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Abstract: This paper considers a multi-product, multi-criteria supply-demand network equilibrium
model with capacity constraints and uncertain demands. Strict network equilibrium principles are
proposed both in the case of a single criterion and multi-criteria, respectively. Based on a single crite-
rion, it proves that strict network equilibrium flows are equivalent to vector variational inequalities,
and the existence of strict network equilibrium flows is derived by virtue of the Fan—Browder fixed
point theorem. Based on multi-criteria, the scalarization of strict network equilibrium flows is given
by using Gerstewitz’s function without any convexity assumptions. Meanwhile, the necessary and
sufficient conditions of strict network equilibrium flows are derived in terms of vector variational
inequalities. Finally, an example is given to illustrate the application of the derived theoretical results.

Keywords: strict network equilibrium flows; uncertain demands; vector variational inequalities;
Fan-Browder fixed point; Gerstewitz’s function
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1. Introduction

The study of the supply—demand network equilibrium models has been the subject
of great interest due to their theoretical challenges and practical application. The funda-
mental principle is Wardrop's equilibrium principle [1], which states that users in transport
networks choose one of the paths among all the paths joining the same origin—destination
(OD) pair at minimum cost. After Wardrop, many scholars have proposed various network
equilibrium models based on a single criterion. Dong et al. [2] considered a supply chain
network equilibrium model with random demands. Meng et al. [3] proposed a note on
supply chain network equilibrium models. Nagurney [4] presented a supply chain net-
work equilibrium model and investigated the relationship between transportation and
supply chain network equilibria. Nagurney et al. [5] developed an equilibrium model of a
competitive supply chain network. Additionally, motivated by practical concerns, network
equilibrium models based on multiple criteria cost functions have been studied; for exam-
ple, Chen and Yen [6] were the first to propose a traffic network equilibrium model based
on multiple criteria cost functions without capacity constraints, and present an equivalent
relation between vector network equilibrium models and vector variational inequalities.
Cheng and Wu [7] presented a multi-product supply-demand network equilibrium model
with multiple criteria.

For a supply—demand network, it is well known that when the flows pass through
two different paths which contain common arcs at the same time, the capacity constraints
of the two paths may interact. So, the capacity constraints are important factors that affect
the equilibrium states and the selection of the set of feasible network flows. Based on this
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cause, a substantial number of works have been devoted to studying the vector equilibrium
principle [5,8-14] with capacity constraints of paths. In addition, considering that the data
are uncertain in practice and are not known exactly, along with the change of network users’
demand preferences and the fluctuation of purchasing power, the demands of network flow
should not be fixed, and the network equilibrium with uncertain demands have attracted
much attention. Very recently, Cao et al. [15] focused on the traffic network equilibrium
problem with uncertain demands, in which the uncertain set consisted of finite discrete
scenarios. Subsequently, Wei et al. [16] assumed that the demands belonged to a closed
interval and proposed (weak) vector equilibrium principles involving a single product.
Proper efficiency is widely applied to solve vector optimization and vector equilibrium
problems. It can help one to eliminate some abnormal efficient decisions and provide
proper efficient decisions. Several classical proper efficiency measures, such as Benson
efficiency [17], super efficiency [18], and Henig efficiency [19], have been applied to solve
network equilibrium models. Cheng and Fu [20] introduced a kind of proper efficiency—
strict efficiency, and it has been used to solve vector optimization models (for example, see
Yu et al. [21]). On the other hand, variational inequality theory is an effective tool to solve
equilibrium problems (for example, see Chen and Yen [6]).

In this paper, inspired by the work in [7,10,16,17], we consider strict vector equilib-
rium principles of a multi-product, multi-criteria supply-demand network with capacity
constraints and uncertain demands, where the demands are assumed to belong to a closed
interval and are irrelevant to the costs for all OD pairs. The main contribution is to derive
the existence results of strict vector equilibrium flows of a multi-product supply—demand
network with capacity constraints and uncertain demands by virtue of the Fan-Browder
fixed point theorem and obtain the relations between the strict vector equilibrium flows and
vector variational inequalities, with both a single criterion and multi-criteria cost functions,
which, to the best of our knowledge have not been studied before.

The rest of this article is arranged as follows: in Section 2, some mathematical prelimi-
naries are described. In Section 3, we propose a strict network equilibrium principle for a
multi-product supply—demand network problem involving real-valued cost functions with
capacity constraints and uncertain demands. The equivalence relation between the strict
network equilibrium flow and the strictly efficient solution of variational inequalities is
established. The existence of the strict network equilibrium flows is also derived by means
of the Fan—-Browder fixed point theorem. Section 4 proposes a strict network equilibrium
principle for a multi-product supply-demand network problem with capacity constraints
and uncertain demands involving vector-valued cost functions, and the similar equivalence
relation of strict network equilibrium flows in terms of vector variational inequalities is de-
duced by using Gerstewitz’s scalarization function. Section 5 gives an illustrative example.
Section 6 provides a brief summary of the paper.

2. Definition and Preliminaries

In this section, some notations are set and we recall the notions of efficient points of
a nonempty set, and the variational inequality and strictly efficient points of a nonempty
set. Throughout the paper, we suppose that the vectors are always row vectors unless
otherwise stated. Let R" be the n-dimensional Euclidean space and R’} be its non-negative
orthant. Let R"*" be the n x n matrix space and

RV = {k = (ky, -+ kn) € R™M : k; = (k},---,k?)l,kf >0,j=1,---,n}

be its non-negative orthant, where (k}, e, k?), denotes the transpose of the matrix (k}, - K.

Giveny,z € R™", let (y, 7y = yz represent the multiplication of matrix y and z. A pointed
closed convex cone I' C R" induces the orderings in R": for any x1,x; € R",

x1 < x iff xp—x1 €T,
x1 < xp iff xp — xq € intl,
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where intI" denotes the nonempty interior of I'. For convenience of writing, let R” = X. Let
Ex be a nonempty convex subset of the cone I and cl(Zx) be its closure. cone(Ex) = {ox :
o € R, x € Ex} is the conic hull of the set Ex. If 0 ¢ cl(Ex), I = cone(Ey), then the set
Hx is said to be a base of the cone I'.

Let N be a nonempty subset of X; H : N — R" is a mapping. The notion of efficient
points of the set N is as follows.

Definition 1 (see [21]). A vector ¥ € N is said to be an efficient point of the set N if
(N=x)n (=T\{0}) = 2.
Let EP(N) denote the set of the efficient points of the set N.

The variational inequality is to find a vector ¥ € N, such that
(H(%),x—%) >0, Vx € N.
The concept of strictly efficient points of the set N is as follows.

Definition 2 (see [21]). Suppose that Ex is a base of I. The vector X € N is called a strictly
efficient point of the set N with Ex if there is a neighborhood @ of 0, such that

cone(N—x+T)N(Ox —Ex) = Q.
Let SEP(N) denote the set of strictly efficient points of the set N.

3. Existence of Strict Vector Equilibrium Flows with Single Criterion

For a supply—demand networkG =[N, C,V, P, D] let N/,C, P, and D denote the set of
nodes, the set of arcs, the set of OD pairs, and the uncertain demand vectors, respectively.
Let us suppose that there are m different kinds of products passing through the network
and that a typical product is denoted by o. For each arc ¢ € C and product o, ¢? represents
arc flow of product o between two different nodes. V = (9%)<c denotes the capacity vector,
where 02 > 0 implies the capacity of arc ¢ for the product o. The arc flow ¢? needs to satisfy
the following capacity constraint:

0= <a.

Let us assume that there are s OD pairs in the set P. The available paths connecting
OD pair p € P form the set wy, and let },cp|wy| = 1, where n is a positive integer. For
each acyclic path a € wy, we denote by ¢ > 0 the path flow of the product 0 on path a. The
relation between arc flows and path flows is as follows:

0 = Z Z dcaQp,

pEP acwyp

where

1, if c belongs to path a,
Oca = .
0, otherwise.

Let us suppose that u) and A are the lower and upper capacity constraints on path a
with product o, respectively, i.e.,
Ma < Qo < Ag.

The matrix ¢ = (09)mxn is called a network flow. Thus, each column vector o, =
(0},---, ™) of the matrix ¢ is the flow on path a, while the row vector ¢° = (61, -+, 0n)is
the network flow with product o.

We denote demand vectors of the network flowby D = (d},(e}) : p € P,o=1,--- ,m),
where the component d, (¢}, ) denotes the uncertain demand for OD pair p and product o. Let
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us suppose that dj (e},) belongs to a closed interval Ay, i.e., dy(e}) € A} = [dy — €, dy + €3],
where d), represents an appropriate fixed demand and ¢}, > 0 denotes a deviation. It is
reasonable to assume that the values of d), and ¢, that depend on p and o are different for
each OD pair and product in practical supply-demand network problems. We would like
to point out that the uncertain demand d, (s‘;,) that is irrelevant to the costs is significantly
different from the one introduced in [12,22].

We say that the network flow ¢ satisfies the uncertain demands constraint if and only if

) o =dy(e}), VpeP,0=1,---,m.

LIG(AJP

A network flow g satisfying both the capacity constraints and the uncertain demands
constraints is called a feasible flow. The set of all feasible flows is denoted by

Q= {Qiﬂg <05 <A0< Y Y b0 < 00,Ve € Cand

peP acwyp

Z QZ = d‘;’<£%)/vp € 'P,VO = 1/' o /m}-
aewp
Let Q # @. Clearly, Q is closed, convex, and compact.

For each product o, let h%(p) : R™*" — R, be the cost function on arc c; the cost
function on path a € w) is computed by

ha(e) = )_he(o).

cea

The cost on the network is given as a form of matrix h(e0) = (h3(0))mxn, where the ath
column /() = (hl(0),---,h"(0)) represents the cost on path a; the oth row h°(p) =
(h§(e),- - - ,h(0)) represents the cost on the network with product o. In this paper, unless
otherwise stated, we always assume that for any p € P and 4,b € wy,

hy(0) —ha(e) #0, if b#a,

which has been also used in the literature [7].

Definition 3. Supposing a flow ¢ € Q,

(i) foranarcc € C and producto = 1,--- ,m, if 02 = 07, then c is called a saturated arc of
product o and flow o, or a nonsaturated arc of product o and flow g.

(i) forapatha € Uyep wp and product o = 1,-- -, m, if the path a contains a saturated arc ¢ of
product o and flow o, then a is called a saturated path of product o and flow o, otherwise, a
nonsaturated path of product o and flow o.

In the following content, we propose the concept of strict network equilibrium flow for
a kind of multi-product supply-demand network involving real-valued cost functions with
capacity constraints and uncertain demands, which has not been studied in the existing
literature. In what follows, we always assume that = is a base of R'/, & is a base of ]RTX’”,
® is a neighborhood of 0 in R™, and © is a neighborhood of 0 in R™*"™.

Definition 4. (Strict network equilibrium principle). A feasible network flow ¢ € Q is a strict
network equilibrium flow, if, for each p € P, a,b € wyp,0 =1,--- ,m, there is a neighborhood ® of
0in R™ satisfying © — & C —intR'}, one has as an implication

cone(hw,(0) + R —hqa(0)) N (cone(® — E)\{0}) =@ } N
hy (@) —ha(0) # 0

0) = Uy, b # a,or ¢ = Aj, or path a is a saturated path with product o and flow @.
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Now, let us review the concept of the strict efficiency of vector variational inequalities,
which will be employed to derive the main conclusions.

Definition 5. A flow ¢ € Q is said to be a strictly efficient solution of the vector variational
inequality if and only if there exist & and © satisfying © — E C —intR"*",

cone((h(g), (x — 0)') + RP*™) N (cone(® — E)\{0}) = @, Vx € Q.

It is noteworthy that the vector ¢ € Q is a strictly efficient solution of the following
variational inequality:

cone({(e), (x — @) ) +R}™") N (cone(® — £)\{0}) =, Vx € Q,
if the vector ¢ € Q is a solution of the following variational inequality: find ¢ € Q, satisfying
(o). (x — 0)') & ~RY™\{0}, ¥x € Q,

Next, we shall consider the relations between a strictly efficient solution of the vector
variational inequality and the strict network equilibrium flow.

Theorem 1. If the vector ¢ € Q is a strict network equilibrium flow, then ¢ is a strictly efficient
solution of the following variational inequality: find ¢ € Q, satisfying

cone((h(g), (x — 0)') + RP*™) N (cone(® — £)\{0}) = @, Vx € Q.

Proof. If the vector ¢ € Q is a strict network equilibrium flow, for each p € P, a,b € wy,
0=1,---,m, it has the following implication:

cone(hy, (0) + R — ha(0)) N (cone(® )\{0}) } N
hb( ) —ha(0) #0

0) = Uy, b # a, or gy = Af, or path a is a saturated path of product 0 and flow ¢.
We first show that

(h(0), (x—0@)') & —R™*™, ¥x € Q. (1)

For any x € Q, it holds

= ((h(e),--  hu(a)), (X1 —01,"** , Xn—0n))

2 Qa) )

W

!

Because (h;(0), (xz — 0a) ) is an m x m matrix, the component is 15 (0)(x! — ol),
o,n = 1,2,---,m; so, (h(e), (x — Q),) is also an m x m matrix, the component is

(
Ep:l[Zuewp a( ) XZ ZH P'n - 1 2 L, m. Let
Np(0) = {b € wp : hy(0) € SEP{hy(0) : b € wp}} C wy.
Hence, for each b € A\, (0) C wy,

cone(l, (o) + R — (@) N (cone(® — D)\ {0}) = @
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It follows from Definition 4 that for any b € wpy, 0 = 1,--- ,mand b # b, o) = My,
0p = Ay, or path b is a saturated path of product 0 and flow ¢. Because SEP{h;(0) : b € wp} C

EP{h4(0) : b € wp}, we obtain
hy(e) € EP{hy(e) : b € wp},

that is, _
hy(0) — hz(e) ¢ —RY\{0},Vb € wy,p € Pand b # b.

Due to h(0) — hj(0) # 0, one has
hy(0) — hy(0) € —R,Vb € wy,p € Pand b # b.

So thereisanp =1,2,--- ,m such that

Hence, one has

U

) [ )3 hg(@)(?(g—Qg)+hg(€))()(g—@;;)]-

Because @ € wy\{b}, we have o] = u}, Qg = Ag foreachn =1,2,---,m,

And, because a € wp\{fj},_it ho!ds that hg(g) > hg(g). Due to x € Q, there must exist
=12 ,msatisfying x1 — u; > 0. Hence, we obtain

p=1 | acw,\{b}
>Lh@| Y| X mtA
p=1 | 7€wy acwy\ {b}
=) () XZ—( > QZ+QZ)]
p=1 _ﬁewp aewp\{E}
s _ _ _
- L) £ -
: E ac UJp

Since x € Q and ¢ € Q, we obtain that

Y Xi=dy() ZZ:

acwy acw

'ﬁ\ﬁ
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Therefore, there exist p = 1,2,--- ,mand 7 =1,2, .- - ,m, satisfying

Thus, inequation (1) holds.
Next, let

cone((h(0), (x — o)) + R™) N (cone(® — £)\{0}) # @, Vx € Q.

Therefore, there must be an k # 0 satisfying

k € cone({l(q), (x — 0)') + RZ*™) N (cone(® — £)\{0}), ¥x € Q.

We set k = 5k, where k € (h(o), (x — o)) +R*™, § > 0because of k # 0. Hence, 5k €
cone(® — &)\ {0}. Thus there are & > 0 and 7 € G) —-X satlsfymg 5k = &7. Therefore, there
are ¥ € Qand 6 € R satisfying k = % = (h(0), (X — 0)') + 6, which is equivalent to

(ho), (R~ 0)) = 5 —6 € —RY™,

which contradicts (1). Hence, it holds that
cone((h(0), (x — 0)') +R"™) N (cone(® — )\ {0}) = @, Vx € Q.
O

Theorem 2. The vector ¢ € Q is a strict network equilibrium flow if ¢ is a solution of the following
vector variational inequality: find ¢ € Q satisfying

(hie), (x = @)) & ~RI*™\{0}, Vx € Q @
Proof. Assume that ¢ € Q satisfies inequality (2). For each p € P and a,b € wy, b # a,
o=1,---,m,if

cone(hw, () + R — ha(0)) N (cone(® — £)\{0}) =

hy(0) — ha(0) # 0, and a is a nonsaturated path of product o and flow ¢, we will deduce

o) = pporgy = Aj. Let J; = {c € C : arc c belongs to path a} We assume that the
conclusion is false, i.e., g, # pp Or 05 # Ag4. Taking V? = min { rmn Q —0%), 00 — U, Ay —

03} >0and V= (V%,---, V..., V") let x be
0a, ifa#bora,
Xa = Qb—v, ifa=»a,
Qﬂ‘f‘V, lfﬁ:a

Because ¢ € Q,ie., VpeP,0=1,2,---,m, Zﬁewp 09 = d%(s‘;,), one has

g
|

= Y oxitx
acwp acwp\{ba}

= ) Gt -ViHo+V
acwp\{ba}

= Y d=die).

acwy
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So, x € Q. Now,

(h(0), (x —0)")

= Y (ha0), (0a — 0a) ) + (hp(0), (05 — V — @p)") + (ha(0), (00 + V — 0a)')

= (Y, (ha(@) (@) & —RY*"\{0}.
We know that (1(), (x — 0)') is an m x m matrix; the component is (5 (o) — hg(g))gz,

0,1 =12, ,m. I (V,(hs(0) — hy(0))') # 0, then for each p, 7 = 1,2,--- ,m,
(Ha(0) — () V" >0,
with strict inequality holding for some p,7 = 1,2,--- ,m. By V7 > 0, one has

Ha(0) — Hy(e) =0,

that is,
ha(@) — hy(e) € REA{0},
which is equivalent to
hy(@) — hale) € —=RE\{0}.
Noticing that
—REN{0} C (cone(® —E)\{0}),

and
1y (@) — ha(@) € cone(he, (@) +RY —ha(0)), ®)
we get
hy(@) = ha(e) € cone(® — E)\{0}. 4)
By Equations (3) and (4) and (o) — ha(0) # 0, we obtain
hy () = ha(@) € cone(hw, (¢) + RY —ha(0)) N (cone(® — E)\{0}),
a contradiction. Thus, the conclusion ¢, = yj or 9, = Az holds. O

We now propose the existence of strict network equilibrium flow by virtue of an
equivalent form of Fan-Browder’s fixed point theorem ([23,24]), which is formulated in the
following lemma.

Lemma 1 (see [10]). Let U denote a Hausdorff topological vector space; K is a nonempty compact
convex subset of U. Assume that the set-valued map g : K — 2" U {@} has the following
conditions:
(i) forany ¢ € K, g(¢) is a convex set;
(ii) foranyc e K, ¢ ¢ g(c);
(iii) forany1€ K, g7 (1) = {g € K:1 € g(g)} is an open set in K.

Then, there exists ¢ € K satisfying g(¢) = @.

Theorem 3. Consider a multi-product supply—demand network equilibrium problem with capacity
constraints and uncertain demands G = [N,C,V, P, D]. Let § € intR}*™ be given. If, for any
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X € Q, the function (g, (h(0), (x — 0)')) is continuous on Q. Then, the network G exists as a
strict vector equilibrium flow.

Proof. Consider the following variational inequality: find ¢ € Q satisfying

(0,(h(0), (x —0))) € R™*™, Yy € Q. ()

Firstly, we will show that the variational inequality (5) admits a solution. We de-
fine a set-valued map Q : Q — 22U {®} as Q(0) = {x € Q: (o, (h(0),(x —0))) €
int(—R”*™)}. Then, one has the following results:

i Qo) is convex;

(i) foreacho € Q, 0 ¢ Q(0);

(iii) if x € Q(0), one has (g, (h(0), (x — 0)')) € int(~R™ ™), which implies that there ex-
istsa ¢ € R such that (g, (h(0), (x — 0)))+¢ e int(—R"*™). Since (9, (h(0), (x —

0)')) is continuous on Q by hypothesis, one can reach that there exists an open neigh-

borhood ©(¢) of ¢ such that

(2, (h(0), (x — 0)

which implies that

!/

)) < (6, (h(0), (x —0))) + € € int(—R"*™), Vg € O(0)

©(0) C Q7' (x) = {e € Q: (2 (h(e), (x — @))) € int(—RL*™),

ie., QO 1(x) is open.

By Lemma 1, we obtain that the variational inequality (5) has a solution § € Q. Next,
we prove that § is a strict network equilibrium flow. According to Theorem 2, we needs to
prove that § is a solution to the following vector variational inequality:

(h(0), (x —0)') & —R*™\{0}, Vx € Q.

Let us suppose to the contrary that ¢ is not a solution; then, there is ¥ € Q, such that
(h(8), (X —0)') € —R*"™\{0}. For ¢ € intR"*™, we obtain

(@ (h(@), (x—a))) € —RP™{0},
a contradiction. [

4. Strict Vector Equilibrium Flows with Multi-Criteria via Scalarization

It seems unreasonable for network users to choose a path based on a single criterion.
In fact, the network users need to consider time, tariffs, fuel, and other relevant cost factors
simultaneously. That is, the cost function is a multi-criteria one. In the following sections,
the equilibrium model of the multi-product supply—demand network G = [N, C,V, P, D]
based on multi-criteria cost functions is investigated. Let us suppose that the cost on arc
¢ € C with product o is: HY (o) : R"*" — R, where e > 1 is a positive integer. The cost on
the path a € wy, p € P with product o is computed by

Hy(e) = )_Hl(0).

cea

Hence, HJ(0) : R™*" — R¢ and we set it in the form
Hj(0) = ug(0)do, Va € wp,p € Pando=1,---,m, (6)

where u3(0) : R™" — R, 9y € intRY,.
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The cost on the network concerning product o is denoted by H’(0) = (HS(0),--- , H;(0)),
the cost on path a is denoted by H,(0) = (H2(0), - ,HS(0), -+, H(0)), and the cost of the
network is denoted by H(¢) = (H,(0) : a € wp, p € P).

In the following, Y = RR¢ is a e-dimensional Euclidean space with the ordering cone
R¢, where e > 1 is a positive integer. Z always denotes a base of R”!*, and © denotes a
neighborhood of 0 in R"*¢. Firstly, we introduce the concept of strict network equilibrium
flow for a multi-product, multi-criteria supply-demand network with capacity constraints
and uncertain demands.

Definition 6. The feasible network flow ¢ € Q is called a strict network equilibrium flow for a
multi-product, multi-criteria supply—demand network with capacity constraints and uncertain
demands, if, forany p € P, a,b € wp, 0 =1,--- ,m, there is a neighborhood © of 0 in R™**, such
that ® — & C —intR*¢, one has the implication

cone(Hy, (0) + R — Ho(0)) N (cone(® — E)\{0}) =@ } N
Hy(e) — Halg) #0

0) = My, b # a,or ¢ = Ag, or path a is a saturated path of product o and flow o.

As we all know, a viable approach to solve vector problems is to convert them into
scalar problems. In this paper, we use the following nonlinear scalarization function
(i.e., Gerstewitz’s function) to scalarize the vector-valued strict network equilibrium flows
without any assumptions about convexity.

Definition 7 (see [25]). For a given v € intR%_, let ¢, : R® — R be defined by
Po(x) =min{d € R: x € fv — R },Vx € R

Lemma 2 and Lemma 3 provide some properties of the above function that we will
use in the proof of Theorem 4.

Lemma 2 (see [26]). Let v € intR¢ . For each o € R and x € R®, one has

(i) ¢o(x) <o e x €0v—intR;

(i (x) Lo xcov—RY;

(iii) ¢o(x) > 0 & x ¢ ov —intRY;

(i (x) >0 e x & ov—RY;

(v) Pu(x) =0 < x € ov — IR, where RS, is the topological boundary of RS, .

Lemma 3 (see [7]). Given v € intR% , x € R®, and o € R, one has

Po(—x) = —¢o(x), Po(—0x) = —ho(0x),

and

Po(—0v) = —Py(0v) = —0.
We denote
Yo 0 Hy(0) = ¢o(Hz(0)) = min{é € R: Hy(e) € bv — R},
foranyo € Q,a € wp,p€P,0=1,---,m;
Yoo Ha@) = (Yoo Hi(e) :0=1,--- ,m) €R™;

and
Po(0) = Yoo H(g) = (Yoo He(Q) :a € wp, p € P) € R™™.
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Definition 8. The feasible network flow ¢ € Q is called in ,-strict vector equilibrium for a
multi-product supply—demand network involving vector-valued cost functions, if, for any p € P,
a,b € wp,0=1,---,m, there exist v € intRY and a neighborhood © of 0 in R"™ satisfying
© — E C —intR", one has the implication

cone(tps © Hay (0) + R — 5 0 Hy(0)) M (cone(© — E)\{0}) = } R
¥ 0 Hy(0) — ¢ 0 Ha(o) # 0

0) = up, b # a,or ¢ = Aq, or path a is a saturated path of product o and flow o.

Now, we will scalarize strict vector equilibrium problems for a multi-product supply-
demand network involving vector-valued cost functions.

Theorem 4. Let us suppose that H{ (o) is defined as in (6) for each a € wy, p € P, and
0o =1,---,m. The feasible network flow ¢ € Q is a strict network equilibrium flow for a multi-
product, multi-criteria supply—demand network with capacity constraints and uncertain demands if
and only if ¢ is in g, -strict vector equilibrium.

Proof. Necessity: suppose that ¢ € Q is a strict network equilibrium flow for a multi-
product, multi-criteria supply-demand network with capacity constraints and uncertain
demands. For any p € P, a,b € wp and 0 = 1,---,m, it is necessary to verify the
following implication:

cone (g, © He, (0) + R — g, 0 Ha(g)) N (cone(®© — E)\{0}) = @ } N
Yo, 0 Hy (@) — g, © Ha(e) # 0

0) = My, b # a, or ¢y = Ag, or path a is a saturated path of product 0 and flow ¢.
Firstly, it holds that

{ cone(ipg, © Hw, (0) + RY — g, 0 Ha(0)) N (cone(® — E)\{0}) =D
g, © Hy(0) — g, © Ha(0) # 0

implies
{ cone(He, (0) + R’*¢ — Hy(0)) N (cone(® — E)\{0}) = @
Hy(0) — Ha(o) # 0.

Indeed, from 1y, o Hy(0) — g, © H,(0) # 0, we have
Hy(o) — Ha(e) #0, Va,b € wp, b #a.

From (6), one has Hy,(0) = uw,(0) o 8, where uy,(0) = {up(o) : b € wp}, up(o) =
(up(0),- -+, u(0), -+, ul"(0)). By Lemma 3, it holds that

¥, 0 Huw, (@) = {tps, 0 Hy(0) : b € wp}
= {(¥s, 0 Hy(0), g, © Hy (0),- - s, © Hy'(0)) : b € wp}
= {(up(0), -, up'(0)) : b € wp}
:“wp(Q)-

Therefore, cone(ipg, o Hy, (0) + R — g, 0 Hy(0)) N (cone(® — £)\{0}) = @ turns into
cone(uy, (0) + R —uy(0)) N (cone(® — E)\{0}) = @.

That is, us(0) € SEP{uy(0) : b € wp}. Due to SEP{u;(0) : b € wp} C EP{uy(0) : b € wy},
so uz(0) € EP{uy(0) : b € wy}, thatis,

up(Q) — ua(0) ¢ —RYN{0}, Vb € wy. )
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Let us suppose that
cone(Ha, (0) + R} — Hy(0)) N (cone(® — £)\{0}) # &,

there is a k # 0 satisfying k € cone(He, (0) + R’ ** — Ha(0)) N (cone(® — £)\{0}). We set
k = 6k, where k € Hy,(0) + R _E”(Q)’ 5> 0. Because ok € cone(® — E)\ {0}, there
exist& > 0and 7 € © — E satisfying ok = 67. So k = % € Hu,(0) + R} — Ha(0) N (O —
E), k # 0. Hence, there are b € w,, 6 € R’ satisfying

k= Hy(0) + 6 — Ha(0),
equivalently, )
Hy(0) — Ha(@) = k— 6 € —R"™.
ie.,
Hf(g) — Hi(g) € R, 0=1,--- ,m.

It follows from Lemma 2 that

e, (H3 (e) — Hy (0)) < 0.

By (6) and Lemma 3, one has

up(e) —ug(e) <0,0=1,---,m,
ie.,
(@) — ua(e) € —RIL.
If uz(0) — ua(0) = 0, Hy(0) — Ha(0) = 0, so k = §, which contradicts k € © — E and
e R’*¢. Hence,
u(e) —ua(e) € ~RY\{0},

which leads to a contradiction with (7). Therefore, one has the implication:

{ cone (g, © Huw, (0) + R — ¢y, 0 Ha(0)) N (cone(® — E)\{0}) = @
P, © Hp(0) — g, 0 Ha(e) #0

{ cone(Hy, (@) + R ¢ — Hy(0)) N (cone(® — E)\{0}) = @
Hy(¢) — Ha(e) # 0.

Since ¢ € Qs a strict network equilibrium flow, forany p € P,a,b € wp,0=1,--- ,m,

one has
cone(Hy, () + R} — Ha(0)) N (cone(® — E)\{0}) = @ } N
Hy(0) — Ha(g) #0

0) = Uy, b # a, or g5 = Ay, or path a is a saturated path of product 0 and flow ¢. Hence, we
obtain that

cone (g, © He, (0) + R — g, 0 Ha(0)) N (cone(® — E)\{0}) = @ } N
o, © Hy(@) — g, 0 Ha(0) #0

0) = Uy, b # a, or g; = Ag, or path a is a saturated path of product o0 and flow g, for any
peEP,abcwpando=1,---,m.

Sufficiency: assume that ¢ € Q is in iy,-strict vector equilibrium for a multi-product
supply—demand network involving vector-valued cost functions. We first verify the implication

{ cone(Hew, (0) + R’*° — Hy(0)) N (cone(® — E)\{0}) =@
Hy(0) — Hale) #0
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{ cone(9pg, © Hu, (0) + R — ¢4, 0 Ha(0)) N (cone(® — E)\{0}) = @
s, © Hy(0) — ¢y, o Ha(@) # 0.

If

cone(yg, © Hu, (0) + RY — ¢y, 0 Ha(0)) N (cone(® — E)\{0}) # .

The following is similar to the proof of necessity. There isa 7 € (g, © Hw, (0) + R —
g, © Ha(0)) N (O — E) satisfying 7 # 0. Therefore, there are b € w, and § € R” satisfying

F = g, © Hy(@) + 6 — g, © Ha(0).
ie.,
g, 0 Hy(@) — g, 0 Ha(0) =7 — 0 € —R.
Together (6) with Lemma 3, one has

up (@) — ua(e) € —RI.

Hence, it holds that
Hy(e) — Ha(g) € —RI™.

If H;(0) — Ha(0) = 0, # = 8, which leads to a contradiction with # € ® — E and
0 € R". Therefore,

Hj(0) — Ha(e) € —RY*\{0}. ®)

Because cone(H, (0) + R’} ** — Hz(0)) N (cone(® — E)\{0}) = @, then Ha(0) € SEP{Hy(0) :
b € wy}. Therefore, Hy(0) € EP{H,(0) : b € wy}, ie,

Hy(e) — Ha(o) & —R*\{0}, Vb € wy,
which leads to a contradiction with (8). Hence, it holds that
cone (g, © Huw, (@) +RY — g, © Ha(0)) N (cone(© — E)\{0}) = @.

Additionally, due to Hy(0) — Ha(0) # 0, one has g, o Hy(0) — g, © Ha(0) # 0. It
follows from Definition 8 that ¢} = ), b # a, or 05 = A, or path a is a saturated path of
product o and flow ¢, forany p € P,a,b € wpando =1,--- ,m. Therefore, ¢ € Q is a strict
network equilibrium flow for a multi-product, multi-criteria supply-demand network with
capacity constraints and uncertain demands. This completes the proof. [J

It should be noted that the relations among strict network equilibrium flows involving
real-valued cost functions, 1y, -strict vector equilibrium flows, and vector variational in-
equalities have been investigated in Theorems 1, 2, and 4. Then, strict network equilibrium
flows for a multi-product supply—demand network involving vector-valued cost functions
can be replaced by the following corresponding vector variational inequality: find ¢ € Q
satisfying

(¥o,(0), (x —0)') & ~R*™\{0},Vx € Q. 9)

Additionally, it was shown in [7] (see Theorem 3.2 and Theorem 3.3) that the variational
inequality (9) is equivalent to the following variational inequality: find ¢ € Q satisfying

(H(0), (x — )) ¢ —(R$)™™\{0},Vx € Q.

These approaches allow us to obtain strict network equilibrium flows for a multi-
product supply—demand network involving vector-valued cost functions.
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5. An Illustrative Example

In this section, an example is provided to demonstrate the application of the obtained
theoretical results. The example has the network topology depicted in Figure 1. Table 1
summarizes the constituent paths of each OD pair.

53]
2’2

Figure 1. Network topology of the example.

Table 1. OD pairs and paths.

4 oD, wp

1 N — Ny a (c1,¢5)
ap (c2)

2 Nz = Ny as (C3/C5)
s (cq)

The network consists of four nodes: N = {Nj,N,, N3, Ny} and five arcs: C =
{c1,¢2,¢3,¢4,c5}. We assume that V = {@Cl,@CZ,@C3,@C4,@C5} ={5,4,3,6,4}, P = {{/\G,M},

{N3,N4}} m=1e=2and D = {di(e}),di(e})}, whered] = 5, d} = 5,¢ = 3,

e = 2, then dl(el) € [g,ﬁ] di(e}) € [%,%] Let (pd, ud, pud, ul) = (2,2,2, ) and
(AL AL AL ALY = (5 4,3,6). The costs on each arc are chosen as follows:
H: (01) = (01,01),  Hg,(0d) = (403,503), HL,(03) = (203,303),
H;,(03) = (504,603), He (o) = (e1,201), Hi(03) = (03,203)-

By a direct calculation, we derive the costs on four different paths:
Hi(er) = Ha, (01) + Has(01) = (201,301), H () = Hy,(02) = (403,502),
H3(03) = Hyy(03) + Hay(03) = (303,503),  Hi(o}) = H,(e1) = (501, 603)-

Setting 0 = (01, 03,03, 01) = (3,2,1,4). Obviously, ¢ € Q is a feasible network flow.
Thus,

Hi(o1) = (6,9), Hi(ed) = (8,10), H3(e}) =(3,5), Hj(es) = (20,24).

Now, we verify that the feasible flow ¢ is a strict vector equilibrium flow. For OD pairs

{N1, Ni}, {N3, Ny}, we choose ©® = (0,1) and & = (1,1); it holds that

{ cone(H}(o}) + B2 — HJ(g})) N (cone(® — £)\{0}) = @
Ha(o) — Ha(o) # 0

and
{ cone(Hj(gy) +R3 — Hj(03)) N (cone(® — E)\{0}) = @
Hy(o) — H3(0) #0
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Since the arc flow Q}5 is

0.=Y Y duci =0l +ol=4=0l,

i€l kew;

it follows from Definition 3 that arc cs is a saturated arc of flow g, paths 3 and 5 are saturated
paths of flow ¢. Hence, by Definition 6, we obtain that ¢ is a strict vector equilibrium flow.

Next, we show that ¢ = (Q%, Q%, Q},,, Q}L) = (3,2,1,4) is a solution of the following
variational inequality:

(H(e), (x —0)') # ~R2\{0},Vx € Q. (10)

We take x = ( X%/ X%/ X;,/ X}L) = (3,3,1,4); it is obvious that x € Q. Direct computation
shows that

o))

(H(0), (x -
((Hi(o}), Hi(0}), Hi(03), Hi(ob)), (x — od, 33 — od xd — ob xd — ab)")
2@1 4@2 3@3 50 ) 1 1 1 />

3 , 3—05, 1—03, 4-—
<3 5Q2 5@% 60 Ql 0> 03 94)

( 20}(3— @1 +4ez( e%) 30} (1—@§>+5@i<4—e%> )
3 > 503 4
= (

\_/

7

Iy

01(3—o +5ez(3 03) +503(1 — 03) + 605 (4 — o)
8,10 ) ¢ —E2\{0}.

Therefore, the strict vector equilibrium flow ¢ = (3,2,1,4) is a solution of variational
inequality (10).

6. Conclusions

This paper considered the strict network equilibrium flows for a multi-product supply-
demand network with capacity constraints and uncertain demands, where the uncertain
demands were assumed to be in a closed interval. The main contribution is theoretical
in nature, in that we derived the existence results of strict network equilibrium flows by
virtue of the Fan-Browder fixed point theorem based on a single criterion cost function and
showed that such a strict network equilibrium flow for a multi-product supply-demand
network with capacity constraints and uncertain demands is equivalent to a vector varia-
tional inequality when considering both real value and vector value cost function, and we
developed a scalarization method for strict vector equilibrium flows based on vector-valued
cost functions by using Gerstewitz’s function. The results obtained in this paper provide
a viable approach to solving the multi-product, multi-criteria supply-demand network
equilibrium model with capacity constraints and uncertain demands.

In this paper, we presented an analytical framework based on the concept of network
equilibrium to attain optimal performance for a multi-product supply—demand network
with capacity constraints and uncertain demands. In future research, designing concrete
simulation experiments and developing substantial areas of applications of the theory
presented in our paper should be considered as a potential research project.
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