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Supplementary Materials: Non-Invasive Blood Flow Speed
Measurement Using Optics
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Starting from the Helmholtz equation:

(V2 +KG(7,T) = — %) (S1)
in which
k= jW(t) (S2)

Later on we will see that the imaginary number would change the regular bessel function
to a modified bessel function and it’s linear combinations. It’s solution will not exhibit
oscilation behaviour but will be an exponential function.

The total field would be a linear combination of the incident field and the scattered field,
denoted as Gj and Gj. Let’s first look at the scattered field.

Gi(7,7) = GI"(7,7) + G (7, 7) (S3)

1. Scattered Field, Homogeneous Solution

And the scattered field would follow the homogeneous form of equation (S1):

[VZ+K2|G(7,7) =0 (S4)

As illustrated in Figure S1, we choose the x-axis as the cylinder direction and we assume
the cylinder length is infinite. And equation (S4) becomes a 2d helmholtz equation, and
can be expressed in polar coordinates(y-z plane) utilizing the symmetry property of the
cylinder.

The solution can be obtained using the separation of variable[1]:

1= 91(r)2(0) (S5)

And this 7 is the radial component under the new coordinate system which is a different
from the 7 in the previous equations. The laplacian under polar coordinates can be written

as:
9Gs¢ aZGsc
V3G = 18( ! > 22 (S6)

ror\| or 2 0902

Substituting back into equation (54):

2
1§{r§rwl <r>¢2<e>}} + LENOROL 2y o) =0 ©

After re-arranging the terms, the above equation can be written as:

P12 () dr 2(0)  do?

7’2 dqul r % + k21’2 _ 1 dzlpz(e) (SS)


https://doi.org/10.3390/s22030897
https://orcid.org/0000-0002-3218-8322

Sensors 2022, 22, 897. https:/ /doi.org/10.3390/s22030897 52 of S8

Region O (Tissue):
QOutside the circle.

out f
Dout! WU! km Hg s Hg

Region 1 (Blood Vessel):
Inside the circle

Diﬂ’ W1, klr .Iugiznr .u;m.

Figure S1. This figure is an illustration of the geometry used for numerical calculation using a plane
illumination from the top surface. The coordinate system in this figure is polar coordinate, the center
r = 0 is located at the center of the blood vessel. The region inside the circle represents the blood
vessel, the area outside the circle represents the tissue which is semi-infinite.As defined previously,
D= 31@ is photon diffusivity with unit of meter and y}, is the reduced scattering coefficient, yi, is the
absorption coefficient with unit of m~1, k and W is wavevector defined in equation (S1) and (S2).
Subscript and superscript of "in" and "out" denotes whether it’s inside the blood vessel or outside of
the blood vessel

Use separation of variable for equation (S8), the LHS is only a function of » and RHS is only
a function of 6. Define a constant m:

1 dzle(G) . 5
@) a0z " )
rr dy rodyr 50 2
l/)] (7’) d7’2 + lp] (7’) ? + kr*=m (510)
The solution for equation (S9) is: '
¥2(0) = ™ (S11)

Applying the periodical condition, i.e. ((0) = 12(6 + 27) . So m will has to be an integer.
Equation (S10) can be written as:

2
rzd f:Z(r) + rdl’b;r(r) + (kPr* —m?)p(r) =0 (512)

The solution to the above equation can be written in the form of Bessel functions:

LA (7) = AuJm (kr) + By Yo (kr) (513)

In which, [, and Y}, is the Bessel function of the first kind of order m and Bessel function
of the second kind of order m. And A,,, By, are constants depending on the boundary
condition.

Equation (S13) can also be written as the combination of Hankel functions:

1(r) = CuHY (kr) + Dy HY (kr) (S14)
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in which, the Hankel functions are a combination of Bessel functions:

HY (kr) = Jon(kr) + You (Kr) (S15)

which is called the Hankel function of the first kind of order m.

HY (kr) = J(kr) — Yo (kr) (S16)

which is called the Hankel function of the second kind of order m. And the constants have
the following relation: A, = Cy, + Dy, By = j(Ciw — D)
Combine the solution and all the possible values of m, the scattered field can be written as:

Gi'(r,0,7) = m:ioo em? [AmJm(kr) + By Yo (kr)] (517)

m=—oco
Or in the form of Hankel function:

m=+oo
G(r,0,1)= Y. &"(CyuHY (kr) + DyuHY (kr)] (S18)

m=—o0o

The above equation can be simplified due to a physical constraint of the scalar wave
satisfying helmholtz equation proposed by German Physicist Sommerfeld. It basically
means, the scalar wave must radiates its energy to the infinity, not the other way, no
energy may radiate coming from infinity which can be mathematically expressed as the
Sommerfeld Far field condition[2]:

. o e
Jlim Vr(5- — jR)GE = (519)

The asymptotic expression of the two Hankel functions when the argument (kr) goes to
infinity can be written as [3]:
) (1) — ]2 jlkr—ima—T)
Hy'(kr) = ) —==¢/\" 2 z 2
m (kr) kr (520)

H,(”Z) (kr) = \/ge]'(kré’””ﬂ (521)

Using Sommerfeld condition as in equation (519), with a simple derivative, we can easily
find that the Hankel function of the second kind does not satisfy the Sommerfeld far field
condition. In other words, in equation (518), coefficient D,, has to be zero.

So, the scattered field can be simplified as:

m=-4oo
G(r,6,T) = Y. e™[CuHY (kr)] (S22)

m=—0oo

Now, since the k inside and outside the cylinder is different: k; which would represent
the moving scatters and ko which is the static scatters outside the vessel. Let’s assume the
vessel/cylinder radius is a. So k = kg when v > a and k = k; whenr < a.


https://doi.org/10.3390/s22030897

Sensors 2022, 22, 897. https:/ /doi.org/10.3390/s22030897 54 of S8

2. Plane Wave Illumination

The plane wave illumination is assuming an uniform illumination of plane wave on
top of the surface. As light scatters when the photon enters the medium, the source term
would be the un-scattered photon.

We choose the direction of wave propagation as Z-axis. A plane wave can be written as the
following form [4] using the Jacobi-Anger expansion:

. m=-00
ezkrcos Z ] k?’ elmb (S1)

m=—0o0

S(7) will be replaced by Sg exp[jk:(d — z)] = So exp(jkid) exp(—jksr cos(6)), in which k; =
jut, in which p; is the total scattering cross section, 4 is the depth of the vessel from the
surface of tissue where the plane wave incident from and Sy is the source intensity.

In order to find the inhomogeneous solution, let

Gi”(r,f)) = ASpexpljki(d — z)]

(52)
= ASpexp(—pd) exp(piz)

And A is unknown, substitute the above equation into the following equation(diffusion
equation):

5(7)

(V2 + )Gy (7,7) = — (S3)

|

Since it’s the diffusion equation for the outside medium, the above equation can be written
as:

out S(?)
vzt 6,50 = - S4
[ Dout] 1( ) Dout ( )
A can be found out to be: .
A= —p— (S5)
Ha — Uy Doyt
The inhomogeneous solution can then be written as:
: d
Gin(r,0) = Mexp(mz)
#a — 17 Dout
= Bexp(uz) (S6)
m=-+o0 .
=B Y " Jm(—ker)e™
m=—oo
The total solution can be written as:
m=-+o0 1 .
Grout(r,0,7) = Y Bj"Ju(—ker) + CrHYy (kor)]e™ (S7)
m=—oo

For the field inside the vessel/cylinder, we use equation (517) instead of the Hankel function.
Immediately, we can see that B, = 0 as the Bessel function of second kind, Y}, diverges
when r approaching 0. So the scattered wave inside the cylinder is:

m=-+oo

Grin(r,0,7) = Y ™ ApJu(kr) (S8)

m=—0oQ
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2.1. Boundary Condition

The boundary condition requires the photon density or the correlation function to
be continuous at the cylinder boundary and also the flux to be continuous normal to the
boundary and it can be expressed as follows[5,6]:

Gl,in (al 91 T) = Gl,out (ﬂ, 9/ T) (89)
And:
090Gy, (1,0, T oG r,0,T
Din Lm(';r ) = Doutgl'oug(r ) (510)
r=a r=a
The above two boundary conditions can be written as:
m=-+4oo m=+-00 (1) ,
Z e]meAm]m(k1a> = Z [Bjm]m(_kta) + CnHp (k0a>]e]m9 (S11)
m=—oo m=—oo
And,
" 0 / =t a7t /(1) imé
Dink1 Z "™ Ay (k1a) = Dout Z [—Bktj" Iy (—kta) + koCmHyy / (koa) €™ (S12)
m=—0o m=—oo
The above relation is valid for all m and 6, and thus, it can be reduced to:
AnJm(k1a) = B Ju(~kia) + CuHyy (Koa) (513)
DinklAm];n(kla) = _DoutBktjm]m( kta) =+ Doutkocm ( )(k a) (814)
From the above two equations, A;; and C;; can be solved as:
o Domkofm<—kta>H i (koa> + Doutkt ]}y (—kea) Hyy (ko)
Ap = Bj - (515)
DoutkoJm (kia) Hit (koa) — Dk T3y (k1a) HYy (Koa)
Cm — B]m Dinkljil’n(kla) ( ktﬂ) + DOHtkt]m(kla)]m(( ) ktﬂ) (816)
DoutkO]m (kla) (kOa) - Dinkljm (kla) m (koll)

For our interest, since the term of the incident field is not T dependent, we can only look at
the the scattered field outside the cylinder:

m=-+0o0

G ou(r0,0) = Y CuHY (kor)el™ (S17)
Mm=—00
Substitute in C,;:
m=-+oo i ! ! (_ .
Gi out 1, 6, T Z B m Dmkljm(kla)] El)kta) + Doutkt]m(klﬂ)]m((l) kt(l) H,(ﬂl) (kor)e]me
m=—oo DoutkO]m(kl ) (ko&l) Dinklﬁn(kla)Hm (koﬂ)

(S18)

2.2. Solution Simplification

The above equation can be simplified using the following recurrence relation:

fon(x) = (=1)"fu(x) (519)
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Rewrite equation (S57):

m=-+o0 . / .
Gl out r,0, T 2 Bj 1M Dmkl]m(kla) /((1 kta) +Doutkt]m(kla)] ((1) kl‘a) H;Sql)(kor)f?]me
m=—00 DoutkoJm (kla) (koﬂ) - Dinkljm (kla)Hm (k0a>
_3 Djk1Jy(k1a) Jo(—ksa) + Doutktfo(kw)]f)(—ktﬂ) H( )(k ")
- 0
Dowkofo(kra) Hy (koa) — Dk (k1a) Hy' (koa)
mtee Dk ]l (k1a) I (—kia) 4+ DoutktJm kea
By 1(1)/&1)@ outkeJm (k1 )E)t)H,Si)(kor)
m=1 DoutkO]m(kla)Hm (kOa) Dmkllm( ) m (koﬂ)
[ejm9_|_ (_1)mefjm9]
(520)
The derivative can be replaced by the reccurence relation as follows:
m
Fa®) = " () = fi () (s21)
. . (1)
In which, the function f could be [, (x), Hp,’ (x)
In particular, when m = 0:
folx) = —fi(x) (522)

equation (S20) can then be written as:

Gl out(r,0,T)  Dink1J§(kia)Jo(—kea) + DoutkeJo(kia) Jo (—kea) 1)
B 0 1, Ho (kor)
Doutkofo(kla)Ho (koa) — Dink1Jg(kia)Hy ’ (koa)

iny .m Dinkl]r,n(kla)]m(_kta) + Doutkt]m(kla)]‘%(_kfa)
+ X @ , 0

m=1 DoutkOIm(kla)Hm (koa)_Dinklfm(kla)Hm (k0a>
[ejm9_|_ (_1)mefjm6}
_ —Dinklh(klﬂ)fo( kia) — Doutkt]0<kla)]l(()kta) Hél)(kor)

—DoutkoJo(kia)Hy M (koa) + Dykr Jy (kia)Hy ' (koa)
T Dmkl[m]m(kl )~ T (610) (ko) + Doutkt]m (k1) [ =iz Jm(—kea) — Jins1(—ksa)]
=1 " Doutkolm (k1) [ Hyy (koa) — Hiy )y (Koa)] — Dkt [{2 Jn (K1) = Jur41(kna)] Hiy (koa)
Hy (kor) [ 4 (=1)"e "]

HY (kor)

+

(S23)

From the above equation, we can see that only the zeroth order and even order will be
non-zero. Also, due to the small value of the argument, after computing the remaining
even series, the 2nd order will already be 5-6 order magnitude lower than the zeroth order.
So In the remaining part, we will only retain the zeroth order.

ko and kq are pure imaginary, and kg = jWp, and k; = jW;(7), we will need the following
modified bessel function which would show no oscillations. Again, I changed the upper
case K to W to avoid confusion between modified bessel function of the second kind.

Jn(jx) = j" I (x) (S24)
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and: )
Hy(jx) = =" K () (525)

The zeroth order term can be then written as:

DjnkiJ§(kia)Jo(—kia) + DoutktJo(k1a) Jy (—kea) HO (k
i) ; 0) o (ko)
DoutkoJo(k1a)Hy ~ (koa) — Dinklfo(klﬂ)H ) (koa)
_Dyky Jy (k kea) — DoutktJo (k k
_ 11 ( 1ﬂ)]o(() 1) tkeJo( 101)11E1 ta) HY (kor) (S26)
_DoutkO]O(kla)H (kO‘Z) + Dznklh (kla)H() ( )

_ _DinWihh(Wia)lo(—p4a) + Doutpelo(Wra) l (—piea)
—DoutWOIo(WllZ)Kl(Woa) melll(Wla)KO(WOa)

Ko(Wor)

So the scattered correlation function containing only the zeroth order will be:

Djy W1 Iy (W1a)Io(—psa) + Doutptelo(Wra) I (—pusa)
—DoutWolo(W1a)Ky (Woa) — Dj W11 (Wia) Ko(Woa)

Gi,out(rl 9/ T) =B KO(WOY) (827)

The total measured field will be:

D;, W11 (W]H)Io(_}lta> + Daut,utIO(Wla)Il(_#ta)

G r,0,T) = Bex z)+ B
Lout (1,0, ) p(mz) " DoutWolo(W1a) Ky (Woa) — Dy Wi I (Wi a) Ko (Woa)

Ko(Wor)
(S28)

We can make one approximation to simplify the above equation, in the numerator, typically,

the first term will be order magnitude larger than the second term. Therefore, in order to

understand the underlining physics better, we will drop the second term and the above
equation becomes:

D;, W1l (Wia)Io(—pa)

G ,0,T) =B B Ky (W,
1,01/11‘(1’ T) eXP(VtZ) + _DoutWOIO(Wla)Kl(WOIZ) — DinW1I](W1ﬂ)KO(W0a) O( Or)
_ Djlo(—pa)
= Bexp(psz) + B PRl (Wod) — DrKolT a)KO(WOr)
om;W]h(Wlu) 1 0 ind\NO 0
DjyIo(—puea)
~ Bexp(u;z) — B L Ko(Wor
P(# ) Doutwilu + DinKO(WOH) ( )
So exp(—ped) DinIo(—pira)
B Wa — V%Dout - Doui‘L + D; KO(WOQ) KO(WOY)
Wia in
(529)
In which,
1
Wi(r) = \/ i+ 083 (r2(0)) (530)
out
Wo =/ L (S31)

Dout

For motion caused by convective flow, the above equation could be rewritten as:

Wi(t) = \/Dl [pin + 3y’k2 V212 = /¢ + bt? (S32)
m
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Define the following T independent function to simplify the equation

f1 = exp(—pd) Diy Io(—pra) Ko(Wor) (833)

f2 = D Ko(Woa) (S34)

Then, the normalized correlation function can be written as:

|

G1,out (7’/ 6, T) W{ELg)ﬂ th
r,0,T) = =~ = S35
gl( ) Gl,out(r/ 0, 0) 1— f ( )

Doyt
w1($u=0)a +h

The above equation can be written in the form of:

1—g1(r,a,6,0)

R+ q1(ra,0,09) (536)

g1(r,a,0,7) =

It can be found out that:

g1(r,a,0,00) = l — fl] ll — % (S37)

T(a\ﬁfZ + Dout)
af2(VbT? +c— /)
~ (ﬂ\ﬁf2 + Dout)

afy Vb
\/E

Tr =

(S38)

%

in
1 vy [ 25 (S39)

And k) is the wave vector value at wavelength A.
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