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Abstract: A hot NUT–Kerr–Newman black hole is a general stationary axisymmetric black hole.
In this black hole spacetime, the dynamical equations of fermions at the horizon are modified by
considering Lorentz breaking. The corrections to the Hawking temperature and Bekenstein–Hawking
entropy at the horizon of the black hole are studied in depth. Based on the semiclassical theory
correction, the Bekenstein–Hawking entropy of this black hole is quantum-corrected by considering
the perturbation effect of the Planck constant h̄. The latter part of this paper presents a detailed
discussion of the obtained results and their physical implications.
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1. Introduction

It is well known that de Sitter spacetime can be thought of as being hot, since an
observer moving along a geodesic will detect an isotropic background of thermal radiation
with a temperature T. NUT–Kerr–Newman–de Sitter spacetimes are asymptotically de
Sitter instead of being asymptotically flat. This is a more general axisymmetric background.
We call the spacetime concerned here the NUT (Newman–Unti–Tamburino)–Kerr–Newman
spacetime, since the de Sitter spacetime has been interpreted as being hot [1]. For brevity, we
refer to hot NUT (Newman–Unti–Tamburino)–Kerr–Newman as HNUTKN. The purpose
of the present paper is to study the corrections and physical implications of entropy for the
hot NUT–Kerr–Newman (HNUTKN) black hole. Reference [2] investigates the Hawking
radiation of Dirac particles in the spacetime, obtaining a pure thermal radiation spectrum.
However, the actual quantum tunneling radiation rate of the black hole is related to the
Bekenstein–Hawking entropy change, and the thermal radiation spectrum of the black hole
should not be a blackbody spectrum. Research on the correction of quantum tunneling
radiation in HNUTKN black holes could lead to new expressions for the quantum tunneling
rate, Hawking temperature, and Bekenstein–Hawking entropy of this black hole. Only by
considering the real quantum tunneling radiation can we provide some explanation for
the puzzle of the black hole information loss, thus making the research more physically
meaningful. The research method for the entropy of HNUTKN black holes and the series
of results obtained in this paper include corresponding results for the NUT–Kerr–Newman
spacetime, NUT–Kerr–Newman–de Sitter spacetime, Kerr–Newman spacetime, and Kerr
spacetime. Therefore, it is necessary to conduct in-depth research on the correction of
entropy for HNUTKN black holes.

The first and second laws of black hole thermodynamics are both related to black hole
entropy, which in turn is associated with black hole radiation, indicating a close connection
to black hole information. Recent research results have shown that the thermal radiation
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spectrum of a black hole is no longer strictly a blackbody spectrum but contains information
that escapes with the radiation, thereby implying that no information is lost during the
process of black hole thermal radiation [3–5]. Unitarity is one of the fundamental principles
of quantum theory, and information conservation is necessary to ensure the unitarity and
probability conservation of quantum theory. As a black hole radiates, a portion of the
information is carried away beyond the black hole, while another portion remains as
remnants, called “ashes”, due to the black hole ceasing to emit particles towards the end of
its radiation. The mass of these remnants, denoted as Mres, is equal to the minimum mass
of the black hole Mmin. The specific heat capacity of a black hole is related to its Hawking
temperature and entropy. Recent research has indicated that the generalized uncertainty
principle (GUP) can lead to the formation of black hole remnants [6]. Different black holes
may possess distinct remnants. The existence of black hole remnants indicates that black
holes do not evaporate completely, as predicted by classical theory. In fact, there are still
many unresolved issues regarding the remnants and the information paradox.

The calculation methods of black hole entropy include the brick wall model and the
membrane model. ’t Hooft proposed the brick wall model in 1985 to explain black hole
entropy and suggested that the entropy of a quantum gas (Hawking radiation) in thermal
equilibrium with the black hole outside is equal to the black hole’s entropy [7]. Following
this calculation method, Zhao et al. improved ’t Hooft’s brick wall model to obtain the
membrane model and used this model to study black hole entropy [8–10]. According
to the viewpoint of the membrane model, black hole entropy is actually the entropy of
two-dimensional membranes on the black hole event horizon, which are curved surfaces
intersecting the three-dimensional space at the same time. This entropy is contributed
by the two-dimensional quantum gas on the event horizon, requiring the inclusion of a
thin layer outside the black hole event horizon with a thickness ε and a distance d from
the event horizon when calculating black hole entropy. By studying the entropy of the
quantum gas in this thin layer and taking the limits ε → 0 and d → 0, the black hole entropy
can be obtained. Research results show that the Bekenstein–Hawking entropy of a black
hole is proportional to its event horizon area A, i.e., SBH ∝ A/4. For a HNUTKN black
hole, according to the first law of black hole thermodynamics, its general expression in
differential form is dM = TdSBH +ΩdJ + QdV, where M represents the Bekenstein–Smarr
mass. By studying the quantum tunneling radiation of a black hole, the Hawking tempera-
ture at the event horizon can be determined. Since the relationship between the Hawking
temperature T and the surface gravity κ of the event horizon is given by T = κ/2π, the
study of the quantum tunneling radiation characteristics and the first law of black hole
thermodynamics can be employed to investigate the Bekenstein–Hawking entropy of black
holes. However, recent research on quantum gravity theories suggests that Lorentz rela-
tions need appropriate modifications in high-energy regimes. Before a theory of dispersion
relations in the high-energy regime is established, it is generally believed that the order
of magnitude of the correction terms for Lorentz dispersion relations is at the Planck
scale [11–15]. The appearance of such correction terms has prompted investigations into
the effects of Lorentz-breaking theories in high-energy physics on curved spacetime back-
grounds and the modifications of the quantum tunneling radiation characteristics under
specific curved spacetime backgrounds. In 2009, Horava proposed the Horava–Lifshitz
gravity theory, which breaks the Lorentz symmetry by not having temporal and spatial
symmetries in high-energy situations. Another Lorentz-breaking gravity theory is the
Einstein–aether theory. The Horava–Lifshitz gravity theory and the Einstein–aether theory
are consistent in low-energy situations. The effects of Lorentz-breaking on steady-state ax-
isymmetric spacetime backgrounds are reflected in the spacetime metric [16]. Considering
Lorentz breaking, modifications to the dynamical equations of bosons and fermions and
in-depth studies of the quantum tunneling radiation characteristics of different black holes
in specific curved spacetime backgrounds are topics worth exploring [17–19]. Through such
research, we can delve into the entropy of black holes and gain a profound understanding
of the physical significance of black hole entropy and information.
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Section 2 below pertains to the modified forms of the dynamical equations of fermions
with Lorentz breaking. Section 3 of this paper focuses on the research methods and physical
significance of the obtained results on HNUTKN black hole entropy. Section 4 of this paper
is a discussion of the research results.

2. Lorentz Breaking and the Modified Dynamical Equation of the Spinor Field

When considering the modification of the action of the spinor field with Lorentz-
breaking fermionic Einstein–aether terms in a curved spacetime, one needs to consider the
aether-like field vector uµ, the Chiral correction term, and the Carroll–Field–Jackiw (CFJ)
correction term. After Carroll et al. proposed the CFJ correction term in 1990, research on
modifications to Lorentz breaking has been carried out [20–22], and this aspect of research
still has practical significance today. It is necessary to study the influence of Lorentz
breaking on black hole quantum tunneling radiation and black hole entropy in different
curved spacetimes. Before modifying the black hole entropy, one should first consider the
effect of Lorentz breaking on the action of the spinor field. Introducing a Lorentz-breaking
correction term in a curved spacetime can express the action of the spinor field as [17,23,24]

SF =
∫

d4x
√
−gψ̄α1 ...αk

{
iγµ

(
∂µ − ie

h̄
Aµ + iΩµ

)[
1 − a′ h̄2

m2 γα

(
∂α −

ie
h̄

Aα + iΩα

)
γβ

(
∂β −

ie
h̄

Aβ + iΩβ

)]

+
λ

m
[uα(∂α − ieAα + iΩα)]

2 +
b′

h̄m
γ5 − m

h̄

}
ψα1 ...αk

(1)

Here, a′, b′, and λ are all small dimensionless real numbers. b′ is the coefficient for Chiral
correction terms; a′ is the coefficient for CFJ correction terms. γµ, γα, and γβ are gamma
matrices in a curved spacetime; uα and uβ are aether-like field vectors in a curved spacetime;
and uµ must satisfy uµuµ = const. γ5 is the gamma matrix corresponding to the Chiral
correction term. Since γ5 appears in SF, it is required that γ5 is also a Hermitian matrix.
Ωµ, Ωα, and Ωβ are the spin connections. Ωµ = i

2 Γαβ
µ Παβ, Παβ = i

4
[
γα, γβ

]
, where Γαβ

µ is
the connection of Riemann space and is related to the metric tensor of the curved spacetime.
Aµ

(
Aα, Aβ

)
is the electromagnetic potential generated by a black hole charge. ψα1 ...αk

represents the wave function of fermions. ψ̄α1 ...αk is the Hermitian conjugate of ψα1 ...αk . The
relationship between the gamma matrices in Equation (1) and the metric tensor in a curved
spacetime is as follows:

γµγν + γνγµ = 2gµνI (2)

γµγ5 + γ5γµ = 0 (3)

where I is the identity matrix. According to the variational principle, we can derive the
spinor field equations in a curved spacetime from Equation (1). Substituting SF into the
following equation

δSF = 0, (4)

we obtain

δ

{
ψα1 ...αk

[
iγµ

(
∂µ − ie

h̄
Aµ + iΩµ

)[
1 − a′ h̄2

m2 γαγβ

(
∂α −

ie
h̄

Aα + iΩα

)(
∂β −

ie
h̄

Aβ + iΩβ

)]

+
h̄λ

m
+

b′

h̄m
γ5 − m

h̄

]}
ψα1 ...αk = 0

(5)

The equation shows that

δ

[(
b′

h̄m
γ5 − m

h̄

)
ψα1 ...αk

]
=

(
b′

h̄m
γ5 − m

h̄

)
∂µψα1 ...αk δxµ (6)

δ

[
uα

(
∂α −

ie
h̄

Aα + iΩα

)]2
ψα1 ...αk = uαuβ

(
∂α −

ie
h̄

Aα + iΩα

)(
∂β −

ie
h̄

Aβ + iΩβ

)
∂µψα1 ...αk δxµ (7)
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Noting that δψ̄α1 ......αk = ∂µψ̄α1 ......αk δxµ and δψα1 ......αk = ∂µψα1 ......αk δxµ, the modified spinor
field equation can be obtained as follows from Equations (5)–(7):

iγµ

(
∂µ − iφ

h̄
Aµ + Ωµ

)[
1 − a′ h̄2

m2 γαγβ

(
∂α −

ie
h̄

Aα + iΩα

)(
∂β −

ie
h̄

Aβ + iΩβ

)]
ψα1 ...αk

=

[
m
h̄
− b′

h̄m
γ5 − h̄λ

m
uαuβ(∂α − ieAα + iΩα)

(
∂β − ieAβ + iΩβ

)]
ψα1 ...αk .

(8)

The equation for ψ̄α1 ......αk is the Hermitian conjugate of Equation (8). Equation (8) is a
modified form of the fermion dynamical equation. The expression ψα1 ......αk in this equation
represents the wave function of an arbitrary spin fermion. This equation applies to any spin
fermion. For spin-1/2 fermions, the wave function ψα1 ...αk in Equation (8) can be expressed
using the WKB theory:

ψ 1
2
=

(
A
B

)
e

i
h̄ sa (9)

Here, Sa is the action for spin-1/2 fermions, which refers to Dirac particles in a curved
spacetime. In this case, Equation (8) is known as the modified form of the Dirac equation.
For spin-3/2 fermions, the wave function in Equation (8) is denoted as ψα1 ......αk → ψν, and
the equation is then referred to as the modified form of the Rarita–Schwinger equation.
In studying the solutions of Equation (8) in this scenario, the following conditions must
be satisfied:

γνψν = 0. (10)

In general, for fermions of any spin, the wave function in Equation (8) should be substituted
as ψα1 ......αk , and the corresponding additional condition for Equation (8) is

γµψµα2 ......αk = Dµψµ
α2 ......αk = ψµ

µα3 ......αk = 0. (11)

When k = 0, Equation (8) reduces to the modified form of the Dirac equation, in which case
there are no additional conditions. When k = 1, Equation (11) reverts back to Equation (10),
and, in this scenario, Equation (8) represents the modified form of the Rarita–Schwinger
equation. When studying the dynamical characteristics of fermions with different spins in
a specific black hole spacetime, the methods and processes for solving are not the same.
When analyzing the dynamical equations at the black hole horizon using semiclassical
theory, condition (11) does not need to be considered, and the calculation of the quantum
tunneling rates will yield the same results. To illustrate the application of Equation (8) more
clearly, let us consider spin-1/2 fermions, i.e., Dirac particles. Substituting Equation (9)
into Equation (8), we obtain the equation that the particle action Sa must satisfy:{

−iγµ
(
∂µSa − eAµ

)[
1 +

a′

m2 gαβ(∂αSa − eAα)
(
∂βSa − eAβ

)]
− m +

b′

m
γ5

0 +
λ

m
uαuβ(∂αSa − eAα)

(
∂βSa − eAβ

)}( A
B

)
= 0

(12)

In this equation, several small terms, such as h̄Ωµ, h̄Ωα, and h̄Ωβ, have been neglected.
Therefore, Equation (12) represents a semiclassical, Lorentz-breaking modified dynamical
equation for spin-1/2 fermions, also known as the spin-1/2 spinor field equation. The
matrices gαβ and γαγβ in this matrix equation must satisfy Equation (2). γ5

0 is closely
related to γ5, requiring γ5 to satisfy Equation (3) and γ5

0 to be a real number. Thus, it is
required that γ5 = γ5

0I, where I denotes the identity matrix. For the matrix Equation (12)
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to have solutions, the corresponding determinant of the matrices in the equation must be
equal to zero, i.e.,

γµ
(
∂µSa − eAµ

)[
1 +

a′

m2 gαβ(∂αSa − eAα)
(
∂βSa − eAβ

)]
=

λ

m
uαuβ(∂αSa − eAα)

(
∂βSa − eAβ

)
+

b′

m
γ5

0 − m = 0

(13)

By multiplying both sides of this equation by γν(∂νS − eAν) and neglecting higher-order
small terms, and using Equation (2), we can obtain

gµν(1 + 2a′)
(
∂µSa − eAµ

)
(∂νSa − eAν) + 2λuµuν

(
∂µSa − eAµ

)
(∂νSa − eAν) + 2b′γ5

0 − m2 = 0 (14)

This equation describes the spinor field equation for spin-1/2 fermions, incorporating terms
such as the CFJ correction term, aether-like correction term, and Chiral correction term.
Equation (14) presents the modified dynamical equations for spin-1/2 fermions utilizing
the particle action Sa, with three correction terms included. Equation (14) is applicable for
general static, stationary, and non-stationary black hole spacetimes. Therefore, Equation (14)
represents a semiclassical spinor field equation, which has been modified to incorporate
Lorentz-breaking effects. It should be noted that for fermions of any spin, there are different
matrices corresponding to the wave functions and different additional conditions. The
modified form of the fermion dynamical equation is represented by the action Sa, as shown
in Equation (14).

3. Research on the Entropy of HNUTKN Black Holes

The line element of the HNUTKN black hole spacetime in Boyer–Lindquist coordinates
is expressed as

dS2 = ρ2
(

dr2

∆r
+

1
∆θ

dθ2
)
+

sin2 θ

ρ2 J2 ∆θ

[
adt −

(
r2 + a2

)
dϕ
]2

− ∆r

ρ2 J2

[
dt −

(
a − (n − a cos θ)2

a

)
dϕ

]2
(15)

Here,
ρ2 = r2 + (n − a cos θ)2 = r2 + n2 − 2an cos θ + a2 cos2 θ

∆r =
(

r2 + a2 − n2
)(

1 − 1
3

Λr2
)
− 2Mr + Q2

∆θ = 1 +
1
3

Λ(n − a cos θ)2

J = 1 +
1
3

Λ
(

a2 − n2
)

(16)

Here, Λ is the cosmological constant, M is the black hole mass, Q is the black hole charge,
the NUT parameter is n, also known as the gravitational magnetic type mass, and the
angular momentum parameter is a. Due to the electromagnetic charge Q of the black hole,
the electromagnetic potentials Aµ, At, and Aϕ are expressed as

Aµ =

(
− Qr

ρ2 J
, 0, 0,

Qra sin2 θ

ρ2 J

)
(17)

According to Equations (15) and (16), the determinant corresponding to the metric gµν is
obtained as

g =
∣∣gµν

∣∣ = − sin2 θ

J4

{
r2 + a2 −

[
a2 − (n − a cos θ)2

]2
}

(18)
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Using Equation (18) and the algebraic cofactor (−1)µ+ν∆µν of gµν, the non-zero components
of the contravariant metric tensor corresponding to the line element (15) can be, respectively,
calculated as

gtt = − J2

ρ2

{(
r2 + a2)2

∆r
− 1

a2∆θ sin2 θ

[
a2 − (n − a cos θ)2

]2
}

grr =
∆r

ρ2

gθθ =
∆θ

ρ2

gϕϕ =
J2

ρ2

(
1

∆θ sin2 θ
− a2

∆r

)
gtϕ =

J2

ρ2

[
a

∆r

(
r2 + a2

)
− 1

∆θa sin2 θ

(
a2 − (n − a cos θ)2

)]
(19)

The Bekenstein–Hawking entropy of the HNUTKN black hole is related to the Hawking
temperature at the black hole horizon. Therefore, it is necessary to determine the location
of the black hole horizon. According to the null supersurface equation at the black hole
horizon, it can be determined that

gµν ∂F
∂xµ

∂F
∂xν

= 0 (20)

The normal vector of the hypersurface F(xµ) = 0 is nµ, where nµ = ∂F
∂xµ . The definition of

the null hypersurface is
nµnµ = 0 (21)

We have gµνnµnµ = 0, so we have the null supersurface Equation (20). Substituting
Equation (19) into Equation (20) and taking into account the stationary axisymmetric nature
of the HNUTKN black hole, we obtain the equation satisfied by the event horizon rH or the
cosmological horizon rc of this black hole as

grr =
∆r

ρ2 = 0 → ∆r → 0 (22)

Specifically, (
r2 + a2 − n2

)(
1 − 1

3
Λr2

)
− 2Mr + Q2 = 0 (23)

In order to solve Equation (14), it is necessary to correctly choose the aether-like vector field
uµ according to the line element (15) as follows:

ut =
ct√
gtt

, utut = ututgtt = c2
t

ur =
cr√
grr

, urur = ururgrr = c2
r

uθ =
cθ√
gθθ

, uθuθ = uθuθ gθθ = c2
θ

uϕ =
cϕ√gϕϕ

, uϕuϕ = uϕuϕgϕϕ = c2
ϕ

(24)

Clearly, uµ satisfies uµuµ = const. In order to determine γ5
0 in Equation (14), we must

choose γµ satisfying Equation (2) and the Hermitian matrix γ5 satisfying Equation (3).
Therefore, we choose the frame field eµ

I and determine the gamma matrix γµ as follows:

γµ = eµ
I γI (25)
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As a result, we obtain

γµγν + γνγµ = eµ
I γIeν

J γJ + eν
J γJeµ

I γI = 2gµνI (26)

where eµ
I eν

J η I J = gµν, eν
J eµ

I η J I = gνµ = gµν. Clearly, γµ satisfies condition (2). Here, the
values of I and J are (0, 1, 2, 3), corresponding to the coordinates (t, r, θ, ϕ). We choose γ5

as follows:

γ5 =
iγ5

0
4!

εµνkλγµγνγkγλ

=
iγ5

0
4!

ε I JKLeI
µeJ

νeI
keJ

λeµ
I , γI′ eν

I γJ′ ek
k′γ

k′ eλ
L , γL′

=
iγ5

0
4!

ε I JKLγIγ5γkγL

= iγ5
0γ0γ1γ2γ3

= γ5
0

(
0 I
I 0

)
(27)

Here, γ5
0 is a real number. Clearly, γ5 is a Hermitian matrix. ε I JKL is the Levi–Civita symbol,

and ε0123 = 1. Therefore, from Equations (25) and (27), we can obtain

eµ
I γIγ5 + γ5eµ

I γI = 0 (28)

γµγ5 + γ5γµ = eµ
I γIγ5 + γ5eµ

I γI = eµ
I

(
γIγ5 + γ5γI

)
= 0 (29)

From these two equations, it can be seen that choosing γ5 satisfies condition (3). The correct
selection of γ5, γµ, and uµ ensures the scientific validity of Equation (14). Substituting
Equations (17), (18), (24), and (27) into Equation (14), we obtain the dynamic equation for
spin-1/2 fermions in the HNUTKN black hole spacetime as follows:

(
1 + 2a′ + 2λc2

t

)
J2

{[
(a2 − (n − a cos θ)2)2

a2∆θ sin2 θ
− (r2 + a2)2

∆r

][(
∂Sa

∂t

)2
ρ2 +

2eQr
J

∂Sa

∂t
+

e2Q2r2

ρ2 J2

]

+2

[
a
(
r2 + a2)

∆r
− a2 − (n − a cos θ)2

∆θa sin2 θ

][(
∂Sa

∂t

)(
∂Sa

∂ϕ

)
ρ2 − eQra sin2 θ

J
∂Sa

∂t
+

eQr
J

∂Sa

∂ϕ
− e2Q2r2a sin2 θ

ρ2 J2

]

+

(
1

∆θ sin2 θ
− a2

∆r

)[(
∂Sa

∂ϕ

)2
ρ2 − 2ϵQra sin2 θ

J
∂Sa

∂ϕ
+

e2Q2r2a2 sin4 θ

ρ2 J2

]}
+ 4λρ4Y0

+
(

1 + 2a′ + 2λc2
r

)
Arρ2

(
∂Sa

∂r

)2
+
(

1 + 2a′ + 2λc2
θ

)
ρ2
(

∂Sa

∂θ

)2
= 0

(30)

where

Y0 =ut
(

∂Sa

∂t
− eAt

)(
ur ∂Sa

∂r
+ uθ ∂Sa

∂θ

)
+ ur ∂Sa

∂r

[
uθ ∂Sa

∂θ
+ uϕ

(
∂Sa

∂ϕ
− eAϕ

)]
+ uθuϕ

(
∂Sa

∂θ

)(
∂Sa

∂ϕ
− eAϕ

)
+ 2b′γ5 − m2

(31)

In Equation (30), the sum of the four terms related to 1
∆θ sin2 θρ2 is zero. Multiplying both

sides of this equation by 1
ρ2 yields
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(
1 + 2a + 2λc2

t

)
J2

{[(
a2 − (n − a cos θ)2)2

a2∆θ sin2 θ
−
(
r2 + a2)2

∆r

][(
∂Sa

∂t

)2
+

2eQr
ρ2 J

∂Sa

∂t

]

+ 2

[
a
(
r2 + a2)

∆r
+

a2 − (n − a cos θ)2

∆θa sin2 θ

][(
∂Sa

∂t

)(
∂Sa

∂ϕ

)
− eQra sin2 θ

ρ2 J
∂Sa

∂t
+

eQr
ρ2 J

∂Sa

∂ϕ

]

+

(
1

∆θ sin2 θ
− a2

∆r

)[(
∂Sa

∂t

)2
− 2eQra sin2 θ

ρ2 J
∂Sa

∂ϕ

]
−

e2Q2r2(r2 + a2 + a2 sin2 θ
)2

∆rρ4 J2

}

+(1 + 2a + 2λc2
r

)
Ar

(
∂Sa

∂r

)2
+
(

1 + 2a + 2λc2
θ

)(∂Sa

∂θ

)2
+ 4λρ2Y0 = 0

(32)

Separate the variables in the equation, letting

Sa = −wt + R(r) + Θ(θ) + J0ϕ (33)

where w is the energy of the particle and J0 is the component of the particle’s generalized
momentum in the ϕ direction, with J0 being a constant. The ability to separate Sa into the
form of Equation (33) is mainly due to the existence of two Killing vectors in the HNUTKN

spacetime, namely
(

∂
∂t

)α
and

(
∂

∂ϕ

)α
. Substituting Equation (33) into Equation (32) and

multiplying both sides of this equation by ∆r, noting that ∆r|r→rH
= 0, we obtain the form

of the radial motion equation for the particle at the event horizon of this black hole as[
∆2

r

(
dR
dr

)2
]

r→rH

=
J2(1 + 2a′ + 2λc2

t
)

1 + 2a′ + 2λc2
r

[(
r2

H + a2
)2
(

∂Sa

∂t

)2
+ 2a

(
r2 + a2

)∂Sa

∂t
∂Sa

∂ϕ
+ a2

(
∂Sa

∂ϕ

)2

+
2eQr

(
r2 + a2)2

J(r2 + a2 + n2)

∂Sa

∂t
+

2aeQr
(
r2 + a2)

J(r2 + a2 + n2)

∂Sa

∂ϕ
+

e2Q2r2(r2 + a2)2

J2(r2 + a2 + n2)
2

]

=
J2(1 + 2a′ + 2λc2

t
)

1 + 2a′ + 2λc2
r

[(
r2

H + a2
)∂Sa

∂t
+ a

∂Sa

∂ϕ
+

eQr
(
rH

2 + a2)
J(rH2 + a2 + n2)

]2

=
J2(1 + 2a′ + 2λc2

t
)

1 + 2a′ + 2λc2
r

(
rν

2 + a2
)2

(ω − ω0)
2

(34)

where
ω0 =

aJ0

r2
H + a2

+
eQrH

J
(
r2

H + a2 + n2
)2

=
aJ0 J

(
r2

H + a2 + n2)+ eQrH
(
r2

H + a2)
J
(
r2

H + a2
)(

r2
H + a2 + n2

) (35)

Based on Equation (34), it can be inferred that the radial component R(r) of the parti-
cle’s generalized momentum satisfies the following equation at the event horizon of this
black hole:

dR±

dr

∣∣∣∣
r→rH

= ±
(
r2

H + a2)J
∆r|r→rH

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2

(ω − ω0). (36)

According to the residue theorem, from Equation (36), we obtain the radial component
of the particle’s generalized momentum as

R±|r→rH = ±iπ
J
(
r2

H + a2)
2
[
rH − m + 1

3 ΛrH(a2 − n2)
](1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2

(ω − ω0) (37)

Let R±|r→rH = R±; based on the WKB approximation theory and the black hole quantum
tunneling radiation theory, the expression for the quantum tunneling rate of spin-1/2
fermions at the event horizon rH of the black hole is
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Γ ∼ exp
(
−2 ImS S±

a
)
= exp

(
−2 Im R±)

= exp

− 2π J
(
r2

H + a2)
rH − m + 1

3 ΛrH(a2 − n2)

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2

(ω − ω0)


= exp

(
−ω − ω0

TH

) (38)

where,

TH =
rH − m + 1

3 ΛrH
(
a2 − n2)

2π J
(
r2

H + a2
) (

1 + 2a′ + 2λc2
r

1 + 2a′ + 2λc2
t

) 1
2

(39)

Here, TH is the Hawking temperature at the event horizon of the HNUTKN black hole,
and the expression for this Hawking temperature contains Lorentz-breaking correction
terms. The coefficient for the CFJ correction term is a′, and the coefficient for the aether-like
correction term is λ. The coefficient b′ for the Chiral correction term does not appear in
the expressions for Γ and TH. This is due to ∆r(rH)

(
2b′γ5

0 − m2) = 0 in Equation (32), so b′

and m do not appear in the expressions for Γ and TH . For fermions with any other spin, the
coefficient b′ for the Chiral correction term also does not appear in the expressions for Γ
and TH . Equations (37)–(39) are all results obtained in the semiclassical theory. We can use
∆SBH to represent the Bekenstein–Hawking entropy of this black hole and represent the
change in Bekenstein–Hawking entropy of this black hole as ∆SBH , so the expression for
the quantum tunneling rate of this black hole (38) can be rewritten as

Γ = e(∆SBH) (40)

The quantity SBH is closely related to the first law of thermodynamics for black holes.
The mathematical relationship between SBH and the black hole mass M, black hole an-
gular velocity Ω, black hole charge Q, and black hole Hawking temperature TH can be
expressed as

dSBH =
dM − ΩdJ − QdV

TH

=
dM − ΩdJ − QdV

Th

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2

(41)

where Th is the Hawking temperature of this black hole without Lorentz-breaking correction
terms. The expression for Th, as given by Equation (39), is as follows:

Th =
rH − m + 1

3 ΛrH
(
a2 − n2)

2π J
(
r2

H + a2
) (42)

Therefore, if we denote the Bekenstein–Hawking entropy as Sbh, the integral form of
Equation (41) can be rewritten as

SBH =

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2 ∫

dSbh
(43)

According to Equation (15), it can be inferred that the two-dimensional line element on the
event horizon of this black hole is given by

dσ2 =
ρ2

∆θ
dθ2 +

[
∆θ sin2 θ

ρ2 J2

(
r2

H + a2
)2

− ∆r(rH)

J2ρ2

(
a − (n − a cos θ)2

a

)2]
dϕ2

=
ρ2

∆θ
dθ2 +

∆θ sin2 θ

ρ2 J2

(
r2

H + a2
)2

dϕ2

(44)



Entropy 2024, 26, 326 10 of 13

Therefore, it can be seen that the determinant gθϕ corresponding to the two-dimensional
covariant metric here is

gθϕ =
sin2 θ

J2

(
r2

H + a2
)2

(45)

Thus, the area of the event horizon of this black hole is given by

AEH =
∫ √

gθϕdθdϕ =
∫ 2π

0

∫ π

0

sin2 θ

J2

(
r2

H + a2
)2

dθdϕ =
4π

J

(
r2

H + a2
)

(46)

The Bekenstein–Hawking entropy of this black hole is proportional to the area of its event
horizon and can be expressed as

Sbh =
π

J

(
r2

H + a2
)

(47)

Therefore, Equation (43) can be rewritten as

SBH =
π

J

(
r2

H + a2
)(1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2

(48)

This is the Bekenstein–Hawking entropy of the HNUTKN black hole in the framework
of radius-metric theory, after Lorentz-breaking theory modifications. This is still a rele-
vant result within the framework of radius-metric theory. Using quantum perturbation
theory, we can make quantum corrections to the Bekenstein–Hawking entropy of this black
hole [25–28]. In the framework of h̄ perturbation theory, the energy E and radial action
R(r) of the quantum tunneling radiation particles can be expressed as

E = E0 + h̄E1 + h̄2E2 + · · · (49)

R̃(r) = R0(r) + h̄R1(r) + h̄2R2 + · · · (50)

E0 = (ω − ω0) corresponds to the energy in Equations (37) and (38). R0(r) satisfies Equa-
tions (34) and (36), and the expression for R±

0 is given in Equation (37), which can be

considered as R0 → R±
0 , where R±

0 = ± iπ J(r2
H+a2)

2rH−m+ 1
3 ΛrH(a2−n2)

(
1+2a′+2λc2

t
1+2a′+2λc2

r

) 1
2
(ω − ω0). There-

fore, by expanding Equations (49) and (50) for h̄0, h̄1, h̄2, · · · and corresponding to different
powers of h̄, we can obtain

h̄0 :
(

dR0

dr

)2
∣∣∣∣∣
r→rH

=
J2(r2

H + a2)2

∆2
r |r→rH

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

)
E2

0,

h̄1 :
(

dR1

dr

)2
∣∣∣∣∣
r→rH

=
J2(r2

H + a2)2

∆r2|r→rH

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

)
E1

2.

(51)

From the equations satisfied by the radial actions corresponding to h̄n, it can be inferred
that there exists a certain proportional relationship between R±

i and R±
0 . Therefore, the

total energy E can be rewritten as

E = E0 +
∞

∑
i=1

αi h̄
i

Sbh
E0 (52)

The total radial action can be rewritten as

R̃± =

(
1 +

∞

∑
i=1

βi h̄
i

Sbh

)
R±

0 (53)
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The proportionality coefficients αi and βi in Equations (52) and (53) are both dimensionless.
To modify the entropy of this black hole, we can express the scaling factors of R±

i and R±
0

as βi h̄
i

Sbh
. Therefore, according to the first law of black hole thermodynamics, the equation

satisfied by the Bekenstein–Hawking entropy S̃BH of this black hole with h̄ perturbation
corrections is approximately

dS̃BH =
dM − ΩdJ − QdV

TH

(
1 +

∞

∑
i=1

βi h̄
i

Sbh

)−1

=
dM − ΩdJ − QdV

Th

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2
(

1 −
∞

∑
i=1

βi h̄
i

Sbh

) (54)

where Th is the Hawking temperature at the event horizon of the black hole before Lorentz-
breaking corrections are applied. Rewrite Equation (39) as

TH = Th

(
1 + 2a′ + 2λc2

r

1 + 2a′ + 2λc2
t

)
(55)

Integrate both sides of Equation (54), noting Thd Sbh = dM − ΩdJ − QdV, and we obtain

S̃BH =
∫

dSbh

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2
(

1 −
∞

∑
i=1

βi h̄
i

Sbh

)

=

(
1 + 2a′ + 2λc2

t
1 + 2a′ + 2λc2

r

) 1
2 (

Sbh − βi h̄
i ln Sbh + · · ·

) (56)

The first term on the right-hand side of this equation represents the Bekenstein–Hawking
entropy in the semiclassical theory of gravity, while the second term and subsequent terms
represent the results of quantum perturbation theory corrections. It is evident that the black
hole entropy after quantum corrections is not only dependent on the results of semiclassical
theory but also on the Planck constant.

4. Discussion

Based on the research above, the Bekenstein–Hawking entropy of this black hole,
denoted as Sbh in Equation (47), represents the entropy without any modifications. When
considering the corrections due to Lorentz-breaking fermionic Einstein–aether theory, the
Bekenstein–Hawking entropy of this black hole, denoted as SBH , is derived as shown
in Equation (48). Furthermore, incorporating quantum perturbation correction theories
leads to the Bekenstein–Hawking entropy of this black hole, denoted as S̃BH , as given
in Equation (56). The investigation of Bekenstein–Hawking entropy for different black
holes remains a meaningful endeavor, emphasizing the ongoing relevance of research into
topics such as black hole entropy, black hole information, and black hole thermodynamics.
Equation (14) is a modified form of the dynamics equation for spin-1/2 fermions in semiclas-
sical theory, which includes Lorentz-breaking correction terms. By studying this equation
in the spacetime of the black hole, we obtain Hawking temperature TH and Bekenstein-
Hawking entropy SBH of the HNUTKN black hole, which are results of semiclassical
theory that include the effects of Lorentz-breaking corrections. Equations (53) and (56)
both consider the results after quantum corrections, which go beyond semiclassical theory.
Clearly, the entropy of this black hole is not only related to a′, λ, Ct, and Cr, but also to
h̄i. Equation (56) is the modified expression for the entropy of this black hole. The black
hole studied in this paper possesses the characteristics of a general stationary black hole.
Therefore, the series of results obtained above include relevant results for specific cases
such as Kerr black holes and Kerr–Newman–de Sitter black holes. The HNUTKN black
hole also has a cosmological horizon. If we want to study the quantum tunneling radiation
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characteristics at the cosmological horizon of the black hole, we only need to replace rH
with rC in the research methods and the series of results obtained above. From the per-
spective of quantum tunneling radiation, the spatial region that the radiation reaches is
r > rH at the event horizon of this black hole, while the spatial region that the radiation
reaches is r < rC at the cosmological horizon of this black hole. Further discussion is
needed on the physical significance of Equation (35). From the perspective of quantum
tunneling radiation, ω0 represents the chemical potential, which is formed by the rotation
and charge of the black hole. It includes the electromagnetic potential and the rotational
potential, thus determining the quantum tunneling radiation characteristics of this black
hole. From the perspective of quantum non-thermal radiation, ω0 is the maximum value of
the particle Dirac energy level crossing, and this maximum value determines the condition
for quantum non-thermal radiation to occur as m < ω ⩽ ω0. If we want to study the
quantum non-thermal radiation of this black hole, the mathematical expression of the Dirac
energy level must include contributions from the Chiral correction term b′.

It should be further noted that the above research method and conclusions are specific
to the HNUTKN black hole, and, for different types of black holes and fermions with
different spins, specific analyses and research are required. For bosons, the above method
cannot be used to study the modification of black hole entropy, and the modification of the
scalar field action by Lorentz-breaking theory should be considered first. After modifying
the boson dynamic equation on this basis, the particular significance of the black hole
entropy can be analyzed.
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