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Abstract: The application of non-uniform spiral gratings to control the structure, topological pa-
rameters and propagation of orbital angular momentum (OAM) beams was studied experimentally
with coherent near-infrared light. Adapted digital spiral grating structures were programmed into
the phase map of a high-resolution liquid-crystal-on-silicon spatial light modulator (LCoS-SLM). It
is shown that characteristic spatio-spectral anomalies related to Gouy phase shift can be used as
pointers to quantify rotational beam properties. Depending on the sign and gradient of spatially
variable periods of chirped spiral gratings (CSGs), variations in rotation angle and angular velocity
were measured as a function of the propagation distance. Propagation-dependent self-torque is
introduced in analogy to known local self-torque phenomena of OAM beams as obtained by the
superposition of temporally chirped or phase-modulated wavepackets. Applications in metrology,
nonlinear optics or particle trapping are conceivable.

Keywords: orbital angular momentum; vortex beams; singular optics; spectral anomalies; Gouy effect;
spiral gratings; chirped gratings; spatial light modulator; angular velocity; self-torque

1. Introduction

During the last few decades, the generation, detection and application of structured
light [1,2] including orbital angular momentum (OAM) beams [3–15] have been the subject
of intensive research. In particular, the wide spectral bandwidths and high intensities
of ultrashort-pulsed lasers opened new prospects for optical communication, materials
processing, nonlinear spectroscopy, metrology or particle manipulation. Characteristic
anomalies in the spectral and spatial domains in the vicinity of singularities, so-called
“spectral eyes” [16–21], result from wavelength-dependent Gouy phase shift and spectral
interference [22–24]. Related spectral re-distribution effects were previously detected by
highly resolved spectral mapping of femtosecond OAM laser pulses. The calculation of
local (first-order) and global (higher-order) spectral statistical moments [25] was used to
extract topological and rotational beam parameters. Moreover, the statistical formalism
provides appropriate tools for advanced applications, e.g., deep encryption, imaging, rang-
ing, selective excitation or optical processing. For the variable generation and manipulation
of OAM beams by tunable phase and/or amplitude maps, the following approaches are
of technical interest: (a) MEMS spiral phase plates (SPPs) [26], (b) digital mirror devices
(DMD) [27], (c) liquid crystal spatial light modulators (SLMs) [28,29] and (d) cascaded [29]
or combined [30,31] systems. Singularities in wave fields can be generated by phase dis-
locations in forked rectilinear or spiral grating structures [5,32–35]. Spiral phase gratings
(SPGs) act as diffractive axicons with an axially extended focal zone and a helical wave-
front [36–38]. SPGs were developed for THz applications [39] and for the generation of
acoustic vortices with electro-mechanical transducers [40–48].
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DMDs are of interest for high-speed spatial phase modulation in the optical range
because they have an order of magnitude higher switching speed [49]. Their phase stroke,
linearity, fill factor and further parameters, however, are still not satisfactory. A specific
advantage of the liquid-crystal-on-silicon (LCoS)-SLM technique [50–55] consists in the
large number of addressable small pixels with, at the same time, phase-shifting functionality
at high dynamic range and a calibrated phase. This combination is still not fully available
with DMDs. Because of the high structural flexibility, it is possible to write even complex
reconfigurable diffractive optical elements (DOEs) into advanced types of SLMs.

Recently, we reported on the first proof-of-principle experiments with high-resolution
phase-only LCoS-SLMs as programmable non-uniform SPGs [56]. Here, we present the
results of continuing studies and a more detailed discussion. In particular, the concept
of OAM self-torque is extended by a propagation-dependent acceleration or deceleration
of angular rotation as an alternative approach which promises specific applications in
metrology, particle manipulation, frequency conversion and other fields.

2. Spiral Phase Gratings

The mechanism of axial beam shaping with spiral DOEs is based on a radial-to-axial
transformation. Radial variations of the grating period modulate the angular spectrum of
interfering conical beams along the propagation path. If the rms radius of an illuminating
Gaussian beam is held constant, the far-field divergence of OAM beams generated by grating
dislocations scales linearly with the OAM [57]. The reflective operation of LCoS-SLMs requires
either transforming the shape of the programmed optical elements into its elliptical projection as
a function of the angle of incidence or working at sufficiently small incident angles. In a slightly
simplified picture, one can distinguish between selected cases of planar spiral gratings with
respect to their silhouette (shape of the edge):

(A) Grating completely filling a circle;
(B) Grating completely filling an ellipse;
(C) Toroidal grating filling a single annulus (one ring);
(D) Grating filling the center and annulus (center, one ring);
(E) Multi-toroidal grating filling multiple annuli (N rings).

Furthermore, the uniformity and symmetry properties of spiral gratings can be de-
scribed by the spatial distribution of the grating period p(r,θ) in polar representation with r
and θ as the radial and azimuthal coordinates, respectively:

(1) Constant grating period (uniform Archimedean grating);
(2) Radially monotonically increasing spatial frequency (positive chirp);
(3) Radially monotonically decreasing spatial frequency (negative chirp);
(4) Grating period depending on θ (oscillating chirp).

Selected configurations with single spirals or composed uniaxial spirals of identical
rotational orientation are, without claiming to be exhaustive, depicted in Figure 1. Recently,
asymmetric elliptical gratings of type (C,1) were proposed for shaping toroidal vortex
beams [58].

Previously it was demonstrated by experiments with stationary spiral axicons that the
rotation of characteristic spectral features can be controlled via the grating period p(r) [23].
With SLMs, more free parameters and temporal modulation (within the limits of the cut-off
frequency) became available. In particular, a continuous radial variation of p(r), as well
as a discontinuous section-wise design, can be used to obtain a propagation-dependent
rotation. The radial variation of the inverse period ν = p−1 is the signed spatial frequency
chirp dν/dr.

The imaging properties, spectral response and diffraction efficiency of non-uniform
binary gratings strongly depend on the individual phase structure of the grating, the angu-
lar spectrum of the illuminating beam, and the beam’s frequency spectrum, polarization
and coherence.
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Figure 1. Selected types of uniform and non-uniform spiral gratings used in singular optics experi-
ments in spectral domain (schematically); (a) case (A,1), (b) (A,2), (c) (B,2) and (B,4) with positive 
spatial chirp for each azimuthal angle, (d) (C,1), (e) (A,3) torus with negative spatial chirp, (f) (B,3), 
(g) (D,1), (h) (D,3), (i) (D,4). Patterns are transferred into calibrated SLM phase maps. 
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tion and coherence. 
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A radially uniform Archimedean spiral grating axicon generates Bessel-like intensity 
profiles [33]. For non-uniform SPGs, the propagation characteristics depend on the indi-
vidual 2D phase envelope. In the particular case (A,3), the outer parts of a continuous 
grating with smaller p diffract the light more strongly than the central parts. This can lead 
to an overlap and interference of partial beams. Case (4) is obtained by a grating transfor-
mation by linear stretching in one direction (mapping a circle to an ellipse), which is 
equivalent to illumination at oblique incidence [56]. In this case, p oscillates with increas-
ing rotation angle φ and passes two maxima and two minima within every full rotational 
period of Δφ = 2π. Therefore, one has to expect that the rotational parameters exhibit cor-
responding extrema with increasing propagation distance if the angle of incidence is not 
fully compensated. 

3. Propagation-Dependent Self-Torque 
In the spatial domain, the propagation-dependent Gouy rotation of “spectral eyes” 
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Figure 1. Selected types of uniform and non-uniform spiral gratings used in singular optics experi-
ments in spectral domain (schematically); (a) case (A,1), (b) (A,2), (c) (B,2) and (B,4) with positive
spatial chirp for each azimuthal angle, (d) (C,1), (e) (A,3) torus with negative spatial chirp, (f) (B,3),
(g) (D,1), (h) (D,3), (i) (D,4). Patterns are transferred into calibrated SLM phase maps.

The m-th-order convergence angle β of a reflective spiral axicon at small incident angles
as a function of the wavelength λ and the period p(r) can be approximately described via
the grating equation:

β(r) = sin−1 m·λ
p(r)

(1)

One should note the convention that the angle β in Equation (1) is the half-total
convergence angle. For each β(r), one can define corresponding radially dependent “focal
distances” f (r):

f (r) =
r

tan
[
sin−1 m·λ

p(r)

] (2)

A radially uniform Archimedean spiral grating axicon generates Bessel-like intensity
profiles [33]. For non-uniform SPGs, the propagation characteristics depend on the individ-
ual 2D phase envelope. In the particular case (A,3), the outer parts of a continuous grating
with smaller p diffract the light more strongly than the central parts. This can lead to an
overlap and interference of partial beams. Case (4) is obtained by a grating transformation
by linear stretching in one direction (mapping a circle to an ellipse), which is equivalent to
illumination at oblique incidence [56]. In this case, p oscillates with increasing rotation angle
φ and passes two maxima and two minima within every full rotational period of ∆φ = 2π.
Therefore, one has to expect that the rotational parameters exhibit corresponding extrema
with increasing propagation distance if the angle of incidence is not fully compensated.

3. Propagation-Dependent Self-Torque

In the spatial domain, the propagation-dependent Gouy rotation of “spectral eyes”
of polychromatic OAM beams around singularities [22–24] can be described by a local
angular gradient:

Ω(z) =
∂φ

∂z
(3)

where the rotational angle φ(z) is the pointer position of a virtual connecting line between
the centroids of two “spectral eyes” at propagation distance z. This gradient results from
the interference of all diffracted spectral contributions. In the temporal domain, one can
formally define a corresponding angular velocity at time t:

Ω(t, z) =
∂φ

∂t
= c·Ω(z) (4)
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(c = speed of light in vacuum). For an ultrashort OAM pulse, Equation (4) describes the
speed of angular rotation as a function of the pulse travel time. The temporal derivative
of the angular velocity is a measure of rotational acceleration or deceleration and can be
interpreted as a kind of “self-torque” [56]:

ξ(t, z) =
∂Ω(t, z)

∂t
=

∂2 φ

∂t2 = c·∂Ω(z)
∂t

(5)

Originally, the term “self-torque” was used for the temporal acceleration of an OAM at a fixed
axial coordinate obtained by the superposition of frequency-modulated wavepackets [59,60] or
by interfering co-rotating wavepackets of different rotation speeds [23]. The introduction of a
propagation-dependent acceleration as described by Equation (5) enables us to generalize
the term “self-torque”, covering both of the following:

(i) A local, interference-type, superposition-generated self-torque (SST);
(ii) A nonlocal, propagation-type self-torque (PST).

In special cases, these types can also appear simultaneously, e.g., by the interference of
overlapping contributions from SPGs with positive chirp, as mentioned above.

SST is relevant for OAM-selective laser–matter interaction processes on an ultrashort
time scale and plays an important role, e.g., for high harmonics generation [59,60], the reso-
nant excitation of quasi-particles by rotating ring-lattices [61], spin-to-orbit conversion, or
optical spin Hall effects in focused beams [62]. PST may also stimulate specific applications
which require sensibility against distances or pulse travel times.

4. Experimental Techniques
4.1. Experimental Setup

The experimental setup used for the adaptive singular optics experiments is schematically
drawn in Figure 2. SPGs were programmed into the pixel matrix of a 10-megapixel (4 K)
phase-only reflective LCoS-SLM (GAEA, HOLOEYE Photonics, Berlin, Germany, pixel size
3.74 µm). Phase linearity was ensured by spectral calibration of grey-scale values. Additionally,
the contrast was optimized by adaptively varying the base level. The SLM was illuminated
by a linearly polarized Ti/sapphire laser oscillator (center wavelength tunable between 780
and 810 nm) after expanding the beam diameter 5× to completely fill the active area of the
microdisplay. A movable and rotatable near-infrared-enhanced, black-and-white CMOS camera
(Thorlabs, Bergkirchen, Germany, DCC 324ONN, 1280 × 1024 pixels, pixel size 5.5 µm, 60 fps
with 50× and 100× objective lenses) served as a matrix detector.

The spatial scale of the camera was adjusted and aberrations were evaluated by imag-
ing the focal plane of a lithographically fabricated orthogonal microlens array (Heinrich
Hertz Institute, Berlin, Germany) with 32 µm pitch as a reference. Saturation was avoided
by attenuating the intensity with a rotatable polarizer. For programming SLM phase
patterns and for image analysis, two separate computers with related software packages
were applied.

To characterize the twist and self-torque phenomena of OAM beams, the spectral
Gouy rotation [22–24] was exploited. The approach enables a direct visualization of spec-
trally resolved internal vortex structures instead of analyzing complex spiral interference
patterns [63]. In contrast to time-consuming fiber-scanning techniques [25], the single-shot
detection of propagation-dependent azimuthal angles of spectral eyes with a matrix camera
works much faster. From previous studies, it was known that a channel bandwidth in
the few-nanometer range is sufficient to reliably separate spectral eyes [23]. Therefore,
the spectral resolution of a tilted ultra-narrowband metal interference filter for 794 nm
(LC-HBP-794.9/1–25, Laser Components, Olching, Germany, total tilt range 20◦) was used
to identify the positions of spectral eyes and to adjust the transmission range.
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Figure 2. Experimental setup for the rotational control of OAM beams in spectral domain (schematically).
(L = laser, BF = rotatable narrow band-pass filter, RP = rotatable broadband polarizer, BE = beam expander,
M = high-reflectance mirror, SLM = spatial light modulator, PC1 = computer for programming SLM,
SPG = spiral phase grating, p(r) = radially dependent grating period, OAM = OAM beam, bSE and
rSE = blue-shifted and red-shifted spectral eyes, CAM = movable camera with 50× and 100× objective
lenses, PC2 = computer for data processing, φ(z) = local azimuthal rotation angle, Ω(z) = local angular
velocity of spectral Gouy rotation).

4.2. Elliptical Continuously Chirped Gratings

The radial change in the grating periods of spiral gratings with perfectly linear negative
and positive spatial frequency chirp for realistic parameters is plotted in Figures 3a and 3b,
respectively. To match non-zero tilt angles, the gratings have to be deformed to an elliptical
shape. The stretched periods expected for an incident angle of α = 45◦ can be compared to the
case of normal incidence. The SPG with negative spatial frequency chirp was designed to be an
Archimedean spiral with 37 windings and periods increasing from origin to the rim from 29 µm
to 55 µm along the minor axis. The periods of the SPG with positive spatial frequency chirp
along the minor axis decreased from 58 µm down to 34 µm along 55 windings. More details on
the design strategy for linearly chirped SPGs can be found in Appendix A.
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Figure 3. Theoretical perfectly linear curve progression of radially variable SPG periods with
(a) negative (type B,3) and (b) positive (type B,2) spatial frequency chirp dν/dr (parameters for
near-realistic conditions, number of spiral rotations: 37 and 55, along minor axes: increasing period
between 29 µm and 55 µm, decreasing period between 58 µm and 34 µm, respectively). Depending
on incident angle α, gratings are stretched in x-direction (perpendicular to the tilt axis) by a factor of
cosα. Periods are compared for two tilt angles (α = 0◦: circular SPG, α = 45◦: elliptical SPG). Colors
symbolize spatial frequency chirp (decreasing from blue to red, increasing from red to blue).

The spirals used in the experiments were generated with online available freeware
(Inkscape 1.0). The resulting radial dependence of the grating periods deviated from perfect
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linear functions, in particular close to the center and the rim. The real radial chirp functions
programmed into the SLM phase maps are plotted in Figure 4.
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Figure 4. Programmed SPG periods as used in experiments for beam shaping with SLM: (a) SPG-1
with negative spatial frequency chirp and 37 periods along the minor axes, increasing between 29 µm
and 55 µm (type B,3), see Figure 1b; (b) SPG-2 with positive spatial frequency chirp and 55 periods,
decreasing from 58 µm to 34 µm (type B,2), see Figure 1c.

The real progression of periods (Figure 5) was determined by image processing soft-
ware (ImageJ, Version 1.53k). The scattering of the data points along cuts is caused by the
limited resolution of digital sampling at the microscale.
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Figure 5. SPG periods as used in experiments determined by image analysis: SPG with (a) negative
spatial frequency chirp or (b) positive spatial frequency chirp (number of spiral rotations: 37 and 55,
along minor axes: increasing period between 29 µm and 55 µm, decreasing period between 58 µm
and 34 µm, respectively). Colors symbolize spatial frequency chirp (decreasing from blue to red,
increasing from red to blue).



Photonics 2024, 11, 463 7 of 14

Because of the pixel size of the SLM of 3.74 µm, the efficiency of the DOEs is limited
by the Nyquist–Shannon sampling theorem. At the highest spatial frequencies (grating
periods < 30 µm), where the number of sampling points is <5, the design is less perfect.

Figure 6 shows the “focal distances” in the m = 1st order as a function of SPG radii
calculated by Equation (2) for perfect symmetric gratings with positive and negative chirp
for a wavelength of 787 nm (for spiral parameters, see above). Despite representing rough
approximations, the graphs may give a qualitative indication of the expected axial beam
shaping behavior.
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Figure 6. Radially dependent “focal distances” zF(r) (i.e., points of intersection of diffracted rays
with the propagation axis) for perfect symmetric SPGs with negative (a) and positive chirp (b) for
a wavelength of 787 nm (for geometrical parameters, see Figure 3a,b). Colors symbolize spatial
frequency chirp (decreasing from blue to red, increasing from red to blue).

One can recognize that the functions zF(r) are slightly nonlinear and, over the relevant
spectral range of about 20 nm, nearly independent of the laser wavelength (regarding the
spectral bandwidth, see also Section 5.4).

4.3. Non-Uniform Toroidal Gratings

Alternative experiments were performed with SPGs consisting of an elliptical torus
surrounding a central elliptical SPG. Figure 7 shows such a grating structure of type (D,4)
(see Figure 1i). Both partial gratings are stretched in one direction but, contrary to the SPGs
in Figure 4a,b, without spatial frequency chirp along radial cuts.
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Optics, Duiven, The Netherlands). The selectivity was verified by alternatingly attenuat-
ing the maxima [56]. This enabled us to simultaneously detect the blue- and red-shifted 
contributions at maximum intensity and contrast (Figure 8). An optimum wavelength 
range was found between 784 nm and 787 nm at an FWHM of about 7 nm. 

 

Figure 7. Composite grating of type (D,4) consisting of an elliptical SPG (23 windings) centered
in a surrounding toroidal SPG (18 windings) of different spatial frequency (periods in the direc-
tions of minor and major axes: 17 µm and 45 µm for the inner SPG, 21 µm and 54 µm for the
torus, respectively).

The inner SPG, however, has a higher spatial frequency. The periods in the directions
of minor and major axes are 17 µm and 45 µm for the inner elliptical SPG, while those
for the surrounding torus are 21 µm and 54 µm, respectively. The partial gratings are not
spatially chirped for each azimuthal angle but are stretched in the x-direction. The gap has
a depth of about 0.56 times the torus width and 0.24 times the outer torus diameter.
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5. Experimental Results
5.1. Spectral Filtering

To select characteristic “spectral eyes” as indicators for the spectral Gouy rotation, the
spectral filter was adjusted to an appropriate tilt state at which the broadband background
signal is attenuated while both the blue- and red-shifted parts appear at comparable in-
tensity. Spectra were detected by a high-resolution spectrometer (HR 2000, Ocean Optics,
Duiven, The Netherlands). The selectivity was verified by alternatingly attenuating the
maxima [56]. This enabled us to simultaneously detect the blue- and red-shifted contribu-
tions at maximum intensity and contrast (Figure 8). An optimum wavelength range was
found between 784 nm and 787 nm at an FWHM of about 7 nm.
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Simultaneous detection of blue-shifted and red-shifted parts at maximum contrast and signal was
found between 784 nm and 787 nm, indicated by distinct double maxima in (b,e) (50× objective lens,
negatively chirped SPG, z = 10 mm, distance between “spectral eyes”: 32 µm).

5.2. Grating Aberrations at Oblique Incidence

The application of an SLM enables us to adaptively correct for angular-dependent
aberrations. From the literature, it is known that spiral gratings at oblique incidence
generate typical diamond-shaped light patterns [33]. In our investigations, we studied
the response of this effect on the tilt angle at the relevant parameters. For an elliptically
stretched SPG with a design angle of 45◦, it was found that the angular tolerance is
critical. Even for an angular mismatch smaller than 2◦, a rhomboidal distortion was
clearly observed. The internal structure of the aberrated field looks complex and has some
similarity to higher-order laser modes. This effect and, additionally, the appearance of
asymmetrically distributed higher grating diffraction orders are visible in Figure 9 for a
misadjusted 45◦ SPG illuminated at a central wavelength of about 790 nm.
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Figure 9. Aberrations for spiral gratings at oblique incidence with structural and angular mismatch:
(a) diamond-shaped distortion and higher diffraction orders up to m = ±3 of a uniform, non-adapted
SPG at an incident angle of α = 45◦; (b) distortion for a non-uniform SPG designed for α = 45◦ at an
incident angle of α = 51◦.
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5.3. Propagation-Dependent Self-Torque

Propagation experiments with spectral selection were performed with three types of
non-uniform spiral gratings:

(1) SPG-1, corresponding to Figure 4b (elliptical, negative chirp);
(2) SPG-2, corresponding to Figure 4a (elliptical, positive chirp);
(3) SPG-3, corresponding to Figure 7 (elliptical and toroidal, different periods).

The spectral rotation was detected by measuring the rotation of the connecting lines
between the “spectral eyes”. In accordance with the expected saw-tooth-like axial oscillation
of Gouy rotation caused by the accumulated phase anomaly [23,64], particular distance
ranges with detectable rotation were identified. As an example, a selected set of intensity
maps for the elliptical SPG-2 with positive spatial frequency chirp is shown in Figure 10 for
axial distances between z = 20.0 mm and z = 20.6 mm.
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Figure 10. Angular rotation of “spectral eyes” generated with positively chirped SPG-2 varying with
increasing propagation distance from (a–d) 20.0 mm to 20.6 mm for a selected sequence of intensity
maps (AOI = 50 × 50 µm2, red and blue circles: red- and blue-shifted parts of the spectral anomaly,
the line indicates the actual angle of rotation).

With increasing distance, however, the contrast decreased so that meaningful measur-
ing results were only obtained within the first part (few millimeters) of the interference zone.
The detected pattern rotates counter-clockwise, as expected from the programmed spiral
orientation. In contrast to the case of radially constant grating periods, the changing focal
distances of chirped spiral axicons generate accordion-like stretched angular compartments
and, thus, correspondingly modified accumulated Gouy phase shifts. This phenomenon,
which is schematically depicted in Figure 11, also leads to an axial change of the ramps in
the saw-tooth-like function φ(z).
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Figure 11. Accumulated Gouy phase shift (black) and Gouy rotation angle (red) (schematically) for
SPGs with (a) a constant period, (b) a negatively chirped period, (c) a positively chirped period and
(d) a composite structure consisting of two zones with different constant periods separated by a
spatial gap (yellow). A higher spatial frequency is assumed for the central part.

Figure 12a–c show the measured propagation-dependent rotational angles φ(z) for the
three gratings SPG-1, SPG-2 and SPG-3 (corresponding to the structures in Figure 4a,b and
Figure 7). The maximum measuring distances for SPG-1, SPG-2 and SPG-3 were chosen to
be 6 mm, 28 mm and 16.9 mm, respectively.
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Figure 12. Experimentally determined propagation-dependent rotation angles φ(z): (a) SPG-1 (neg-
ative spatial frequency chirp), decreasing steepness; (b) SPG-2 (positive spatial frequency chirp),
increasing steepness; (c) SPG-3 (composite structure), complex dynamics. Characteristic ramps are
caused by accumulated Gouy phase shift (see Figure 11).

In all cases, a distinct rotational behavior was typically observed through discrete
intervals in the z-direction interrupted by zones of minimal rotation. The distortions result
from the complex spatio-spectral interference caused by the detailed phase structure of the
pixelated DOE (a particular influencing factor for possible systematic distortions is briefly
discussed in Section 5.4.

On the basis of the detected ramps of angular rotation, i.e., steep and nearly linearly
increasing parts of φ(z), corresponding axial angular velocity gradients Ω(z) were calculated
according to Equation (3). The resulting curves are plotted in Figure 13a–c.

Photonics 2024, 11, x FOR PEER REVIEW 11 of 15 
 

 

increasing steepness; (c) SPG-3 (composite structure), complex dynamics. Characteristic ramps are 
caused by accumulated Gouy phase shift (see Figure 11). 

In all cases, a distinct rotational behavior was typically observed through discrete 
intervals in the z-direction interrupted by zones of minimal rotation. The distortions result 
from the complex spatio-spectral interference caused by the detailed phase structure of 
the pixelated DOE (a particular influencing factor for possible systematic distortions is 
briefly discussed in Section 5.4. 

On the basis of the detected ramps of angular rotation, i.e., steep and nearly linearly 
increasing parts of φ(z), corresponding axial angular velocity gradients Ω(z) were calcu-
lated according to Equation (3). The resulting curves are plotted in Figure 13a–c. 

 
Figure 13. Angular gradients φ(z) calculated from angular rotation ramps in Figure 12a–c: (a) SPG-
1 (negative spatial frequency chirp); (b) SPG-2 (positive spatial frequency chirp); (c) SPG-3 (compo-
site structure). Colors symbolize the spatial frequency chirp (decreasing from blue to red, increasing 
from red to blue). The dotted line in (c) marks the theoretical focal distance corresponding to the 
rim of the inner spiral calculated on the basis of Equation (2). 

To compare the distribution of experimental data with theoretical estimations, the 
“focal length” at the rim of the inner spiral of SPG-3 was calculated by applying Equation 
(2). The red dashed line in Figure 13c corresponds to the starting position of the gap. It is 
obvious that this distance can only be a rough approximation because of the influence of 
beam divergence, aberrations, parasitic interference and other factors (see also the next 
paragraph). The presented angular gradients confirm that the investigated types of non-
uniform gratings enable the generation of accelerated, decelerated and more complex 
spectral rotational behavior, which can be interpreted as a specific, propagation-depend-
ent kind of self-torque (PST). 

5.4. Influence of Grating Talbot Effect 
The interaction of coherent light fields with periodical amplitude and/or phase ob-

jects like gratings leads to self-imaging effects [65]. Depending on the grating period p and 
the wavelength λ, the distances of planes with replicated periodicity (Talbot distances) 𝑑  ~ 𝑘 ∙ 2     (k = integer number) (6) 

or fractal self-images can generate distortions in competition with the axially periodic 
Gouy phase effects. In our case, the grating periods have to be relatively large due to the 
sampling theorem. Because of the quadratic dependence on p, the resulting Talbot dis-
tances can be large enough to match the cycles of rotation. For example, the first Talbot 
planes for periods of 30 µm, 40 µm and 50 µm at a wavelength of 800 nm are expected to 
appear at distances of 2.25 mm, 4.0 mm and 6.25 mm, respectively. Thus, the effect is rel-
evant for our experimental parameters and should be observed in general design consid-
erations. 

  

Figure 13. Angular gradients φ(z) calculated from angular rotation ramps in Figure 12a–c: (a) SPG-1
(negative spatial frequency chirp); (b) SPG-2 (positive spatial frequency chirp); (c) SPG-3 (composite
structure). Colors symbolize the spatial frequency chirp (decreasing from blue to red, increasing from
red to blue). The dotted line in (c) marks the theoretical focal distance corresponding to the rim of the
inner spiral calculated on the basis of Equation (2).

To compare the distribution of experimental data with theoretical estimations, the
“focal length” at the rim of the inner spiral of SPG-3 was calculated by applying Equation (2).
The red dashed line in Figure 13c corresponds to the starting position of the gap. It is
obvious that this distance can only be a rough approximation because of the influence of
beam divergence, aberrations, parasitic interference and other factors (see also the next
paragraph). The presented angular gradients confirm that the investigated types of non-
uniform gratings enable the generation of accelerated, decelerated and more complex
spectral rotational behavior, which can be interpreted as a specific, propagation-dependent
kind of self-torque (PST).

5.4. Influence of Grating Talbot Effect

The interaction of coherent light fields with periodical amplitude and/or phase objects
like gratings leads to self-imaging effects [65]. Depending on the grating period p and the
wavelength λ, the distances of planes with replicated periodicity (Talbot distances)

dT ∼ k·2 p2

λ
(k = integer number) (6)
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or fractal self-images can generate distortions in competition with the axially periodic Gouy
phase effects. In our case, the grating periods have to be relatively large due to the sampling
theorem. Because of the quadratic dependence on p, the resulting Talbot distances can
be large enough to match the cycles of rotation. For example, the first Talbot planes for
periods of 30 µm, 40 µm and 50 µm at a wavelength of 800 nm are expected to appear at
distances of 2.25 mm, 4.0 mm and 6.25 mm, respectively. Thus, the effect is relevant for our
experimental parameters and should be observed in general design considerations.

6. Conclusions

In summary, it was demonstrated that the angular velocity of OAM beams can be
controlled by programming digital non-uniform spiral gratings into the calibrated phase
map of a reflective high-resolution LCoS-SLM. Propagation-dependent rotation parameters
were analyzed by detecting the spectral Gouy rotation, i.e., the twist of characteristic blue-
and red-shifted areas around the singularity, on a matrix camera. The spectral signatures of
the rotating spectral anomaly were clearly identified and separated by narrow band-pass
filtering. The flexible generation of grating structures enables radial variations of grating
periods with positive or negative spatial frequency chirp, elliptical gratings and separated
concentric rings of gratings.

The resulting axial modulations of the angular velocity indicated accelerated and
decelerated orbital angular momenta. The propagation-dependent derivation of the speed
of rotation (propagation-dependent self-torque, PST) is therefore interpreted as a specific
type of self-torque in analogy to the local temporal self-torque (superposition-generated
self-torque, SST), which was previously reported in the literature (see refs. [59,60]). This
generalization allows us to distinguish between local, nonlocal and mixed generation mech-
anisms of self-torque. PST could be of interest for specific applications like space-variant
interaction scenarios for ultrafast space–time wavepackets, vortex metrology, optical pro-
cessing, adaptive micro-accelerators, depth-selective laser materials processing or tweezers.

A more precise prediction of the axial light distribution requires us to solve the complex
diffraction problem, e.g., by starting from the Rayleigh–Fano equation for scattering from
rough surfaces, as was shown for circular gratings. By Laplace and inverse Laplace
transforms, the problem can be reduced to a tractable form [66]. An extended theoretical
treatment including spatio-temporal coupling and dispersion effects, non-uniform phase
envelope, specific aberrations and self-imaging mechanisms, however, remains the subject
of future studies.

Possible improvements with respect to the experimental methods could be obtained
by replacing the combination of a spectral filter and camera with a high-resolution hyper-
spectral camera. Moreover, a detailed study of the spatio-temporal dynamics of ultrashort-
pulsed PST phenomena, e.g., in nonlinear media, seems to be worthwhile.
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Appendix A. Design Parameters for Linearly Chirped SPGs

The design of fully filled circular spiral gratings with radially linearly varying periods
has to take into account the maximum radius rmax, the total number of windings N, the
minimum period p0 and the linear increment ∆p per winding:

rmax = N·p0 + ∆p·
N−1

∑
j=0

j (A1)

The sum term provides
N−1

∑
j=0

j =
N(N − 1)

2
(A2)

From Equations (A1) and (A2), one obtains a maximum grating radius of

rmax = N·p0 +
∆p·

(
N2 − N

)
2

(A3)

For nonlinear types of spirals, the constant increment has to be replaced by a winding-
number-dependent increment, ∆p(N).
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