
Section S1. Changes in real wages 
It can be obtained from equation (10): 

𝑃𝑃𝑗𝑗 = � (𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠/𝛼𝛼𝑗𝑗𝑠𝑠)𝛼𝛼𝑗𝑗
𝑠𝑠𝑆𝑆

𝑠𝑠=1
 (S1) 

According to the definition of changing, take the logarithm of the change in real 
wages and substitute (S1) into the equation,  

𝑙𝑙𝑙𝑙
𝑤𝑤�𝑗𝑗
𝑃𝑃�𝑗𝑗

= 𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 − 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗 = 𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 − 𝑙𝑙𝑙𝑙� �𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠�
𝛼𝛼𝑗𝑗
𝑠𝑠𝑆𝑆

𝑠𝑠=1

= 𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 −� 𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1
𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠

= � 𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1
𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 −� 𝛼𝛼𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1
𝑙𝑙𝑙𝑙𝑃𝑃�𝑛𝑛

𝑗𝑗

= � 𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1
(𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 − 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠) 

(S2) 

The model assumes that free domestic labor moves freely, then we get 𝑤𝑤�𝑗𝑗 =𝑤𝑤�𝑗𝑗𝑠𝑠. Ac-
cording to equation (17), we get 𝑤𝑤�𝑗𝑗𝑠𝑠, 

𝑙𝑙𝑙𝑙𝑐̂𝑐𝑗𝑗𝑠𝑠 = 𝑙𝑙𝑙𝑙 �𝑤𝑤�𝑗𝑗
𝛾𝛾𝑗𝑗
𝑠𝑠

∏ 𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟
𝛾𝛾𝑗𝑗
𝑟𝑟𝑟𝑟

𝑆𝑆
𝑟𝑟=1 � = 𝛾𝛾𝑗𝑗𝑠𝑠𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 + 𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟 ∑ 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟𝑆𝑆

𝑟𝑟=1    (S3) 

It can be obtained by converting： 

𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 = 1
𝛾𝛾𝑗𝑗
𝑠𝑠 𝑙𝑙𝑙𝑙𝑐̂𝑐𝑗𝑗𝑠𝑠 − 𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟/𝛾𝛾𝑗𝑗𝑠𝑠 ∑ 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟𝑆𝑆

𝑟𝑟=1    (S4) 

The expression for 𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 can be obtained from Equation (21): 

𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 = �
𝑐𝑐𝑗̂𝑗
𝑠𝑠κ�𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠

𝑃𝑃�𝑗𝑗
𝑠𝑠𝑠𝑠 �

−𝜃𝜃𝑠𝑠

   (S5) 

And then it takes the log of both sides, 

𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 = 𝑙𝑙𝑙𝑙 �
𝑐̂𝑐𝑗𝑗𝑠𝑠κ�𝑗𝑗𝑗𝑗

𝑠𝑠𝑠𝑠

𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠
�
−𝜃𝜃𝑠𝑠

= −𝜃𝜃𝑠𝑠𝑙𝑙𝑙𝑙𝑐̂𝑐𝑗𝑗𝑠𝑠−𝜃𝜃𝑠𝑠𝑙𝑙𝑙𝑙κ�𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠 + 𝜃𝜃𝑠𝑠𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠 (S6) 

so we get: 

𝑙𝑙𝑙𝑙𝑐̂𝑐𝑗𝑗𝑠𝑠 = −
1
𝜃𝜃𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 − 𝑙𝑙𝑙𝑙κ�𝑗𝑗𝑗𝑗

𝑠𝑠𝑠𝑠 + 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠 (S7) 

Then we put 𝑙𝑙𝑙𝑙 𝑤𝑤�𝑛𝑛
𝑃𝑃�𝑛𝑛

 into it: 



𝑙𝑙𝑙𝑙
𝑤𝑤�𝑛𝑛
𝑃𝑃�𝑛𝑛

= � 𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1
(𝑙𝑙𝑙𝑙𝑤𝑤�𝑗𝑗 − 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠) = � 𝛼𝛼𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1
�

1
𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙𝑐̂𝑐𝑗𝑗𝑠𝑠 −

𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
� 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑆𝑆

𝑟𝑟=1
− 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠�

= � 𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1
�

1
𝛾𝛾𝑗𝑗𝑠𝑠
�
−1
𝜃𝜃𝑠𝑠

𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 − 𝑙𝑙𝑙𝑙κ�𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠 + 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠� −

𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
� 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑆𝑆

𝑟𝑟=1

− 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠�

= � (
−𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
1
𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 +

𝛼𝛼𝑗𝑗𝑠𝑠�1 − 𝛾𝛾𝑗𝑗𝑠𝑠�
𝛾𝛾𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1
𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠 − 𝛼𝛼𝑗𝑗𝑠𝑠

𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
� 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑆𝑆

𝑟𝑟=1
)

= −�
𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
1
𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 +

𝑆𝑆

𝑠𝑠=1
� 𝛼𝛼𝑗𝑗𝑠𝑠

𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
(𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠 −� 𝑙𝑙𝑙𝑙𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑆𝑆

𝑟𝑟=1
)

𝑆𝑆

𝑠𝑠=1

= −� (
𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
1
𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 +

𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 −

𝑆𝑆

𝑠𝑠=1

𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠)

−� 𝛼𝛼𝑗𝑗𝑠𝑠
𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙�

𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

= −�
𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠

𝑆𝑆

𝑠𝑠=1

−�
𝛼𝛼𝑗𝑗𝑠𝑠

𝜃𝜃𝑠𝑠
1 − 𝛾𝛾𝑗𝑗𝑠𝑠

𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙𝜋𝜋�𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 −

𝑆𝑆

𝑠𝑠=1
� 𝛼𝛼𝑗𝑗𝑠𝑠

𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟

𝛾𝛾𝑗𝑗𝑠𝑠
𝑙𝑙𝑙𝑙�

𝑃𝑃�𝑗𝑗𝑟𝑟𝑟𝑟

𝑃𝑃�𝑗𝑗𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1
 

(S8) 

Proof finished. 
 

Section S2. The derivation of welfare  
According to equation (15), we obtain country 𝑗𝑗’s income:    

𝐼𝐼𝑗𝑗 = 𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗 + 𝑅𝑅𝑗𝑗 + 𝐷𝐷𝑗𝑗 (S9) 

Log-linearize the welfare 

𝑙𝑙𝑙𝑙W𝑗𝑗 = 𝑙𝑙𝑙𝑙𝐼𝐼𝑗𝑗 − 𝑙𝑙𝑙𝑙𝑃𝑃𝑗𝑗  (S10) 

We differentiate it to get: 

𝑑𝑑𝑑𝑑𝑑𝑑W𝑗𝑗 = 𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼𝑗𝑗 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 =
𝑑𝑑𝐼𝐼𝑗𝑗
𝐼𝐼𝑗𝑗
− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 =

𝑑𝑑�𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗 + 𝑅𝑅𝑗𝑗 + 𝐷𝐷𝑗𝑗�
𝐼𝐼𝑗𝑗

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗

=
𝑑𝑑�𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗�

𝐼𝐼𝑗𝑗
+
𝑑𝑑𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗

+
𝑑𝑑𝐷𝐷𝑗𝑗
𝐼𝐼𝑗𝑗

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗

=
𝑤𝑤𝑗𝑗𝑑𝑑𝐿𝐿𝑗𝑗 + 𝐿𝐿𝑗𝑗𝑑𝑑𝑤𝑤𝑗𝑗

𝐼𝐼𝑗𝑗
+
𝑑𝑑𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗

+
𝑑𝑑𝐷𝐷𝑗𝑗
𝐼𝐼𝑗𝑗

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 =
𝐿𝐿𝑗𝑗𝑑𝑑𝑤𝑤𝑗𝑗
𝐼𝐼𝑗𝑗

+
𝑑𝑑𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗
𝑑𝑑𝑑𝑑𝑑𝑑𝑅𝑅𝑗𝑗 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗  

(S11) 

From equation 
𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗
𝑑𝑑𝑑𝑑𝑑𝑑𝑅𝑅𝑗𝑗 =

𝑑𝑑𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗

 above, 𝑅𝑅𝑗𝑗 = ∑ ∑ 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝐽𝐽

𝑖𝑖=1
𝑆𝑆
𝑠𝑠=1 +

∑ ∑ ∑ 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑆𝑆

𝑟𝑟=1
𝐽𝐽
𝑖𝑖=1

𝑆𝑆
𝑠𝑠=1 , We further represent the import and export share of country 𝑗𝑗 

to sector 𝑠𝑠, where 𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠 represents final imports from sector 𝑠𝑠 of country 𝑖𝑖 and 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠 =

𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗
𝜋𝜋𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

1+𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠. 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠 represents the import of intermediate products from country 𝑖𝑖, sector s 

for the production of sector 𝑟𝑟  in country 𝑗𝑗  and 𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠 = ∑ 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑆𝑆
𝑟𝑟=1 = ∑ 𝛾𝛾𝑗𝑗𝑠𝑠𝑠𝑠𝑌𝑌𝑗𝑗𝑟𝑟

𝜋𝜋𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

1+𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝑆𝑆
𝑟𝑟=1 . 

With export of final goods 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠 = 𝛼𝛼𝑖𝑖𝑠𝑠𝐼𝐼𝑖𝑖
𝜋𝜋𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠

1+𝜏𝜏𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠 from country 𝑗𝑗, sector𝑠𝑠, export of interme-

diate 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠 = ∑ 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑆𝑆
𝑟𝑟=1 = ∑

𝜋𝜋𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠

1+𝜏𝜏𝑗𝑗𝑗𝑗
𝑠𝑠𝑠𝑠 𝛾𝛾𝑖𝑖𝑠𝑠𝑠𝑠𝑌𝑌𝑖𝑖𝑟𝑟𝑆𝑆

𝑟𝑟=1  from country 𝑗𝑗, sector s, we obtain 



𝑑𝑑𝑅𝑅𝑗𝑗 = 𝑑𝑑 ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑟𝑟

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

�

= ��𝑑𝑑�𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠�

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑑𝑑(𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠)

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= ��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ��𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑

𝐽𝐽

𝑖𝑖=1

𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= ��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ��𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑

𝐽𝐽

𝑖𝑖=1

𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= ��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ��𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗
𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑑𝑑𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠 1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= ��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ��𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗
𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑑𝑑(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

)
𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠 1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑑𝑑(1 +

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= ��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ �𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗�𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

 

(S12) 

With 𝑃𝑃𝑗𝑗 = ∏ (𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠/𝛼𝛼𝑗𝑗𝑠𝑠)𝛼𝛼𝑗𝑗
𝑠𝑠𝑆𝑆

𝑠𝑠=1  and 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 , 

𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 = 𝑑𝑑 �𝑙𝑙𝑙𝑙 �� (𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠/𝛼𝛼𝑗𝑗𝑠𝑠)𝛼𝛼𝑗𝑗
𝑠𝑠𝑆𝑆

𝑠𝑠=1
�� = 𝑑𝑑 ��𝛼𝛼𝑗𝑗𝑠𝑠𝑙𝑙𝑙𝑙𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠

𝑆𝑆

𝑠𝑠=1

−�𝛼𝛼𝑗𝑗𝑠𝑠𝑙𝑙𝑙𝑙𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1

�

= �𝛼𝛼𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠
𝑆𝑆

𝑠𝑠=1

−�𝛼𝛼𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝛼𝛼𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1

= �𝛼𝛼𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠
𝑆𝑆

𝑠𝑠=1

 

(S13) 

From 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟 = 𝐴𝐴𝑟𝑟 �∑ 𝑇𝑇𝑖𝑖𝑟𝑟�𝑐𝑐𝑖𝑖𝑟𝑟κ𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟�
−𝜃𝜃𝑟𝑟𝐽𝐽

𝑖𝑖=1 �
− 1
𝜃𝜃𝑟𝑟 and 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 =

𝑇𝑇𝑖𝑖
𝑠𝑠�𝑐𝑐𝑖𝑖

𝑠𝑠κ𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠

∑ 𝑇𝑇𝑖𝑖
𝑠𝑠�𝑐𝑐𝑖𝑖

𝑠𝑠κ𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽
𝑖𝑖=1

, we can get: 



𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑑𝑑𝑑𝑑 �𝐴𝐴𝑠𝑠 �� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
�
− 1
𝜃𝜃𝑠𝑠
�

= 𝑑𝑑 �𝑙𝑙𝑙𝑙𝐴𝐴𝑠𝑠 + (−
1
𝜃𝜃𝑠𝑠

)𝑙𝑙𝑙𝑙� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
�

= 𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝑠𝑠 + �−
1
𝜃𝜃𝑠𝑠
� 𝑑𝑑𝑑𝑑𝑑𝑑(� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
)

= 𝑑𝑑𝐴𝐴𝑠𝑠/𝐴𝐴𝑠𝑠 + �−
1
𝜃𝜃𝑠𝑠
� 𝑑𝑑(� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
)/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= �−
1
𝜃𝜃𝑠𝑠
� 𝑑𝑑(� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝐹𝐹�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
)/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= �−
1
𝜃𝜃𝑠𝑠
� (� �𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑇𝑇𝑖𝑖𝑠𝑠

+ � 𝑇𝑇𝑖𝑖𝑠𝑠𝑑𝑑�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠)

𝐽𝐽

𝑖𝑖=1
/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= �−
1
𝜃𝜃𝑠𝑠
� (� 𝑇𝑇𝑖𝑖𝑠𝑠𝑑𝑑�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠)
𝐽𝐽

𝑖𝑖=1
/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= �−
1
𝜃𝜃𝑠𝑠
� (� 𝑇𝑇𝑖𝑖𝑠𝑠(𝑑𝑑𝑑𝑑𝑑𝑑 ��𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠� ∗
𝐽𝐽

𝑖𝑖=1
��𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠�

/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= �−
1
𝜃𝜃𝑠𝑠
� (� (−𝜃𝜃𝑠𝑠) 𝑑𝑑𝑑𝑑𝑑𝑑�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� ∗

𝐽𝐽

𝑖𝑖=1
�𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠�)

/� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= � 𝑑𝑑�𝑙𝑙𝑙𝑙𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑙𝑙𝑙𝑙κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� ∗
𝐽𝐽

𝑖𝑖=1
�𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

−𝜃𝜃𝑠𝑠� /� 𝑇𝑇𝑖𝑖𝑠𝑠�𝑐𝑐𝑖𝑖𝑠𝑠κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�
−𝜃𝜃𝑠𝑠𝐽𝐽

𝑖𝑖=1

= � 𝑑𝑑�𝑙𝑙𝑙𝑙𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑙𝑙𝑙𝑙κ𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� ∗
𝐽𝐽

𝑖𝑖=1
𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 = � 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1
�𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� 

(S14) 

As 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠 = ∑ 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝐽𝐽
𝑖𝑖=1 �𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� ,we obtain 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 = ∑ 𝛼𝛼𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠𝑆𝑆

𝑠𝑠=1 =
∑ 𝛼𝛼𝑗𝑗𝑠𝑠 ∑ 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽
𝑖𝑖=1 �𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�𝑆𝑆

𝑠𝑠=1 , the same with 𝑑𝑑 𝑙𝑙𝑙𝑙 𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠 = ∑ 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝐽𝐽
𝑖𝑖=1 �𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠� 

and 𝑐𝑐𝑗𝑗𝑠𝑠 = γ𝑗𝑗
𝑠𝑠𝑤𝑤𝑗𝑗

𝛾𝛾𝑗𝑗
𝑠𝑠

∏ 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟
𝛾𝛾𝑗𝑗
𝑟𝑟𝑟𝑟𝑆𝑆

𝑟𝑟=1 . we get: 

𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠 = 𝑑𝑑𝑑𝑑𝑑𝑑 �γ𝑗𝑗
𝑠𝑠𝑤𝑤𝑗𝑗

𝛾𝛾𝑗𝑗
𝑠𝑠

� 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟
𝛾𝛾𝑗𝑗
𝑟𝑟𝑟𝑟𝑆𝑆

𝑟𝑟=1
� = 𝑑𝑑 �𝑙𝑙𝑙𝑙γ𝑗𝑗

𝑠𝑠 + 𝑙𝑙𝑙𝑙𝑤𝑤𝑗𝑗
𝛾𝛾𝑗𝑗
𝑠𝑠

+ � ln𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟
𝛾𝛾𝑗𝑗
𝑟𝑟𝑟𝑟

𝑆𝑆

𝑟𝑟=1

�

= 𝑑𝑑𝑑𝑑𝑑𝑑γ𝑗𝑗
𝑠𝑠 + 𝑑𝑑 �𝛾𝛾𝑗𝑗𝑠𝑠𝑙𝑙𝑙𝑙𝑤𝑤𝑗𝑗 + �𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟 𝑙𝑙𝑙𝑙 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟

𝑆𝑆

𝑠𝑠=1

�

= 𝛾𝛾𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑤𝑤𝑗𝑗 + �𝛾𝛾𝑗𝑗𝑟𝑟𝑟𝑟𝑑𝑑 𝑙𝑙𝑙𝑙 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟
𝑆𝑆

𝑟𝑟=1

 

(S15) 

 

𝑑𝑑𝑑𝑑𝑑𝑑W𝑗𝑗 =
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
𝑅𝑅𝑗𝑗
𝐼𝐼𝑗𝑗
𝑑𝑑𝑑𝑑𝑑𝑑𝑅𝑅𝑗𝑗 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗 =

𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
𝑑𝑑𝑑𝑑𝑗𝑗
𝐼𝐼𝑗𝑗

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑃𝑃𝑗𝑗

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
�𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗�𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

−�𝛼𝛼𝑗𝑗𝑠𝑠� 𝜋𝜋𝑖𝑖𝑗𝑗𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1
�𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

𝑆𝑆

𝑠𝑠=1

 

(S16) 



First, we substitute 𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗, 

𝑙𝑙𝑙𝑙W𝑗𝑗 =
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
�𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗�𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
�𝛼𝛼𝑗𝑗𝑠𝑠𝐼𝐼𝑗𝑗� 𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1
�𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠 + 𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�

𝑆𝑆

𝑠𝑠=1

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
�� 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1
(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

 

(S17) 

Second, we obtain export and import: 



𝑑𝑑𝑑𝑑𝑑𝑑W𝑗𝑗 =
1
𝐼𝐼𝑗𝑗
��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠(𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠)

+
1
𝐼𝐼𝑗𝑗
�� (𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠 − 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠

𝑆𝑆

𝑠𝑠=1

)

−
1
𝐼𝐼𝑗𝑗
�� 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1

+
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗

+
1
𝐼𝐼𝑗𝑗
���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ ���𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠(1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠)𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
���𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠�1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
���𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠�1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
���𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
���𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

=
1
𝐼𝐼𝑗𝑗
��𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠(𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠)

+
1
𝐼𝐼𝑗𝑗
�� (𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠 − 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠

𝑆𝑆

𝑠𝑠=1

)

+
1
𝐼𝐼𝑗𝑗
���𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠(𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

− 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠)
𝑆𝑆

𝑠𝑠=1

+
1
𝐼𝐼𝑗𝑗
���(𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠 − 𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠) +
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗

+
1
𝐼𝐼𝑗𝑗
���𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠�1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�(𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠)

−
1
𝐼𝐼𝑗𝑗
�� 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
���𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

 

(S18) 

Then we eliminate the residual term: 

𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
���𝑀𝑀𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠�1 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠�(𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑖𝑖𝑠𝑠)

−
1
𝐼𝐼𝑗𝑗
�� 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠

𝐽𝐽

𝑖𝑖=1
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑠𝑠=1

−
1
𝐼𝐼𝑗𝑗
���𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

= 0 

(S19) 

 



0 =
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
��𝛾𝛾𝑗𝑗𝑠𝑠𝑠𝑠𝑌𝑌𝑗𝑗𝑟𝑟

𝑆𝑆

𝑟𝑟=1

�𝜋𝜋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠(𝑑𝑑𝑑𝑑𝑑𝑑𝜏̃𝜏𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

+ 𝑑𝑑𝑙𝑙𝑙𝑙𝑐𝑐𝑖𝑖𝑠𝑠)

−
1
𝐼𝐼𝑗𝑗
�� ��𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠

𝑆𝑆

𝑟𝑟=1

+ 𝐸𝐸𝑗𝑗𝑗𝑗𝑠𝑠𝑠𝑠� 𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠
𝐽𝐽

𝑖𝑖=1

𝑆𝑆

𝑠𝑠=1

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 +
1
𝐼𝐼𝑗𝑗
��𝛾𝛾𝑗𝑗𝑠𝑠𝑠𝑠𝑌𝑌𝑗𝑗𝑟𝑟

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

𝑑𝑑 𝑙𝑙𝑙𝑙 𝑃𝑃𝑗𝑗𝑠𝑠𝑠𝑠

−
1
𝐼𝐼𝑗𝑗
�𝑌𝑌𝑗𝑗𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠
𝑆𝑆

𝑠𝑠=1

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗

−
1
𝐼𝐼𝑗𝑗
�𝛾𝛾𝑗𝑗𝑠𝑠𝑌𝑌𝑗𝑗𝑠𝑠(

1
𝛾𝛾𝑗𝑗𝑠𝑠
𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑗𝑗𝑠𝑠 −�

𝛾𝛾𝑗𝑗𝑠𝑠𝑠𝑠

𝛾𝛾𝑗𝑗𝑠𝑠

𝑆𝑆

𝑟𝑟=1

𝑆𝑆

𝑠𝑠=1

𝑑𝑑 𝑙𝑙𝑙𝑙 𝑃𝑃𝑗𝑗𝑟𝑟𝑟𝑟)

=
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 −
𝑤𝑤𝑗𝑗𝐿𝐿𝑗𝑗
𝐼𝐼𝑗𝑗

𝑑𝑑𝑙𝑙𝑙𝑙𝑙𝑙𝑗𝑗 = 0 

(S20) 

Proof finished. 
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