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Supplementary A Detailed calculations
Equation (7) is
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By using equation (6), it is obtained
1
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From equation (A.2), it is determined the value of ] is given by
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Here, it is considered that the value of { is given in the following form
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The initial stock Q is
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The first partial derivative of equation (A.5) with respect to W is
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(A.6)

The first partial derivative of equation (A.5) with respect to B is
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The second partial derivative of equation (A.5) with respect to W is
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The second partial derivative of equation (A.5) with respect to B is
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The cross partial derivative of equation (A.7) with respect to W is
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The first partial derivative of the holding cost with respect to B is
Ochol Ochol; ~ Ochol,
=h +
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The second partial derivative of the holding cost with respect to B is
chol _ }{azchol1 . 620h012]

oB* oB? oB?

(A7)

(A.8)

(A.9)
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(A.12)

The expressions of the first and second derivatives for cholj and chol, with respect to B are given below.
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The first partial derivative of the holding cost with respect to W is
Ochol Ocholy  Ocholy
=h +
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The second partial derivative of the holding cost with respect to W is
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o’ wr  aw?

2 2 B2 2 2 2
2200, 2, M (Y O (2] a4

OB 0B

(A.13)

(A.14)

The expressions of the first and second derivatives for cholj and chol, with respect to W are given bellow
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The first partial derivative of the holding cost with respect to T is

ochol _ Ochol, N Ochol, (A.15)
oT oT oT
The second partial derivative of the holding cost respect to T is
2 2 2
0°chol _h 0~chol +6 choly (A.16)
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The expressions of the first and second derivatives for cholj and chol, with respect to T are given bellow
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Interest earned for Case 1
The first partial derivative of the interest earned for Case 1 with respect to W is

3_ a3
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(A.17)
The second partial derivative of interest earned for Case 1 with respect to W is
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The first partial derivative of the interest earned for Case 1 with respect to B is
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So, the second partial derivative is also zero.
The first partial derivative of the interest earned for Case 1 with respect T is

JE _, (A.20)

oT

So, the second partial derivative is also zero.

Interest earned for Case 2
The first partial derivative of the interest earne for Case 2 with respect to Wiis
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The second partial derivative of interest earned for Case 2 with respect to W is
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The first partial derivative of the interest earned for Case 2 with respect to B is
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The second partial derivative of the interest earned for Case 2 with of respect to B is
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The first partial derivative of the interest earned for Case 2 with respect to T is
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The partial derivative of equation (A.25) with respect to T is
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Interest earned for Case 3
The first partial derivative of the interest earned for Case 3 with respect to W is

2175 —pl, aﬁ(Wz;B)ﬂ_l {%(Mz —N2)—é(M3 _A3 )} (A.27)

The second partial derivative of interest earned for Case 3 with respect to Wis
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The first partial derivative of the interest earned for Case 3 with respect to B is
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The second partial derivative of interest earned for Case 3 with respect to B is
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The first partial derivative of the interest earned for Case 3 with respect to T'is
9dE _ (A.31)
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So, the second partial derivative of interest earned is zero.
Interest earned of Case 4

The first partial derivative of the interest earned for Case 4 with respect to W is
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(A.32)

The second partial derivative of the interest earned for Case 4 with respect to W is
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The first partial derivative of the interest earned for Case 4 with respect to B is
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The second partial derivative of the interest earned for Case 4 with respect to B is
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The first partial derivative of the interest earned for Case 4 with respect to T is
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The second partial derivative of the interest earned for Case 4 with respect to B is
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Interest earned of Case 5



Sustainability 2021, 13, 13493

6 of 18

The first partial derivative of the interest earned for Case 5 with respect to W is

The second partial derivative of the interest earned for Case 5 with respect to W is
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The first partial derivative of the interest earned for Case 5 with respect to B is
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The second partial derivative of the interest earned for Case 5 with respect to B is
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The first partial derivative of the interest earned for Case 5 with respect to T is
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The partial derivative of the interest earned for Case 5 with respect to B is
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Interest paid of Case 1

The first partial derivative of the interest paid for Case 1 with respect to W is
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The second partial derivative of interest paid for Case 1 with respect to W is
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The first partial derivative of the interest paid for Case 1 with respect to B is
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The second partial derivative of interest paid for Case 1 with respect to B is
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The first partial derivative of the interest paid for Case 1 with respect to T is
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The second partial derivative of interest paid for Case 1 with respect to T is
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Interest paid for Case 2
The first partial derivative of the interest paid for Case 2 with respect to W is
T-M
ap_ ., (I-M) (A.50)
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The second partial derivative of the interest paid for Case 2 with respect to W is
2
o, (A51)
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The first partial derivative of the interest paid for Case 2 with respect to B is
T-M
ap_ . (I-M) (A52)
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The second partial derivative of the interest paid for Case 2 with respect to B is
2
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The first partial derivative of the interest paid for Case 2 with respect to T is
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The partial derivative of the interest paid for Case 2 with respect to T is
2
owr_, (A.55)
2
or

Interest paid of Case 3

For the Case 3, all the expressions are similar to Case 2.
Interest paid of Case 4 and Case 5.

There is not interest paid.

For shortage (B<0)
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Q=W+aZnﬂ(2mtl—tf)2W

Using the continuity of equations (24) and (25), it is determined

1

1 B2 B _| & (1 B ﬂ) 2 s
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By using equation (27), it is obtained
=
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Solving equation (A.57) for £,
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It is only considered the following value of £,
-5
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Substitute the value of f, into equation (A.58), hence
2 1-p
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as)  a(1-p)
The initial stock Qis
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The first partial derivative of equation (A.60) with respect to B is
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The second partial derivative of equation (A.60) with respect to B is
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The cross partial derivative of equation (A.61) with respect to W is
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The first partial derivative of (A.60) with respect to W is
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The second partial derivative of equation (A.60) with respect to W is
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The first partial derivative of the holding cost with respect to B is
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The secodn partial derivative of the holding cost with respect to B is
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The expressions of the first and second derivatives for cholj and chol, with respect to B are given below.
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The first partial derivative of the holding cost with respect to W is
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The expressions of the first and second derivatives for cholj and chol, with respect to W are given bellow
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The first partial derivative of the holding cost with respect to T is
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The second partial derivative of the holding cost with respect to T is
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The expressions of the first and second derivatives for cholj and chol, with respect to T are given bellow
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The first partial derivatives of the shortage cost with respect to W and T are
ocsho _ Oand ocsho _0 (A.72)
ow oT
So, the second partial derivatives with respect to W and T are also zero.
The first partial derivative of the shortage cost with respect to B is
Jesho _ cpB (A73)
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The second partial derivative of the shortage cost with respect to B is
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The first partial derivatives of the lost sale cost with respect to W and T are
docls _ o and docls _ 0 (A.75)
ow or
So, the second partial derivatives with respect to W and T are also zero.
The first partial derivative of the lost sale cost with respect to B is
1-6
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The second partial derivative of the lost sale cost with respect to B is
aZOCIS _ (A.77)
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Interest earned for Case 6
The details derivation of interest earned for Case 6 is similar as without shortage case.
Interest earned for Case 7
The first partial derivative of the interest earned for Case 7 with respect to Wis
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The first partial derivative of the interest earned for Case 7 with respect to B is
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The first partial derivative of the interest earned for Case 7 with respect to T is
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The second partial derivative of the interest earned for Case 7 with respect to B is
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Interest earned for Case 8

The first partial derivative of the interest earn for case-3 with respect to W is
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The second partial derivative of the interest earned for Case 8 with respect to W is
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The first partial derivative of the interest earned for Case 8 with respect to B is
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So, the second partial derivative is zero.

The first partial derivative of the interest earned for Case 8 with respect to T is
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So, the second partial derivative of interest earn is equal to 0.

Interest earned of Case 9

The partial derivative of the interest earned for Case 9 with respect to W is
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The first partial derivative of the interest earned for Case 9 with respect to B is
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The second partial derivative of the the interest earned for Case 9 with respect to B is
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The partial derivative of the interest earn for Case 9 with respect to T is
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Interest earned of Case 10

The first partial derivative of the interest earned for Case 10 with respect to W is
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The second partial derivative of the interest earned for Case 10 with respect to W is
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The first partial derivative of the interest earned for Case 10 with respect to B is
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The second partial derivative of the interest earned for Case 10 with respect to B is
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The first partial derivative of the interest earned for Case 10 with respect to T is
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The partial derivative of the equation (A.98) with respect to B is
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Interest paid of Case 6

The first partial derivative of the interest paid for Case 6 with respect to W is

(A.90)

(A.91)

(A.92)

(A.93)

(A.94)

(A.95)

(A.96)

(A.97)

(A.98)

(A.99)
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_aﬂWﬁ_l 3 3 aw? 2 o aﬂWﬁ_l 2 2 Y] 61‘1
ap_ .| 6m (-2 )+ m Taw T 2 (17~ M)-aw Py W (A.100)
=c, B
ow +@(tl M)+Q on M,i[%,ﬁj
oW 2 2\law ow
The second partial derivative of interest paid for Case 6 with respect to W is
ﬂ(ﬁ I)Wﬂ 2( M3) P! " o Wﬂ 71+aWﬁ (3’1]
6m om oW om ow w
w2 o 1 o
2 Rl ap(p-1)w” ( a2} aﬂWﬂl " (A.101)
H—c[ 2m oW 2
27 7P
W _aWﬁ(ﬁj iy O +@(1 m+2@ﬁ+ Lf(at _ﬁ]
w Lon? owaow = ow? \ow ow
widn o
2(an? ow? ]
The first partial derivative of the interest paid for Case 6 with respect to B is
wh
{ 2&1 Py <) 6Q(t1—M)+ o _ [512 &lj}(T—lz)
ai)—c 2m | OB YoB " o 0B 2\0oB OB (A.102)
B s s -
oW (3 o3\ W (o o W(t—n)|an
| M |-t —-M" )+ O - M) +———L 2
o (3-40)- 2730 2
The second partial derivative of interest paid for Case 6 with respect to B is
P p 2 2 2 i
Uil Wilks R Wﬂ(%j Py T 0Q 0
m 0B 2m ' oB? oB oB* 0B 1)
L0000 W(dn P 2
BB ~oB* 2\ oB* oB? (A.103)
2 wh
o If =cl,| 20— 2% Py D 9y )+Q%—K(%—%j &
B om ' OB OB 0B B 2\aB oB)|oB
i 5\ a5 o W(t-n)| &%
{ - (1 M) T(tl -M )+Q(z1—M)+T —
The first partial derivative of the interest paid for Case 6 with respect to T is
{ wh 2 on WPy L oy 6Q M)+ Q __(%_%j}(ptz)
oIP . om ' or 8T orT or 2\or or (A.104)

——=d,

or {aWﬂ
+

m

(f13 —M3)—#(ﬁz —M2)+Q(t1 —M)+—W(t2_t1)

2

10-%)

The second partial derivative of interest paid for Case 6 with respect to T is
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[ aw? B o2 2 2 2
a [1 %+%ﬁ2%_aWﬂ(%j _aWﬁtl M+67Q(tl _M)
m 0T 2m = or? or or? 2 (T—1)
-t
o0 3 W[ ’
oT oT ~or? 2\ o1? or? (A.105)
2 B
OIP_op | a2 iy 0,9, 7M)+Q%7K[%7%J (kaﬁj
or* * 2m ~ oT or or or 2\er or or
WP s s P, W(n-n)|
_{m(zl M )—T(tl M )+Q(z1 e
Interest paid for Case 7
The first partial derivative of the interest paid for Case 7 with respect to W is
ty—M)(T—t
ar_ . (-M)(T-1) (A.106)
ow 7 2
The second partial derivative of interest paid for Case 7 with respect to W is
2
P, (A.107)
2
ow
The first partial derivative of the interest paid for Case 7 with respect to B is
oP _ W Oty oty
5=C1p7{(T_t2)£_(t2_M)£} (A.108)
AP _ o Woir o a2
) {T-2ty-M} 5
The second partial derivative of interest paid for Case 7 with respect to B is
2 2 2
TIP_ o W o %2 iy - T2
o> 72| \oB 0B
(A.109)
The first partial derivative of the interest paid for Case 7 with respect to T is
oIP w on, on,
P op W lr—i)) 22 (1 —a)[1-22 (A.110)
A (AL R
The second partial derivative of interest paid for Case 7 with respect to T is
(A.111)

2 2 2
P _y W{[l_%j%@_,z)&_%(l_%)%_M)%

ot |\ orJor or2 or\ or or?

Interest paid of Case 8
For the interst paid of Case 8 all the expressions are similar to Case 7.
Interest paid of Case 9 and Case 10

There is not interest paid.

|
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Supplementary B. Proof of Theorem 1

For any given value of W and B, the first and second partial derivatives of equation (A.4) with respect to T are as follows:

%: m—-T
oT -8 _ pl-p
2m|\WF -B
)
a(1-§)
%:—m_T>O
or m—t1
Ot
&:—(m—tn)—(m—T)j
or? (m-1)’
—(m—t)~(m-T)"=D)
T
or? (m—1)

The first partial derivative of equation (A.5) with respect to T is

6_Q_aWﬁ

-T
po - (m )>0

The second partial derivative of equation (A.5) with respect to T is

2 B
070 _ aW <

¥ _ 0
or? m

yi(T) :p(Q—B)+SB+IE—cQ—co —chol —IP—uW

and
f(r)y=T>0
therefore,
YD) ‘_
qT)=""=>=Z(p,B,T) fori=1,...5
S)

Differentiate of equation (B.6) with respect to T,

WiT) _ ()22, O _dchol dIP
or or oT oT orT
Differentiate the equation (B.9) with respect to T,

62y,~(T):( _6)@+621E o%chol  *IP

or? or* or* or? or?

2 B 2 2 2
(T

ay,(2 )_ (p_c)aW 0 12E+achzol+6 15
or m or*  or* or

2y _

or?

(B.1)

(B.2)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

Therefore, if JI>C then 8%y,(1) . O.Hence, yl(T) is a strictly concave for (i=1,..,5), differentiable and nonnegative func-

or?

tion. As aresult, if ;.o then 7pgy p 1) is a strictly pseudo-concave function of T. Therefore, there exists a unique op-

timal solution.
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Supplementary C. Finding the optimal solution of the cycle length 7".
From equation (B.6) to (B.7),

70 _ (CI)
2 _ e, B,
S WnED

Differentiate equation (C.1) with respect to T is

(1)
STRW.BT) __or (D) (C2)
orT T 72
From equation (C.2) the necessary and sufficient condition to obtain the value of 7"is OTRW,B,T) —¢0- Thus,
or
oy;(T) C3
T2 =0 (C.3)
o Vi
If J;>0 then
oy;(T) C4
T2 =y (T (C4)
o i)
Supplementary D. Proof of Corollary 1
Differentiate equation (A.4) with respect to B and W,
o _ -1 72m(1—ﬂ)B,ﬂ}
Z : 2m(W1ﬂ_Blﬂ){ «(1-4) (D.1)
2 (m —T) +W
on L ——
B a(m-14)B”
aty _ -1 2m(1-g)ywF
w 2m(W'P -5 a(1-p) (D.2)
2l(m-1p+——
a(1-4)
—m
S——
a(m-n)?
Differentiate equation (D.1) with respect to B,
—B-1 | 30
2y | )BT B ﬂ@% (D.3)
B a (m—fl)z
Differentiate equation (D.1) with respect to W,
62t1 _ -m? (D.4)
B " (1) (a0
Differentiate equation (D.2) with respect to W,
R f—’;y (D.5)

ow a (m-n)*
From equations (A.7), (A.8), (A.9), and (A.10) is

g% _ (V;]ﬂ 0 (D.6)
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_ M_l]_ W
2o P&t} st0-m o)
= <0
an? w2
20 —pwP
7o_-pr’ (D.8)
2 A1
o _prtt (D.9)
oweB  BF
For any given value of T,
TRV .B.T) = 2 X (p.5) (D.10)
where
X,(W,B)=p(Q—B)+SB+IE—cQ—c,—chol —[P—ulV (D.11)

Differentiate the equation (D.11) with respect to B is

KW B) (200 o OIE ochol oIP (D.12)
0B 0B

Differentiate equation (D.12) with respect to B is

_PX,W,B)
oB?

2 2 2 2
(p-) 22, QIE_Fchol 2P (D.13)

L.
o8> o0B* 0B 0B

1

Differentiate equation (D.12) with respect to W is

2 2 2 2 2
K _oU,w.B) ~(p—) 0°0 N 0°IE  0°chol 0°IP (D.14)
OBowW OBOW  OBOW  OBOW  OBOW
Differentiate equation (D.11) with respect to W is
XV B) _(p— )02  OIE_ Ochol 0OIP (D.15)
ow ow ow ow oW
Differentiate equation (D.15) with respect to W is
2 2 2 2 2
w, EXWB) (PO P Feol 1P (0.16)

ow? owr ow*  ow*  ow?
Supplementary E. Proof of Theorem 2.

Using the equations (D.13), (D.14), and (D.16), we cansay L;<0,M; <Oand LM, - K? > 0. For a given value of T, the

Hessian matrix of the profit function is negative definite.

2 2
o*X,(W.B) &*X,(W,B)

G oWoB {L,- K,~i| (E.D)
o*x,w,B) x,w,B)| LK M;
OWoB ow?

Then the profit functions TR(W,B,T) are strictly concave in E and W. Therefore, there exists a unique optimal solution.



