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Nomenclature 

𝐴𝑖,𝑗  Binary interaction  

𝐶𝑝 Specific heat capacity J·K−1·kg−1 

𝐷𝑒𝑎  Mass axial dispersion coefficient m2·s−1 

𝐷𝑚  Molecular diffusion m2·s−1 

𝑀𝑖 Molecular Weight g·mol−1 

𝑃𝑐,𝑖  Critical Pressure bar 

𝑇𝑐,𝑖  Critical Temperature K 

𝑑𝑝 Catalyst particle diameter m 

𝑘𝑠ℎ𝑒𝑙𝑙  Shell thermal conductivity W∙m−1∙K−1 

𝑡𝑠ℎ𝑒𝑙𝑙  Shell thickness m 

𝑢0 Superficial gas velocity m·s-1 

𝑦𝑖  Molar fraction of species i  

ℎ Convective thermal coefficient W∙m−2∙K−1 

𝐴 Cross section area m2 

𝐷 Diameter m 

𝐿 Reactor length m 

𝑃 Total pressure Pa 

𝑇 Temperature K 

𝑈 Global Coefficient of heat transfer W·m−2·K−1 

𝑟 Reactor radius m 

𝑣 Atomic diffusion volume cm3∙mol−1 

𝑧 Dimensionless axial coordinate Dimensionless 

𝜆𝑒𝑎  Heat axial dispersion coefficient  W·m−1·K−1 

𝜆 Thermal conductivity  W·m−1·K−1 

𝛷𝑖,𝑗  Binary term  

𝜇 Viscosity Pa·s 

𝜌 Density kg·m−3 

  



 

 

Physical Properties 

To solve the kinetic model the mass axial dispersion coefficient Dea, the heat axial 

dispersion coefficient λea, the specific heat capacity Cp,f , the fluid viscosity μf and the global 

coefficient of heat transfer U need to be obtained. These properties were calculated for 200 

equidistant points along the reactor length as a function of the mixture composition, tem-

perature, and pressure. Furthermore, as seen in the membrane reactor model (Section 2.1), 

the properties were calculated both for the retentate and the permeate zones of the mem-

brane reactor. 

To calculate Dea, λea, Cp,f and μf, it was firstly necessary to consider the thermodynamic 

properties of all species involved, which are presented in Table S1. The properties consid-

ered in the table are the molecular weight Mi, the critical temperature Tc,i, and the critical 

pressure Pc,i. 

Table S1. Thermodynamic properties for the species considered [1]. 

 𝑴𝒊 / 𝐠 ∙ 𝐦𝐨𝐥−𝟏 𝑻𝒄,𝒊 / 𝐊 𝑷𝒄,𝒊 / 𝐛𝐚𝐫 

𝐂𝐎𝟐 44.01 304.2 73.88 
𝐇𝟐 2.02 33.19 13.13 

𝐇𝟐𝐎 18.02 647.1 220.55 
𝐂𝐇𝟒 16.04 190.7 46.00 
𝐍𝟐 28.01 126.2 34.00 

Employing the thermodynamic properties presented the following dimensionless 

numbers (Reynolds, Prandtl and Schmidt) were calculated for the fluid mixture according 

to Equations S1, S2 and S3 [1]. 

Re =
ρf × u0 × dp

μf

 
(S1) 

𝑃𝑟 =
𝜇𝑓 × 𝐶𝑝,𝑓

𝜆𝑓

 (S2) 

𝑆𝑐 =
𝜇𝑓

𝜌𝑓 × 𝐷𝑚

 (S3) 

The thermal conductivity of the fluid mixture is represented by 𝜆𝑓 and 𝐷𝑚 stands 

for the molecular diffusion of the fluid mixture, estimated using Equation S4 [2]. 

Dm = ∑ Dm,i × yi

5

i=1

 (S4) 

In the previous equation, 𝐷𝑚,𝑖 is the molecular diffusion of the species 𝑖, determined 

by Equation S5 [2]. 

Dm,i =
1 − yi

∑
yj

Di,j

5
j=1

 
(S5) 

In this equation, 𝐷𝑖,𝑗 represents the binary diffusivity for the species 𝑖 and 𝑗, and is 

calculated by the Fuller method (Equation S6) with T in kelvin, P in atmospheres and Mi 

in g∙mol−1 [1]. 

Di,j =

10−3 × T1.75 (
1

Mi
+

1
Mj

)

P ∙ ((∑ v)i
1/3

+ (∑ v)j
1/3

)
2 (S6) 

The sum of the atomic diffusion volumes for species 𝑖  and 𝑗  is represented by 
(∑ 𝑣)𝑖 and (∑ 𝑣)𝑗 respectively. The values considered are presented in Table S2. 

Table S2. Sum of the atomic diffusion volumes for the compounds considered [1]. 



 

 

 ∑ 𝒗 / 𝐜𝐦𝟑 ∙ 𝐦𝐨𝐥−𝟏 

𝐂𝐎𝟐 26.9 
𝐇𝟐 7.07 

𝐇𝟐𝐎 12.7 
𝐂𝐇𝟒 24.4 
𝐍𝟐 17.9 

The fluid mixture density was calculated according to Equation S7. In addition, the 

specific heat capacity of the gas mixture was calculated by Equation S8 [1], with Mi in 

kg∙mol−1. 

𝜌𝑓 =
𝑃

R × 𝑇
∑(𝑦𝑖 × 𝑀𝑖)

5

𝑖=1

 (S7) 

𝐶𝑝,𝑓 = ∑
𝑦𝑖 × 𝐶𝑝,𝑖

𝑀𝑖

5

𝑖=1

 (S8) 

𝐶𝑝,𝑖 is the molar heat capacity of species 𝑖, calculated by Equation S9 [1]. 

Cp,i = A + B × T + C × T2 + D × T−2 (S9) 

The coefficients 𝐴, 𝐵, 𝐶 and 𝐷 for each species are shown in Table S3. 

Table S3. Coefficients used to estimate 𝐶𝑝,𝑖. 

 
𝑨  

/ 𝐉 ∙ 𝐦𝐨𝐥−𝟏 ∙ 𝐊−𝟏 
𝑩 × 𝟏𝟎𝟑 

 /𝐉 ∙ 𝐦𝐨𝐥−𝟏 ∙ 𝐊−𝟐  
𝑪 × 𝟏𝟎𝟔 

 /𝐉 ∙ 𝐦𝐨𝐥−𝟏 ∙ 𝐊−𝟑 
𝑫 × 𝟏𝟎−𝟓 

 /𝐉 ∙ 𝐦𝐨𝐥−𝟏 ∙ 𝐊 
𝐂𝐎𝟐 5.457 1.045 0.000 −1.157 
𝐇𝟐 3.249 0.422 0.000 0.083 

𝐇𝟐𝐎 3.470 1.450 0.000 0.121 
𝐂𝐇𝟒 1.702 9.081 −2.164 0.000 
𝐍𝟐 3.280 0.593 0.000 0.040 

The fluid mixture viscosity is calculated employing the Wilke method (Equation S10) 

[3]. Additionally, the binary term ϕ𝑖,𝑗 is calculated by Equation S11 [3]. 

μf = ∑
yi × μi

∑ (yi × ϕi,j)
5
j=1

5

i=1

 (S10) 

ϕi,j =

[1 + √
μi

μj
× (

Mj

Mi
)]

2

[8 × (1 +
Mi

Mj
)]

1/2
 

(S11) 

The viscosity of species 𝑖 can be calculated by Equation S12 [1]. 

μi =
A × TB

1 +
C
T

+
D
T2

 (S12) 

The coefficients 𝐴, 𝐵, 𝐶 and 𝐷 used to estimate the viscosities are presented in Table S4. 

 

 

 

Table S4. Coefficients to calculate the viscosity of the compounds considered. 



 

 

 𝑨 𝑩 𝑪 𝑫 

𝐂𝐎𝟐 2.15 × 10−6 0.46 290.00 0.00 
𝐇𝟐 1.80 × 10−7 0.69 −0.59 140.00 

𝐇𝟐𝐎 1.71 × 10−8 1.11 0.00 0.00 
𝐂𝐇𝟒 5.25 × 10−7 0.59 105.67 0.00 
𝐍𝟐 6.56 × 10−7 0.61 54.71 0.00 

The thermal conductivity of the fluid is obtained by the Wassijewa method (Equation 

S13). Furthermore, the thermal conductivity of the compound 𝑖 is obtained by Eucken’s 

equation (Equation S14) [3]. 

𝜆𝑓 = ∑
𝑦𝑖 × 𝜆𝑖

∑ (𝑦𝑖 × 𝐴𝑖,𝑗)5
𝑗=1

5

𝑖=1

 (S13) 

𝜆𝑖 = 𝜇𝑖 × (1.25 ×
R

𝑀𝑖

+
𝐶𝑝,𝑖

𝑀𝑖

) (S14) 

The binary interaction parameter was calculated by Equation S15 [3]. 

Ai,j =

[1 + (
λtr,i

λtr,j
)

1/2

+ (
Mi

Mj
)

1/4

]

2

[8 × (1 +
Mi

Mj
)]

0.5  (S15) 

The ratio between the translational thermal conductivities, 
𝜆𝑡𝑟,𝑖

𝜆𝑡𝑟,𝑗
, can be obtained em-

ploying Equation S16 [3]. 

𝜆𝑡𝑟,𝑖

𝜆𝑡𝑟,𝑗

=
Γ𝑗[exp(0.0464 × 𝑇𝑟,𝑖) − exp(0.2412 × 𝑇𝑟,𝑖)]

Γ𝑖[exp(0.0464 × 𝑇𝑟,𝑗) − exp(0.2412 × 𝑇𝑟,𝑗)]
 (S16) 

𝜆𝑡𝑟,𝑖 stands for the reduced temperature of the species 𝑖 and is equal to 𝑇/𝑇𝑐,𝑖. Further-

more, Γ𝑖 (m∙K∙W−1) is obtained by Equation S17 [3] with Mi in kg∙mol−1. 

Γ𝑖 = 210 (
𝑇𝑐,𝑖 × 𝑀𝑖

3

𝑃𝑐,𝑖
4 )

1/6

 (S17) 

The mass axial dispersion is obtained through Equation S18 [1]. 

Dea =
u0 × dp

εb × Pe
 (S18) 

The Peclet number (𝑃𝑒) is a function of the Reynolds (𝑅𝑒) and Schmidt (𝑆𝑐) dimen-

sionless numbers (Equation S19) [1] 

1

Pe
=

0.3 × εb

Re × Sc
+

0.5

1 +
3.8

Re × Sc

 (S19) 

Finally, the axial heat dispersion coefficient is obtained through the Wakao and Fu-

nazkri correlation (Equation S20).  

λae = 7λf + 0.5 × ρf × u0 × dp × Cp,f (S20) 

For the traditional reactor, the global coefficient of heat transfer (𝑈𝑅) is obtained by 

Equation S21. 

1

UR
=

1

hR
+

AR × ln ((rR + tshell)/rR)

2 × π × L × kshell
+

AR

Ashell
×

1

hout
 (S21) 



 

 

𝑡𝑠ℎ𝑒𝑙𝑙  is the shell thickness; 𝑘𝑠ℎ𝑒𝑙𝑙  is the shell thermal conductivity (equal to 14.4 W·m-1·K-

1, for stainless steel) and ℎ𝑜𝑢𝑡  is the convective heat coefficient in the oven (equal to 50 

W·m-3·K-1, natural convection of air) [1]. 

For the membrane reactor, the global coefficient of heat transfer from the retentate to 

the permeate side (𝑈𝑅) is determined by Equation S22. 

1

UR
=

1

hR
+

AR × ln((rR + tm)/rR)

2 × π × L × km
 (S22) 

𝑡𝑚 is the membrane thickness and 𝑘𝑚 is the membrane conductivity (equal to 71.2 W·m-

1·K-1, for palladium). 

Additionally, the heat transfer coefficient between the gaseous phase and the mem-

brane (ℎ𝑅) is calculated by Equation S23. 

hR = 0.17 ×
λf

dp

× (
Pr

0.7
)

1/3

× Re0.79 (S23) 

The global coefficient of heat transfer (𝑈𝑃) from the permeate side to the exterior is 

estimated by Equation S24. 

1

UP
=

1

hP
+

AL
P × ln(rshell/rP)

2 × π × L × kshell
+

AL
P

AL
shell

×
1

hout
 (S24) 

The coefficient ℎ𝑃 was estimated according to Equations S25, S26 and S27 [1]: 

hP =
λf

P

Dh

× (Nu)annular (S25) 

(𝑁𝑢)𝑎𝑛𝑛𝑢𝑙𝑎𝑟 = 0.86 × (𝑁𝑢)𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 (
𝑟𝑃

𝑟𝑅 + 𝑡𝑚
)

0.16

 (S26) 

(𝑁𝑢)𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 3.66

+
0.0668 × (

2 × 𝑟𝑃

𝐿
) × 𝑅𝑒 × 𝑃𝑟

1 + 0.04 [(
2 × 𝑟𝑃

𝐿
) × 𝑅𝑒 × 𝑃𝑟]

2/3
 

(S27) 

in which 𝜆𝑓
𝑃 stands for the gas thermal conductivity in the permeate side, 𝐷ℎ is the hy-

draulic diameter, (𝑁𝑢)𝑎𝑛𝑛𝑢𝑙𝑎𝑟  is the Nusselt dimensionless number for the flow in noncir-

cular ducts and (𝑁𝑢)𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟  is the Nusselt dimensionless number for flow in round cyl-

inders. 

  



 

 

Simulation Results 

1. Effect of the temperature in the MR 

 

Figure S1. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed temperature of 500 °C. 

 

Figure S2. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed temperature of 550 °C. 

  



 

 

2. Effect of the pressure in the MR 

 

Figure S3. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed pressure of 5 bar. 

 

Figure S4. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed pressure of 10 bar. 



 

 

 

Figure S5. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed pressure of 15 bar. 

 

Figure S6. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a feed pressure of 20 bar. 

  



 

 

3. Effect of biogas composition in the MR 

 

Figure S7. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a 1/1 CH4/CO2 inlet molar ratio 

and a GHSV of 41.0 LSTP∙h−1∙gcat−1. 

 

Figure S8. Mole fractions on the retentate (a) and permeate (b) zones, temperature (c), and perme-

ated molar flux of hydrogen (d) along the reactor, operating with a 7/3 CH4/CO2 inlet molar ratio 

and a GHSV of 30.0 LSTP∙h−1∙gcat−1. 

 



 

 

4. Comparison between MR and TR 

 

Figure S9. Mole fractions (a), temperature (b), and molar flowrate (c) along the traditional reactor 

length, operating with a feed temperature of 550 °C, a feed pressure of 2 bar and a 3/2 CH4/CO2 inlet 

molar ratio. 
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