(@,w,T) 0 O(w,0,A) > O(@,0, T+ A)V@o,w,0c € E,A,T>0;
(NMS18) O(®@,w, ) : (0,00) — [0,1] is right continuous;

(NMS19) Tli_r)r(}oO(co, w,T)=0,Vo,w e &.

Then, (M, N, O) is said to be a neutrosophic metric on E.
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Definition 6 ([15]). Let (2, M, N, O, x, ) be an NMS. Then:
(a) A sequence {@y} in T is said to a Cauchy sequence if for each T > 0and p >0,

nlg)roloM((Dner, (Dl’l/ T) - 1/

JEI;ON(CDner/ Wy, T) =0,

(b) A NMS is only called complete if every Cauchy sequence is convergent.

3. Main Results

In this section, we establish a common fp theorem for any even number of compatible
mappings in a complete NMS.

Definition 7. Let A and B represent mappings into an NMS (Z, M,N,O,*, ¢ ). The maps A
and B are said to be compatible with type (x) if ¥V T > 0,

lim M(ABcy, BBy, T) = 1,lim N(AB@y, BB@y, 7) = 0, lim O(AB@y, BB@y, 7) =0,

n—»00
and

lim N(AB®@,, AA®,,T) =0,

n—oo
lim O(AB®@,, AA@,,T) =0,
n—oo

whenever {@y, } is a sequence in = such that lim Aw, = lim Bo, = o for some o € 5.
n—o0 n—o0

Lemma 1. Let (£, M,N,O,*, ) be an NMS and wy, be a sequence in E. If 3 is a number
Ae(0,1)s.t
M(wn+11wn+2//\'f) Z M(wnrwn+1/ T)/

N(wﬂJrll wi’H—Z/ )\T) S N(wl’l/ w?H»l/ T)/

O(wn+1/wn+2/AT) S O(wn/w}’l-‘rl/ T)/

VT >0andn €N, then {wy} is a Cauchy sequence in Z.
Lemma 2. Let (2, M,N,O,*, ) bean NMS and be ¥V @,w € E,7 > 0. If for a number
Ae(0,1)

M (@, w, A7) > M(®,w,T),

N(w,w, A7) < N(®,w, T),

O(w,w, A1) < O(®w,w, 7).
Lemma 3. Let (5,M,N,O,*, O )bea NMSandV ®,w € E, T > 0. If for a constant
A e (0,1)

M(w,w,At) > M(®w,w, T),

N(w,w, A7) < N(®,w, T),
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and
O(w,w, A1) < O(w,w, 1),

then @ = w.

Definition 8. Let A and B be two mappings from = into itself. If the maps A and B commute at
their coincidence points, the maps are said to be weakly compatible, i.e., if Ap = Bp are suitable for
some p € 5, then ABp = BAp.

Definition 9. A pair (f,g) of self-mappings defined on an NMS (E, M, N, O, x, ) is said to
satisfy the (CLRg) property if there is a sequence {0, } of E in which

Jim o = fim g = g

for some u € E.

Theorem 3. Let (2, M, N, O, x, { ) bea NMS with T T > T and
1-1)0(1-1)<(1-1),VTe01]

Further, let the pair (f, g) of self-mappings be weakly compatible, thus satisfying

M(fw, fw,At) > {M(gw,gw,T)* M(fw,g®,T) * M(fw,gw,T) * M(f®,gw,T)

M (fw, g0,7)}, M)
N(fe feo A7) < IN(5@,80,7) O N(f@,82,7) O N(few, g0, DN O (f@,50,7)
ON(fw,8@,7)},
and
Ofa, feo 1) < {0(3@,8,7) 0 O(f@,50,7) 0 Olfw,8,7) 0 O(f@, 30, 7)
0O0(fw,g@,T)}.

Vo,we EAe (0,1)and t > 0. If fand g fulfill the (CLRg) property, then f and g have a
unique common fixed point in =.

Proof. Since the pair (f, g) fulfills the (CLRg) property, there is a sequence {®@; } in = such

that 1iﬁm fo, = lgn g@y, = gu, for some u € =. Now, we emphasize that fu = gu. When
n o0 n oo

utilizing Inequalities (1)-(3) with @ = @, , w = u, we find that
M(fwy, fu,At) > {M(g®@y, gu, T) * M(f@y, §0n, T) * M(fu, gu, 7)
*M(f@n, gu, T)* M(fu,g@on,7)},

N(f@y, fu,At) < {N(g@n,gu,7) O N(f@n,g@0n, ) O N(fu,gu, )
O N(f@n, gu,7) O N(fu,gwn, 1)},

and
O(f@u, fu,At) < {O(g@n,gu, T) O O(f@n,g@n, T) O O(fu,gu, 7)
O O(f@n, gu, ) O O(fu,g@n, 7)}-

It implies that

M(fu,qu,At) > {11 M(fu,gu,T)* 1% M(fu,gw,,7)} = M(fu,gu, 1),

N(fu,gu,At) < {0000 N(fu,gu,t) 00O N(fu,gu,7)} = N(fu,gu,7),
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and

O(fu,gu,At) < {0000 O(fu,gu,v) 000 O(fu,gu, )} = O(fu,gu, 7).

By applying Lemma 3, we deduce that fu = gu. Now, consider z = fu = gu. Therefore, the
pair (f, g) is weakly compatible, and we obtain fz = fgu = gfu = gz. Now, we examine
that z is a common fixed point of the mappings f and g. Now, utilizing inequalities (1), (2),
and (3) with @ = z, w = u, we deduce that

M(fz, fu,At) > {M(gz,8gu, 7) * M(fz,8z,7) * M(fu,gu, T) * M(fz,gu, T) * M(fu,gz,7)},

N(fz fu, A7) < {N(gz,gu,7) O N(fz,82,7) O N(fu,gu, 7) O N(fz,gu,7) O N(fu,gz,7)},
and

O(fz fu, At) < {O(gz,gu,7) O O(fz,82,7) O O(fu,gu,7) O O(fz,gu, 7) O O(fu, gz, 7)}.
It implies

M(fz,z,A1) > {M(fz,z,T) * 1 %1%« M(fz,2,7) %« M(z, fz,T)} = M(fz,z,7),

N(fz,z,At) <{N(fz,z2,1) 00000 N(fz,z,7) O N(z, fz,T)} = N(fz,2,7),
and
O(fz,z,At) < {O(fz,2,7) 00000 O(fz,2,7) 0 O(z, fz,7)} = O(fz,2,7).

By utilizing Lemma 3, we find that z = fz = gz, which shows that z is a common fixed
point of the mappings f and g. To show the uniqueness, we suppose that w will be another
common fixed point of the mappings f and g. When using inequalities (1), (2), and (3) with
® =z, w = w, we have

M(fz, fw, At) > {M(gz,gw, T) * M(fz,gz,T) * M(fw,gw, T) * M(fz,gw, T) * M(fw,gz,7)},

N(fz, fw, A1) < {N(gz,gw, 7) O N(fz,gz,7) O N(fw,gw,7) O N(fz,gw,7) O N(fw,gz,1)},

and

O(fz, fw, A1) < {O(gz, 8w, 7) ¢ O(fz,82,7) O O(fw,gw, 7) & O(fz,gw, ) O O(fw,8z,7)},
Or, equivalently,

M(z,w, A1) > {M(z,w,T) * M(z,2,T) * M(w,w,T) * M(z,w,7) * M(w,z,7)} = M(z,w,T),

N(z,w,At) < {N(z,w,T) O N(z,2,7) O N(w,w,7) O N(z,w,7) O N(w,z,7)} = N(z,w, T),

and

O(z,w,At) < {O(z,w,7) 0 O(z,z,T) O O(w,w,T) O O(z,w,7) O O(w,z,7)} = O(z,w, T).

Appealing to Lemma 3, we have z = w. Therefore, the mappings f and ¢ have a unique
common fixed point in =. [J

Example 4. Let E = [1,15) with metric d be defined by d(®,w) = |@ — w| and, thus, define

M(ww'['): m,ifl’>0,
Y 0,ift =0,
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lo—w|

N(®,w, ) = { THao-w]’ ift >0,
1/ if T = 0/
lo—w| .
O(@,w,T) = —1,if 7 >0,
1/ if T = O,

V@,w € E.Then, (£, M, N, O, *, ¢ ) isan IFM-space where, x and { are the continuous t-norm
and continuous t-co-norm defined by a xb = min{a, b} and a O b = max{a,b},Va,b € [0,1]. Now,
we define the self-mappings f and g on E by

(1, ife e {1}U(3,15),
fl@) = { 8, if@ € (1,3)].

1,ifo=1;
g@)=<¢ 7, ifwe(13];
@rl if@ € (3,15)

Consider a sequence {®@, } = {3 + %} e {@n} =1.
ne
Then, we have

}glgofwn = rlliggogcon =1=g(1) ek

Hence, the pair (f,g) fulfill the (CLRs) property. 1t is clear that f(@) = {1,8} ¢ [1,4) U
{7} = g(E). Here, g(E) is not a closed subsequence of E. That is, all the conditions of Theorem 3
are fulfilled for some A € (0,1), and 1 is a unique common fixed point of the mappings f and g.
Additionally, at their unique common fixed point, every mapping that is involved is discontinuous.

Proposition 1. Let (E, M, N, O, , ¢ ) be an NMS, and if self-mappings A and B are compatible,
then they are weakly compatible.

Proof. We suppose A@ = Bm for some p in E. Consider the constant sequence {@n} = ®@.
Now, A, — Ap and Bo, - Bo(= A®). As A and B are compatible, we have

lim M(AB®;,, BA®,,T) =1,
n—oo

lim N(ABCDn, BA(Dn, T) = 0,
n—oo

lim O(AB®@,, BA@,,T) =0,

n—o0

For all T > 0. Thus, AB® = BA®, and (A, B) is weakly compatible. [J

Proposition 2. Let (£, M, N, O, x, ¢ ) bea complete NMS witht+T > tand (1—-1) 0 (1 —1) <
1—tforall T € [0,1], and let A and B be continuous mappings from E into themselves. If A and B are
compatible mappings of type «, then they are compatible.

Theorem 4. Let (£, M, N, O, x, { ) be a complete NMS with T+t > tand (1—-7) 0 (1—71) <1—1for
all T € [0,1]. Let {1, 02, - - -, (o, Qo and Qy be mappings from E into themselves that satisfy the following
conditions:

(1) Qo(E) Cl1l3---Con-1(E), Q1(E) C 0284 ---Gon(E);
(2) 0o(Ca---Con) = (Ca---C2n)l2
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0204(C6---Con) = (G6 -+ - G2n) 0204

0o Con—2(C2n) - (Con)C2 - Ton—2,
Qo(G4---Gon) = (Ta---T21)Qos
Qo(G6---Gon) = (Z6---C2n)Qo

Qolan - 021 Qo,
C1(C3---Con—1) = (§3---G2n-1)01,
0103(C5---Con—1) = (C5--- Con-1)0183,

C1---Con—3 (Con-1) - (Con—1)C1---Con-3,
Q1(¢3---Con-1) = (83---C2n-1)Q1,
Q1(C5---Can—1) = (G5---Can-1)Q1,

Q1l2n-1 - Con-1Q1;

(3) either Oy ...{oy, or Qq is continuous;

4 (Qo, C2-..Qon) is compatible, and (Qq, {y ... {on—1) is weakly compatible;
(5) oA € (0,1) such that

M(Qow@, Qiw, AT) > M(L2l4 ... {on@, Qo@, T) * M(L183 - - - fon—1w0, Q1w, T)
*M(0103 - Gon—1w, Qo@, BT);

*M (0204 -+ - Gon®@, Quw, (2= B)T) * M(G2ls - - Con®@, (13- - Lon1w, T);
N(Qo®@, Q1w, At) < N(L204 - Gon@, Qo@,T) O N(103 -+ - Con—1w, Q1w, T)
ON(C183---Gon—1w, Qo@, BT);

O N(G2ls---Gon@, Qw, (2= B)T) O N(G2la- .- Con@, 013 .- Cop—1w, T).

and

O(Qo®@, Q1w,AT) < O824 ... Lon®@, Qo@,T) O O(0143 - - Lon—1w, Q1w, T)
O O(0183 ... Con—1w, Qo@, BT)
O O(02ls ... Lon®, Qiw, (2—=B)T) 008284 ... 0on®, $103 ... Lon—1w0,T);

forallo,w € E,B € (0,2) and T > 0. Then, (1,2 - .. Con, Qo and Qq have a unique CFP in E.
Proof. Let @) be a random point in = from the condition (1) 3 @1, @ € =, s.t

Qo@o = 103 ... Lon—101 = Wy
Qi1 = 0284 -+ . (o2 = wy.

Using induction, we find a sequence @, and wy, in =

Qo@2\ = 0183 -+ - Gon—1@2p4+1 = Wy
Q1@2a 41 = 0204 - - - Con@op42 = Wopr 41

forA =0,1,..., etc., based on the condition (5) forall T > 0 and f =1 — g with g € (0,1), we have

M(wap, wapng1, AT) = M(Qo@2r, Q1@2p11,AT) > M(L2l4 - - - S2n@2p, Qo@2r, T);
*M(0103 - - - Con—1@22+1, Q12p, T) * M(8183 - - - Qon—1@20 41, Qo@2r, BT);

*M (8284 - - Con@2p, Q1@2r41, (2 — B)T) ¥ M(0284 - - - Gon@2r, C1,33 -+ - Gon—1 @22 41, T);
= M(wzp—1,w2, T) * M(way, wap41,T) * M(wap, way, (1—9)7);
#*M(wap—1, war11, (1 +)T) x M(wap—1, wap, T);
> M(war—1, Wop, T) * M(wap, wopy1,T ) * 1+ M(war—1,wap, T);

#*M(wap, wort1,qT) * M(wap—1,wap, T);
> M(wap—1,w2p, T) * M(wap, warg1, T) * M(wpp, wor41,97);
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N(wap, wary1, AT) = N(Qo@2r, Qi@2a+1, AT) < N(§284 - - - Lon@21, Qo@2r, T );
O N(C183 .. Lon—1@2041 , Q1@2A 41, T);
O N(C183 - Lon—1®2041, Qo@2p, BT);
O N(02ls - Lonrpy, Qi@op41, (2 - B)T);
o N((Cz§4 o P2u@22, 01,3 - Con—1@24 41, T);
(

< N(war—1,wo, T) O N(wap, wopng1,7) 000 N(waa—1, wop, T);
O N(wqy, wang1,97) O N(war—1, w21, T);
< N(war—1, wap, T) O N(wap, wang1,T) O N(wap, waprt1, 7).

and
O(war, war41, AT) = O(Qo@2p, Q1@21+41, AT) < O(G2ls - - - Lon@2r, Qo@2p, T );
0 O(0183 -+ - Con—1@2241 , Q@21 41, T) O O(0183 - - - Lon—1@21+1, Qo@24, BT);
O O(02la - .. Conar, Qu@ap41, (2—B)T) O O(L2la - - P2n@2r, 01,03 - .- Lon—1@2r 41, T);
= O(wor—1, wap, T) O O(wap, Wars1,T) O O(wap, wap, (1—4)7)
O O(wor—1, woa+1, (1+q)7) O O(wap—1, wop, T)
< O(wapr—1, w2, T) O Owap, Woprg1,T) ¢ 00 O(wrp_1, wap, T);
O O(wqy, wary1,97) O O(wap—1,wap, T);
< O(wap—1, wap, T) O O(wap, w41, T) O O(wap, war41,4T).
Thus, it follows that

M(WZ)U WoA+1/, /\T)
> M(war—1, w2, T) * M(wap, wory1,T);
*M(wap, wary1,qT), N(wap, wop11,AT);
< N(wapr—1,wap, T) O N(wap, waprs1,T);
O N(war, wap41,97), O(wap, wor41,AT);
< O(wapr—1,wr, T) O O(wap, warg1,T) O O(wan, wary1,97)-

For CIN %, CTCN ¢, M(®@,w, -), and N(®@, w, -) both the left and the right are continuous. Given
g — 1, we have

> M(wop—1,wap, T) ¥ M(wop, wars1,T), N(wap, woprt1, AT);

< N(war—1, w2, T) O N(wap, worg1, T), O(wap, worg1, AT);

< O(wap—1,w22,T) O O(wap, wap11, T).-

M(woy, wopi1,AT)

Similarly, we have

M(wap41, Wop42,AT)
> M(wap, wop41,T) * M(wori1,Wang2, T), N(wors1, Wors2, AT);

< N(wan, war41, T) O N(wapg1, wory2, T), O(wor 1, Wap42, AT);
< O(wap, w2r+1,T) O O(wap 11, Wop42,T)-

In general, form =1,2,...,we have

M(Wpyi11, W2, AT) > M(wWm, g1, T) * M(Wpg1, Wmt2, T);
N(wm+1/wm+2/ )\T) < N(wm/ W41, T) <> N(wln+1/ W42, T);
O(Wimn41, Wiy 2, AT) < O(Wm, Wiiy1,T) O O(Wig1, W2, T)-

Therefore,
M(Wp1, W2, AT) > M(Wiiy Wigg1, T) * M(Wpyi1, Wg2, T/ AP);
N(wp11, W12, AT)< N(wm, W1, T) * N(Wp1, W2, T/AF), O(@Wpr 41, Wiy 2, AT);
<O(Wm, W11, T) * O(Wp1, W2, T/ AP).
Noting that M(wy i1, Wi, T/AP) =1, N(wWpi1, Wni2, T/AP) =0, and O(wy11, W2,
T/AP) — 0as p — oo, we have, form =1,2,...,

M(Wni11, Wit 2, AT) > M(Wm, W1, T), N(Wpi 1, W2, AT)
SN(wm/ W41, T)/ O(wm—Hr W42, )\T) < O(wmr W41, T)-
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Based on Lemma 1, {w;, } is a Cauchy sequence in =. Since Z is complete, {w;, } converges to the
point o € E. Also, we have its consequences as follows:

Qupp41 — oand $13... (op—1@op41 — 0; Qoo — gand {0y ... {pp@o\ — 0.
|

Case 1. (204 ... (oy is continuous. Define {j = (ala... {on. O} is continuous, {}°C @op — {jo and
71 Qo@ay — 0. Also, as (Qo, ) is compatible, this implies that Qylj@ay — {10

(1) Putting @ = (p0a... {on@p = {10, w = @41, and b = (13- ..(on—1 with B = 1in
condition (5), we have

M(QoZ @ap, Q1@20 41, AT)
> M(Z1Z1@21, Qoli@ap, T) % M(Lh@ap+1, Q1@2p 41, T)
* M (h@2p+1, Qoli@ap, T) * M (L] 0] @20, Qi@2p 11, T)
*M (181 @21, Ch@ap+1,T), N(Qol @21, Q1021 +1, AT)
< N(Z1 85 @20, Qoli@an, T) O N(Th@ap11, Q120 11, T)
O N(Zh@an+1, Quli@an, T) O N(L1Ci@2p, Q1@2241,T)
O N(Z121@20, Ch@20 11, T), O(Qol @21, Q122 11, AT)
< O(Z1Z1@21, Qo @21, T) O O(Zh@ant1, Q1@2041,T)
O O(Zh@p+1, Qoli@an, T) © O(Z101 @20, Q120 41, T)
O O(Z1 )@, Choop 41, T)-

Which implies that as A — oo

M(Zjo,0,AT) > 1x1xM(0, 0o, T) * M(Ljo,0,7T) * M({}0,0,7);
> M(}o,0,7),N(ljo,0,AT);
<0%0%N(0,40,7) * N(jo,0,7) * N({j0,0,7);
< N(gyo,0,7),0(C}0,0,AT);
<0%0%O0(0,f10,7) *O(gy0,0,7) xO(Zho,0,7);
<0(Zho,0,7).

Therefore, based on Lemma 2, we have gia =o0,ie,(p0s...00 =0.

b)) Ifo=0,w=wmn41, {4 =0ls-.Con and b = (103 ...0oy—1. With p = 1 in condition (5),
we have

M(QoZ, Qi) 41,AT) > M(Zjo, Qoo, T) % M(Zh@ppt1, Qi@ap+1,T) * M(Zh@ap 11, Qoo T)
*M (210, Qiop 41, T) ¥ M(Z0, Th@op 41, T);

N(Qoo, Qi@o1+1,AT) < N(Zj0, Qoo, T) O N(Zhaor 11, Qi@aa11, T) O N(Zh@ani1, Qoo T)
O N(Zjo, Qi@aa41,T) O N (20, Th@a041,T);

O(Qor, Q1@2p41,AT) < O(Z410,Qor, T) O O(Lh@an11, Qi@2p+1,T) O O(Zh@ap+1, Qo T)
0 O(g10, Q1@aa41,7) O O(Lho, Thoapia, 7).

Which implies that as A — oo

M(Qpo,0,AT) > M(0,Qp0,T)*1x M(o,Quo,T)*1x1> M(Qgo,0,7), N(Quo, o, AT);
< N(o,Qpo,7) 010 N(0,Qpo, T) 0101 < N(Qpo,o,T),0(Qqu, 0, AT);
<O0(0,Qu0o,7) 010 0(0,Quo, 7) 0101 <0O(Qqo, 0, 7).

Therefore, based on Lemma 2, we have Qoo = 0. Hence, Qoo = {204 ... (o0 = 0.

© If® = {4l6.--Con0, w = @op41, §) = (28a---Con, and § = (103 Lon—1, with B
1 in condition (5). Using the conditions (p(Cs...Con) = (Ca-..Con)Co, and Qo(Ca ... Qon)
(C4-.-C2n)Qo in condition (2), we have
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M(QoCals - -

- Con0, Q@7 4+1,AT)

> M(Z124ls - -

-Con0, Qolale -

0on0, T) * M(Zh@ap11, Q1022 41, T)

* M (2h@2741,Q0C4l6 - - - Lo, T) % M(T104l6 - - - Lon0, Q1@2p41,T)
*M (212486 - - - C2n0, $5 @20 41, T), N(Qolals - - - 200, Q1@22 41, AT);
< N(Z1Cal6 - - - Con0, Qolale - - - Con0, T) O N(Thapa11, Q1@20 41, T)
N(Z5@2r41, Qolals - - - Gon0, T) O N(1Cale - - - Lon0, Q122 41, T)
N (21246 - - - Con0, $h@22 41, T), O(Qolals - - - Gon0, Q1@2r 11, AT);
O(212486 - - - 0200, Q0Cal6 - - - G20, T) O O(Lh@or41, Q@22 41, T)
O(Ch@art1, Qulale - - - C2n0, T) O O(L10als - - - Lon0, Q@22 41, T)
O(81Cal6 - - - Con0, Th@ap41, T)
Which implies that as A — oo
M(€4§6 . gan,U, AT)
> 1% 1% M(0,Cal6 - .- Con0, T) x M(Cal6 - - - G200, 0, T)
*M (L4l - - G200, 0, T);
> M(Cal6 - --Can0,0,T),N(Cals - - - Con0, 0, AT)
<0009 N(0,8486 - --G2n0, T) O N(§4ls - - - L2u0, 0, T)
O N(Cals---Gon0,0,T);
< N(€4€6 e CznO’,O’, T),O(C4€6 .. .ézn(T,U,/\T)
<0000 0(0,84l6---02n0, T) O O(Zals - - - on0, 0, T)
O O848l - - - Cono,0,7) < O(Lals - - - Lon0, 0, T).

Therefore, based on Lemma 2, we have (4(g . .

02C4l6 - -

(d) As Qu(E) C {1l3.
@0, 01 = 02ls -

M(Qo@2p, Qiw, AT)
N(Qo@2), Q1w, AT)

O(Qo@, Qiw, AT)

Which implies that as A — oo,

M(o, Quw, At) >

Therefore, based on Lemma 2, we have Qqw = o. Hence, {105. ..
is weakly compatible, we have (1{3 . .

() If@=wA w=0,7 =70l..

we have

M(Qo@2r, Q10, AT)

N(Qo@ax, Q10,AT)

O(Qo@zr, Q10,AT)

.. lon—1(8), there is w € E such that ¢ = Qyo = (13 ..
o, and T = 0103 ...

-Gono = 0. Then, {3(Cale - G2n0), ¢ = {20, and {0 =

.(on0 = 0. Continuing this procedure, we obtain

Q00'2€2(TI€4U: :gznO':O'.
Lopw- If @ =
.Con—1, with the B =1 in condition (5), we have

> M(Zh @21, Qo@ap, T) * M(Zhw, Qiw, T) x M(Zhw, Qo@ap, T)

*M(gll(DZ)\/ Qlwl T) (gl(DZ/\/ ézw T)

< N(él(ﬂzm Qo@2p,T) O N(Zhw, Q1w, T) & N(Zhw, Qo@an, T)
N(Zj@p, Qiw, T) O N(Zj@2p, Chw, T);

< O(Zj @21, Qo@ap, T) O O(Thw, Qiw, T) & O(Zhw, Qo@an, T)

O O(fj@an, Qiw, T) O O(Zj@21, Thw, T).

1% M(o, Quw, T) * 1% M(0, Qiw, T) * 1;

> M(U’, Qiw, T)/ N(O/ Qiw, AT);

<00 N(o,Qiw, 1) 00O N(o, Qiw, T) O 0;

< N(o,Qiw, 7),0(0, Q1w, AT);

<00 0(0,Qw, 1) 000 O(r, Q1w, 1) O 0 < O(0, Qrw, T).

€2n71(") = Qiw =o0. As (er €1€3 .-
Con—1Q1w = Q10183 - - - Qop—1w- Thus, {183 - .

Lon,and 0y = 0103

Con-1)
Gon—10 = Q0.
.Oon—1 are with B = 1 in condition (5),

> M(Zh@20, Qo@ax, T) * M(Zho, Q10,T) x M(Zho, Qo@an, T)

*M(éll(DZ/\/ QlUI T) * M(€I1CD2)\/ éégl T);

< N(gj@2p, Qo@2, T) & N(gho, Q10,T) O N(gho, Qoan, T)

O N(Zj@p, Q10,7) O N(Zj@a1,Cho, T);

< O(gj @21, Qo@ap, T) O O(Zho, Q10,T) O O(Zho, Qo@an, T)
O(Zj@21, Q10,T) © O(Ly @21, Cho, T).
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Which implies that as A — oo

M(o,Q10,AT) > 1xM(0,Q10,7T) %1% M(0,Q10,T) *1;
> M(o,Q10,7),N(0,Q10,AT);
<00 N(0,Q10,7) 000 N(0,Q10,7) O 0;
< N(o,Q10,7),0(0,Q10,AT);
<00 0(0,Q10,7) 000 O(0,Q10,T) 00 <O(0, Q10, 7).

Therefore, based on Lemma 2, we have Q10 = ¢. Hence, (103 ... (oy—10 = Q10 = 0.

) fo=wpw=7_...0n-10, 0] =0Ca...0on,and b = {103 . .. are With B = 1 in condition (5),
we have

M(Qo@op, Q3. .. Lon—10,AT

) > M(Zi@p, Qo@an, T) ¥ M(Z503 - - Con—10, Q183 - - - {2010, T)
*M (8533 - Can—10, Qo@aa, T)
7)

M(Z @20, Q13- .- Lon—10, T) * M({1@22,ChC5 ... Lon—10,T);
(Th@ap, Qo@an, T) O N(ThT3 - Con—10, Q13- .- {on-10,T)

N(Qo@1, Q183 ... 8on—10,AT) <N
N((glwb\r Q13- .- Can-10, T) O N(éiwm,g’zég . Con-10, T);
O
0]

O N(Z53 - - - Con—10, Qo@2p,
O(Qo@2r, Q183 - - - Lon—10,AT)
0 0(838s - - - Can—10, Qo@2a, T)

Which implies that as A — oo

7120, Qo@op, T) O O(2523 - - - Lon-10, Q183 - - {on—10,7T)

>
*
) <
O
) <
O O(Z)@ar, Q183 - Can—10,T) © O(Ly@21,Ch5 - - - Lon—10, T).

M(0,83- .- {on—10,AT)
> 1*1*M(€3...€2n,1(7,0’,”[)*M((T,ég,...gzn,la,’()
*M(0, 3. Con-10,T)
> M(0,3...Lon—10,7);

N(o,C3...Con-10,AT)
<0000 N(Z3-.-02n-10,0,7) O N(0,l3... 0210, T)
ON(o,C3...Con-10,7)
< N(0,83-.-0on-10,7T);

O(U,Cg...§2n_1¢7,)\r)
<00000(%3---C2n-10,0,7) 0 O(0,83--- {2010, T)
0O(0,83.--Gon-10,7)
<O0(0,83---0on-10, 7).

Therefore, based on Lemma 2, we have (3...{p,—10 = 0. Hence, {10 = 0. Continuing this procedure,
we have
Qo =010 =030 =... = {410
Thus, we have
Qoo =Q10 =010 =020 =30 = ... = (2,10 = {ou0 = 0.

Case 2. Qg is continuous. Since Q is continuous, ngm — Qoo and Qo(Laly - .- fon)@2p — Qoo As
(Qo, 02C4 - - Con) is compatible, we have ({204 . .. (2n) Qo2 — Qoo

(g) If@ = Quyp, w = WoA+1, gi = 0204 .- Con, and 5/2 =(103... {op_qare with ﬁ = 1 in condition
(5), we have

M(QoQo@zp, Qi@21+41,AT)
> M(Z}Qo@ap, QoQo@an, T) * (Ch@ar11, Q1@2r+1,T)
*M(Zh@p41, QQo@21, T) * M({1Qo@2r, Q122 41, T)
*M (21 Qo@21, Ch@2p 41, T)
N(QoQo@2r, Qi@22+1,AT)
(21 Qo@ar, QoQo@2r, T) & N(Zh@aa11, Qi@oa41,T)
(Ch@ar+1, QoQo@2p, T) O N(Z)Qo@2r, Q1021+1,T)
(81Qo@21, Th@ap41,T), O(QoQo@2p, Q1@2r+1,AT);
71Qo@2p, QoQo@2p, T) O O(Th@ar+1, Q1@2p41,T)
Th@an+1, QoQo@2x, T) © O(Z)Qo@an, Q121 +1,T)
71 Qo@an, Th@op41, T)

P
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Which implies that as A — oo

M(Qoo,0,AT) > 1%1xM(o,Qoo, T)* M(Qoo,0,T) * M(Qo0,0,T)
> M(Qoo,0,7T), N(Qoo, 0, AT);
<0000 N(0,Qoo,T) O N(Qoo, o, T) O N(Qoo, 0, 7)
< N(Qqo,0,7),0(Qo0,0,AT);
<0000 0O(0,Quo, T) O O(Qou, o, T) O O(Qquo, 0, T)
< 0O(Qqu, 0, T).

Therefore, based on Lemma 2, we have Qoo = 7. As a result, using steps (d), (e), and (f) while continuing with
step (f) provides us with the following information: (f) using steps (d), (e), and (f) now, carry on to step (f)

Qo =010 =030 =...=(py-10 = 0.
(h)  As Q1(E) C (20s...Con(E), thereis w € E such that 0 = Q10 = (304 ... (opw. If @ = w,w =
@ar41, 8y = Cola ... Con,and b = 0103 ... {on—1 are with B = 1in condition (5), we have

M(Qow, Q1@op41,AT) > M(Zjw, Qow,T) * M(Zh@ap11, Qi@ar41,T) * M(Zh@or41, Qow, T)
*M(Jjw, Q120 41, T) * M(Zjw, Ch@ar11,T);

N(Qow, Q1@20+1,AT) < N(Tjw, Qow,T) O N(Th@an11, Q1@2a+1,T) O N(Zh@ar+1, Qow, T)

O N(fjw, Q1opa11,7T) O N(Tjw, b1, T);

O(Qow, Q121+1,AT) < O(Zjw, Qow,T) O O(Th@apr+1, Q1@2p+1,T) O O(Lh@2141, Qow, T)

O O(Zjw, Q1@ap11,T) O O(Ljw, Thop41,T).

Which implies that as A — oo

M(Qow, 0, At) > M(0,Qow,T) * 1% M(0,Qow, T)*1x1
> M(o, Qow, T), N(Qow, 0, AT);
< N(o,Quw,T) 00O N(o, Qow, ) G000
< N(o, Quw, T),0(Qow, 7, AT);
< O(0,Qow, T) 000 O(r, Quw, ) 0000 < O(0, Quw, T).

Therefore, based on Lemma 2, we have Qo w = 0. Hence, Qow = 0 = (304 ... {opw. As (Qolaly - - (on)
is weakly compatible, we have

0204+ 02 Qow = Qo204 - - - Lonw

Thus, {204l ... C2y0 = Qoo = 0. Similarly, in step (c), it is shown that (o0 = {40 ... = (2,0 = Qoo = 0.
Thus, we have proved that

Qoo =Q1o0 =010 =020 =30 = ... = (0 = 0.

Proof of uniqueness: Let o'be another common fixed point (CEP) of the above-mentioned mappings; then,
Qo' =Qio’ =10 = (o0’ = 530" = .. =00’ =0
fo=0 w=0,0] =00s...0opand b =103 ... {op—1 are with B = 1 in condition (5), we have

M(Qoo, Q107, AT) > M(Zjo, Qoo, T) * M(Zho!, Q10”,T) * M(Zho', Quo’, T)
*M(Zjo, Q10,7) * M(Z0, Tho’, 7);

N(Qoo, Q10/, At) < N(Zjo,Qoo,7) O N(Zho!,Q10”,7) O N(Zho!, Qoo’, T)
O N(gjo,Qio,1) O N(gy0, 840, 1);

O(Qoo, @10/, A1) < 0(Z10,Qoo, T) O O(he!, Q1’, T) O O(Zhe’, Qoo T)
O O(Cho, Qo T) O O(CYo, gy, 7).

Which implies that as A — oo

M(o,0',At) > 1x1xM(c',0,,T)* M(c,0',7) * M(c,0',7)
> M(o,0’,7),N(0,0',AT);
<0009 N(c',0,,7) O N(0,0,7) O N(0,0’,7)
< N(o,0’,7),0(c,0', A7);
<0009 0(c,0,,7) 0O(c,0,7) O O0,0',7) < O(0,0, 7).

Therefore, based on Lemma 2, we have 0 = o, and this shows that o is a unique common fixed point of
mappings. Now that Theorem 4 has been slightly generalized, we will prove a common fixed-point theorem.
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Theorem 5. Let (2, M, N, O, x, { ) be a complete NMS with T+t > tand (1 —7) 0 (1—1) <1—1 for
all T € 0,1]. Let {T, }HGI and {é,-}?glbe two families of self-mappings of =. We suppose that there exists a
fixed v € ] such that the following conditions exist:

(1) Tu(E) CLols.. . Con(E), foreachy € Jand To(E) C {103 ... {on—1(E) for somev € J;
(2)  G2(Ga---Gon) = (Ca---Con)C2,

0204(Z6---Con) = (T6 - - - Gon) 2

02+ Con—2(Con) - (Con)C2 - Con—2,
Tv(@l .- -§2n) = (€4 ce an)Tv/
Tv(§6 .- ~§2n) = (€6 v an)Tv/

Tolon = ConTo,01(83 - -~€.2n71) =(g3..-Con-1)C1,
018385 ... Lon—1) = (@5 o Con-1)0183,

G1--Con—3(Con—1) = (Czn )81+ Gon-3,
Tu(53 Gon-1) = (G3---Can-1)Ty,
Tu(Gs---Con—1) = (T5-- - Con—1) Ty,

TuGon—1 = Con—1Ty;

(3) either {5 ...(py, or Ty is continuous;
(4)  (To, C2...0on) is compatible and (Ty,, {1 ... {on—1) is weakly compatible;
(5)  there exist oA € (0,1) such that
M(TU(D Tyw )LT) >M §2€4 .on®@, TU(D,T) *M(€1€3...€2n,1w, Tyw, T) *M(§1§3...§2n,1w, va,ﬁ’[’)
M(€2§4 0o @, Tyw, (2= B)T) * M(32l4 -+ {on®, 0183 -+ - on 1w, T);
<N(02ly -+ L2n@, To@,T) O N (2183 - .- Lon—1w, Tyw, T) O N(8183 - - - Lon—1w, To@, BT)
N(Cz§4 L@, Tyw, (2= B)T) O N(32ls - .- 02n@, 0103 - - - Lon—1w, T);
O(Tow@, Tyw, AT) < O(L284 - - - Lon®, To@,T) O O(213 - - Lon—1w, Tyw, T) O O(313 - . . Lon—1w, To@, BT)
000284 Gon®@, Tyw, (2= B)T) 0 O(L2ls-- - L2n®@, 0103 - - Lon1w, T).

forallo,w € E, B € (0,2), and T > 0. Then, {g,-}lgzlzmd T, have a UCFP in E.

N(To@, Tyw, AT )

Proof. Let Ty, be a fixed element in {Tf‘}y ¢j- Using Theorem 4 with Qy = T, and Q1 = Ty, it
follows that there is some o € = such that

Tyo = Tyyyo = 0284 ---02n0 = 0183 - Con—10 = 0,
Let i € ] be arbitrary and g = 1. Then, from condition (5),

M(Ty0, Tyo, AT) > M(o8s - Lo, Too, T) % M (2183 - - . on—10, Ty0, T)
*M(0103 - - Con—10, Too, T) * M(§2€4 - Gono, Tyo, T)
*M(028a- - Con0, 0103 - - Gon—10,T), N(TUU', Tyo, )\T)}
< N(§2§4 .. .éan, TU(T,T) <> N(€1€3 e €2n_1(7, TVU’T)
O N(0183---20-10, Too, T) O N (G284 - - - L2n0, Tyo, T)
O N(G2la---C2n0, 0183 - - - Gon—10,T), O(Too, Tyo, AT);
< O(€2§4 “en ano—r Tv(f, T) <> O(él&’) N €2n710', TVU’ T)
<> O(€1€3 cen éanlar TZ;U, ’[') <> O(§2§4 RPN €2n0—r TH(T, T)
0 O(02la---C2n0, G103 - - Con—10, T).

and hence

M(o, Tyo, AT) > 1% M(0, Tyo,T) % 1% M(0, Tyo, T) * 1
> M(c, Tyo, T),N(0, Tyo, AT);
<00 N(o,Tyo,7) 00O N(0, Tyo,7) O 0
< N(o, Tyo,7),0(0, Tyo, AT);
<00 0(0, Tuo,7) 00O O(0, Ty, T) © 0 < O(0, Tyo, 7).
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M(Aw, Bw, AT)
N(A®, Bw, AT)

Therefore, based on Lemma 2, we have T,o = ¢ for each u € ], since condition (5) implies the
uniqueness of the common fp. [

Corollary 1. Let A, S, B, and T be self-mappings on a complete NMS (2, M,N,O,*, O ) with T«T > T
and (1—7) O (1 —1) <1—tforall T € [0,1], satisfying the following conditions:

(1) A(E) CT(E),B(E) CS5(&8);

(2) either Aor S is continuous;

(3) (B, T) is weakly compatible, and (A, S) is compatible;

(4 3IAe(0,1)st

> M(Sw, Aw,7) * M(Tw, Bw, T) * M(Tw, A@, BT) * M(S®, Bw, (2 — B)T) * M(S®@, Tw, T);
< N(S@, Aw,T) O N(Tw, Bw,T) O N(Tw, Aw, 1) O N(S@, Bw, (2 — B)T)

O N(Sw, Tw, 7),0(A®, Bw, AT);

<O(S@, Aw,7) & O(Tw, Bw, T) O O(Tw, Aw, Bt) O O(S5®, Bw, (2 — B)T) O O(S®@, Tw, T).

Vo,we & B € (0,2)and T > 0. Then, A,S,B and T have a UCFP in E if we put Qy = L, Q1 =
R, 0oC4... 0oy = ST and {103 ... 0oy—1 = AB into Theorem 4.

Corollary 2. Let A, B, S, T, L, and R be self-mappings on a complete NMS (2, M, N, O, *, { ), with T T >
Tand (1—-71) 0 (1 —1) <1—1forall T € [0,1], satisfying the following conditions:

(1) L(Z)C AB(E),R(Z) C ST(8);

(2) AB=BA,ST=TS, LT =TL, RB=BR;

(3)  Either L or ST is continuous;

(4) (L, ST) is compatible and (R, AB) is weakly compatible;

(5)  Thereexists A € (0,1) such that

M(L®,Rw, A1) > M(ST®,L®, T) * M(ABw, Rw, T) * M(ABw, L®, BT)
*M(STw, Rw, (2 — B)T) * M(STw, ABw, T), N(Lw, Rw, AT);
< N(STcO Lo, T) O N(ABw, Rw, T) { N(ABw, L®, B7)

N(S8Tw,Rw, (2—-B)7) O N(STw, ABw, 7),0(L®, Rw, AT);
O(STw,Lw,7) ¢ O(ABw,Rw, 7) ¢ O(ABw, Lo, BT)
O(ST(D, Rw, (2-B)1) 0 O(ST@, ABw, T).

forall@,w € E, B € (0,2) and T > 0. Then, A,B,S, T, L and R have a UCFP in E.

Definition 10. Let A and S be self-maps on a NMS (Z, M, N,x, O ).If S is continuous, then (A, S) is
semi-compatible if (A, S) is compatible.

Theorem 6. Let (£, M, N, O, *, { ) be a complete NMS and A, B,S, T, P, and Q be mappings from Z into
itself such that the following conditions are satisfied:

P(Z) C ST(Z), Q(E) C AB(E);

AB = BA,ST = TS, PB = BP,QT = TQ;

Either P or AB is continuous;

(P, AB) is compatible of type (B) and (Q, ST) is semi-compatible;

There exists k € (0,1) such that for every @,w € E, a € (0, 2) and T > 0

M(ABw,Qw, (2 —«)T), M(ABw, STw, T),

M(ABwPw, 1), M(STw, Qw, T) }'
N(ABw,Qu, (2 —a)Tt), N(ABw, STw, T),

N(P@, Qo k) < max{ N(AB@Pa, ), N(STw, Qw, T) }
O(AB®,Qu, (2 —a)Tt),0(ABw,STw, T)

,O(ABoP®,T),0(5Tw, Qw, T) }

Then, the mappings AB,ST,P, and Q have unique common fixed points in E, and A,B,P,Q,S,
and T have a unique common fixed point in =.

G e =

M(Pw, Qw, kt) > min{

O(Pw, Qw, k1) < max{

Proof. Let @y be € E; then, in (1), there is @1, @, € E such that Poy = ST®; = wg and Qo =
ABw; = wi. Inductively, we can construct sequences {@, } and {w;} in E such that

wap = P@yy = STwoy 11 and wayt1 = Q2441 = AB@2p42
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withn =0,1,2...
If © = @p42 and w = @y, 41 forall T > 0 and & = 1 — g are with g € (0,1) in (5), we have

M(wap41, Wont2,kT) = M(P®yy12, Q0o 41, kT)
S min{ M(AB®y; 42, Qppy1,(2 — (1 —))7T), }
- M(AB®@ay 12, PD2yi2, T), M(ST@241, Q02y41, T)
S min{M(wan,wan, (1+ D‘))T/M((UZn«H/wZnIT)/}
- M(woy11, Want2, T), M(Wan, Wayt1, T)
= min{L M(“’an Wan+1, T)/ M(w2n+1/ Won+2, T)}
N(wan i1, want2,kT) = N(P@2p42, Q02p 11, kT)
< max{ N(ABw@ay42, Qzny1,(2 — (1 —a))7T), }
- N(AB®@y 42, P@2y42,T), N(ST@p 11, Q02 41, T)
N(wapy1, wany1, (1 +a))T, N(wapg1, Wan, T)/}
N (w41, Want2, T), N(wan, a1, T)
== maX{O, N(Wan w2n+1/ T)/ N(w2n+1/ Wrn+2, T) }/

< max{

and
O(W2n+1r Won42, kT) = O(P(D2n+2/ Q(DZVLJrl/kT)
< max{ O(AB@2 42, Qzn41,(2 — (1 —a))7), }
- O(AB®yy42, P02y42, T), O(ST@2y 11, Q02y41, T)
< max{o(w2"+1""2"“' (1+ “))Tro(w2n+1/w2an)r}
n O(wan+1, Wan+2,T), O(wWan, Wan+1,T)
= max{0, O(wau, Wan+1,T), O(Wapt1, Wany2,T)}.

Therefore, based on Lemmas 1 and 3, we find that

M(wopq1, won, T),
N<w2n+1/ Way, T)/

M (w11, Wans2, kT)

>
N(wap41, Want2, k1) <

and
O(wap41, Wong2, kT) < O(wopy1, wop, T).
Similarity, we have
M(wWan 2, W2 43,kT) > M(wWap 41, Wani2,T),
N(wzn 42, W2 43,k7) < N(Won41, Wani2,T),
O(wopy2, wapy3,kt) < O(wons1, Wany2, T)-
Thus, we have
M(wp 41, Wny2,kT) 2 M(Wn, wpy1,T),
N(wy i1, Wnt2,kt) < N(wn, wyi1,T),
O(wn 41, Wn12,kT) < O(Wn, Wiy 1, T)-

forn=1,2..., etc., and so

M(w”/wn"{‘l/’r) 2 M wn;“’n—lr% 2 M(wnfbwn—l/ qlz> e 2 M<wlrw2/ %) — 1/ asmn — oo
<N

N(wn/wn+1/T) wl’l/wﬂ—llg S N(wl’l72/ Wp—1, qlz cee S N(UJl,(UQ, %) e O/ asmn — oo

and

O(wn/wn+1/ T) < O(wnlwn—ll g) < O<wn72/wn—1/ q%) ... < O(wll wy, qln) — 0/ asn — oo

Hence, M(wy, wy11,T) — 1, N(wy, wyi1,7) — 0 and N(wp, wy41,T) — 0, as n — oo, for any
T > 0.
For each ¢ > 0 and each T > 0, we can choose 1y € N, such that

M((’JZn/wZVH»l/T) >1-— g
N(Ya Yoni1:t) <&
O(Yan Yons1/t) <e.
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for all n > ng. For m,n € N, we suppose that m > n; then, we find that

M(wp, Wi, T) > M(wWn, Wyi1, 37755 ) * M (W1, Wng, 5750 ) * % M (W1, W)
>{(1—e)x(1—¢)*...(1—¢)(m—ntimes )}
>(1-e),
N(wn, wm, T) < N(wn, wyt1, 555) O N(Wns1, Wni2, 5755 ) O oo O N(wm—1, Wi 75)
<{1-¢)0(1—-¢) 0 ...(1—¢e)}(m—ntimes) <e,
O(wn, Wi, T) < O(wWn, Wyi1, 7755 ) O O(Wnt1, Wi, 57 ) O oo O O(Wi—1, Wi 775,
<{1-e)0(1—-¢) 0 ...(1—¢e)}(m—ntimes) <e,

hence, {w,} is a Cauchy sequence in E. Since (2, M, N, O, , { ) is complete, {w;, } converges to
some point with z € = and has subsequences convergences at the same point, i.e.,, z € =

{Qw2n+1} — zand {ST‘D2n+1 } -z
{Pwy,} — zand {ABwy, } =z

O
Case 1. We suppose that AB is continuous. Since AB is continuous, we have
(AB)?w,, — ABz and ABP®,, — ABz.
as (P, AB) is compatible with type (B), we have
Lim M(PP@y,, AB(AB)2,,7) =1,
for all T > 0, This gives M(Pz, ABz, T) = 1 or Pz = ABz. Also, based on the semi-compatibility of (P, AB),

we find that ABP@,, — ABz. Now, we will show that Pz = ABz = z.
Step 1. If @ = ABwy, and w = @y, 41 with o = 1in (5), we find that

M(PABC@Z(D, Q@2n+1,k1’) > min{M(AB(AB)(Dan Qw2n+1/ T)/ M(AB(AB)(DZW STCDZn-‘rl/ T)/}

M(AB(AB)@y,, P(AB)@2y, T), M(ST@241, Q020 41, T)
letting n — oo

M(ABz,z,7), M(ABz,z,7),
M(ABz, Pz,T), M(z,2,7)

M(ABz,z,7), M(ABz,z,7),
>
M(ABz, ABz, 1), M(z 2,7) M(ABz,z,kt) > M(ABz,z,7)

M(Pz,z,kt) > min{ }M(ABZ,Z, kT)

M(ABz,z,kt) > min{

and similarly

N(AB(AB)(DZHIQ(D2H+1/T)/N(AB(AB)(DZ}'HST(D2H+1/T)/}
N(PABwy,, Qo ,kT) < max
( 20 Q 2zl ) { N(AB(AB)COZ;,,,P(AB)(DZH,T),N(ST(DQn+1, Q@2n+1/ T)

letting n — oo

N(ABz,z,7),N(ABz,z,7),
N(ABz,Pz,7),N(z,z,7)
N(ABZ'Z'T)'N(ABZ'Z'T)'}N(ABz,z, kt) < N(ABz,z,7)

N(ABz, ABz,7),N(z,z,7)
N(ABz,z,kt) < N(ABz,z,7)

N(Pz,z,kt) < max{ }N(ABZ, z,kT)

N(ABz,z,kt) < max{
and

O(PAB(@Z@, Q(DZn-g-l,kT) S maX{O(AB(AB)(DZHI Q(DZTIJrl/ T)/ O(AB(AB)(DZVU ST(DZH+1/ T)/}

O(AB(AB)@zy, P(AB)@ay, T), O(ST@241, Q@021141, T)
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letting n — oo

O(ABz,z,7),0(ABz,z,1),
O(ABz,Pz,7),0(z,2,7)
O(ABz,z,7),0(ABz,z,7),
<
O(ABz, ABz,7),0(z 2,7) O(ABz,z,kt) < O(ABz,z,7)
O(ABz,z,kt) < O(ABz,z,T).

O(Pz,z,kt) < max{ }O(ABz,z,kT)

O(ABz,z,kt) < max{

Therefore, using Lemma 3, we find that
Pz = ABz = z.

Step 2. If @ = z and w = @y,+1 with a = 1 in (5), we have

M(PZ, Q(Dzn+1,k'l') > min{M(ABZ, Q‘DZnJrlr T), M(ABZ, ST(Dzn+1, T),}

M(ABZ, Pz, T),M(ST(DZn+1, Q‘DZVH»LT)
letting n — oo, we have

M(Pz,z,kt) > min{M(Pz,z,7), M(Pz,z,7), M(Pz, Pz,T), M(z,2,7)}
M(Pz,z,kt) > M(Pz,z2,7)

N(ABZ, Qw2n+1,f),N(ABZ,STCD2n+1,"L’),
<
N(Pz, Qa1 kT) < max{ N(ABz, Pz,7), N(ST@ap 41, Qo 11,T)

letting n — oo, we have
N(Pz,z,kt) < max{N(Pz,z,7),N(Pz,z,1),N(Pz, Pz,7),N(z,2,7)}
N(Pz,z,kt) < N(Pz,z,7)
O(ABZ, Q‘DZnJrl/ T), O(ABZ, ST(Dszrl, T),
<
O(Pz, Qo1 kT) < max{ O(ABz, Pz, 7),0(ST@ap 1, Q@ani1,T)

letting n — oo, we have

O(Pz,z,kt) < max{O(Pz,z,7),0(Pz,z,71),0(Pz,Pz,7),0(z,21)}
O(Pz,z,kt) < O(Pz,z2,7T)

Therefore, based on Lemma 3, we find that
Pz=z

ie.,z = Pz = ABz.

Step 3. If @ = Bz and w = @yy,41 with a =1, we have

M(PBZ, Q(«DZnJ,—],kT) > min{M(AB(BZ), Q(DZ,H,LT),M(AB(BZ), ST‘OZVH»LT)/}

M(AB(AB)/ P(BZ)/ T)/ M(ST(D2n+1/ Qw2n+1/ T)

Since PB = B P, AB = BA,
P(Bz) = B(Pz) = Bz
and AB(Bz) = B(AB)z = Bz.
If n — oo, we have

M(Bz,z,kt) > min{M(Bz,z,t), M(Bz,z,7), M(Bz,Bz,7), M(z,2,7)}
M(Bz,z,kt) > M(Bz,z,7),

N(AB(BZ)/ Q‘D21’l+l/T)rN(AB(BZ)/ ST(DZH+1/T)/}
N(PBz,Qw LkT) < max
( Q 2t ) { N(AB(AB)/P(BZ)/T)r N(ST(DZH+11 Q@2n+1/ T)

Since PB = BP, AB = BA,
So P(Bz) = B(Pz) = Bz
and AB(Bz) = B(AB)z = Bz.
If n — oo, we have

N(Bz,z,kt) < max{N(Bz,z,7),N(Bz,z1),N(Bz,Bz,7),N(z,2,7)}
N(Bz,z,kt) < N(Bz,z,1),
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and

O(PBZ, Q@2n+1, kT) < maX{O(AB(BZ), Q(D2n+lr T), O(AB(BZ), ST@szA, T),}

O(AB(AB), P(BZ), T), O(ST@2n+1, Q(Dzn+1, T)

Since PB = BP, AB = BA,
So P(Bz) = B(Pz) = Bz
and AB(Bz) = B(AB)z = Bz.
If n — oo, we have

O(Bz,z,kt) < max{O(Bz,z,7),0(Bz,z,7),0(Bz, Bz,7),0(z,2,7)}
O(Bz,z,kt) < O(Bz,z,T).

Therefore, using Lemmas 1 and 3, we find that
Bz = z.
Thus, ABz = Pz = zand ABz = Az
z=ABz = Az =z.
Therefore, ABz = Az = Bz = Pz = z.
Step 4. As P(E) C ST(E),u € Eis
z = Pz = STu.

If we combine @ = @y, and w = u with « = 1, we find that

M(szn’ Qu, kT) > min{M(AB(Dzn, Qu, T), M(AB(DZn, STu, T),}

M(ABCOZn, Py, T), M(STM, Qu, T)
Taking n — co
M(z, Qu, kt) > min{M(z, Qu,7), M(z,2,7), M(z,2,T), M(z,Qu, T)}
M(z, Qu,kt) > M(z, Qu, 1),
N(pas, Quike) < max{ N\ G ey )

Taking n — oo

N(z, Qu, k1) < max{N(z,Qu,T),N(z,z,7),N(z,2,7),N(z,Qu,7)}
N(z,Qu,kt) < N(z,Qu, 1),

and

O(Peny, Qu, k) < maX{O(ABcD2n,Qu,r),O(ABcDZV,,STu,T),}

O(AB(OZI’!/ P(Dan T)/ O(STM, QH, T)
Taking n — co

O(z, Qu,kt) < max{O(z, Qu,7),0(z,2,7),0(z,2,7),0(z,Qu, T) }
O(z,Qu,kt) < O(z,Qu, 1).

Therefore, using Lemmas 1 and 3,
we find that Qu = z.
Hence, STu = z = Qu.
Since (Q, ST) is semi-compatible,

nh_r}n STQwy, = Qz
A T2 = g Qoo = 2
lim STQw,, = Qz
n—oo
Thus, Qz = STz.
Step 5. If we combine @ = @y, and w = z with « = 1, we find that

M(Paay, Qz,kt) > min{M(Aszn’ Qz,7), M(AB®,,, STz, T),}

M(ABCOZn, Pcoy,,, T), M(STM, Qz, T)
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Taking n — oo

M(z,Qz,kt) > min{M(z, Qz, T), M(z,Qz,T), M(z,z,7), M(Qz, Qz, 1)}
M(z,Qz,kt) > M(z,Qz,7),

N(AB(Dzn, QZ, T), N(AB(Dzn, STz, T),
<
N(P@2u, Qz,kT) < max{ N(AB@ay, Py, T), N(STu, Qz,T)

Taking n — o

N(z,Qz, kt) <max{N(z,Qz,7),N(z,Qz7),N(z,2z,7),N(Qz, Qz, 1)}
N(z,Qz, k1) < N(z,Qz,7),

and

O(Pay, Oz, k1) < maX{O(ABcOZn, Qz,7),0(AB@yy, STz, T),}

O(AB®@yy,, Pooy, T),0(STu, Qz, T)

Tnking n — oo

O(z,Qz, k1) < max{O(z,Qz,7),0(2,Qz,7),0(z,2,7),0(Qz,Qz,1)}
O(z,Qz,kt) < (z Qz,7)

Therefore, using Lemma 3,
we find that Qz = z

Step 6. If we combined @ = @y, and w = Tz with o = 1, we find that

M(Payy, OT2, k7) > min{M(ABcDZH,STz,T),M(ABLDZH,ST(TZ),T)),}

M(AB®@yy,, Py, T), M(ST(Tz), Q(Tz), T

as QT = TQ and ST = TS,
we have QTz = TQz = Tz and ST(Tz) = T(STz) = Tz.
Taking n — co, we find that

M(z, Tz, kt) > min{N(z, Tz, 7), M(z, Tz, 7), M(z,2,7), M(Tz, Tz, T)}
M(z, Tz, kt) > M(z,Tz,T)

N(ABwy,, P@y,,, T ),N(AB@Zn,ST(TZ),T),}
N )

(
N(P@2q, QT2 kT) Smax{ N(AB@ay, Py, ©), N(ST(Tz), Q(Tz), T

Taking n — oo, we find that

N(z, Tz, kt) <max{N(z,Tz, 1), M(z,Tz,7),N(z,2,7),N(Tz, Tz, 7)}
N(z,Tz,kt) < N(z,Tz,7),

and
O(AB(DZVI/ PCDZH/ ’ T)r

<
O(Pwyy,, QTz, kt) < max{ O(ABay, Py 7),

O(AB(DZn,ST(Tz),T),}
o) )

(ST(Tz),Q(Tz),
Taking n — co, we find that

O(z, Tz, kt) < max{O(z,Tz,7),M(z,Tz,7),0(z,2,7),N(Tz, Tz, T)}
O(z,Tz,kt) < N(z,Tz,7T)

Therefore, using Lemma 3, we have
Tz =z

Now STz = Tz = z, this implies that Sz = z.
Hence, Sz = Tz = Qz =z = STz.
Combining (A) and (B), we find that

ABz=STz=Az=Bz=Pz=Qz=Sz=Tz=z

Hence, z is the common fixed point of A,B,S, T, P, and Q.

Case II. We suppose P is continuous.
Since P is continuous, we have (P)Z(DZH — Pz and P(AB)w@,, — Pz.
As (P, AB) is a compatible of type (B), we have
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li)m M(PP@y,(AB)(AB)@y,,T) =1, forall T >0
n (o]

Or M(Pz, ABz,7) = 1.

ie., Pz = ABz

Step 7. If we combined @ = Pwy, and w = @y, 41 with « = 1, we find that

M(P(P@zn), Q@2n+1,kT) > min{M(AB(P)(DZn, Q(Dz«,H_l, T), M(AB(P)(DZH, ST((Dz-,H_l), T),}

M(AB(P)@au, P(P)@2n, T), M(ST@2p11, Q2n+1,T)
Taking n — co, we find that
M(Pz,z,kt) > min{M(Pz,z,7), M(Pz,z,7), M(Pz, Pz,7), M(z,2,7)}
M(Pz,z,kt) > M(Pz,z,7),
N(P(P@2,), Qoan41,kT) < max{N b D o S L) >'}
Taking n — co, we find that

N(Pz,z,kt) < max{N(Pz,z,7),N(Pz,z,7),N(Pz Pz,7),N(z,2,7)}
N(Pz,z,kt) < N(Pz,z,1),

and

O(P(P(Dzn), Qc02n+1,k1') < maX{O(AB(P)(D2Vl/ Q‘DZHJrl/ T)/ O(AB(P)(DZVU ST((DZHJrl)r T)/}

O(AB(P)@ay, P(P)@2n, T), O(ST@2n41, Q@2n41, T)
Taking n — oo, we find that

O(Pz,z,kt) < max{O(Pz,z,71),0(Pz,z,7),0(Pz,Pz,7),0(z,271)}
O(Pz,z,kt) < O(Pz,z,7).

Therefore, using Lemma 3, we find that
Pz =z

Hence, ABz = Pz = z.
Similarly, we can apply step 4 to find that Bz = z; therefore,

Az =Bz=Pz=z.

Furthermore, we get
Qz=8Tz=5z=Tz=z.

z 1s also the common fixed point of the six self-maps A, B, S, T, P, and Q in this case.
4. Fixed-Point Results for Four Self-Mappings

Definition 11 ([20]). Two families of self-mappings { A;}!", and {B]-}1,1 | e said to be pairwise commut-
j:

ing if

(i) A,‘A]' = A]‘Ai, i,je{1,2,...,m};

(i1) BiB]' = B]'Bi, l,] S {1,2,. . .,1’1},’

(iii) .A,‘B]' = B]'.A,', i,j € {1,2,. . .,m}, ] S {1,2,3...,71}.

We demonstrate a CFP theorem for four finite families of mappings using complete NMS as an
application of Theorem 4. Definition 11, a logical extension of the commutatively requirement to fit
two finite families, is used to demonstrate our conclusion.

Theorem 7. Let {Ay, Ay,..., Au}, {B1,Ba,...,Bu},{51,5,...,5;} and {Ty, Tp,..., T} be four fi-
nite families of self-mappings of a complete NMS (£, M,N, O, *, O )witht*T > tand (1—-1) 0 (1 —1) <
1—7 forall T € [0,1], such that A = AjAy... Ay, B = B1By...By, S=51,5...5;,and T =
Ty T3 ... Ty satisfy the following conditions:

(1) A(E) CT(E), B(E) CS(&E);
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(2)  Either A or S is continuous;
(3)  The pairs of families ({A;},{Sx}) and ({B+}, {Tt}) commute pairwise;
(4) 3 A €(0,1) such that

M(A®, Bw, A1) > M(S®w, A®, T) * M(Tw, Bw, T);
*M(Tw, Aw, Bt) * M(S®, Bw, (2 — B)T) * M(S®@, Tw, T);
N(A®, Bw,At) < N(Sw, A@,T) O N(Tw, Bw, T);

O N(Tw, Aw, 1) O N(S5@, Bw, (2 — B)T) O N(Sw, Tw, T);
O(Aw, Bw,At) < O(Sw, A®w, T) O O(Tw, Bw, T);

O O(Tw, Aw, 1) O O(Sw, Bw, (2 —B)T) O O(S@, Tw, T).

Vo,weE, B€(0,2)and T >0. Then, { A}, {SA}K:y {B/},_q and {T¢ 3:1 have a UCFP in E.

Proof. Now, we can prove that AS = 54 as

AS = (A1 Az ... Aw)(S1S2...Sp)= (ArAa .. A1) (AuS1Sa ... S))
= (A1Ay ... A1) (5152 SpAn)
= (A1 . Ay 2) (A 15,55 ... SpAn)
= (.Al.Az e .Amfz) (5152 ce Sp.Am_l.Am) =...= .A1 (5152 e SP.AQ e .Am_l.Am)
= (5152 Sp) (A1 Ay ... Ay) = SA.

Likewise, we may demonstrate that BT = TB. Thus, it follows naturally that the pair (A4, S) is
compatible and the pair (B, T) is weakly compatible. We must now demonstrate that z continues to
be the fixed point of all component mappings. For this, we think about

A(A,‘O’) = ((AlAz v Am).Al)O’ = (.AlAz NN .Amfl)(.Am.A,‘)O’
= (A1 Ay A1) (AiAn) o = (A1 Ay . Ay ) (Ap_1 AiAn)o
= (AlAz v .Am_z)(AiAmflAm)U’ =....= Al(Ai.Az ....... .Am)U’
= (.Al.Ai)(.Az cee .Am)lf
= (.A,‘.Al)(.Az ce ...Am)(T = .Ai(.Al.Az ve ..Am)(T = A,'(T.

Similar to that, we may demonstrate that

A(SAO') = S)\(AO') = S/\U’,S(S)\(T) = S)\(SU’) = S/\U,S(AiU’)
= A;(So) = Ao, B(By0) = B,(Bo) = B0,
B(Tr0) = Tr(Bo) = Tro, T(Tro) = Te(T,) = Tro
T(B;o) = B,(To) = B,o.

Which show that for all (i,7, A and ), A;o and S, are the other fixed points of the pair (A, S) and
B,o and T:Z are other fixed points of the pair (B, T). Now, by appealing the UCFP of mappings
A,S,B and T, we find that

0c=A;0 =80 =B,0="Teo, foralli=1,2,....,m,

Which shows that o is a UCFP of {4}/, {S\}_;, {B:}/_y, and {Tc}1_,. O

Remark 2. The commutativity criteria of Theorem 7 are a little more stringent than those in Theorem 4; hence,
it is a tiny but partial generalization of Theorem 4. If we put

Ai=A=...=Ay=A, B =B=...=B,=B,51=5=...=5,=5

and Ty = T, = ... = Ty = T into Theorem 7, we have the following outcome:

Corollary 3. Let A, B, S, and T be four self-mappings of a complete NMS (Z, M, N, O, *, { )with T+T > T
and (1—1) 0 (1—1) <1—rtforall T € [0,1], thus satisfying the following conditions:

(1) A(E) CT(E), B(E) C S(E);

(2)  either A™ or SP is continuous, where m,p € N;

(3) AS=SA,BT =TB;

(4) 3Ae€(0,1)s. ¢
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M(A"®,B"w,At) > M(SPw, A"w,7) * M(TTw, B"w, T);
*M(TTw, A"@, B7) * M(SP@, B"w, (2 — B)7) * M(SPw@, TTw, T);
N(A"®,B"w,At) < N(SPw, A"w,7) O N(T7w, B"w, T);
ON(Tw, A", pt) O N(SPw,B"w, (2 —B)T) O N(SPw, Tw, T);
O(A"®,B"w, A1) < O(SPw, A"w,T) O O(Tw, B"w, T);

O O(TMw, A™w, Bt) O O(SPw,B"w, (2 — B)7) O O(SPw@, Tw, 7).

Vo,weE, e (0,2)andt > 0and m,n,p,q € N. Then, A, B, S and T have a UCFP on E. If we put
A=A, =...= A, = A, Bi=By=...=B;=B,5=5=...=5,=5L
and Ty = Tp = ... = Ty = T into Theorem 7.

Example 5. Let Z = [0,1] , with the metric d(®,w) = |@ — w| and defined as

M((D, w, T) = T+\£7w|’
w—w
N((D,w, T) = TL"T*‘(U"
O(@,w, ) = lw;w ,

Clearly, (E, M,N,O,*, ¢ ) is a NMS where a xb = min{a,b} and a O b = max{a,b}. Assuming that
A,B,Sand Tbe A(w) = B(w) =0if @ =0o0r1,

1 1 1
Ao =Bow = ——,)if — <w < ~-,neN
@+1" n+1 n
and
So=Tw=w, Vo € E.

Then, it is easy to see that all the conditions of Corollary 3 have been satisfied.

Corollary 4. Let A,B,S,T,L and R be six self-mappings of a complete NMS (E, M, N, O, %, ) with
tx12>7and (1—-1) 0 (1 —71) <1—1forall T € [0,1], thus satisfying the following conditions:

(1) A(Z) C TR(E), B(E) C SL(&);

(2)  Either A or SL is continuous;

(3) AL=LA,AS=SA,LS=SL,BR =RB,BT = TB, and TR = RT;

(4) 3 A €(0,1) such that

M(A®,Bw,At) > M(S5Lw, A®, T) * M(TRw, Bw, T)
*M(TRw, A@, BT) * M(SLw, Bw, (2 — B)7) * M(SLw, TRw, T),
N(A®, Bw,At) < N(SLw, A®,T) O N(TRw, Bw, T)

O N(TRw, Aw, Bt) O N(SLw, Bw, (2 — B)71) O N(SLw@, Tw, T),
O(Aw, Bw,At) < O(SLw, Aw,T) O O(TRw, Bw, 1)

0 O(TRw, Aw, B1) ¢ O(SL®, Bw, (2 — B)T) O O(SLw, Tw, T).

Vo,w e &, p € (0,2) and T > 0. Then, A,B,S, T, L and R have a UCFP in E. If we put
Ai=Ay=...=Ay=A B =By=..=B,=B,S=5=..=5,=5L

and Ty = T, = ... = Ty = T in Theorem 7. we have the following result:

Remark 3. Corollaries 3 and 4 are generalizations of Corollaries 3.1 and 3.2, respectively, because they have
slightly strict commutativity criteria.

5. Conclusions

The article represented two common fixed-point theorems in which we utilized even number of
mappings on a complete NMS with some contractive conditions. We satisfied a common fixed-point
theorem for four finite families of mappings on a complete NMS. These results generalized the results
provided in [12]. In [12] author used only membership function and proved common fixed-point
results for four self-mappings. We used a generalized set namely a neutrosophic set in which we
used membership, non-membership and neutral functions. Further, we proved common fixed-point
results for any even number of mappings. This work can easily be extended to fit the context of
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neutrosophic b-metric space, neutrosophic partial metric space, neutrosophic cone metric space, and
many other structures.
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