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Abstract: Topological indices are often used to predict the physicochemical properties of molecules.
The multiplicative sum Zagreb index is one of the multiplicative versions of the Zagreb indices,
which belong to the class of most-examined topological indices. For a graph G with edge set
E = {6’1 ,€2,° "
D(e1),D(ep),- -+, D(en), where D(e;) is the sum of the degrees of the end vertices of ¢;. A chemical

-, em }, its multiplicative sum Zagreb index is defined as the product of the numbers

tree is a tree of maximum degree at most 4. In this research work, graphs possessing the maximum
multiplicative sum Zagreb index are determined from the class of chemical trees with a given order
and fixed number of segments. The values of the multiplicative sum Zagreb index of the obtained
extremal trees are also obtained.

Keywords: topological index; multiplicative sum Zagreb indices; chemical trees; segments;
extremal problem

MSC: 05C05; 05C07; 05C09; 05C35

1. Introduction

A characteristic of a graph that is preserved under graph isomorphism is commonly
referred to as a graph invariant [1]. In chemical graph theory, graphical invariants that
take numerical quantities are usually named topological invariants, or simply, topological
indices. Zagreb indices, particularly the first and second Zagreb indices denoted by M; and
M, respectively, belong to well-examined categories of topological indices. Initially, they
appeared in connection with the study molecules [2,3]. These indices can be defined as

Y (dutdy)= ) & Y. dud,

uveE(G) xeV(G) uveE(G)

M, (G) = and Mp(G) =

where uv is an edge between the vertices 1 and v, while d, is the degree of the vertex x. Some
information about the chemical applications of M; and M, can be found in [4,5]. These
indices have also been the subject of extensive research into their relationship, comparison,
and other mathematical properties [6-14]. Many existing facts of the Zagreb indices can be
found in survey papers [15-19].

In 2010, Todeschini et al. [20] proposed to consider the multiplicative versions of
topological indices. The multiplicative versions of M; and M are defined [21] as follows:

I =1L (G) = HuEV(G)d%l and 1l = HZ(G) = HuveE(G)dudU'

Bozovic et al. [22] discussed extreme values of multiplicative Zagreb indices for
chemical trees. Wang et al. [23] examined the extremum multiplicative Zagreb indices
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of trees with a specific number of vertices and maximum degree. Further mathematical
features of these two multiplicative indices can be found in [21,24-31].

In 2012, Eliasi et al. [25] introduced a modification of the multiplicative first Zagreb
index known as the multiplicative sum Zagreb index [32]. The mathematical formulation
of the multiplicative sum Zagreb index is as follows:

Hiﬁ = HT(G) = HuveE(G) (du +do).

In [25], it was shown that the path has the least I1]-value across all connected graphs
with the specified order. The trees achieving the second least I1j-value were also de-
termined in [25]. Xu and Das [31] described the extremal trees, unicyclic graphs and
bicyclic graphs of a specified order with respect to I1]. Azari and Iranmanesh [33] estab-
lished bounds on ITj for graph operations. Further mathematical features of I1 can be
found in [27,34].

The focus of this work is strictly on the mathematical structure of chemical graphs.
(Such graphs have found applications in chemistry; see, for example, the recent article [35]).
More precisely, in this study, graphs possessing the greatest I1}-values are determined from
the class of chemical trees with a given order and fixed number of segments. The I1}-values
of the obtained extremal trees are also obtained.

2. Preliminaries

In this section, some definitions as well as notations used in this paper are given.
Undefined terminology from graph theory can be found in some standard books. The
graphs under discussion here are simple, undirected, and finite. The degree of a vertex v
is represented by d,. The distance between two vertices u and v is denoted by d(u,v). A
tree of maximum degree at most four is called a chemical tree. The notion |A| represents
the cardinality of the set A. Consider a non-trivial path P;; = v1v; - - - vy in a tree such that
dy, = iand dy, = j. If k > 3, then every vertex of b different from vertex v and vy is
called an internal vertex of P; ;. The path P;; is referred to as an internal path if i,j > 3
provided that all internal vertices have degree 2 (if exist). Furthermore, the path P; ; is an
external path if one of the two numbers i, j, is equal to 1 and the other has a value greater
than 2 provided that all internal vertices have degree 2 (if exist). A branching vertex in a
tree is a vertex with a degree greater than 2. If S is an external path or an internal path in a
tree G, then S is called a segment of the graph G. We call the path graph P, of order n also a
segment of P,,. Thus, a path graph has only one segment and there is no graph with exactly
two segments. Let G(1,s) denote the class of all chemical trees with exactly n vertices and
s segments, where 3 < s < n — 1. Let D(G) be the degree sequence of a graph G. Define
x; = [{x € V(G) : dy = i}|. For a chemical tree G, we write (for the sake of simplicity) the
degree sequence of G as

D(G) = ((x4)a, (x3)3, (x2)2, (x1)1)-

For example, if a chemical tree has the degree sequence (4,4,1,1,1,1,1,1) then we write
it as ((2)4,(0)3,(0)2,(6)1). Let Ng(u) be the set of neighbors of the vertex u € G. Ina
graph G, let &; j(G) (or simply &; ;, when there is no confusion about G) be the set of edges
of G with end vertices of degrees i and j. Certainly, &;;(G) = &;;(G). For e € &; , define
w(e) =i+].

3. Main Results

Before proceeding to our main results, we give some crucial lemmas that provide
some useful information on obtaining the greatest possible value of the multiplicative sum
Zagreb index for trees belonging to the class G(1,s).

Lemma 1. For a chemical tree G, € G(n, s) with maximum multiplicative sum Zagreb index, the
following statements are true:



Mathematics 2024, 12, 1259

30f19

(a)
(b)
(©

(d)
(e)

(®)

Ifs > 5then | &1, |=0,

If3<s<4then| &, |<1,

If there is an internal path of the form P; j in Gy, of length 1, then there is no internal path of
the form Py 4 in Gy, with p + q < i+ j, having length larger than 1.

Ifa path P; j, with 6 < i+ j < 8, contains an internal vertex of degree four then | &3 |= 0.
The graph G, does not possess an internal path having a length of 1 and an internal path
having a length larger than 2 simultaneously.

If Gy, has exactly two vertices of degree 3 then G, does not possess simultaneously the internal
paths P33 and Py 4 both of length 1.

Proof. Throughout this proof, whenever the degree notion d, is used, it represents the
degree of a vertex « in the graph G,,.

(a)

(b)

(©

If | £12 |# 0 then there must be a vertex, say vy, of degree two laying on an external
path v1v; - - - v; of G, where dy, = 1, dy; € {3,4}, and i > 3. Since s > 5, G, has
another branching vertex, say v; (i < j), which forms an internal path v; — v; in the
graph Gy,. Let v;11 be the neighbor of v; that lies on the path v; — v;j (the vertex v 4
may coincide with v)).

Now, we consider a tree Gy, that can be found in the class G(n,s) and is obtained
from G, by the following operation:

Gmy = Gm — {0102, 0011} + {010, 020141}
There exists a positive real number © such that these two graphs satisfy the following:
HT (Gml) - Hik (Gm) =0 [(dv,‘-‘rl + 2)(d01 + 1) - 3(d7]i+1 + dv,-)] . (1)

Since dy 41 > 2 and 3 < dy, < 4, Equation (1) yields IT; (Gp,) — IT;(G) > 0,
a contradiction.

Assume that the hypothesis holds but the conclusion does not hold; that is, suppose
that the inequality |2 |> 1 holds. Let v denotes the only branching vertex in G,
(as 3 < s < 4) with two distinct external paths v1v; - - - v,v and 17, - - - U5v, each
one having length of at least 2. Now, a new tree Gy, is constructed from G, using the
following operation:

Gmy, = G — {102,650} + {010, 027 }.
This operation emphasizes that G, € G(,s). There is @ > 0 such that
I (G, ) — 11 (Gin) = O[4(dy + 1) — 3(do +2)]. (2)

Since d, > 3, Equation (2) gives I} (G, ) — IT; (G) > 0, a contradiction.

Assume contrarily that G, possesses an internal path of the form P, ; of length larger
than 1, such that p +q < i+j. Suppose that P4 : v1v2---v; and P;; : uv, where
(du,dy,dy,,dv,) = (i,],p,q) and k > 3. Then, a tree G, € G(n,s) is considered that is
obtained using the following operation:

Gy, = G — {uv,v1v2, 003} + {uvy, v0,v1v3}.
There is a number ® > 0, such that
I (G, ) =111 (Gm) = O[(i +2)(j +2)(p + doy) — (i +))(p+2)(do; +2)]. ()

The following possible cases are discussed next:
Case (1):i=j =4
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(d)

In this case, p +q < 7. Thus, 5 < p + dy; < 7 and consequently, Equation (3) gives
HI(Gml) - HT(GM) = 4®[9(P + dv3) - 2(p + 2) (d03 + 2)] >0,

a contradiction.
Case (2): Eitheri =3 and j=4ori =4and j = 3.
In this case, p +q < 6. Thus, 5 < p + dy, < 6 and consequently, Equation (3) gives

115 (Gmy) = 117 (Gm) = O[30(p + doy) = 7(p +2)(do; +2)] > 0,

a contradiction again.
In both possible cases, we arrive at

[T (Gy) — 115 (Gur) > 0,

a contradiction because of our contrary assumption that G, possess an internal path
of the form P, 4 of length larger than 1, such that p + g <i+j.

Contrarily, assume that | & 3 |# 0. Then, there exists yz € & 3, such that d,, = 1 and
d; = 3. Let P;; : uouy - - - ug_quplipyq - - - ug be a path with an internal vertex uy of
degree 4, such that 6 < i 4 j < 8. Without loss of generality, suppose that uy is the only
internal vertex on P, ;; otherwise, we may consider a subpath Pl.’,, i of P; j containing
exactly one internal vertex of degree 4, such that 6 < i’ + j' < 8. The following cases
are to be discussed here:

Case (1): dyy_, = dy,, =2

If upq = ug, then we assume that uy, is a neighbor of u;; not lying on the path
P, j; otherwise, we assume that uy,; is a neighbor of uj 1 lying on the uy, 1 — ug
path. Whether z lies on P; ; or not, in either of the two cases, we define a new graph
as follows:

Gmy = Gm — {Yz, U1k, U1 Ugg2 ) + {Yuk, Uk12Z, Ug—1Ukg2 )

Note that the tree G,,;, belongs to the collection G(#,s). Whether z lies on P, j or not, in
either of the two cases, there exists a positive real number ®, such that

I} (Gp,) — 111 (Gp) = G)(dqu +2) >0,
which is a contradiction.

Case (2): max{dy, ,,dy,,,} = 3.

In this case, we consider a tree G, € G(n,s) obtained using the operation described
as follows:

Gmy = Gm — {yz, ug 1k, ugtiiey 1} + {yug, ugz, ug_1tgs1}-

Whether z lies on Pl-,]- or not, in either of the two cases, there exists a positive real
number O, such that

HT(Gml) - HT(GVH) =0 [35(duk71 + duk+1) - 4(dukfl + 4)(duk+1 + 4)] (4)

Note that there are the following three possibilities concerning the degrees of the
vertices uy_1 and Uy 1:

- dy,_, =2and d, , =3,

- duk71 - 3 al‘ld duk+1 2,

-dy ,=3=d

U1 Ugt1®
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In every case, Equation (4) gives
T (Gy) — T15 (Gur) > 0,

a contradiction.

(e) Although the proof of this part is slightly different from that of part (c), we provide its
proof here for the sake of completeness. Assume contrarily that G;;, simultaneously
possesses an internal path Py 4 : v10; - - - v of length k — 1 > 3 and an internal path
P;j : uv of length 1, where (du,dy,dv,,dv,) = (i,],p,q). Then, a tree G, € G(n,s) is
considered that is obtained using the following operation:

G, = G — {uv, 0102, 0203} + {uvy, v0,v1v3}.
There is a number © > 0, such that
5 (Gmy ) = 111 (Gm) = O(p +2)[(i +2)(j +2) —4(i + /)] ®)
Since 3 <i <4 and 3 <j <4, Equation (5) provides
I (Gm,) — I (Gp) >0,

a contradiction.

(f) Assume contrarily that G;; possesses simultaneously the internal paths P; 3 and P, 4
both of length 1. Let xy, uv € V(Gy,), such that d, = 3 = dy, the distance d(y, u) is
minimum, and d, = 4 = d,,. Note that y and u lie on the unique x — v path. Let y; be
the neighbor of y lying on the y — u path. By part (c), the degree of y; is 4.

First, we discuss the case when y; = u. Consider a tree G, € G(n, s) that is obtained
using the following operation:

Gmy = G — {uv, xy} + {ux, yv}.

Then, we obtain IT; (G, ) > IT; (G), a contradiction.

Next, consider the case when y; # u. Then, y; has a neighbor, say y», of degree 2 lying
on the y; — u path. Let y3 be the neighbor of y; lying on the y, — u path. The vertices
y3 and u may be the same. By part (e), dy, = 4. Now, consider a tree G,;, € G(n,s)
that is obtained using the following operation:

Gmy = Gm — {uv, y1y2,y2v3} + {uy2, y20,y1y3}-
Certainly, I} (G, ) = I} (Gy). Now, define

Gm3 = sz - {y1y3' xy} + {ylx,ysy}-

Then, Gy, € G(n,s) and IT; (Gyy) > 15 (G, ) = I17(Gp), which yields a contradic-
tion again.

O

If we consider the class G(n,s) for s € {3,4}, then we note that G(n,s) consists of
exactly one element for every (n,s) € {(4,3),(5,3),(5,4),(6,4)}. Forn > s+ 3 with
s € {3,4}, we have the next result, which follows from Lemma 1(b).

Corollary 1. The graph constructed by attaching s — 1 pendent vertices to a single pendent vertex
of the path P, _(;_1) possesses uniquely the greatest multiplicative sum Zagreb index in G(n,s) for

every n > s+ 3 with s € {3,4}. The mentioned greatest value is 3(s + 2)(s +1)s 147572,
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Because of Corollary 1, in the rest of the current section, we focus on the case when
5 < s < n—1 for the class G(n,s). To prove our next lemma, we need the following
existing result:

Lemma 2 ([36]). For every graph G € G(n,s), the following statements holds:

(a) Theequation x3 = Q0 holds ifand only if xo =n—s—1,x1 = 25;4, X4 = %, s=3t+1
for some positive integer t.

(b) The equation x3 = 1 holds ifand only if x, = n—s—1,x1 = 25;3, X4 = %, s = 3t for
some positive integer t.

(¢) Theequation x3 = 2 holds ifand only if x, =n—s—1,x1 = % X4 = %, s=3t+2
for some positive integer t.

Lemma 3. Let G, € G(n,s) be a chemical tree with maximum multiplicative sum Zagreb index
and t be a positive integer. Then,

((5;1)4’(0)3’(”51)21 (25;4>1) ifs =3t+1

D(Gy) = ((533)4,(1)3,(11—5—1)2, (25;3>1) if s = 3t

((535)4,(2)3,(11—5_1)2, <2S3+2>1) Fo_ain

Proof. Throughout this proof, whenever the degree notion d, is used, it represents the
degree of a vertex « in the graph Gy;,. First, we show that x3 < 2. We suppose on the contrary
that the inequality x3 > 3 holds. Take p,q,7 € V(Gy), such thatd, = d; = d, = 3. If all
these three vertices are on one path, then (without loss of generality) suppose that 4 lies on
the unique p — r path in G,. In either of the two cases, suppose that Ng,, (r) = {r1, 12,73}
is the set of neighbors of r with the condition that r; is located on p — r path (r; may
coincide with g). Now, a chemical tree G, is obtained in the collection G(n,s) using the
following operation:

Gml = Gm - {rTZI 1’7’3} + {prz’ q7’3}-

For the case when all the three vertices p, g, 7, are on one path, see Figure 1.

Gm,

Figure 1. The transformation applied on the graph G, to obtain a new graph Gy, in Lemma 3.

Note that there is a real number ® > 0, such that

3
HT(Gml)—HT(Gm)—@<(dr1+1) [T @+ [I (dp'+4)ll(dri+4)

7'€NG,, (9) p'€Ng,, (p) i=
3
—T1I6@,+3) JI @y+3) I (@dy+ 3))
=1 9'€Ng,, (1) P'ENG, (p)
\ (6)
>®<(d1’1 +1) H (dp’+4) (dr;‘+4)
P/GNcm(p) i=2

3

—[1@,+3) [ (dy+3)

i=1 p'€Ng,, (p)

N——
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Since 2 < d,, < 4, inequality (6) yields
1 (Guy) — TT(Gur) > 0,

a contradiction. Hence, the inequality x3 < 2 holds, which together with Lemma 2 gives
the required result. [J

We now define three subclasses of G(#,s) as follows when n > 8 and s = 3t + 1 for

some integer t > 2:

e G1={TeG(ns):x=0=ux3}.

*  G; consists of those members of G(n,s) thatobey 1 < xp < x4 —1land | &4 | =212
and ’ 51,2 | = ‘ 52,2 =0= X3.

* Gz consists of those members of G(n,s) that obey | €15 | = | €44 | = 0 = x3 and
Xy > x4 — 1.

Three examples G1, G, and G3, one from each of the classes G1, G, and G3, respec-
tively, are depicted in Figure 2.

T T T

Figure 2. Three examples G, G2, and G3, one from each of the classes G1, Gy, and G3, respectively.

Theorem 1. Let G, € G(n,s) be a chemical tree with maximum multiplicative sum Zagreb index
such that n > 8 and s = 3t + 1 for some integer t > 2. Then Gy, € G1 UGy U Gs.

Proof. By Lemma 3, it holds that x3 = 0. If x, = 0 then G;; € Gy and we are done. If
xp # 0 then Lemma 1(a) confirms that | £;, | = 0. Now, the conclusion is obtained from
Lemma 1(e). O

Next, we define five subclasses of G(n, s) as follows when n > 8 and s = 3t for some

integer t > 2:

e Hj; ={Hs € G(n,6) : xp > 1}, where Hs is given Figure 3.

e Hy,={Hge€ G(n9):x>0; if xp > 2then | &4 | = 0}, where Hg is shown Figure 3.

. Hg,:{TEG(n,s):x?,:l, OSJC2§X4—3,|53,4|:3,|52,2|:|51,2|:0,|52’4|
= 2xp,| &14 | = x1, s > 12}. For example, the graphs H, and Hy given in Figure 3
belong to Hi.

U Hy = {T S G(H,S) tx3=1,0<x—-3<xn < X4,| 52,3 | = Xz—(X4—3),| 53,4 |
=x4—x2, | E1a|=x1,1 & =|&2|=|E3|=]Es4a|=0,5>12}. For example,
the graph Hy given in Figure 3 belongs to Hj.

o Hs = {T S G(Tl,S) tx3 =1, xp > x4 > 3,| 52,3 | I3,| 52,4 ‘ IZX4*3,| 51,4 | = X1,
| E3a|=1&2]=|&3|=]Ea|=0,s>12}. For example, the graph Hg given in
Figure 3 belongs to M.

Theorem 2. Let G, € G(n,s) be a chemical tree with maximum multiplicative sum Zagreb index
such that n > 8 and s = 3t for some integer t > 2. Then Gy, € U>_,Hj.

Proof. By Lemma 3, it holds that x3 = 1. If s = 6 then Lemma 1(a) implies that G,, € Hj.
If s =9, then by the parts (a), (d), and (e) of Lemma 1, we have G, € Hy. If (i) s > 12 and
0<xp<x4—3,or(ii))s>12and 0 < x4 —3 < xp < xg, or (iii) s > 12 and xp > x4 > 3,
then by the parts (a), (c), (d), and (e) of Lemma 1, we conclude that G,;, € H, or G, € Hy,
or G, € Hs, respectively. O
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H,

FH T
PSR
LI

Figure 3. Some chemical trees with x3 = 1.

We next define six subclasses of G(n, s) as follows when n > 7 and s = 3t + 2 for some
integer t > 1:

L4 Hl :{TE G(l’l,5) 3X3:2,XQ Z 1,X4:O,X1 = ‘ 51/3 ‘ :4,|52,3|:2,| 52’2|:1’l—7}.

e L ={TeGns) :8<s<17,n<%®2 x3=2&p|=|&p|=|&a|=0,
| &13 | = 173_5,| E1a|=5-5|&3|=|8&a|=x,| &3 |=1}. For example, the
graphs Iy, Iy, I, I, I, and I; given in Figure 4 belong to .

o HgZ{TEG(Vl,S)28SSS17, n > 4552, X3:2,‘51,2|:|83,3|:|53,4 :|84/4|
=0,|&3 = 173,_5/| Si1al=5-5]&3|= %J &4 | = x4}. For example, the

graph I5 depicted in Figure 4 belongs to I3.
L4 ]14 = {TE G(TI,S) 1S > 17, n S 455717, X3 :2,| 51/4 ‘ :x1,| 52,4 | :ZXZ,‘ 53,4 | =6,

|10 =183 =|&3|=]&2]|=]|&3| =0} Forexample, the graph I given in
Figure 4 belongs to I4.

e I3={Te€G(ns):s>17, ¥<n§%, x3:2,|€1,4|=x1,|€2,3|zw,
| &4 | =F2, [ E1p [ =|Es | = &3 = Ep | =] Esa | = 0}. For example,

the graph Ig shown in Figure 4 belongs to IIs.
. H6: {TE G(n,s) :s>17, n > 45;1, X3:2,‘ 51,4 | IX1,| 52,3 | I6,|52,4 | = 255722,
[ &2 =18l =& =1Eal=]Esa|=0}

Theorem 3. Let G, € G(n,s) be a chemical tree with the greatest multiplicative sum Zagreb
index such that n > 7 and s = 3t 4 2 for some integer t > 1. Then Gy, € U?zl]li.

Proof. By Lemma 3, it holds that x3 = 2. If s = 5 then Lemma 1(a) implies that G, € I;. If
()8 <s<17andn < %2 or(ii)8 <s < 17and n > %2, or (i) s > 17and n < #317,
or (iv) s > 17 and 455—17 <n< %, or(v)s >17and n > %, then by Lemma 3, we

conclude that G, € I, or Gy, € I3, or Gy, € Iy, or Gy, € I5, or Gy, € Ig, respectively. [
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Figure 4. Some chemical trees with x3 = 2.

Theorem 4. Let G, € G(n,s) be a chemical tree with maximum multiplicative sum Zagreb index

such that s = 3t + 1 for some integer t > 2. Then,

2544

25*4)(53 an:S—Fl,
25+4 )
HT(Gm) — ) o4s—3n-1 g 5% % 2(n—s—1) Zf s+l<n< 453),1/
2(3n—ds+1) 2544 2(s—4) )
%XS%x653 an>4sgl.

Proof. By Lemma 3, we have

o= (5 omr-sm (254) ).

The following cases arise:

Case(1):n=s+1.

By using the above degree sequence of G;;, we have x = 0. Thus, in this case, G;; consists of
vertices of degree 4 and 1 only. Consequently, we have | €14 | = x; and | €44 | = x4 — 1. Hence,

_2s+4

3

s—4
3

X1 ifi=1landj=4,
| Eij | =

X4—1:

ifi=j=4
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Therefore,
2544

I (Gy) =254 x573

. 451
Case (2):s+1<n < =5=.

Note, in this case, that 1 < xp < x4 — 1. By keeping in mind Lemma 1, we obtain

0 if either (i,j) = (1,2) ori =j =2,
xp == ifi=1andj=4,
| &ij | =
2% =2(n—s—1) ifi=2andj=4,
(xg—1) —xp=23=1 jf j=j=14.
Therefore,

2544

HT(Gm) — o4s—3n-1 5552 62(;17571).

. 451
Case (3): n > ==,

Note, in the present case, that xp > x4 — 1. Bearing in mind Lemma 1, we obtain

0 ifeitheri =j=4or (i,j) = (1,2),
xp = =M ifi=1landj=4,
| €ijl=
(n—1)—x; —2(xg— 1) = 3= jfj=j=2,
2xg—1) = 2 ifi=2andj=4.
Therefore,
2(3n—4s+1 S 2(s—4
I (Gp) =205 x 555 w675
O

Theorem 5. Let G, € G(n,s) be the chemical tree with maximum multiplicative sum Zagreb
index such that s = 3t for some integer t > 2. Then,

2(12—s) 3 s—3 .
T3 X577 x773 ifn=s+1lands <9,
2543 .
73 x 25712 5 5757 ifn=s+1lands>9,
2(12—s) 4 n—s—1 4s—3n . 4s
273 x5"7%x6 X7 3 ifs+l<n<Fands <9,
I} (Gim) = 73 x245-31-9 5 5557  g2(n—5-1) fs+l<n<®2ands>09,
3n—25+12 3n—25—15 453 .
55 X603 X7 E if 82 <n< %$and s>9,
3n—554+12 45—12 -3 .
47 X555 x 67 if n>%ands <9,
3n—4s 25412 25s—15 .
475 X575 x6°3 if n>%and s> 9.

Proof. By Lemma 3, we have

D(Gn) = ((S33>4r(1)3/(”—5—1)2,(25;3>1)- )

Case (1):n =s+1.
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In the present case, it holds that xp = 0. We discuss two possible subcases of the present
case as follows:

Subcase (1.1): s < 9.

Note, in the present subcase, that s € {6,9}. Since x, = 0 in the consider case, if s = 6 then
Equation (7) yields
D(Gm) = ((1)g, (1)3,(0)2,(5)1 ),

and hence n = 7. Thus, Gy, is the graph constructed by attaching two new pendent vertices
to a pendent vertex of the star Ss. Similarly, if s = 9, then Equation (7) gives

D(Gm) = ((2)4,(1)3,(0)2,(7),),

and hence n = 10. Thus, by Lemma 1(e), G, is the graph H; depicted in Figure 3. Hence, if
s € {6,9}, then
0 ifi =j=4,

2= ifi=1landj=3,
| &l =
s—3 ifi=1andj=4,

£33  ifi=3andj=4
Therefore,
" 2(12—s) s—3 s—3
I (Gn) =23 x577x73.
Subcase (1.2): s > 9.
Note, in the present subcase, that s > 12. Recall also that x, = 0 in the present case. By

Lemma 1(d), every neighbor of the unique vertex of degree 3 in G, is of degree 4; for
example, see H in Figure 3. Hence,

0 ifi=1landj=3,

s—xg =28 ifi=1andj=4,
| &ij =

3 ifi=3andj =4,

xy—-3=52 ifi=j=4

Therefore,
25+3

1} (Gp) =72 x 25712 x 573

. 4
Case(2):s+1<n < 3.

Observe, in the current case, that x, > 1. In the following, we discuss two subcases
according to whether s <9 ors > 9.

Subcase (2.1): s < 9.
Observe that s € {6,9}. If s = 6, then n = 8 and hence by Equation (7), we have

D(Gm) - ((1)4, (1)3/ (1)2, (5)1 )

Thus, by Lemma 1, Gy, is a particular case of Hs shown in Figure 3. If s = 9then 10 < n < 12,
and by Equation (7), we have

D(Gm) = ((2)4,(1)3,(n—=10)2,(7), ).



Mathematics 2024, 12, 1259

12 of 19

If n = 11 then, by Lemma 1, G, is the graph H3 depicted in Figure 3. If n = 12 then, again
by Lemma 1, Gy, is the graph constructed from Hj by inserting a vertex of degree 2 on its
unique internal path of length 1. Thus, all possible non-zero values of | &;; | are given
as follows:

12-s ifi=1andj=3,
s—3 ifi=1andj=4,

| €ij|=
n—s—1 ifeither (i,j) = (2,3) or (i,j) = (2,4),

dedn ifi =3andj=4.

Therefore,
45—3
3 " .

* 202-5) n—4 n—s—1
I (Gn) =23 x5"7%x6 x7
Subcase (2.2): s > 9.

Observe, in the current subcase, that s > 12 and x, > 1.

Subcase (2.2.1):s > 12and #32 < n < %

Note that 49 3
s — s —
3 —s—1l<n—s—1=x< 3
that is, x4 —3 < xo < x4. Hence, by Lemma 1, every internal path of the form P, 4
(in Gy) has length 2, and its unique vertex of degree 3 is adjacent to 3 — [xy — (x4 — 3)]
vertex/vertices of degree 4; for example, consider a graph constructed from the graph Hy
(shown in Figure 3) by inserting a vertex of degree 2 on each of the x, — (x4 — 3) internal
path(s) of the form P;4. Hence, the possible non-zero values of | Eij | of Gy, are given
as follows:

X4 —3= = X4,

x = =8 ifi=1andj =4,
Xy — (xg —3) = =gt ifi=2andj =3,
| & | =
3—[xp— (xg—3)] = 2331 ifi =3andj =4,
m—1)—|&Ea| — | &a| — | & |= 25 ifi=2andj=4.
Therefore,

3n—25+12 3n—25—15 45—3n

I (Gn) =5 3 x6 3 X7 3 .
Subcase (2.2.2):s > 12ands +1 < n < £2.

Observe, in the current subcase, that s > 15. Note that

x4_3:4s—9

—s—1>n—s—1=xy,

thatis, x, < x4 — 3. Hence, by Lemma 1, x; internal path(s) of the form P, 4 in G;, has/have
length 2; for example, consider a graph constructed from the graph H, (shown in Figure 3)
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by inserting a vertex of degree 2 on each of the x; internal path(s) of the form P, 4. Hence,
the possible non-zero values of | &;; | are given as follows:

x = =8 ifi=1andj=4,

25 =2(n—s—1) ifi=2andj=4,
| & | =

3 ifi=3andj =4,

n—x1—2x2—4zw ifi=j=4.

Therefore,
25+3

I (Gy) =73 x 2873179 x 573

« 62(11—5—1).
Case (3): n > %.

In the following, we discuss subcases for the current case.

Subcase (3.1): s < 9.

Observe, in the present subcase, that s € {6,9}. If s = 6 then n > 9, and Equation (7) yields

D(Gm) = ()4, ()3, (1 =7)2,(5);)-

Thus, by Lemma 1, G, is of the form Hs given in Figure 3.
If s = 9 then n > 13, and Equation (7) gives

D(Gm) = ((2)4,(1)3,(n—10)2,(7)1)-

Thus, by Lemma 1, Gy, is a graph constructed from H; (given in Figure 3) by inserting at
least one vertex of degree 2 on each of two internal paths of length 1.
Hence, for s € {6,9}, the possible non-zero values of | £; ; | are given as

2= ifi=1andj=3,

s—3 ifi=1landj=4,

| &ij
Mo fi=j=2,

22 ifeither (i,j) = (2,3) or (i,j) = (2,4).

Therefore
’ 3n—5s+12 45—12 s—3

I[;(Gy) =43 x53 X63.
Subcase (3.2): s > 9.

Since n > %, we have
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Thus, by Lemma 1, every internal path of G;, has a length of at least 2; for example, consider
a graph constructed from H7 (given in Figure 3) by inserting at least one vertex of degree 2
on some internal path(s). Hence, all possible non-zero values of | ;; | are as follows:

xl:% ifi=1landj=4,
3 ifi=2andj=3,
’gz',j =
2xg —3 =231 ifi=2andj =4,
n—1—|&a|— &l — | Eal=25% fi=j=2
Therefore,
3n—4s 25412 2s—15

I (Gn) =43 x5°3 x6 3

Consequently, the proof is now completed. [

Theorem 6. Let G, € G(n,s) be a chemical tree with maximum multiplicative sum Zagreb index
such that s = 3t + 2 for some integer t > 1. Then

6x475 x 55 x 77 if n=s-+1lands <17,

76 x 2520 x 5557 if n=s+1lands > 17,

25 x 22(1=3) ifn#s+lands =35,

o 475 X516 x 1S x 7 if s+1<n<®2and5<s<17,

47 555 67 ifn>%and5<s§l7,

76 x 5737 x @Ans1) 5 4317 if g 41 < < 4507 gpd s > 17,
5 X6 x 7 if 4517 < < S8 gnd s > 17,
45T X5 X 67T if n> % ands > 17.

Proof. By Lemma 3, it holds that

D(Gn) = ((5;5)4,<2>3,<n—s—1>z,(253”)1). ®)

Case(1):n=s+1.

Certainly, in the current case, xp = 0. The following subcases are further discussed:

Subcase (1.1): s < 17.

Here, s € {5,8,11,14,17} and hence (n,s) € {(6,5),(9,8),(12,11), (15,14), (18,17) }. Now,
Equation (8) gives

((0)4,(2)3,(0)2,(4);) if (n,5) = (6,5),
(D4, (2)3,(0)2,(6)) if (n,5) = (9,8),
D(Gm) = { ((2)4,(2)3,(0)2,(8);) if (n,s) = (12,11),
((3)4,(2)3,(0)2,(10);) if (n,5) = (15,14),
((4)4,(2)3,(0)2,(12);) if (n,5) = (18,17)
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Because of Lemma 1, G, is isomorphic to S 3, I, I1, I, or I when (n,s) is equal to (6,5),
(9,8), (12,11), (15,14), or (18,17), respectively. Hence, all possible non-zero values of
| € | are as follows:

= ifi=1andj=3,

s—5 ifi=1andj=4,
| €ijl=
1 ifi=j=3,

$2  ifi=3andj=4

Therefore,
T (Gp) =6 x 45 x 575 x7°7.

Subcase (1.2): s > 17.

Clearly, s > 20. By Lemma 1, all possible non-zero values of ] 6’1-,]- | in Gy, (for example, see
Iy shown in Figure 4) are as follows:

xp =272 jfi=1andj=4,

| &il=16 ifi=3andj=4,

22 ifi=j=4.

Therefore,
25+2

1} (Gp) =70 x 25720 x 5737,
Case (2):n >s+1.
In this case, we have x; # 0. The following subcases are further considered:

Subcase (2.1): s = 5.

Note, in the current subcase, that n > 7. By Lemma 1, the graph Gy, is constructed by
inserting n — 6 vertices of degree 2 on the internal path of the graph S; 3 shown in Figure 4.
Hence, all possible non-zero values of | &;; | are mentioned below:

4 ifi=1landj=3,
|51‘J‘|: n—7 ifi:jIZ,
2 ifi=2andj=3.

Therefore,
I} (Gp) = 25 x 22(1=3),

Subcase (2.2): 5 <s < 17ands+1<n < %32,
Note here that s € {8,11,14,17} and hence (n, s) belongs to the set

{(10,8), (13,11), (14,11), (16, 14), (17,14), (18,14), (19,17), (20,17), (21,17), (22,17) }.
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Now, Equation (8) gives

()4, (2)3,(1)2,(6)) if (n,5) = (10,8),
((2),,(2)3,(1)2,(8),) if (n,5) = (13,11),
((2)4,(2)3,(2)2,(8),) if (n,5) = (14,11),
((3)4,(2)3,(1)2,(10),) if (n,5) = (16,14),
D(Gy) = ((3)4,(2)3,(2)2,(10),) if (n,s) = (17,14),
((3)s,(2)3,(3)2,(10)y ) if (m,s) = (18,14),
((4)4,(2)3,(1)2,(12);) if (n,s) = (19,17),
((4)4,(2)3,(2)2,(12);) if (n,5) = (20,17),
((4),,(2)3,(3)2,(12);) if (n,5) = (21,17),
((4)y,(2)3,(4)2,(12),) if (n,s) = (22,17).

Because of Lemma 1, Gy, is isomorphic to a graph constructed from Iy, I;, I, or I3 by
inserting one vertex of degree 2 on each of the x; internal path(s) of the form P; 4. Hence,
all possible non-zero values of | £; ; | are as follows:

17=s ifi=1landj=3,
s—5 ifi=1andj=4,
| &jl=qn—s—1 ifeither (i,j) = (2,3) or (i,j) = (2,4),
1 ifi=j=3,
912 jfi=3andj =4

Therefore,
45s—3n—2

I (G) = X 5170 x 6" x 7

Subcase (2.3): 5 < s < 17and n > %32,

By Lemma 1, Gy, is isomorphic to a graph constructed from Iy, I1, I, or I3 by inserting at
least one vertex of degree 2 on each its internal path(s). Hence, all possible non-zero values
of | & | are as follows:

1r=s ifi=1landj=3,

s—5 ifi=1landj=4,

3n—ds—1 c:_ i __
&)l = 128 ifi=j=2,
sl ifi=2andj=3,
52 ifi=2andj=4
Therefore,
I_Il(Gm) _ 43n 55+16 % 545514 % 6%

Subcase (24): s +1 <n < 17 and s > 17.
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Note, in the current subcase, that s > 23 and x, > 1. (If s = 20 then we obtain 21 < n < 21,
a contradiction.) Also, note that

4s — 17
3

Xp=n—s5—1< —s—1=x4—05.

Thus, by Lemma 1, all possible non-zero values of | £;; | are as follows (for example, Gy
may be a graph constructed from Iy (shown in Figure 4) by inserting a vertex of degree 2
on each of its x, internal path(s) of the form Py 4):

Zt2 ifi=1landj=4,

2(n—s—1) ifi=2andj=4,

| &ij

6 ifi=3andj =4,

37— =4,
Therefore,
HT(GM) =70 x 52537+2 X 62(”_5_1) w p4s—3n—17

Subcase (2.5): s > 17 and % <n< %_

In the current case, observe that s > 20. Also, note that

45_17—5—1<n—s—1:x2§4s+1

Xy —5= —s—1=x4+1,

thatis, x4 —5 < xp < x4 + 1. Thus, by Lemma 1, all possible non-zero values of | Eij | are
as follows (for example, G, may be a graph constructed from I (shown in Figure 4) by
inserting one vertex of degree 2 on each of its x, — (x4 — 5) internal path(s) of the form P; 4):
2542 ifi=1andj=4,

=dstl7 jfj=2andj =3,

| Eijl=
22 ifi=2andj =4,

ggntl ifi =3and j = 4.

Therefore,

3n—25+19 3n—2s—23 45—3n+1
3OX7 3.

I (G) =55 x 6

Subcase (2.6): n > ! and s > 17.

Observe, in the current subcase, that

4s+1
3

Xo=n—s—1> —s—1=x4+1,
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Thus, by Lemma 1, all possible non-zero values of | Ei,]' | are as follows (for example, G,
may be a graph constructed from Iy (shown in Figure 4) by inserting at least one vertex of
degree 2 on each of its internal paths:

2+ jfi=1landj=4,
sl fi=j=2,
| &ij | =
6 ifi=2andj=3,
222 jfi=2andj =4
Therefore,
IT} (Gy) = 4™ x 553" x 675
O

4. Concluding Remarks

In this paper, we have determined graphs possessing the greatest possible values of
the multiplicative sum Zagreb (MSZ) index over the class of chemical trees with a given
number of segments and fixed order. We have also calculated the values of the MSZ index
of the obtained extremal trees. Possible future work toward the study of the maximum
MSZ index for chemical trees includes characterizing graphs with the greatest MSZ index
from the set of chemical trees with a given order and some additional graph invariants (for
example, the number of pendent vertices, matching number, etc.).
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