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In theoretical analysis, according to the momentum theorem, the change of total mo-
mentum [ per unit time in imbibition process equals to the resultant force acting on the
fluid. For a horizontally placed porous medium, the gravity can be neglected, and the
momentum equation is,

—=F -F
dt "

s
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where £ is the capillary force, F" is the viscous force and t is time.

The imbibition of hydrophilic Newtonian fluid in three common paper shapes are
investigated. The three paper shapes are rectangular paper strips, fan-shaped paper sheets
with different angles and circular paper sheets as shown in Figure 1(a) of the paper, and
all of them are the homogeneous, isotropic and planar porous media.

1. The imbibition of hydrophilic Newtonian fluid in rectangular paper strips
For rectangular paper strips, assume that the thickness of the paper strip is 6, the
width is W, and the porosity is 1. For a imbibition length x at a certain time ¢, the infini-
tesimal control volume at the 1 position is investigated as shown in Figure 1(b) of the
paper, where the length of the control volume is dx, . The mass of the control volume is,
dm, = pWondx, (52)

The corresponding velocities at the M and x positions are,

v, =v(x)=—2",

v=v(x)=—1.

dr

Take the modeling method of the small circle cross-sectional pore as an example, as-

sume that the pore volume of the infinitesimal control volume with dx, length is equal
to the total volume of all #N1 small circular cross-sectional pores, where 1 is the number
of small circle layers in the thickness direction, and N1 is the number of small circle layers
in the width direction, as shown in Figure 1(c) of the paper. Since the thickness of the
paper medium is uniform, so # is constant (for rectangular paper strips, N1 is also constant
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because of the constant width, but for fan-shaped and circular paper sheets, N1 is variable).

Similarly, assume that the pore volume of the infinitesimal control volume with dx
length is equal to the total volume of all nN small circular cross-sectional pores. Then we
have,

Wdx,on = 11N17t(2)2 dx;;
2 (54)

Wdxon = nN7r(§)2 dx.

At a certain time £, the volumetric imbibition flow rate 9 atthe %I position equals
to the volumetric flow rate Q at the x position according to the conservation of flow rate,

D D
0 = nN17r(?)2 v,=0= nNn(?)zv (S5)
The total momentum ! of the flow in the segment with x length is,
I= J‘v]dm1 = Ivlp Wondx, (S6)
0 0
According to Equations (S2), (53) and (56), the total momentum I is p Waﬂxv. As-

sume that the contact angle is 0, the capillary force for one small circle cross section pore
is,

F.=nDocos0,(i=1,2,---,nN) (S7)
Combine with Equation (S4), the total capillary force is,
4Wono cost

F. =nNF, =190 (S8)

The total viscous force of the flow in the segment with x length can be derived using

the parallel method. In the segment of dx, length, the flow resistance for one small circle
cross section pore is,

128 u .
de=del,(j:1,2,"',nN1) (89)
According to the parallel method, we have,
) S10
1 _ 1 + 1 R 1 :7rD Nl,(k:l,2,---,n) (
dR, 4 dR, dR, dRy,  128udx, )
So,
128 udx (11
dR, 4 =——+,(k=1,2,---,n
hydk 71'D4N1 ( ) )
Again, according to the parallel method,
1 1 1 1 zD*nN, (512
= + +ooet = :
dRhyd dRhydl dRhde dRhydn 128 udx,

hyd

So, the flow resistance for the infinitesimal control volume with dx, length

is,
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_ 128 udx, (513
M aD*aN, )
Based on Equations (S5) and (S13), the pressure drop dp, for the infinitesimal con-

trol volume with dxl length is,

32 uvdx (S14
dp, =dR, .0, = —z1 )
Then the viscous force for the infinitesimal control volume is,
D, (815
dr, = dplann(?) = 8munNvdx, )

F
So, combine with Equation (S4), the total viscous force ~# of the flow in the seg-
ment with x length is,

p 32Wudnxv (816
F, = ! dF, === \
Finally, the momentum equation becomes,
d(pWonxv) _ 4AWona cos®  32Wudnxv (517
d D D? )
L . . . t=0,x=x . .
The initial condition of Equation (517) is, 0, and its solution is,
1 S18
x=_[2C[t+—(e @ =D)]+x, ( :
G
oD cosf 32u
O s O T
where H PE
The imbibition velocity can be got by derivation:
jodr_Ga-e) 51
dt X )
The volumetric flow rate Q is,
D (S20
0= nNn(E)zv =Wonv )

2. The imbibition of hydrophilic Newtonian fluid in fan-shaped paper sheets

For fan-shaped paper sheets, assume that the thickness of the paper sheet is 0, the
angle is a (in radians), and the porosity is 1. When the imbibition length is r at a certain

time ¢, the infinitesimal control volume at the h position is considered as shown in Fig-

d

ures 1(a) and 1(b) of the paper, where the length of the control volume is "I The mass
of the control volume is,

(S21
dm, = ponor,dr, )

The corresponding velocities at the I and r positions are,
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dr,
Vl _Vl(rl)_a7 (822
dr )
v=w(r)=—.
dr
Take the modeling method of the small circle cross-sectional pore as an example, as-

dr,

sume that the pore volume of the infinitesimal control volume with ~'! length is equal
to the total volume of all #N1 small circular cross-sectional pores, where n is the number
of small circle layers in the thickness direction, and N1 is the number of small circle layers
in the width direction, as shown in Figure S1(c). Similarly, assume that the pore volume

of the infinitesimal control volume with d7 length is equal to the total volume of all nN
small circular cross-sectional pores. Then we have,

D
onar,dr, = nN 1”(?)2(1’”1; (523

onardr = nN7r(§)2 dr.

At a certain time t, the imbibition volumetric flow rate 9 at the i position equals
to the volumetric flow rate Q at the r position according to the conservation of flow rate,

D D (524
o) :ann(?)z‘ﬁ :Q:nN”(?)ZV )
The total momentum ! of the flow in the segment with radius r is,
, , (525
I = Ivldml = Ivlpénandn )
0 0

According to Equations (S21), (523), (S24) and (525), the total momentum I is

2
ponar V. Assume that the contact angle is 0, the capillary force for one small circle
cross section pore is,

. (S26
F.=nDocos0,(i=1,2,---,nN) )
Combine with Equation (S23), the total capillary force is,
4onoor cost (527
F, =g, = 4010 eost )
D

The total viscous force of the flow in the segment with r length can be derived using

the parallel method. In the segment of dr, length, the flow resistance for one small circle
cross section pore is,

128 . (528
dR, =—Edr, (j=1,2,--,nN,) )

According to the parallel method, we have,

4
2
1 _ 1 + 1 A 1 =7[DN1,(k=1,2,---,n) (529
dR,, dR  dR, dR,,  128udr, )
So,

_ 128udr, B (S30
ARy = b, (=12, 000,m) )

1
Again, according to the parallel method,
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1 1 1 1 zD*nN, (S31
= + oot = :
dRhyd dRhydl dRhyd2 dRhydn 128udn,
So, the flow resistance hyd £or the infinitesimal control volume with drl length
is,
_ 128udr, (S32
M DN, )

Based on Equations (524) and (S32), the pressure drop dp, for the infinitesimal con-

trol volume with dr, length is,
32uv,dr, (833
dp, =dR, 40, = # )
Then the viscous force for the infinitesimal control volume is,
D, (534
df,,, =dpnN 17r(7) = 8munNvdr, )

F
So, combine with Equation (523), The total viscous force ~ # of the flow in the seg-
ment with radius r is,

T _ 32udnar’v (S35
F,= ! dFy =——Fr— )
Finally, the momentum equation becomes,
d(pdnar*v) _ 4dnoarcosd B 32udnar’y (836
dr D D’ )
The initial condition of Equation (S36) is, t=0,r= VO, and it can be simplified as,
d(r? (S37
() =Cy—Cyr’y )
dt
32u 40 cost
C,=—5,.C=——
pD pD

where
The volumetric flow rate Q is,

S38
0= nNn(g)zv = aonrv ( )

3. The imbibition of hydrophilic Newtonian fluid in circular paper sheets

For circular paper sheets, it is the situation of the fan-shaped paper sheets where the
angle is 27t. Assume that the thickness of the paper sheet is 6 and the porosity is . When

the imbibition length is r at a certain time ¢, the infinitesimal control volume at the d
position is considered as shown in Figures 1(a) and 1(b) of the paper, where the length of

d

the control volume is 1. The mass of the control volume is,

(S39

dm, = 2mponrdr, :
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The corresponding velocities at the I and r positions are,

dr,
Vl _Vl(rl)_E7 (84:0
dr )
v=w(r)=—.
dr
Take the modeling method of the small circle cross-sectional pore as an example, as-

sume that the pore volume of the infinitesimal control volume with dr, length is equal
to the total volume of all #N1 small circular cross-sectional pores, where n is the number
of small circle layers in the thickness direction, and N1 is the number of small circle layers
in the width direction, as shown in Figure 1(c) of the paper. Similarly, assume that the

pore volume of the infinitesimal control volume with dr length is equal to the total vol-
ume of all nN small circular cross-sectional pores. Then we have,

D
2mdnrdr, =nNw(=)"dr; 1

2monrdr = nN7t(§)2 dr.

At a certain time ¢, the imbibition flow rate 9 atthe /i position equals to the vol-
umetric flow rate Q at the r position according to the conservation of flow rate,

D D (542
o :ann(?)z‘ﬁ :Q:nN”(?)ZV )
The total momentum ! of the flow in the segment with radius r is,
, t 543
1 =J.vldm1 :Iv12np5nndn ( )
0 0

According to Equations (S39), (541), (S42) and (543), the total momentum I is

2
2mponry . Assume that the contact angle is 0, the capillary force for one small circle
cross section pore is,

. (S44
F.=nDocos0,(i=1,2,---,nN) )
Combine with Equation (S41), the total capillary force is,
8moonr cosd (S45
F =, S0t )

The total viscous force of the flow in the segment with r length can be derived using

the parallel method. In the segment of dr length, the flow resistance for one small circle
cross section pore is,

1280 (546
dR, =——-dn,(j=1,2,---,nN)) )
According to the parallel method, we have,
4 47
1 _ 1 + 1 A 1 =7[D Nl,(k=1,2,---,n) (S
dR,, dR  dR, dR,  128udr, )

So,
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128 udr S48

AR,y =——FN (k=1,2,, ) (
zD*N, )

Again, according to the parallel method,
1 1 1 1 zD*nN, (549
= + ot = )
dRhyd dRhydl dRhydz dRhydn 128 udr
dR
So, the flow resistance byd for the infinitesimal control volume with dr, length
is,

128udr, S50

dR,, = ——F1 (
aD*nN, )

Based on Equations (542) and (S50), the pressure drop dp, for the infinitesimal con-

trol volume with dr length is,

32uv,dr, (S51
dRhdel = Dzl l )
Then the viscous force for the infinitesimal control volume is,
D, (552
df, =dp,nN 17r(3) = 8munNvdr, )

F
So, combine with Equation (S41), The total viscous force ~ * of the flow in the seg-
ment with radius r is,

647[/15171’ v (S53
J‘ ul = DZ )
Finally, the momentum equation becomes,
d(2mponr’v) _ 8modnrcost  64mudnr’y (554
dt D D’ )
The initial condition of Equation (S54) is, t=0,r= 7"0/ and it can be simplified as,
d(r-v (S55
( ) =Cy—Cr’y )
dr

Equation (555) is the same as Equation (S37) of the fluid imbibition in fan-shaped
32 40 cost
C, = Sl C,=——

T2 3
paper sheets, where pD pD
The volumetric flow rate Q is,

S56
0= nN7r(§)2 v =2monrv ( )

4. The modeling methods of the small square and small regular triangle cross-sec-
tional pores, and the corresponding flow rates

For the modeling methods of the small square and small regular triangle cross-sec-
tional pores, it is also assumed that the pore volume of the infinitesimal control volume
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dr,

with 1 length is equal to the total volume of all #N1 small square (or small regular tri-
angle) cross-sectional pores, where 7 is the number of small square (or small regular tri-
angle) layers in the thickness direction, and N1 is the number of small square (or small
regular triangle) layers in the width direction, as shown in Figure 1(c) of the paper. Simi-

larly, assume that the pore volume of the infinitesimal control volume with dr length is
equal to the total volume of all 7N small square (or small regular triangle) cross-sectional
pores.

For the isotropic porous medium with uniform pore size, we can use a large number
of small circular, small square or small regular triangle cross-sectional pores of uniform
size to represent the pores in the infinitesimal control volume. Then the volume of all the
uniform small pores equals to the volume of pores in the infinitesimal control volume.
Because the length of the control volume is infinitely small, theoretical modeling can be
described by encircling a large number of small circles, small squares or small regular
triangles on the corresponding cross section of the infinitesimal control volume, and the
small circle, small square and small regular triangle characterize the area of one pore on
the cross section as shown in Figure 1(c) of the paper. Assume that the diameter of the
small circle is D, the side length of the small square is 4, and the side length of the small
regular triangle is b, then the area of a small circle S., a small square S and a small regular
triangle S. should equal to each other, i.e.,

S, (S57) (6)
or,
(S58
ﬁ(2)2:a2:£b2 )
2 4

The modeling methods of the small square and small regular triangle cross-sectional
pores are similar to that of the small circle cross-sectional pore, and their corresponding
coefficients Ci, C2 and Cs are given in Table 1 of the paper.

As shown in Figure 1(c), for a same paper shape, the total number of the small circles

(nV; )O, small squares (nN); and small regular triangles (),

ing cross section are equal, i.e.,

on the correspond-

(559
(nN,), = (nN,), = (nN,), )

Based on Equations (S57) and (S59), the total flow rate of the three modeling methods

(QO for small circles, O, for small squares and 9, for small regular triangles) equals
to each other, i.e.,

(nN,),S,vy=(nN,),S.,v=(nN,), S, v
or,
0,=0,=0, (S61)

So, the volumetric flow rates of the three modeling methods for a same paper shape
have the same expressions, their results are listed in Table 2 of the paper.

(S60)

5. The Matlab codes for the calculation of the theoretical results
clear all; clc;
delta=0.15*10"(-3);
rho=998.2;
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D=0.45*10"(-6);

eta=0.79;

sigma=0.0728;

mu=0.001005;

theta=55.9*pi/180;

w1=D; w2=D*sqrt(pi)/2; w3=D*sqrt(pi)/3"0.25;
Cl=sigma*w1*cos(theta)/(8*mu);
C2=32*mu/(rho*w1/2);
C3=sigma*w2*cos(theta)/(7.1*mu);
C4=28.4*mu/(rho*w2"2);
C5=3"0.5*sigma*w3*cos(theta)/(20*mu);
C6=80*mu/(rho*w3"2);

x0=0.002;

%% The model result
x=(2*CT*(t+exp(-C2*t)/C2-1/C2)+x0"2)"0.5;
£=2*C1*(t+exp(-C2*t)/C2-1/C2);

%% The numerical result

% main file

[t,r]=ode23s('sss',[0,60],[0.002 0],[],delta,w1,sigma,theta,rho,mu);
k=length(t);

nl=1:1:k;

t=t(nl);

r_l=r(nl,1);

r_2=r(nl,2);

% function file

function du=sss(t,u,dummy,delta,w,sigma,theta,rho,mu)
Cl=4*sigma*cos(theta)/(rho*w); C2=32*mu/(rho*w"2); % small circle
Cl=4*sigma*cos(theta)/(rho*w); C2=28.4*mu/(rtho*w"2); % small square
Cl1=4*sqrt(3)*sigma*cos(theta)/(rtho*w); C2=80*mu/(rtho*w"2); % small triangle
du=[u(2); (C1*u(1)-C2*u(1)"2*u(2)-2*u(1)*u(2)"2)/u(1)"2];

end



