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Abstract: In the present work, we extend to Lie modules of Banach space nest algebras a well-known
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1. Introduction

Associative, Jordan, and Lie ideals of nest algebras on Hilbert space have been sub-
stantially investigated in the literature (e.g., [1-4]), whilst in what concerns their module
structure, or the corresponding theory in the Banach space setting, the literature is not so
abundant. Notwithstanding, some headway in that direction has been made, as in the case
of [5-9], for example.

In particular, the Lie structure of Hilbert space nest algebras seems to be substantially
more difficult to unveil than its associative counterpart. In fact, bimodules of Hilbert space
nest algebras were fully characterised in the early eighties ([1]), whilst Lie ideals had to
wait for almost twenty years to be given some insight ([2]). The existing characterisation of
Lie ideals, provided by Hudson, Marcoux, and Sourour in ([2], Theorem 12), is given in
terms of inclusions: it states that any weakly closed Lie ideal of a Hilbert space nest algebra
must contain a weakly closed ideal and be contained in the sum of that ideal with a von
Neumann subalgebra of the diagonal of the nest algebra.

Almost two decades later, this characterisation of Lie ideals of nest algebras was shown
to admit an extension to Lie modules ([8]). It was proved in [8] that for any weakly closed
Lie module £ of a nest algebra A, similarly to ([2], Theorem 12), there exist weakly closed
A-bimodules J and /X, and a von Neumann subalgebra Dy of the diagonal of the nest
algebra, such that:

J CLCK+ Dy, )

where J is the largest weakly closed .A-bimodule contained in £ and [/C, A] C L (cf. ([8],
Theorem 1)).

The present work is an extension of ([8], Theorem 1), and consequently, of ([2], The-
orem 12) both in what concerns the setting and the structures considered: here, we go
from Hilbert to Banach spaces and from Lie ideals to Lie modules. It is also the case that,
with respect to the bimodule 7, we obtain a stronger result inasmuch as we are able to
characterise the largest A-bimodule contained in a weakly closed subspace £ of B(X), not
necessarily a Lie .A-module (see Theorem 1). In this regard, we also characterise the weakly
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closed bimodule generated by a given subspace of B(X), which needs not be closed in any
topology (see Proposition 1).

Some challenges arise when attempting to extend the second inclusion in (1) to the
Banach space setting, mainly due to the absence of orthogonal projections intrinsically
associated with the structure of Banach spaces, whereas, in the case of Hilbert spaces,
orthogonality is a key tool to obtain the results. However, we show that an identical result
still holds for a class of Banach space nest algebras (see Section 3).

The main results are Theorems 1-3, the latter two appearing in Section 3 and the first
one appearing in Section 2.

This work is organised as follows. Section 2 is concerned with the first inclusion
in (1) and culminates with its main result, i.e., Theorem 1. In this theorem, we obtain an
explicit description of the largest A-bimodule 7 similar to that of [8], but now holding for
any weakly closed subspace £ of B(X), be it a Lie .A-module or not. Moreover, we also
characterise the smallest weakly closed .A-bimodule that contains a subspace £, which
is not assumed to be closed in any topology (Proposition 1). In Section 3, we construct a
weakly closed A-bimodule K and a weakly closed subalgebra Dy of A, determined by
IC, such that the second inclusion in (1) can be extended to an appropriate class of Banach
space nest algebras (those satisfying the so-called 7r-property defined in Section 3) and
their modules (Theorem 2). Section 3 ends with Theorem 3, which integrates all the main
results for the class of nest algebras satisfying the 7r-property. Section 3 also includes two
examples: one example of a nest algebra satisfying the 7r-property (Example 1), and another
giving the explicit form of a weakly closed Lie module, which was obtained using the three
main theorems of this work (Example 2).

We end this section by establishing some notation and recalling a few facts needed
in what follows. Let X be a complex Banach space, and let B(X) denote the algebra of
all bounded linear operators on X. The set of closed subspaces of X is partially ordered
by set inclusion. A family M of closed subspaces of X is said to be a subspace lattice if it
contains arbitrary infima and suprema, that is, if it is closed under intersections (A) and
norm closure of linear spans (V). A nest is a totally ordered subspace lattice containing
{0}, X. The nest algebra A associated with the nest ' is the weakly closed subalgebra of
B(X) defined by:

A={TeB(X): T(N)CN, forall N € N'}.

The space B(X) together with the product defined, for all T,S € B(X), by
[T,S] = TS — ST is a Lie algebra. A linear subspace V of B(X) is called an A-bimodule if
VA, AV CV, and a Lie A-module if [V, A] C V.

For N € N, we define N_ and N; by:

N_.=V{MeN:M<N}, Np=A{MeN:M>N},

respectively.
Let f lie in the dual space X* of X, and let y € X. The rank one operator f ® y on X is
defined by x — f(x)y. Following [3,7], define N, and N ¢ by:

Ny=NNeN:yeN}, Ny=V{NeN:feN'}

where the annihilator of a subspace N C X is N* = {g € X* : g(x) = 0, forall x € N}.
The closure, in the weak operator topology, of a set &/ C B(X) is denoted by U" . Recall that
the strong operator topology and the weak operator topology on B(X) are defined, respectively,
by means of convergence of nets as:

(i) Anet{T,} in B(X) converges to the operator T in the strong operator topology if
{Tux} converges to Tx, for all x € X.

(i) A net{T,} in B(X) converges to the operator T in the weak operator topology if
{f(Tux)} converges to f(Tx), forall x € X and f € X*.
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The next two lemmas make a note of some facts, whose proofs are included for the
reader’s convenience.

Lemma 1. Let N be a nest on a Banach space X, and let N € N. Then, the following hold:
i) N=V{LeN:L_ <N},
(i) span{M*: M € N, M. > N} isdensein N in the weak*-topology of X*.

Proof. (i) If L € Nissuchthat L_ < N, then L < N. Hence, N > V{L € N': L_ < N}. For
any M € N such that M < N, we have M_ < N, and therefore, M < V{L € N : L_ < N}.
Hence, V{L € N': L_ < N} isequal to N or N_. However, if N_ # N, then N € {L € N :
L_ < N}, because N_ < N. Therefore, in both cases, N = V{L € N : L_ < N}.

(ii) The assertion holds trivially for N = X. Suppose now that N # X. Observe that
N1 is weak*-closed and that, for M > N, we have M+ C NL1. LetY = span{Ml M e
N,M; > N}. If Ny > N, then N € {M € N : M > N}, and consequently, N* =Y.

Suppose now that N; = N. Then, the pre-annihilator of Y is:

YL_( U ML>L_ N (MY, = (| M=N.

My >N M, >N M, >N

In the third equality, we make use of the fact that all M € N are closed and, in the last
equality, of the fact that N = A{M € N : M, > N}, whose proof is similar to that of
Lemma 1 (i). It follows that the weak*- closure of Yis (Y, )+ = N+. 0O

The next lemma is essentially in [7].

Lemma 2. Let N be a nest on a Banach space X, let A be the corresponding nest algebra, let U be
a norm closed A-bimodule, and let f @ y be a rank one operator. Then, the following hold:

(i)  The operator f ®y lies in A if and only if there exists N € N such thaty € N and f € N*;
(it) If f @y liesin U, then, for all z € Ny, the rank one operator f @ z lies in U;

(iii) If f @y lies in U, then, for all g € N+, the rank one operator g @y lies in U ;
(iv) IfU is weakly closed and f &y lies in U, then, for all § € N#, z € Ny, the rank one operator
g®zliesinl.

Proof. (i) See [7], Lemma 1.1.
(ii) We begin by proving a claim.
Claim. If N € N is such that N_ < Ny, then, for all z € N, the operator f ® z lies in /.
Letz € N. Since N_ < Ny, y ¢ N_. Thus:

inf — >0,
Jnf fly —wl|

because N_ is closed. By the Hahn-Banach Theorem, there exists ¢ € N such that
g(y) = 1. Thus, by (i), g ® z € A. Since U is a module, it follows from f ® y € U and
g®ze Athat (§®2z)(f ®y) = f ®z lies in U, thus establishing the claim.

Now, let z € Ny be arbitrary. Notice that the case (Ny)- < Ny has already been
addressed. By Lemma 1 (i), N, = V{N € N : N_ < N, }. Hence, there exists a sequence
(zn) inspan{N € N : N_ < Ny} that converges to z in the norm topology. Accordingly,
let z, € M,, where, foralln € N, M,, € N and (M,,)- < Ny. By the above claim, each
f ®zy € U. Since U is norm closed and (f ® z,) converges in norm to f ® z, one has that
f®zel.

(iii) Firstly we prove the following claim.

Claim. If N € N is such that N, > N r, then, forallg € N 1, the operator ¢ ® y lies in U.

Letg € N*. Since Ny > Ny, f ¢ N, hence, we can choose z € N such that f(z) = 1.
To show that g ® z € A, we consider the two cases N < N1 and N = N, separately.
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IfN < Ni, then N = (Ny4)_.Sinceg € Nt andz € Ny, by (i), g®z € A If N =N,
then z € N. Additionally, we have ¢ € N*, which implies ¢ € N=. Thus, by (i), g® z € A.
Since U isamodule, f®y € Yand g®z € A:

(foy)(gwz)=goyel,

which finishes the proof of the claim.

Now let g € N fi be arbitrary. Notice that the case N r < (N f)+ has already been
addressed. By Lemma 1 (i), there exists a net (g, ) in span{N+: N € A, N, > N ¢} that
converges to ¢ in the weak*-topology. Accordingly, each g, € M-, for some M, € N with
(My)+ >N r. By the above claim, each g, ® y lies in U. The weak convergence of the net
(gu®y)tog@yyieldsg@y el .

(iv) Since z € Ny, by (ii) we have f ® z € U. Therefore, since g € N fl, by (iii), it follows
thatg®@zeld. O

For simplicity, in what follows, .A-bimodules and Lie .A-modules might be referred to
as bimodules and Lie modules, respectively.

2. Bimodules

A function ¢ : N — N on a Banach space nest N is said to be an order homomorphism
if p(M) < ¢(N), whenever M < N. An order homomorphism ¢ is said to be left continuous
if, for any set {My}rca N, ¢(V({Mpr}rca)) = V{p(Mr) }rea-

It is well known that, for Banach and Hilbert spaces alike, weakly closed bimodules of
nest algebras can be determined by order homomorphisms on the relevant nests (see,
e.g., [1,5,6]). In this section, we resume the analysis of these order homomorphisms
associated with bimodules. However, in contrast to [1,5,6], we obtain an explicit description
of the order homomorphism solely determined by the rank one operators in the bimodule.
This approach is akin to that taken in [8] in the Hilbert space setting.

The next lemma, of which we make a note here for future reference, is a consequence
of ([6], Theorem 2.10, Corollary 2.13, Theorem 2.15).

Lemma 3. Let N be a nest in a Banach space X, let A be the corresponding nest algebra, and
let U be a weakly closed A-bimodule. Then, there exists a left continuous order homomorphism

¢ : N — N such that:
U={T e B(X): TN C ¢(N), forall N € N'}.

Moreover, U coincides with the closure in the weak operator topology of the linear span of its rank
one operators.

Remark 1. Notice that, by Lemma 3, the weak closure u” of an A-bimodule U is:
U° ={AecB(X): AN C¢(N), forallN € N'},
for some left continuous order homomorphism ¢ : N — N.

Lemma 4. Let N be a nest on a Banach space X, let A be the corresponding nest algebra, and let U
be a weakly closed A-bimodule. Let ¢: N' — N be the mapping defined, for all N € N, by:

¢(N)=V{N, e N|If e X*: foyeU, Ny < N}. )

Then, a rank one operator f ® y € U if and only if, forall N € N, f @ y(N) C ¢(N). The map ¢
on N is a left continuous order homomorphism.
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Proof. Let f ®y be a rank one operator in{, and let N € N. If Ny < N, then N, < ¢(N).
Since y € Ny, we have that y € ¢(N), and therefore, f ® y(N) C ¢(N). On the other hand,
if N < Ny, then f € N*, since f € NfL Hence, f @ y(N) = {0} C ¢(N).

Conversely, suppose that, for all N € N, one has f ® y(N) C ¢(N). We begin by
proving a claim.

Claim. If N € N is such that N r < N, then, forallg € N 1, the operator ¢ ® y lies in U.

Since Ny < N, we know that f ¢ N*. In addition, f ® y(N) = f(N)y C ¢(N), and
therefore, y € ¢(N). Hence, there exists a sequence (y;) in:

span{N, € N|3h € X*: h®z €U, N, < N}

converging to y in the norm topology. Accordingly, for all n € N, there exists h, ® z, € U,
with y, € N, Nhn < N. Since Nhn < N_and g € N2, it follows that g € NhLﬂ By
Lemma 2 (iv), each g ® y, € U. Since (g ® y,) converges to ¢ ® y in the norm topology,
g ®y € U, thus establishing the claim.

Now let g € N fl be arbitrary. Observe that the case N < (N )+ has already been

addressed. By Lemma 1 (ii), there exists a net (g,) inspan{N+: N € N/, Ny > N £} which
converges to g in the weak*-topology. Accordingly, each g, € M;, for some M, € N with
(My)+ > Ny. By the above claim, each g, @ y lies in U. As (g, ©y) weakly converges to
¢ ®y, and it follows that ¢ ® y € U. In particular, f € N f—, yielding f®y € U.

We will show next that ¢ is a left continuous order homomorphism. Let M, N € N be
such that M < N. Then:

{Ny:foyeU N <M} C{N,: f@yelU N <N},

and consequently, p(M) < ¢(N). Hence, ¢ is an order homomorphism on N.

Let { M, } be a non-empty family of subspaces of A/ and set N = V{M,}. We must
show ¢(N) = V{¢p(My)}. If N € {M,}, then, since ¢ is an order homomorphism, $(N) =
V{p(My)}. If N ¢ {M,}, then for each M € N satisfying M < N there exists M, such that
M < M, < N. Hence:

{N,: foyel Ny <N} C %J{Ny:f@)yEU,Nf < My}

By the definition (2) of ¢, we have ¢(N) < V{¢(M,)}. Since ¢ is an order homomor-
phism, the inequality V{¢(M,) < ¢(N)} also holds. Thus, $(N) = V{¢(M,)}, which
shows that ¢ is left continuous. O

Corollary 1. Let N be a nest in a Banach space X, let A be the corresponding nest algebra, and let
U be a weakly closed A-bimodule. Let f ® y a rank one operator of B(X), and let

G ={T e B(X):T(X) C Ny, TNy = {0}}.
Then, f@y € U ifand only if G C U.

Proof. Suppose f ® y € U. By Lemma 3, there exists an order homomorphism ¢ on N/
such that:
U={T e B(X): T(N) C¢$(N), forall N € N'}.

LetTe Gand N € N.

IfN < Nf, then, since TNf = {0}, wehave T(N) = {0} C ¢(N).

IfN > Nf, then, since f ® y € U, by (2), Ny < ¢(N). Hence, since T(X) C N, we
have T(N) C ¢(N).

Therefore, forany T € G, T(N) C ¢(N) forall N € N. Thus, G C U.

Conversely, suppose G C U. Since f ® y € G, it is immediate that f @y € Y. O
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We are now able to characterise the largest .A-bimodule contained in a weakly closed
subspace of B(X).

Theorem 1. Let £ be a weakly closed subspace of the algebra B(X) of bounded linear operators on
a complex Banach space X, let:

C={foyeB(X)|gozeL, foralgec Ny, zeNy}, 3)
and let ¢ : N' — N be the left continuous order homomorphism defined by:
¢(N)=V{N,|If e X*: foyeC, Ny <N} (4)
Then, the largest A-bimodule contained in L is:
J ={T € B(X): T(N) C ¢(N), forall N € N'}.

Notice that, since this theorem holds for general weakly closed subspaces of B(X),
it also gives a characterisation of the largest .A-bimodule contained in a weakly closed
Lie A-module. It is also worth pointing out that the order homomorphism ¢ is uniquely
determined amongst those fixing {0} (see ([6], Proposition 2.3)).

Proof. We show next that C coincides with the set of rank one operators in 7.

Suppose firstly that f ® y is an operator in C, and let N € A with N > N [t
follows from the definition (4) that N, < ¢(N). Hence, y € ¢(N), and consequently,
f®y(N) = f(N)y € ¢(N). On the other hand, if N < Nf, then f € N*. Hence,
f®y(N) ={0} C ¢(N). Therefore, C C J.

Conversely, we must show that, if f @y € J, then f®y € C, thatis, forall g €
NfL,z € Ny the operator g ® z € L.

Fix then a rank one operator f ® y lying in 7. Firstly, we prove that for N € A/, with
N> Nf, and g € N2, the operator ¢ ® y lies in C.

Observe that f @ y(N) € ¢(N), for f @y € J. Since N > Ny, it is also the case that
f®@y(N) = f(N)y is a non-zero set spanned by y. Therefore, y € ¢(N), and consequently,
¢(N) > Ny. Now, we consider two cases: (1) ¢(N) > Ny and (2) ¢(N) = N,

Case (1) ¢(N) > N,,.

By (4), there exists a rank one operator & ® z € C such that N, < Nand N, > Ny.
Since g € N=L and Nh < N_, one has Nh < Ng. Since N; > Ny and Nh < Ng, it follows that:

{eoweB(X):e€ Ny, we N} C{e@we B(X):ee N, we N}

Hence, since h ® z € C, we have that g @y € C.
Case (2).¢(N) = Ny,

In this case, N, = VN, e N|Ghe X*: h®zel, N, < N}. Forz € Ny, there exists
a sequence (z;) in span{N,, € N|3h € X*: how € C, Nj, < N} converging to z in the
norm topology. Accordingly, for all j, consider zj € Nw]., with h]- Qw; € C, Nh]. < N.

It follows from zj € Nwi that NZ]. < Nw].. Notice also that g € N +, Nh]. < N_ yield
Ry, < Ng.

Since hj Qw; € C, Nhj < Ng, and Nw]. > NZ]., the operator 1 ® zj lies in £, for all
h e N;— Noticing that (h ® z;) weakly converges to i ® z, it follows that h @ z € L. That is,

forallh € NgJ- and z € Ny, the operator & ® z lies in £. Hence, by (3), one has g®y € C,
which ends the proof of the claim.
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Consider again the operator f ®y € J and let g € N fl Then, by Lemma 1 (ii),
there exists a net (g;) in span{M*+ : M e N,M; >N ¢} that converges to g in the weak*-
topology. Accordingly, let g; € M]-L, where M; € N and (M;); > Ny.

By the above claim, each g; ® y € C. Hence, by (3), for all z € Ny, the operator g; ® z
lies in L. Since £ is weakly closed and (g; @ z) weakly converges to ¢ @ z, we have that
g ®z € L. Therefore, f ® y € C, as required.

We have shown that the set of rank one operators of the weakly closed .A-bimodule J
coincides with C. Therefore, by Lemma 3, J is equal to the closure in the weak operator
topology of the linear span of C. Since C C L, it follows that 7 C L.

We show now that, if U/ is an A-bimodule that is contained in £ and contains 7, then
U = J. It suffices to consider the case where f is weakly closed. Notice that, if this were
not the case, then the closure of I in the weak operator topology is itself an .A-bimodule
containing ¢/ and contained in £, since £ is weakly closed.

Let f®y € U. By Lemma 2 (iv), forall g € N fl and z € Ny, the operator ¢ ® z lies
in Y. Hence, sinceld C L, f®y € C, and consequently, f ® y € J. Since J C U, the
bimodules ¢/ and J have the same set of rank one operators. By Lemma 3, both ¢/ and J
coincide with the closure in the weak operator topology of the linear span of C, yielding
U = J. Consequently, J is the largest .A-bimodule contained in L.

We omit the proof that ¢ is a left continuous order homomorphism, as it is very similar
to the one presented in Lemma 4. O

As a complement to Theorem 1, which describes the largest A-bimodule contained
in a weakly closed subspace L, the following proposition describes the smallest (weakly
closed) A-bimodule containing a subspace L.

Proposition 1. Let L be a subspace of the algebra B(X) of bounded linear operators on a Banach
space X. Let N be a nest in X and let A be the corresponding nest algebra. Then, the smallest
weakly closed A-bimodule containing L is:

U={T e B(X): T(N) C ¢(N), forall N € N'},
where ¢ : N' — N is the order homomorphism defined by:
P(N)=A{MeN:T(N)C M, forall T € L}.

Proof. It is immediate from the definition of ¢ that, forall T € £ and N € N, we have
T(N) C ¢(N). Therefore, £ C U. Itis also easy to see that I{ is a weakly closed .A-bimodule.
Let V be a weakly closed A-bimodule. By Lemma 3:

V={T e B(X): T(N) C ¢(N)forall N € N'},

for some left continuous order homomorphism ¢ : N' — N. Suppose that there exists
N € N for which ¥(N) < ¢(N). Then, by the definition of ¢, there exists T € L such
that T(N) ¢ ¢(N), yielding that £ ¢ V. Therefore, for the condition £ C V to hold,
it is necessary that, for all N € N, we have ¢(N) < ¢(N). It follows that / C V, and
consequently, U is the smallest weakly closed .A-bimodule containing £. [

3. Lie Modules

In this section, we consider nest algebras associated with families of projections. A
projection P on X is a bounded linear operator such that P> = P. The set P(X) of projections
on X can be endowed with an ordering: for projections P,Q € P(X), define P < Q if
PQ = P = QP (see [10]). Notice that, in this case, P(X) C Q(X) and (I — Q)(X) C
(1= P)(X).

Now, we consider nests A of complemented subspaces. More precisely, we assume
that, for every N € N/, there exists a subspace C of X such that N & C is isomorphic to X (as
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topological vector spaces), and therefore, the canonical projection P : X — N induced by
this isomorphism is a bounded linear operator on X. Nests of finite dimensional or finite co-
dimensional closed subspaces are concrete examples satisfying this condition (see [11,12]).
We will suppose additionally that the subspaces in the nest A/ (and their complements)
are such that the corresponding projections commute (see Example 1) and will restrict our
investigation to this class of nests in this section. In what follows, N will denote both the
set of ranges and the associated family of projections, to simplify the notation. We will
denote elements of by the letters N, M when treating them as subspaces and by P, Q
when viewing them as projections.

This class of nests will allow for extending the results of [8] in a natural way, as is
shown in the remainder of this section. Henceforth, the nest algebra corresponding to a nest
of the type above will be described adopting the notation of Section 2, thatis, A = {T €
B(X): T(N) C N, forall N € NV'}. In fact, A can now have an alternative description:

A={TeB(X):(I-P)TP =0, forallP € N},
which will be frequently used. Notice also that AV is contained in the nest algebra A.

Lemma 5. Let £ be a Lie A-module and let T € L. Then, the following hold:

(i) If P,Q € Aare projections such that PQ = 0 = QP, then PTQ € L;
(it)  If L is weakly closed and P is a projection such that (I — P)LP # {0}, then:

PL(I —P) = PB(X)(I—P).

Proof. (i) Since PQ = 0 = QP, we can write:

PTQ = 5(I[IT,Q} P}, P] - [IT,Q), P)).

Thus, since L is a Lie A-module, PTQ € L.

(i) Let P € N and T € L be such that (I — P)TP # 0. Since £ is a weakly closed
subspace of B(X), it suffices to show that, for every rank one operator f ® y € B(X),
P(f®y)(I—P) € L. Note that P(f ® y)(I — P) € A, and by part (i) of this lemma
(I —P)TP € L (see also Remark 2 below); hence, the following operator:

[[P(f@y)(I=P),(I=P)TP|,P(f @y)(I = P)] = 2f((I = P)TPy)P(f @ y)(I — P)

lies in L. Therefore, P(f @ y)(I — P) € L, whenever f((I — P)TPy) # 0.

We will now consider the case f((I — P)TPy) = 0. Suppose firstly that (I — P)TPy # 0.
Then, there exists a functional ¢ € X* such that g((I — P)TPy) # 0. Replacing f ® y
by g ® Py in the above calculation, we obtain that 2¢((I — P)TPy)g ® Py € L. Hence,
g®Pye L.

By a similar reasoning, since (§ — f)((I — P)TPy) # 0, it follows that (¢ — f) ® Py € L.
Therefore, the following lies in £:

P(feoy)(I-P)=g®Py—(g—f)®Py. (5)

Suppose now that (I — P)TPy = 0. Since (I — P)TP # 0, there exists z € X such that
(I — P)TPz # 0, and thus, also (I — P)TP(z — y) # 0. Applying a reasoning along the lines
of that above, leads to two equalities similar to (5), but now replacing f ® y by f ® z and
f ® (z —y), respectively. It follows that P(f ® z)(I — P) and P(f ® (z—y))(I — P) liein L.
Hence, the following lies in £:

P(fey)(I-P)=P(f®z)(I-P)-P(f®(z—y))(I - P).
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Remark 2. We will often use the fact that, for all P € N, T € L, the operators (I — P)TP and
PT(I — P) lie in L, which is a direct consequence of part (i) of this lemma.

Let £ be a weakly closed Lie A-module. We will now focus on constructing a weakly
closed A-bimodule K and a weakly closed subalgebra Dy of A such that £ C K+ Dy. To
this end, we begin with the definition of four subspaces along the lines of [8].

Given a weakly closed Lie A-module £, define the subspaces the subspaces Ky, Kp,
Kp, Ka, and K of B(X) by:

Ky =span”{PT(I-P):Pe N, Te L},

Kp =span“{(I-P)TP:Pe N, T€ L},

Kp =span”{PS(I-P)TP:Pe N, Te L, S € A},

Ka =span®{(I—P)TPS(I-P):PeN,TeL, S A},

K=Ky+Kp+Kp+ Ka. (6)

Lemma 6. Let £ be a weakly closed Lie A-module. Then, the following hold.

(i) Ky is a weakly closed ideal of A;
(i) K is a weakly closed A-bimodule;
(iii) [KC, A] C L.

Proof. (i) We start by showing Ky is an ideal of A. Forall P,Q € N,and T € L,
(I-Q)PT(I-P)Q=0,

and hence, PT(I — P) € A. Since A is weakly closed, it follows that Ky C A.
Let R € A. The operator (I — P)R(I — P) € Aand, by Lemma 5 (i), PT(I — P) € L,
therefore:
[PT(I — P), (I — P)R(I — P)] = PT(I— P)R(I — P) € L.

Since (I — P)R(I — P) = (I — P)R, we have shown that PT(I — P)R € L. By observing
that PT(I — P)R = PPT(I — P)R(I — P), we conclude that this operator lies in Ky

Analogously:
[PRP,PT(I — P)] = PRPT(I-P) € L,

and RPT(I — P) = PRPT(I - P)(I-P) € Ky.
For every U € Ky, there is a net (U, ) converging to U in the strong operator topology,

with:
ke

Uy = Z sz,thx,k(I - Ptx,k)/ )
k=1
where P, € N and T, € L (here, we use the fact that the closure in the weak operator
topology of a convex set coincides with its closure in the strong operator topology). Let
R € A. As seen above, RP, T, (I — P, x) € Ky. Hence:

ke
RU = R(lim Uy) = lim Y RP T i (I — Pyi), (8)
k=1

yielding that RU € Ky. Similarly, UR € Ky. Thus, Ky is an ideal of A.
(ii) We will now show that K A, AKX C K. It is sufficient to show that, forall T € L,
P € N and R € A, the operators (I — P)TPR, and R(I — P)TP are in K, as we can then
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apply a similar argument based on limits. In fact, similarly to (7), for every U € K|, there
is a net (Uy) converging to U in the strong operator topology, with:

ko

Uy = Z(I - Pvc,k)Tvc,k(Poc,k)/
k=1

where P € N and T, € L. If R € A were such that RP, ;T (I — P, ) € K, and then:

ke
RU = R(limUy) = lim Y RP, T, k(I — Py), )
k=1

yielding that RU € K. Similarly, we could argue that UR € K.

We show now that, forall T € £, P € N and R € A, we have indeed that the
operators (I — P)TPR and R(I — P)TP lie in K. Since, by Lemma 5 (i), (I — P)TP € L, we
may consider only the case where T = (I — P)TP.

LetT= (I—P)TP € L and R € A. We can write:

TR = (I— P)TPRP + (I — P)TPR(I — P).
The operator (I — P)TPR(I — P) is in K, and the following is in Ky :
(I— P)TPRP = (I — P)[T, PRP|P,

because [T, PRP] € L. Hence, TR € K.
Analogously, the following is in K:

RT = PR(I — P)TP + (I — P)R(I — P)TP,
since PR(I — P)TP € Kp, and the following is in Ky :
(I— P)R(I — P)TP = (I — P)[(I — P)R(I — P), T]P.

We will show next that Kp.A, AKp C K. It suffices to show that, forall T € £, P € N
and S, R € A, the operators RPS(I — P)TP and PS(I — P)TPR liein K.
Since (I — P)RP = 0, we have RP = PRP, and thus:

RPS(I — P)TP = P(RPS)(I — P)TP,

where RPS € A. It follows that RPS(I — P)TP lies in Kp, and therefore, also in K.
It remains to see that PS(I — P)TPR € K. If (I — P)LP = {0}, then the result holds
trivially. Suppose that (I — P)LP # {0}. Then, by Lemma 5 (ii):

PL(I—P) = PB(X)(I—P).
Therefore, PB(X)(I — P) C Ky. Observe that:

PS(I — P)TPR = PS(I — P)TPRP + PS(I — P)TPR(I — P)
= PS(I — P)[(I — P)TP,PRP]P + PS(I — P)TPR(I — P).

Since PB(X)(I — P) C Ky, the operator PS(I — P)TPR(I — P) € Ky. By Lemma 5 (i), (I —
P)TP € L,and hence, [(I — P)TP,PRP] € L. It follows that PS(I — P)[(I — P)TP,PRP|P €
Kp. Therefore, PS(I — P)TPR € K.

Similarly to what was just shown for Kp, we will now prove that KpA, AKXy C
K. It is sufficient to show that, forall T € £, P € N, and §,R € A, the operators
R(I—P)TPS(I — P) and (I — P)TPS(I — P)R are in K.
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Since S(I — P)R € A, the following lies in Kx:
(I— P)TPS(I — P)R = (I — P)TP(S(I — P)R)(I — P).

It only remains to see that R(I — P)TPS(I — P) € K. If (I — P)LP = {0}, the result is
immediate. If this is not the case, then PB(X)(I — P) C Ky, as before. We have:

R(I — P)TPS(I — P) = PR(I — P)TPS(I — P) + (I — P)R(I — P)TPS(I — P)
= PR(I — P)TPS(I — P) + (I — P)[(I — P)R(I — P), (I — P)TP|PS(I — P).

Since [(I — P)R(I — P), (I — P)TP] € L, the following operator lies in KCx:
(I—P)[(I—P)R(I—P),(I—P)TP|PS(I — P)

Furthermore, PR(I — P)TPS(I — P) € Ky, since PB(X)(I — P) C Ky. Hence, R(I —
P)TPS(I — P) € K. This concludes the proof that K is a weakly closed .A-bimodule.
(iii) Finally, we prove that [, A] C L. Since Ky, K C £, we have only to show that:

[Kp, A, [Ka, A] C L.

It is sufficient to show that, forall P € N, T € £ and S,R € A, the operators
[PS(I — P)TP,R] and [(I — P)TPS(I — P), R] lie in L.

If (I — P)LP = {0}, the result is immediate. If this is not the case, then, by Lemma 5,
PB(X)(I —P) = PL(I — P) C L. Thus, since (I — P)TP € L, and noting that RP = PRP,
the following is in £:

[PS(I —P)TP,R]=
= [PS(I — P)TP,RP] + [PS(I — P)TP,PR(I — P)]
+ [PS(I—P)TP,(I — P)R(I — P)]
= [PS(I — P)TP — (I — P)TPS(I — P),RP] + PS(I — P)TPR(I — P)
= [[PS(I = P),(I — P)TP],RP| + PS(I — P)TPR(I — P).
Similarly:
[(I-P)TPS(I—P),R|=
=[(I-P)TPS(I —P),RP| + [(I — P)TPS(I — P),PR(I — P)]
+ [(I-P)TPS(I—P),(I—P)R(I — P)]
—PR(I—P)TPS(I —P)+ [(I-P)TPS(I — P) — PS(I — P)TP,(I — P)R(I — P)]
— — PR(I — P)TPS(I — P) + [[(I — P)TP, PS(I — P)], (I — P)R(I — P)],

which shows that this operator lies alsoin £. [

)+
)+

Remark 3. Since K is a weakly closed A-bimodule, there exists a left continuous order homomor-
phism ¢ : N' — N such that:

K ={T € B(X):T(N) C ¢(N)forall N € N},

as pointed out in Section 2 (see Lemma 3). Suppose that P € N is a projection such that ¢(P) < P.
Then, for all projections Q € N with ¢(P) < Q < P, we have:

(Q—¢(P))T(P-Q) =0, (10)
where T € L is any operator in the Lie module L. In fact, since QP = Q and ¢(P)Q = ¢(P):

(Q—=o(P)T(P—-Q) = (I -¢(P))QT(I - Q)P.
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By the definition of IC, QT (I — Q) € K and, therefore, (I — $(P))QT (I — Q)P = 0.

We turn our attention now to the construction of the weakly closed subalgebra Dy of
the nest algebra A. We begin with some definitions.

Let N/ = {T € B(X): [T,P] =0, for all P € N'} be the commutant of the nest N in
B(X). Observe that N/ is a weakly closed subalgebra of A and that we also have:

N' = AN{T € B(X): PT(I-P) =0, forallP € N'}.

Define D as the weakly closed algebra of all operators T € N/’ for which there exists
A € C such that:

T(P—¢(P)) = AP —¢(P)), (11)

whenever P € N is such that ¢(P) < P_. It is understood here that the scalar A depends
both on the operator T and the projection P.

We define now a property that characterises the class of nest algebras to which the
main result of this section (Theorem 2) applies, as this property plays a relevant role in
its proof. A nest algebra A associated with a nest \ is said to have the 7t-property if there
exists a (surjective) projection 71: B(X) — N such that:

n(ATB) = An(T)B,

forall A,B € N/, T € B(X). Any idempotent homomorphism is such a projection. To
help motivate this definition, we mention below some examples of nest algebras with the
Tt-property.

Example 1. Let X have a Schauder basis {e;}° , and let N be a nest of the form N = {P, : n €
N} U {0, I}, where:

00 kn
Po( Y aiei | =) ae;,
i=1 i=1

forsomeky, ko, ... € Nwith k; < k; fori < j. Then, there is a (contractive) projection 7t: B(X) —
N satisfying, forall A,B € N',T € B(X), n(ATB) = An(T)B.

We now give a proof of this statement. Note that, for m < n, P,Py, = Py, = Py Py. It is easy
to see that the corresponding nest algebra is:

K
A= {T € B(X): Tej = ;)\i/jei, forallky_1+1<j<ky ne N},

where we define kg = 0. Similarly, {T € B(X): PT(I — P) = 0, forallP € N} is the set of
operators T such that Te; = Z?ikn—l 11 Aijei. Therefore:

N' = AN{T € B(X): PT(I—P) =0, forallP € N'}

K
— {T €B(X):Te;= Y. Ayjes forallky 1 +1<j<ky, ne N}.
i=k,_1+1

We define the projection 7w : B(X) — N’ as follows: for each T € B(X), with
Tej = 3721 Aijei, for j € N, let:
ky
n(Tej= Y. Ajei, kyo1+1<j<ky neN.
i=k, 1+1
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Then, forany A € N', T € B(X), with Aej = Zi'{lkn,1+1 ajjejand ky 1 +1 < j < ky:
kH kﬂ
ATEJ Z /\l]Aez = Z Z )\1] Z aygiéy.

n=1 i=k,_1+1 l=k,_1+1

Hence:
n(AT)ej =Y Ajjagie; = Anc(T)ej,
where the sum is taken over n € Nand i,¢ € {k,_1 +1,-- -,k }. Therefore:
n(AT) = An(T).
Similarly, t(TA) = 7t(T)A holds. It follows that, forall A,B € N', T € B(X),

n(ATB) = An(T)B.

Remark 4. Any nest in a finite dimensional Banach space X has a projection 7t as in Example 1. It
only suffices to consider a finite basis in the above reasoning.

The nest algebras in Example 1 and Remark 4 are concrete examples of nest alge-
bras satisfying the rr-property, as is any Hilbert space nest algebra (see ([13], Chapter II,
Section 8)).

Theorem 2. Let A be a nest algebra having the mt-property, and let £ be a weakly closed Lie
A-module. Then, there exists a weakly closed A-bimodule IC, and there exists a weakly closed
subalgebra Dy of A such that L C KC + Dy, where K and Dy are as in (6) and (11), respectively.
Moreover, [IC, A] C L.

Proof. Let K and Dy be defined as in (6) and (11), respectively. By Lemma 6 (iii), we have
K, A C L.
Let T € £ and define:
Tr =T —n(T).

We will show that T; € K and 71(T) € D, yielding that T € K+ Di. Let¢p : N — N
be a left continuous order homomorphism such that:

K={SeB(X): (I-—¢(P))SP=0forallP € N'},
which exists since K is a weakly closed .A-bimodule. We will show that, for all P € N:
(1 ¢(P) TP = 0.
For any Q € NV, one has:
(I=¢(P)(I-Q)TQP =0,

since, by the definition of K, the operator (I — Q)TQ lies in K. Hence:

(I=Q)I—=¢(P))TrPQ = (I-¢(P))(I - Q)T-QP
= (I =¢(P))(I-Q)TQP — (I —¢(P))(I - Q)n(T)QP
= —(I=¢(P))(I-Q)r(T)QP.

Since (I — ¢(P))(I — Q), QP € N’, by the mt-property:

(I—¢(P)(I - Q)n(T)QP = (I — ¢(P))(I - Q)TQP) =0,
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from which it follows that (I — Q)(I — ¢(P))T.PQ = 0. By a similar reasoning;:

Q(I = ¢(P))T-P(I = Q) = Q(I — ¢(P))TP(I — Q) — Q(I — ¢(P))m(T)P(I - Q)
= —n(Q(I—¢(P))TP(I—Q)) =0.

Therefore, for all Q € N
(I=¢(P)) TP = QU —¢(P))TxPQ+ (I = Q)(I = ¢(P))TxP(I - Q),

which implies that (I — ¢(P)) TP commutes with Q. Therefore, (I — ¢(P))T.P € N'. It
follows that:

(I = ¢(P))TxP = 7t((I - ¢(P))TP)
= (I =¢(P))7(Tx)P =0,
since 71(Tr) = 7(T — 7t(T)) = 0. Therefore, T € K.
It remains to show that 77(T) € Di. Let P € A be such that ¢(P) < P_. Then, there
exists Q € N such that ¢(P) < Q < P.

Recall that [£, A] C £ and, by Lemma 6, [K, A] C L. Since T € L and T € K, we
have also [71(T), A] € L. Therefore, for any rank one operator f ® y, the operator:

[7(T),(Q — ¢(P))(f ®y)(P - Q)]
lies in £, since (Q — ¢(P))(f ® y)(P — Q) € A. Hence, by (10):

(Q—¢(P)[(T), (Q—¢(P))(fey)(P-Q)(P-Q)=0,
that is:
f(P=Q)@r(T)(Q—¢(P))y = fr(T)(P—Q)®(Q—¢(P))y,

where we have used the fact that 77(T) commutes with all P € N. Therefore, there exists
A € Csuch that, forall f € X*,y € X:

(T)(Q—¢(P))y = MQ —o(P))y,

and:
fr(T)(P—Q) =Af(P—Q).
Consequently:
(T)(Q—¢(P)) = A(Q—¢(P)),
and:
n(T)(P—-Q) = AP —Q).
It follows that:
n(T)(P = ¢(P)) = A(P = ¢(P)),

yielding 71(T) € Dy, as required. [

An immediate consequence of this theorem and Theorem 1 is that we can find that
the inclusions in (1) do hold for nest algebras having the 7r-property, provided the spaces
involved are properly defined. We summarise this in the next theorem.

Theorem 3. Let A be a nest algebra having the rt-property, and let L be a weakly closed Lie
A-module. Then, there exist weakly closed A-bimodules J and IC, and there exists a weakly closed
subalgebra Dy of A such that:

J S LCK+D,

where:
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(i) J is the largest weakly closed A-bimodule contained in L and is given by:
J ={T € B(X):T(N) C ¢(N), forall N € N'},

where ¢ : N' — N is the left continuous order homomorphism defined in (4),
(i) K and Dy are as in (6) and (11), respectively, and [KC, A] C L.

Proof. The theorem follows immediately from Theorems 1 and 2. [

The next example applies the main results of this work to determine the form of a
Lie module.

Example 2. Let N be the nest in the Banach space X of Example 1, and let A be the corresponding
nest algebra. Let f ® y be a rank one operator, and let L be the weakly closed Lie A-module generated
by f ® y and the identity 1. We wish to find L explicitly.

Observe that, by Theorem 3, the Lie module L contains a non-zero largest bimodule. In fact,
by Corollary 1 and Theorem 1, this bimodule must contain f ® y.

Notice also that, if U is a weakly closed A-bimodule containing f @y, then U + span{I} is
the smallest weakly closed Lie A-module containing U and the identity I.

Let Jfgy be the smallest A-bimodule containing f @y, that is, Jrg, is the A-bimodule
generated by f @ y. Since we want to find the smallest Lie module containing f ® y and the identity
I, then it suffices to consider L = Jfg, + span L.

Now, by Corollary 1 and Theorem 1, the left continuous order homomorphism ¢: N — N
associated with 7, oy is:

0, N< Ny
Ny, Ny < N.

-}

Hence, L = Jey + span{I}, where:

Jtey =1{T € B(X): T(N) € ¢(N), forall N € N'}.
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