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1. Analytic development of degenerate four-wave mixing in hybrid waveguides

The goal of this section is to derive simple analytical expressions to roughly estimate
the conditions upon which the idler power generated during degenerate four-wave experi-
ments could be increased using dielectric waveguides partially covered by graphene. More
generally, this derivation is actually valid for any 2D material that is locally integrated into
an otherwise passive photonic circuit. Besides, while these considerations are detailed for
four-wave mixing processes, similar trends could be found for other x(®) based nonlinear
processes. The associated geometry is that of a waveguide formed of multiple consecutive
sections with distinct (loss and nonlinear response) properties.

1.1. General model

For a uniform waveguide of nonlinear coefficient v, the amplitude A; = \/P; of the
idler signal (related to its power P;) generated from degenerate four-wave mixing between
a pump and probe signals of powers P, and P;, respectively, can be roughly approximated,
upon neglecting dispersion, as a function of the waveguide length L, the effective length
L.fs and the linear losses a by:

Aj = ’)’Pp\/FsLefff%L (1)

Next, for a waveguide composed of consecutive sections k of distinct loss aj and
nonlinear coefficient -y, the total idler amplitude A; generated at the output of the entire
waveguide is:

%y Ly
Aj = Z('Ykpp\/ﬁsLeff,kHe 2 L’HE 21L’> (S2)

3 i<k I>k
For each section k:

®  Lessi is the effective length of the section k
3
*  Ilj<ke 7' Li accounts for the absorption of the pump and the probe in the previous
sectionsal
o [liske 2Li accounts for the absorption of the idler generated along the section k and
the subsequent ones
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Figure S1. Schematic of the waveguide partially covered with graphene. The three consecutive
sections of the waveguides are as follows: dielectric - graphene/dielectric - dielectric.

1.2. Application to the hybrid 2D material/ dielectric waveguide

In our experiments, we have three consecutive sections of variable length, with the
middle one coated with graphene, as shown in figure S1.

In this case, the idler signal A; generated by the degenerate four-wave mixing process
across the entire waveguide takes the form:
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Yrbare 15 the nonlinear coefficient of the bare waveguide without 2D material, and ay,,, its
linear propagation loss. In order to simplify our equations further, we neglect the role of the
first section of Si3N, without 2D material, which just adds an offset to the overall nonlinear
effect measured across the entire waveguide, and is independent of the 2D material length
variations studied here.

Taking thus into account only the 2D material covered section (Ljypi¢) and the subse-
quent bare Si3Ny section (Ly,y, on figure S1), we obtain:

1 . .
Ai = ’Yhyhridpp v/ Ps Leff,hybride_ 2 ["‘hybridLhybrzd+"‘bareLbare]

age 1 L (S4)
+’Ybarepp LV PSL@ff,bareeij[ X hybrid Lhybrid +bare hure]
By using the notation P = P,+/Ps, we obtain:
1
Ai = YnybridPLef f hypriae * [@hybria Liybria +Xpare Lare] )

+’YbarePLeff baree_% [30‘11ybridLhybrid"'“bareLbare}

In order to evaluate the conditions upon which graphene, or more generally a 2D

material, might provide a net positive nonlinear effect on the global structure, we evaluate
L A

the quantity 5 e

” and seek when it is positive. To simplify the expression of this derivative,
1

we assume that the effective length of the third section (consisting of the bare Si3N, right
after the 2D material covered section), L,ff pare, is constant and does not depend on the



varying 2D material length. This is a reasonable assumption since the 2D material length is
typically much shorter than the waveguide length after the hybrid section. This leads to:
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Back in the expression of 57—— Lz b —, we have:

0A: a, 3 nybrid ) 1 "‘hybrzd
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hybrid (89)
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In the following sections, we distinguish two cases, depending on the sign of the
hybrid waveguide nonlinear response: Yuyprig > 0 and yuyprig < 0. In both cases, the

quantity 5 L w111 be used in order to evaluate the variation of the idler signal generated

by the ent1re wavegulde as a function of the hybrid length.

We will also examine the conditions upon which there is a maximum in the A; curve

as a function of the 2D material length Ly, 4, given by the condition ag{% =0
ybri
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1.2.1. Case Ypypria > 0

If we first consider that the 2D material nonlinear response is positive, we obtain
QA;

two distinct situations for the evolution of A;, depending on the sign of the FTm— which
ybri

are represented in figure S2. Indeed, a given 2D material can either enhance the idler

generation ( 94, — > O) or reduce it ( aA", < 0) because of the losses it induces.
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Figure S2. Idler amplitude A; generated by four-wave mixing versus 2D material length for Yhybrid >

0. If aLa, Ab" - > 0, there is a 2D material length that induces a net maximum increase of the idler
hybri
aA,‘

ILpybria
not compensate for its loss penalty ; whatever the 2D material length, there will be a systematic

generated along the waveguide. If < 0, the nonlinear effect induced by the 2D material does

reduction of the net idler signal generated across the entire waveguide (assuming apyprig > ®pare)-

Assuming that aLiAbi — > 0, we can estimate the position of the inflection point cor-
v
responding to 5 LiAhi — = 0 using the expression 510. This gives the length of 2D material
ybri

(noted L,Ty“lj‘ri 4 on figure 52), which maximizes the overall nonlinear effect of the entire
waveguide, for a given set of parameters:

1 YbareXhybrid Leff,bare
Liybria = P log (3 <1 - - (511)
ybrid Yhybrid

The existence of such an optimum length actually implies that it holds a real and
positive value, i.e.



log <3 (1 . 7bare“hybridLeff,bare>> >0
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This condition shows that the potential of 2D materials patches to benefit the overall
nonlinear effect of the entire waveguide simply depends on the ratio of the nonlinear
parameters with and without the 2D material with respect to the ratio of the associated
linear losses (ayyprid / @pare) Since Lo pare asymptotically reaches 1/ay,, for an increasingly
long bare waveguide.

While this case y,prig > 0 does not seem to directly apply to graphene, according
to our results and some reports from the literature, it could become relevant to other 2D
materials, such as graphene oxide, for which the nonlinearity was found to be positive [? ].

1.2.2. Case Yhybrid < 0

If we consider yppig < 0, things are slightly more complicated since we have to
differentiate three cases, represented in figure S3. First, it is easy to show that the idler
signal starts decreasing upon increasing the 2D material length for all three cases. Then, in
order to obtain a net positive contribution of the 2D material to the overall idler generation,

IA,
9Lhybrid
of Lyyprig for which A;(Lyypria) < —Ai(Luypria = 0). The fulfilment of the latter condition
enables us to differentiate the case (3) from the case (2) as depicted in figure S2. Note that
this condition translates the fact that the overall idler signal power provided by the entire
waveguide partially covered with 2D material is greater than that provided by the sole bare
waveguide.

we do not only need to have an inflection point (

= (), but also to have a range
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Figure S3. Illustration of the three cases associated with 74,4 < 0. (1) The 2D material nonlinearity
is too weak, and the idler generated along the hybrid section does not cancel the idler generated
along the bare dielectric section, providing a monotonous decrease of the idler for increasing 2D
material length. (2) The idler generated along the bare dielectric section is canceled by the opposite
contribution from the hybrid section, but the idler signal generated by this hybrid section is not
enough to exceed the idler power of the bare dielectric waveguide. (3) The nonlinearity of the hybrid
section is strong enough to first compensate for the opposite idler contribution provided by the bare
dielectric section, and then to further generate an idler that exceeds the one generated without 2D
material until loss along the hybrid section eventually gives rise to a decrease of the idler signal
towards longer length.

In this case, the inflection point given by 5 LiAbi = 0 still occurs for:
Y

rid
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In order to find the conditions leading to a net increase of idler with the 2D material,
we need to evaluate A;(Lyyprig) :
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obtained from the bare waveguide without 2D material. This leads to compare:
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To find the threshold for which the 2D material starts inducing a net positive effect on
the idler generation, we combine equation 513 and equation S15, such that A; (Lhybrid,max) <

—Ai(Luybria = 0)-
To do that, we introduce the negative nonlinearity to loss ratio:

- Yhybrid
Ybare Leff,bure“hybrid

This allows us to write equation S13 and S15 as:

—%nybrid Lhybrid —nybrid Lhybrid + Zhybrid Lyypria
Of1—e yoria=hy +e " Y +e 2 Y <0

Lpery = si-tlog (3(1- &)

Injecting the expression of LZ"fh’ii , into the inequality, we obtain the following condition:

(S16)
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If this condition is fulfilled, the idler power generated by the entire waveguide will
evolve as a function of L4, as shown in figure 54 (associated with the case (3) of figure
S3). In this case, the hybrid section of length Ly prig,max Will just be able to induce a net
increase of the idler power generated by the whole waveguide. While figure S4 thus shows
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Figure S4. Idler power generated across the entire waveguide as a function of the graphene length
for vpyprig < 0, assuming the limit case where 77"51”” = =3 X Leff pare®nybrid- The idler power reaches
a minimum of 0 when the contribution of the bare and hybrid sections cancel out, before it increases
up to P; = Pi(Lyypria = 0) for LZ”y“bxn 4+ For longer hybrid lengths, the 2D material absorption reduces

the idler power, limiting its positive impact.

the trend for 2 — _3 % [, £ bareXnybrid, higher values of |ypyprig| would further increase
the maximum reached at Lyypria = Lhybrl 4+ In addition, figure S5 shows the evolution of the

optimal hybrid length, Lhm”hxn .- and the corresponding maximum idler power (relative to

the case without 2D rnaterlal) generated for negative 7y pig-

; ; ; ; — 12 &
2

«+ Positive impact thresold 410 %
=]

s
18 =

=)

5

- 6 E

&

"Yasng, an ’5
. .....lllllllIIIIIIIIIIIIIIIIII; 4 E

=

on

12 E

=

=

5

10 &

o

E=

t

I I I I I 22 8

0 50 100 150 200 250 300
|’Yhybridl/'.ybare

Figure S5. On the blue axis (left), optimal Ly piqg = LZ’;,J’;i 4 and on the orange axis (right) the
corresponding idler power relative to the case without any 2D material, as a function of the ratio
Yhybrid / Ybare for negative values of 7y, piq. We consider here a product L, ¢£ pare X @pyprig = 32. Pump
and probe power are 1 W each.

This analysis shows that, for the case yjp/i¢ < 0 too, the local addition of 2D material
onto a dielectric waveguide with a positive nonlinear coefficient is conducive to increase
the net nonlinear effect afforded by the entire waveguide. Again, the related condition
involves the two ratios associated with (1) the nonlinear coefficients of the waveguide with
and without the 2D material, and (2) the related loss ratio. However, the derived condition
is more stringent on the values of 7,4, with respect to the case ypig > 0, due to the
opposite contributions from the bare waveguide section and the hybrid one coated with
the 2D material.
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