
 

 

S1 

Preliminaries: The indicator function 𝟏{A} takes the value one when the requirement 

𝐀  holds and zero otherwise. For a vector x ⊂ ℝN , the LP -norm is defined as ‖𝐱‖p =

[∑ |xi|
pN

i=1 ]
1

p, with ‖𝐱‖∞ = max
i

|xi| representing a vital limiting case. The cardinality of 𝐱 

is represented by ∣ x ∣. However, the number of its non-zero components is given by 

M(𝐱) = ∑ 𝟏{xi ≠ 0}N
i=1 . The Orlicz norm is defined as ‖∙‖ψ = inf{c > 0: 𝔼[ψ(

|∙|

c
)] ≤ 1} , 

where ψ(∙): ℝ+ → ℝ+ denotes a convex and monotonically increasing function satisfying 

ψ(0) = 0 and ψ(x) → ∞ as x → ∞. Several matrix norms are employed throughout the 

analysis. Regarding to a matrix 𝐀 ∈ ℝM×N, the matrix norms induced by the vector LP-

norms are defined by ‖𝐀‖p = sup
x⊂ℝN

(
‖A𝐱‖p

‖𝐱‖p
) . Notable special cases include ‖𝐀‖1 =

max
1≤j≤N

∑ |ai,j|
M
i=1 , the spectral norm ‖𝐀‖2 = [λmax(𝐀′𝐀)]

1

2, where λmax(∙) denotes the largest 

eigenvalue, and ‖A‖∞ = max
1≤i≤M

∑ |ai,j|
N
j=1 . For convenience, define ‖𝐀‖⊢ =

max{‖𝐀‖1, ‖𝐀‖∞}. Let S ⊆ {1, … , N} be an index set with cardinality ∣ 𝐒 ∣. The vector 𝐱S 

denotes the ∣ S ∣-dimensional subvector of 𝐱 containing the elements indexed by S, while 

𝐀Srepresents the 𝐌 ×∣ 𝐒 ∣submatrix of 𝐀formed by the corresponding columns. Further-

more, define 𝒟A(k) = {ai,j: |i − j| = k}. as the collection of coefficients located on the k −

th (pairs of) diagonals of the matrix 𝐀, and ℬh(𝐀) = (ai,j 𝟏{|i−j|≤h}), as the banded repre-

sentation of 𝐀 with bandwidth h. 

S2 

Algorithm S1 SPLASH(α, λ) implementation (MATLAB): Algorithm S1 outlines 

the computational procedure for implementing the SPLASH (α, λ)estimator in high-di-

mensional KRW exchange-rate systems. Step 1 (Sample autocovariance estimation). Com-

pute the (N × N) sample autocovariance matrices 𝚺0̂ =
∑ 𝐞𝐱t𝐞𝐱t′T

t=2

𝐓
 and 𝚺1̂ =

∑ 𝐞𝐱t𝐞𝐱t−1′T
t=2

𝐓
. 

Step 2 (Bandwidth selection). Determine the bandwidth parameter h using a bootstrap-

based procedure as described in Gao et al. (2016, p. 7), adapted to the temporal depend-

ence structure of exchange-rate returns. Step 3 (Banded covariance construction). Using 

the selected bandwidth from Step 2, compute the banded estimators 𝔅h( 𝚺0̂)  and 

𝔅h( 𝚺1̂). Construct the quantities 𝛔ĥ, 𝐕h

(d)̂
, and the index set 𝒢 as defined in Section 3.2.1. 

Step 4 (Hyperparameter grid specification). Specify a grid of candidate values for the tun-

ing parameters α and λ. In practical applications, a representative grid for α may be cho-

sen as αgrid = {0,0.25,0.5,0.75,1}, while the regularization parameter λ is selected from a 

logarithmically spaced grid {λ1, … , λK} between λmax and λmin = ηλmax for some small 

η > 0, where λmax = max{max
g∈𝒢

‖𝐕
h,g
(d)

𝛔ĥ
̂

‖
2

T√|g|
, max

1≤i≤Nc

‖𝐕
h,i
(d)

𝛔ĥ
̂

‖
2

T
}. Step 5 (Optimization and model 

selection). For each candidate pair (α, λ), compute the SPLASH solution 𝐜̂(α, λ) by mini-

mizing the objective function in (8) using a sparse group lasso (SGL) algorithm. The opti-

mal hyperparameters are selected via time-series cross-validation that preserves the tem-

poral ordering of the KRW exchange-rate data (Hyndman and Athanasopoulos, 2018). 

S3 

Auxiliary Result 1: The proofs of the Auxiliary Results reported in this appendix are 

provided in the supplementary material. Auxiliary Result 1 defines the quantities 𝐍c =

|𝐜| , S = {j: cj ≠ 0} , 𝒢𝐒 = {g ∈ 𝒢: 𝐜𝐠 ≠ 𝟎} , 𝒢S
c = {g ∈ 𝒢: 𝐜𝐠 = 𝟎} , and ωα̅̅ ̅̅ = max{(1 −

α) ∑ √|g|g∈𝒢S
, α√|𝐒|}. For any 𝐱 ∈ ℝNc, Auxiliary Results 1 also defines 𝐱 ∈ 𝔏Nc

(𝒢, S): =

{𝐱 ∈ ℝNc: 𝓟α,Sc ≤ 3𝓟α,S(𝐱)} , where 𝓟α,Sc(𝐱) = (1 − α)𝚺g∈𝒢S
√|g|‖𝐱g‖

2
+ α‖𝐱Sc‖1 , and 

𝓟α,S(𝐱) = (1 − α)𝚺g∈𝒢S
√|g|‖𝐱g‖

2
+ α‖𝚫S‖1 . Then, under Condition 4, it holds that 

min
𝐱∈𝔏(𝒢𝑆,S)

𝜔𝛼̅̅ ̅̅̅‖𝐕(d)𝐱‖
2

𝓟𝛼,𝑆(𝐱)
≥

𝜙0

2
. This result establishes a compatibility requirement between the de-

sign matrix V(d) and the structured sparsity pattern induced by Condition 3 and 4. In the 



 

 

context of KRW-centered exchange-rate systems, the Auxiliary Result ensures that eco-

nomically meaningful groups of coefficients—corresponding to admissible diagonals of 

𝐀 and 𝐁—are sufficiently identifiable when restricted to the relevant sparse subspace. 

Auxiliary Result 2: We define the event 𝓋(x): = {‖𝐕̂h
(d)

𝐕‖
2

≤ x} under Condition 4, 

it holds on the event 𝓋(
ϕ0

4
) that min

𝐱∈𝔏(𝒢S,S)

ωα̅̅ ̅̅̅‖𝐕(d)̂𝐱‖
2

𝓟α,S(𝐱)
≥

ϕ0

4
. This result shows that the re-

stricted eigenvalue property established at the population level remains valid for the 

banded sample estimator 𝐕̂h
(d)

 with high probability. In the context of high-dimensional 

KRW exchange-rate systems, the Auxiliary Result guarantees that the structured sparsity 

induced by economically localized cross-currency interactions is preserved when replac-

ing population quantities with their sample-based counterparts. This stability property is 

essential for deriving finite-sample guarantees for the SPLASH estimator. 

Auxiliary Result 3: We define the N(p + 1) -dimensional vector 𝛏t =

(𝐞𝐱t′, 𝐞𝐱t−1′, . . . , 𝐞𝐱t−p′)′. For each j = 1, … , p, the elements of the sample autocovariance 

matrix 𝚺ĵ =
∑ ξt,iξt,j

𝑇
𝑡=𝑝+1

𝑇
 admit the representation after a suitable choice of the indices (i, j). 

(a) If Conditions 1 and 2(b1) (polynomial tail behaviour) are satisfied, then for some 0 <

δ < 1, ℙ(|∑ ξt,iξt,j − 𝔼(ξt,iξt,j)
T
t=p+1 | > 𝑇𝜖) ≤ [b1𝐓

1−δ

3 +
𝑏3

𝜖
] exp(−

𝐓
1−δ

3

𝟐b1
2 ) +

b2

𝜖𝟐𝐓
δ(d−1)

2

. (b) If Con-

ditions 1 and 2 (subexponential tail behaviour) are satisfied, then ℙ(|∑ ξt,iξt,j −T
t=p+1

𝔼(ξt,iξt,j)| > Tϵ) ≤ [
k1

ϵ
+

𝟐(𝐓ϵ𝟐)
𝟏
𝟕

k2
] exp(−

(𝐓ϵ𝟐)
𝟏
𝟕

k3
). Auxiliary Result 3 establishes probabilistic 

bounds for the deviation of sample autocovariance matrices from their population coun-

terparts under alternative tail requirements on the innovation process. In high-dimen-

sional KRW exchange-rate systems, these bounds ensure that sample-based estimates of 

cross-currency dependence converge sufficiently fast to their population analogues, 

thereby supporting the error bounds derived for banded autocovariance estimation and 

the subsequent theoretical guarantees of the SPLASH estimator. Explicit expressions for 

the constants b1, b2, b3, k1, k2, and k3 are provided in the proof. 

S4 

Proof of Proposition 1: The proof proceeds by establishing a sequence of intermedi-

ate results, reported in parts (a)–(e). These results characterize the approximation and 

bandedness properties of the matrices arising in the reduced-form representation of the 

KRW exchange-rate system. Proposition 1 then follows by combining these components. 

(a) Consider the matrix 𝐂̂s = (∑ 𝐀js−1
j=0 )𝐁 =: D̂s𝐁. Owing to the banded structure imposed 

on the contemporaneous interaction matrix 𝐀 and the lagged matrix 𝐁, 𝐂̂s inherits a fi-

nite interaction range. In particular, 𝐂̂s has a maximum bandwidth of (s + 1)(k0 − 1) +

1. Moreover, the deviation between 𝐂̂s and the reduced-form coefficient matrix 𝐂 can be 

controlled in operator norm, yielding ‖𝐂̂s − 𝐂‖
⊢

≤ δCδA
s . This bound reflects the fact that 

higher-order contemporaneous spillovers decay geometrically in the KRW exchange-rate 

network as the interaction order s increases. (b) Define 𝚺0
r,s = ∑ 𝐂̂s

j
𝐃̂s𝚺ϵ𝐃̂s

r
j=0 ′(𝐂̂s′)j, with 

𝐂̂s as in part (a). The matrix 𝚺0
r,s is banded, with bandwidth no larger than 2(rs + r +

s)(k0 − 1) + 2ℓ0 + 1. In addition, its approximation error relative to the population auto-

covariance matrix 𝚺0satisfies ‖𝚺0
r,s − 𝚺0‖⊢ ≤

8CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
CϵδC

2(r+1)

(1−δA)2(1−δC
2 )

, whenever 

s is sufficiently large such that δC(1 + δA
s ) < 1. This result formalizes the approximate 

bandedness of the contemporaneous covariance structure implied by economically local-

ized interactions among KRW bilateral exchange rates. (c) Let 𝚺1
r,s = ∑ 𝐂̂s𝚺0

r,sr
j=0 , where 𝐂̂s 

and 𝚺0
r,s are defined as above. The matrix 𝚺1

r,s is also banded, with bandwidth no larger 

than 2(rs + 2r + 3s + 1)(k0 − 1) + 2ℓ0 + 1. Furthermore, its deviation from the popula-

tion lag-one autocovariance matrix 𝚺1  is bounded by ‖𝚺1
r,s − 𝚺1‖⊢ ≤

9CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
CϵδC

2(r+1)

(1−δA)2(1−δC
2 )

, provided that s is large enough to ensure δC(1 + δA
s ) <



 

 

1. (d) Let h1 ≥ 2(rs + r + s)(k0 − 1) + 2ℓ0 + 1. Consider the banded estimator 𝔅h1
( 𝚺0̂) 

of the sample contemporaneous autocovariance matrix. Under this choice of bandwidth, 

the deviation between the banded estimator and the population matrix 𝚺0 admits the 

bound ‖𝔅h1
( 𝚺0̂) − 𝚺0‖

2
≤

16CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
2CϵδC

2(r+1)

(1−δA)2(1−δC
2 )

,  with probability at least 

1 − 𝓟1(ε, N, T) in the case of polynomial tail decay, or 1 − 𝓟2(ε, N, T) in the case of expo-

nential tail decay. This result shows that, once the bandwidth exceeds the effective inter-

action range implied by the KRW exchange-rate network, banding the sample autocovar-

iance matrix preserves consistency while controlling the estimation error in operator 

norm. (e) Let h2 ≥ (2rs + 2r + 3s)(k0 − 1) + 2ℓ0 + 1. For the lag-one autocovariance ma-

trix, the corresponding banded estimator 𝔅h2
( 𝚺1̂)  satisfies ‖𝔅h2

( 𝚺1̂) − 𝚺1‖
2

≤

18CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
2CϵδC

2(r+1)

(1−δA)2(1−δC
2 )

, with probability at least 1 − 𝓟1(ε, N, T)under polyno-

mial tail behaviour, or 1 − 𝓟2(ε, N, T) under exponential tail behaviour. This bound es-

tablishes that the banded estimator of the lagged autocovariance matrix achieves the same 

order of approximation accuracy as in part (d), provided that the bandwidth is chosen 

sufficiently large relative to the admissible interaction range of the KRW exchange-rate 

system. Taken together, parts (a)-(e) confirm that both the reduced-form coefficients and 

the relevant autocovariance matrices associated with KRW bilateral exchange rates can be 

approximated by banded objects with explicitly controlled errors and high probability. 

These results complete the proof of Proposition 1 and provide the theoretical foundation 

for employing banded covariance estimation in high-dimensional KRW exchange-rate 

analysis. 

Closed-form representations of the constants 𝐂1 , 𝐂2 , 𝐂3 , together with the re-

striction 0 ≤ δC < 1, are established in the subsequent derivations. (a) The argument re-

lies on foundational results for banded vector autoregressive processes developed by Guo 

et al. (2016), which are particularly relevant for high-dimensional exchange-rate systems. 

Recall that the reduced-form matrix satisfies 𝐂 = 𝐃𝐁, where 𝐃 = (𝐈N − 𝐀)−1.  Its trun-

cated series approximation, 𝐃̂s = ∑ 𝐀js−1
j=0 , possesses a bandwidth bounded above by 

s(k0 − 1) + 1. Moreover, the discrepancy between 𝐃̂s and 𝐃 can be bounded in operator 

norm as ‖𝐃̂s − 𝐃‖
⊢

= ‖∑ 𝐀js−1
j=0 − (𝐈N − 𝐀)−1‖

⊢
= ‖− ∑ 𝐀j∞

j=s ‖
⊢

≤ ∑ ‖𝐀‖⊢
j∞

j=s ≤
δA

s

1−δA
. The 

matrix product 𝐂̂s = 𝐃̂s𝐁 therefore exhibits a maximal bandwidth equal to (s + 1)(k0 −

1) + 1, reflecting the propagation of dynamic interactions across KRW exchange-rate com-

ponents. Given that ‖𝐁‖⊢ ≤ δBand that 
δB

1−δA
=: δC < 1 holds under Condition 3, it fol-

lows that ‖𝐂̂s − 𝐂‖
⊢

= ‖(𝐃̂s − 𝐃)𝐁‖
⊢

≤ ‖𝐃̂s − 𝐃‖
⊢

‖𝐁‖⊢ ≤ δCδA
s . 

(b) Building on the implication stated in footnote 7, it follows that the bandwidth of 

𝐂̂s
r is bounded above by  r[(s + 1)(k0 − 1) + 1] − (r − 1) = r(s + 1)(k0 − 1) + 1.  Conse-

quently, the bandwidth of 𝚺0
r,s  does not exceed 2[r(s + 1)(k0 − 1) + 1] + 2s(k0 − 1) +

1 + (2ℓ0 + 1) − 4 = 2(rs + r + s)(k0 − 1) + 2ℓ0 + 1. The next step establishes an upper 

bound for ‖𝚺0
r,s − 𝚺0‖1 . Noting that 𝚺0 = ∑ 𝐂̂s

j
𝐃𝚺ϵ𝐃∞

j=0 ′(𝐂′)j , one obtains ‖𝚺0
r,s − 𝚺0‖1 ≤

‖∑ [𝐂̂s
j
𝐃̂s𝚺ϵ𝐃̂s′(𝐂̂s′)j − 𝐂̂s

j
𝐃𝚺ϵ𝐃′(𝐂′)j]r

j=0 ‖
⊢

+ ‖∑ 𝐂̂s
j
𝐃𝚺ϵ𝐃∞

j=r+1 ′(𝐂′)j‖
⊢

(D-1), where the first 

term captures approximation error induced by truncation and banding, while the second 

term reflects tail decay in the dynamic propagation of KRW exchange-rate shocks. The 

leading term on the right-hand side of (D-1) can be further decomposed 

as ∑ [𝐂̂s
j
𝐃̂s𝚺ϵ𝐃̂s′(𝐂̂s′)j − 𝐂̂s

j
𝐃𝚺ϵ𝐃′(𝐂′)j]r

j=0 = ∑ {(𝐂̂s
j
𝐃̂s − 𝐂𝐣𝐃)𝚺ϵ𝐃̂s′(𝐂̂s′)j − 𝐂𝐣𝐃𝚺ϵ[𝐃′(𝐂′)j −r

j=0

𝐃̂s′(𝐂̂S′)j]} = ∑ {(𝐂̂s
j
𝐃̂s − 𝐂𝐣𝐃)𝚺ϵ[𝐃̂s′(𝐂̂S′)j − 𝐃′(𝐂′)j]}r

j=0 + ∑ {(𝐂̂s
j
𝐃̂s − 𝐂𝐣𝐃)𝚺ϵ𝐃′(𝐂′)j −r

j=0

𝐂𝐣𝐃𝚺ϵ[𝐃′(𝐂′)j − 𝐃̂s′(𝐂̂S′)j]} . As a result, the following bound is obtained: 

‖∑ [𝐂̂s
j
𝐃̂s𝚺ϵ𝐃̂s′(𝐂̂s′)j − 𝐂̂s

j
𝐃𝚺ϵ𝐃′(𝐂′)j]r

j=0 ‖
⊢

≤ cϵ ∑ ‖𝐂̂s
j
𝐃̂s − 𝐂𝐣𝐃‖

⊢

2
r
j=0 + 2𝐂 ∑ ‖𝐂̂s

j
𝐃̂s −r

j=0

𝐂𝐣𝐃‖
⊢

‖𝐂𝐣𝐃‖
⊢

 (D-2),  where the constant cϵ  depends on the innovation covariance 

structure relevant for KRW exchange-rate disturbances. Finally, observe that the approx-

imation error satisfies ∑ ‖𝐂̂s
j
𝐃̂s − 𝐂𝐣𝐃‖

⊢
r
j=0 ≤ ‖𝐂̂s

j
− 𝐂j‖

⊢
‖𝐃̂s‖

⊢
+ ‖𝐂𝐣‖

⊢
‖𝐃 − 𝐃̂s‖

⊢
 (D-3). 



 

 

which separates the contribution of dynamic truncation from that of static inverse approx-

imation. This decomposition is particularly suitable for analysing error propagation in 

high-dimensional KRW exchange-rate systems, where both contemporaneous and lagged 

interactions must be controlled simultaneously. The analysis proceeds by bounding each 

component appearing in (B.3). To this end, expanding the relevant matrix powers yields 

‖𝐂̂s
j

− 𝐂j‖
⊢

= ‖(𝐂̂s − 𝐂 + 𝐂)j − 𝐂j‖
⊢

= ‖[(𝐂̂s − 𝐂)j + (𝐂̂s − 𝐂)j−1𝐂 + (𝐂̂s − 𝐂)j−2𝐂(𝐂̂s −

𝐂)+. . . +𝐂(𝐂̂s − 𝐂)j−1. . . +𝐂j] − 𝐂j‖
⊢

≤ ∑ (
j
k

) ‖𝐂𝐣‖
⊢

j−kj
k=1 ‖𝐂̂s − 𝐂‖

⊢

k
=

∑ (
j

k + 1
) ‖𝐂𝐣‖

⊢

j−1−kj−1
k=0 ‖𝐂̂s − 𝐂‖

⊢

k+1
= ‖𝐂̂s − 𝐂‖

⊢
∑

j

k+1
(

j − 1
k

) ‖𝐂𝐣‖
⊢

j−1−kj−1
k=0 ‖𝐂̂s − 𝐂‖

⊢

k
≤

δCδA
s j[‖𝐂̂s − 𝐂‖

⊢
+ ‖𝐂‖⊢]j−1 ≤ δCδA

s j[δC(1 + δA
s )]j−1 = δC

j
jδA

s (1 + δA
s )j−1 ,  which follows 

from the uniform bounds imposed on ‖𝐂‖⊢ and ‖𝐂̂s − 𝐂‖
⊢

 in the KRW exchange-rate 

system. Next, it is noted that ‖𝐃 − 𝐃̂s‖
⊢

= ‖∑ 𝐀j∞
j=s ‖

⊢
≤

δA
s

1−δA
, ‖𝐃̂s‖

⊢
≤

1

1−δA
 and ‖𝐂j‖

⊢
≤

δC
j
, so that inequality (D-3) can be combined with these bounds to yield ‖𝐂̂s

j
𝐃̂s − 𝐂𝐣𝐃‖

⊢
≤

δA
s jδC

j
(1+δA

s )j

(1+δA
s )(1−δA)

+
δA

s δC
j

1−δA
≤

2δA
s jδC

j
(1+δA

s )j

1−δA
 (D-4). This bound quantifies the combined effect of trun-

cation and dynamic propagation in the approximation of high-dimensional KRW ex-

change-rate interactions.  Substituting the bound in (D-4) into inequality (D-2) yields 

‖∑ [𝐂̂s
j
𝐃̂s𝚺ϵ𝐃̂s′(𝐂̂s′)j − 𝐂j𝐃𝚺ϵ𝐃′(𝐂′)j]r

j=0 ‖
⊢

≤
4CϵδA

2s

(1−δA)2
∑ j2r

j=0 δC
2s(1 + δA

s )2j +

4CϵδA
s

(1−δA)2
∑ jr

j=0 δC
2s(1 + δA

s )j ≤
4CϵδA

2s(1+δA
s )2

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
4CϵδA

s (1+δA
s )

(1−δA)2[1−δC
2 (1+δA

s )]2 ≤
8CϵδA

s

(1−δA)2[1−δC
2 (1+δA

s )2]2 

(D-5), where the two summation terms reflect, respectively, second-order and first-order 

accumulation of approximation errors along the dynamic propagation paths of the KRW 

exchange-rate system. The above inequalities rely on the condition that the truncation 

level s is sufficiently large so that δC(1 + δA
s ) < 1, standard results for geometric series 

can be applied, namely ∑ jzj =
z

(1−z)2
∞
j=0 and ∑ j2zj =

z+1

(1−z)3
∞
j=0  for ∣ z ∣< 1. Attention is next 

turned to the second term on the right-hand side of (D-1). This term satisfies 

‖∑ 𝐂j𝐃𝚺ϵ𝐃′(𝐂′)j∞
j=0 ‖

⊢
≤ ‖𝚺ϵ‖⊢‖𝐃‖⊢

2 ∑ ‖𝐂‖⊢
2j∞

j=r+1 ≤
Cϵ

(1−δA)2
∑ δC

2j∞
j=r+1 =

CϵδC
2(1+r)

(1−δA)2(1−δC
2 )

 (D-6). 

Combining bounds (D-5) and (D-6) with inequality (D-1) yields the final estimate 

‖𝚺0
r,s − 𝚺0‖⊢ ≤

8CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
CϵδC

2(1+r)

(1−δA)2(1−δC
2 )

, which establishes the intermediate 

bound stated in part (b). 

(c) By construction, the first-lag autocovariance matrix satisfies 𝚺1 = (𝐈N −

𝐀)−1𝐁𝚺0 = 𝐂𝚺0, which implies that the approximation error for the lag-one covariance 

matrix can be decomposed as ‖𝚺1
r,s − 𝚺1‖⊢ = ‖𝐂̂S(𝚺0

r,s − 𝚺0) + (𝐂̂s − 𝐂)𝚺0‖
⊢

≤

‖𝐂̂S‖
⊢

‖𝚺0
r,s − 𝚺0‖⊢ + ‖𝐂̂s − 𝐂‖

⊢
𝚺0 ≤

8CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
CϵδC

2(1+r)

(1−δA)2(1−δC
2 )

+
CϵδCδA

s

(1−δA)2(1−δC
2 )

≤

9CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
CϵδC

2(1+r)

(1−δA)2(1−δC
2 )

 (D-7). The above inequalities make use of the interme-

diate result in part (a), which establishes that ‖𝐂̂s − 𝐂‖
⊢

≤ δCδA
s . Moreover, since the trun-

cation parameter s is chosen sufficiently large, it follows that ‖𝐂̂S‖
⊢

≤ δC(1 + δA
s ) < 1. 

Together, these requirements ensure that the approximation error of the lag-one covari-

ance matrix in the KRW exchange-rate system remains uniformly controlled, thereby com-

pleting the argument for part (c). (d) Consider the banded covariance operator 𝔅h1
(∙). The 

deviation between the banded estimator applied to the sample covariance and the popu-

lation covariance matrix satisfies 

‖𝔅h1
(𝚺̂0) − 𝚺0‖

⊢
≤ ‖𝔅h1

(𝚺̂0) − 𝔅h1
𝚺0‖

⊢
+ ‖𝔅h1

(𝚺0) − 𝔅h1
𝚺0

r,s‖
⊢

+ ‖𝔅h1
(𝚺0

r,s) −

𝚺0‖
⊢

= ‖𝔅h1
(𝚺̂0 − 𝚺0)‖

⊢
+ ‖𝔅h1

(𝚺0 − 𝚺0
r,s)‖

⊢
+ ‖𝚺0

r,s − 𝚺0‖⊢ ≤ ‖𝔅h1
(𝚺̂0 − 𝚺0)‖

⊢
+

2‖𝚺0
r,s − 𝚺0‖⊢ (D-8). This inequality follows from the fact that 𝚺0

r,s is itself banded, so the 

application of the banding operator cannot increase the operator-norm distance between 

𝚺0
r,s and 𝚺0. The two terms on the right-hand side of (D-8) are therefore examined sepa-

rately. By symmetry of the covariance matrices, it holds that ‖𝚺̂ − 𝛔0)‖
⊢

= ‖𝚺̂ − 𝛔0)‖
1
. 



 

 

Letting ξt be defined as in Auxiliary Result 3, the following probability bound is ob-

tained: ℙ(‖𝔅h1
(𝚺̂0 − 𝚺0)‖

⊢
≤ x) = ℙ[max

i≤j≤N
∑ |∑ ξitξjt − 𝔼(ξitξjt)

T
t=2 |

N⋁(j−h1)
i=1⋀(j−h1) ≤ Tx] ≥ 1 −

∑ ℙ[∑ |∑ ξitξjt − 𝔼(ξitξjt)
T
t=2 | ≥ Tx]

N⋁(j−h1)
i=1⋀(j−h1)

N
j=1 ≥ 1 − ∑ ∑ ℙ|∑ ξitξjt −T

t=2
N⋁(j−h1)
i=1⋀(j−h1)

N
j=1

𝔼(ξitξjt)| ≥
Tx

2h1+1
]  (D-9). Applying Auxiliary Result 3 yields the explicit probability 

bounds ≥ 1 − (2h1 + 1)N[b1T
1−δ

3 +
(2h1+1)b3

x
] exp[−

T
1−δ

3

2b1
2 +

b2(2h1+1)d

xdT
δ(d−1)

2

] for polynomial tails 

and ≥ 1 − (2h1 + 1)N[
k1(2h1+1)

x
+

2

k2
[

Tx2

(2h1+1)2]
1

7] exp[−
1

k3
[

Tx2

(2h1+1)2]
1

7]  for exponential tails. 

The probability bounds in (D-9) coincide with those defined as 1 − P1(x, N, T) and 1 −

P2(x, N, T)in Proposition 1. Consequently, if the event ‖𝔅h1
(𝚺̂0 − 𝚺0)‖

⊢
≤ ϵ holds, then 

combining this result with the intermediate bound established in part (b) and applying 

inequality (D-8) yields ‖𝔅h1
(𝚺̂0) − 𝚺0‖

⊢
≤ ϵ + 2‖𝚺0

r,s − 𝚺0‖⊢ ≤ ϵ +
16CϵδA

s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +

2CϵδC
2(1+r)

(1−δA)2(1−δC
2 )

. This establishes the desired bound for the banded covariance estimator in the 

KRW exchange-rate system and completes the argument for part (d). (e) Proceeding in the 

same manner as in part (d), an analogous bound is obtained for the banded estimator of 

the lag-one covariance matrix. Specifically, ‖𝔅h2
(𝚺̂1) − 𝚺1)‖

⊢
≤ ϵ + 2‖𝚺1

r,s − 𝚺1‖⊢ ≤ ϵ +

16CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
2CϵδC

2(1+r)

(1−δA)2(1−δC
2 )

, provided that the intermediate result in part (c) is ap-

plied and the event ‖𝔅h2
(𝚺̂1) − 𝚺1)‖

⊢
≤ ϵ occurs. The probability of this event equals 

1 − P1(x, N, T) under polynomial tail behaviour and 1 − P2(x, N, T) under exponential tail 

behaviour. All intermediate bounds are now combined to recover the statement of the 

proposition. Parts (d) and (e) are jointly applicable since the effective bandwidth satisfies 
h = max(h1, h2) = h2 = (2rs + 2r + 3s + 1)(k0 − 1) + 2ι0 + 1 ≤ [2r(s + 1) + 3(s +
1)](k0 − 1) + 2ι0 + 1 ≤ (s + 1)(2r + 3)(k0 − 1) + 2ι0 + 1 (D-10). Using the intermediate 

results from parts (d) and (e), it follows that ‖V̂1 − 𝐕)‖
⊢

≤ ‖𝔅h2
(𝚺̂1) − 𝚺1)‖

⊢
+

‖𝔅h1
(𝚺̂0 − 𝚺0)‖

⊢
≤ 2ϵ +

34CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 +
4CϵδC

2(1+r)

(1−δA)2(1−δC
2 )

, with probabilities 1 −

P1(x, N, T) and 1 − P2(x, N, T) under polynomial and exponential tail decay, respectively. 

It remains to select s  and r  such that δC(1 + δA
s ) < 1  and 

34CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 = ϵ , 

4CϵδC
2(1+r)

(1−δA)2(1−δC
2 )

= ϵ. First, the requirement δC(1 + δA
s ) < 1 can be ensured by choosing s >

log
δC

(K−δC)δA
. Under this choice, 

34CϵδA
s

(1−δA)2[1−δC
2 (1+δA

s )2]2 =
34CϵδA

s

(1−δA)2(1−K)2 = ϵ ⟸ s =

log
34Cϵ

(1−δA)2(1−K)2ϵ

|log δA|
 (D-11). Similarly, the second equality yields 

4CϵδC
2(1+r)

(1−δA)2(1−δC
2 )

= ϵ ⟸ r =

log
4Cϵ

(1−δA)2(1−δC
2 )ϵ

2|log δC|
−

1

2
 (D-12). Then, we set C1 =

34Cϵ

(1−δA)2(1−K2)2 and C2 =
4Cϵ

(1−δA)2(1−δC
2 )

. Substi-

tuting (D-11)–(D-12) into (D-10) shows that, for some K ∈ (δC, 1) , h =

{max[
log

K−δC
δC

|log δA|
,

log
C1
ϵ

|log δA|
] + 1}[

log
C1
ϵ

|log δC|
+ 2](k0 − 1) + 2ι0 + 1 , and consequently, ‖V̂1 − 𝐕‖

⊢
≤

4ϵ with probability at least 1 − 2P1(x, N, T)under polynomial tails and 1 − 2P2(x, N, T) 

under exponential tails. 

 

Proof of Proposition 2. 

The argument is based on fundamental properties of dual norms associated with 

composite penalties used in high-dimensional KRW exchange-rate systems. Recall that 

the penalty function is defined as Pa(𝐜) = α ∑ √|g|g∈𝒢 ‖𝐜g‖
2

+ (1 − α)‖𝐜‖1. Using standard 

properties of the ‖∙‖1 and ‖∙‖2 norms, it follows directly that Pa(∙) satisfies the axioms 

of a norm for any α ∈ [0,1]. For an arbitrary norm ‖∙‖∗, its dual norm ‖c‖∗ is defined by 

‖𝐜‖∗ = sup
𝒙≠𝟎

|𝐜`𝐱|

‖𝐱‖
. The corresponding dual-norm inequality implies that 𝐜`𝐱 ≤ ‖𝐜‖∗‖𝐱‖ (D-

13) for all conformable vectors c and x. For the penalty Pa(𝐜), the associated dual norm 



 

 

Pα
∗(𝐜)  can be bounded as Pα

∗(𝐜) = sup
𝐱≠𝟎

|𝐜`𝐱|

Pa(𝐱)
sup
𝐱≠𝟎

|𝐜`𝐱|

α ∑ √|g|g∈𝒢 ‖𝐱g‖
2

+(1−α)‖𝐱‖1
≤

|𝐜`𝐱|

α ∑ √|g|g∈𝒢 ‖𝐱g‖
2

+

(1 − α) sup
𝐱≠𝟎

|𝐜`𝐱|

‖𝐱‖1
≤ α max

g∈𝒢

‖𝐜g‖
2

√|g|
+ (1 − α)‖𝐜‖∞ (D-14). The first inequality exploits the con-

vexity of the mapping f(x) = x−1, while the second inequality follows from standard du-

ality relations, namely ‖𝐜‖1
∗ = ‖𝐜‖∞ , together with the identity sup

𝐱≠𝟎

|𝐜`𝐱|

∑ √|g|g∈𝒢 ‖𝐱g‖
2

=

sup
𝐱≠𝟎,∑ √|g|g∈𝒢 ‖𝐱g‖

2
=1 

|∑ 𝐜gg∈𝒢 `𝐱g| ≤ sup
𝐱≠𝟎,∑ √|g|g∈𝒢 ‖𝐱g‖

2
=1 

∑ ‖
𝐜g

√|g|
‖

2

≤g∈𝒢 max
g∈𝒢

‖𝐜g‖
2

√|g|
.  which com-

pletes the derivation of the bound for the dual norm Pα
∗(𝐜) in the high-dimensional KRW 

exchange-rate setting. The formal derivation now proceeds. Recall that 𝛔̂h = vec[𝔅h(𝚺̂1)`], 

𝐕̂h = [𝔅h(𝚺̂1)` 𝔅h(𝚺̂0)], 𝐕 = [𝚺𝟏` 𝚺𝟎], and 𝐂 = [𝐀 𝐁]. Invoking standard properties of the 

vectorization operator, it follows that 𝛔̂h − 𝐕̂h
(d)

𝐜 = vec[𝔅h(𝚺̂1)` − 𝐕̂h𝐂`] = vec{[𝔅h(𝚺̂1) −

𝚺𝟏]` − [𝐕̂h − 𝐕]𝐂` + [𝚺𝟏` − 𝐕𝐂`]}. The last term vanishes by construction of the population 

Yule–Walker relation. Consequently, 𝛔̂h − 𝐕̂h
(d)

𝐜 = vec[𝔅h(𝚺̂1)` − 𝚺𝟏`] − [𝐕̂h
(d)

− 𝐕(d)]𝐜 =

𝚫̂𝚺 − 𝚫̂𝐕𝐜  (D-15). Invoking relation (D-15), the following decomposition is obtained: 

‖𝛔̂h − 𝐕̂h
(d)

𝐜‖
2

2

= ‖[𝛔̂h − 𝐕̂h
(d)

𝐜] − 𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

= ‖𝛔̂h − 𝐕̂h
(d)

𝐜‖
2

2

+ ‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

− 2(𝐜̂ −

𝐜)`𝐕̂h
(d)

`(𝚫̂𝚺 − 𝚫̂𝐕𝐜). Recalling the penalized objective function ℒα(𝐜: λ) = ‖𝛔̂h − 𝐕̂h
(d)

𝐜‖
2

2

+

λPa(𝐜), and noting that the construction of the estimator guarantees ℒα(𝐜̂: λ) ≤ ℒα(𝐜: λ), 

the following inequality is obtained: ‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+ λPa(𝐜̂) ≤ 2(𝐜̂ − 𝐜)`𝐕̂h
(d)

`(𝚫̂𝚺 −

𝚫̂𝐕𝐜) + λPa(𝐜) ≤ 2Pa(𝐜̂ − 𝐜)Pa
∗[𝐕̂h

(d)
`(𝚫̂𝚺 − 𝚫̂𝐕𝐜)] + λPa(𝐜) ≤ Pa(𝐜̂ − 𝐜){2Pa

∗[𝐕̂h
(d)

`𝚫̂𝚺] +

2Pa
∗[𝐕̂h

(d)
`𝚫̂𝚺]𝐜} + λPa(𝐜) (D-16). The preceding bounds rely on the dual-norm inequality 

given in (B.13), together with the triangle inequality for dual norms, which are invoked in 

the second and third inequalities, respectively. To facilitate subsequent probabilistic con-

trol of the error terms arising in the KRW exchange-rate system, introduce the following 

events: ℋ1(x) = {2Pa
∗[𝐕̂h

(d)
`𝚫̂𝚺] ≤ x}  and ℋ2(x) = {2Pa

∗[𝐕̂h
(d)

`𝚫̂𝐕𝐜] ≤ x}  (D-17). On the 

event ℋ1(
λ

4
) ∩ ℋ2(

λ

4
) , inequality (D-16) can be rescaled by a factor of two, which leads to 

the bound 2‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+ 2Pa(𝐜̂) ≤ λPa(𝐜̂ − 𝐜) + 2λPa(𝐜) (D-18). The next step exam-

ines the structure of the penalty terms Pa(𝐜̂) and Pa(𝐜̂ − 𝐜).  Applying the reverse trian-

gle inequality yields Pa(𝐜̂) = α ∑ √|g|g∈𝒢 ‖𝐜̂g‖
2

+ (1 − α)‖𝐜̂‖1 ≥ α ∑ √|g|g∈𝒢S
[‖𝐜g‖

2
−

‖𝐜̂g − 𝐜g‖
2

] + α ∑ √|g|g∈𝒢
SC

[‖𝐜̂g‖
2

+ (1 − α)[‖𝐜S‖1 − ‖𝐜̂S − 𝐜S‖1 + ‖𝐜̂SC‖
1

] = Pa,S(𝐜) +

Pa,SC(𝐜̂ − 𝐜) − Pa,S(𝐜̂ − 𝐜) (D-19). Here, the index sets 𝒢S and 𝒢SC are defined as in Aux-

iliary Result 1. A direct decomposition further gives Pa(𝐜̂ − 𝐜) = α ∑ √|g|g∈𝒢 ‖𝐜̂g − 𝐜g‖
2

+

(1 − α)‖𝐜̂S − 𝐜S‖1 + α ∑ √|g|g∈𝒢
SC

[‖𝐜̂g‖
2

+ (1 − α)‖𝐜̂S‖1 = Pa,S(𝐜̂ − 𝐜) + Pa,SC(𝐜̂ − 𝐜) . Com-

bining inequalities (D-18)–(D-20) leads directly to 2‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+ 2λPa,SC(𝐜̂ − 𝐜) ≤

3λPa,S(𝐜̂ − 𝐜) (D-21), which implies that the estimation error vector 𝐜̂ − 𝐜 satisfies the 

cone-type restriction and therefore belongs to the set ℓNc
(𝒢, S) defined in Auxiliary Re-

sult 1.  

In conjunction with Auxiliary Result 2, it is required that the event ℋ1(
λ

4
) ∩ ℋ2(

λ

4
) ∩

v(
ϕ0

2
)  holds. Under this requirement, one obtains 2‖𝐕̂h

(d)
(𝐜̂ − 𝐜)‖

2

2

+ 2λPa(𝐜̂ − 𝐜) =

2‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+ 2λPa,SC(𝐜̂ − 𝐜) + λPa,S(𝐜̂ − 𝐜) ≤ 4λPa,S(𝐜̂ − 𝐜) ≤ 16‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

(
ω̂αλ

ϕ0
) ≤

‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+
64ω̂α

2 λ2

ϕ0
2  (D-22), where step 4λPa,S(𝐜̂ − 𝐜) follows from inequality (D-21), 

step ‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

 is implied by Pa,S(𝐜̂ − 𝐜) ≤
4ω̂0‖𝐕̂h

(d)
(𝐜̂−𝐜)‖

2

ϕ0
 for 𝐜̂ − 𝐜 ∈ ℓNc

(𝒢, S) as es-

tablished in Auxiliary Result 2, and step ‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

+
64ω̂α

2 λ2

ϕ0
2  applies the elementary 

inequality 16μυ ≤ μ2 + 64ν2 , which is equivalent to (μ − 8ν)2 ≥ 0. A direct rearrange-

ment of inequality (D-22) yields the desired bound stated in Proposition 2. It remains to 



 

 

establish a lower bound for the probability of the event ℋ1(
λ

4
) ∩ ℋ2(

λ

4
) ∩ v(

ϕ0

2
). To this end, 

the following elementary inequality is employed to control the individual components: 

ℙ[ℋ1(
λ

4
) ∩ ℋ2(

λ

4
) ∩ v(

ϕ0

2
)] ≥ 1 −  ℙ[ℋ1(

λ

4
)c − ℙ[ℋ2(

λ

4
)c] − ℙ[v(

ϕ0

2
)2] . Consider first the 

probability associated with ℋ1(
λ

4
) . By definition, ℙ[ℋ1(

λ

4
)c] = ℙ{2P𝛼

∗[𝐕̂h
(d)

`𝚫̂𝚺] >
λ

4
} ≤

ℙ(‖𝐕̂h
(d)

`𝚫̂𝚺‖
∞

>
λ

4
). The last inequality follows directly from the bound implied by (D-14), 

which yields Pa(𝐜) ≤ α max
g∈𝒢

‖𝐜g‖
2

√|g|
+ (1 − α)‖𝐜‖∞ ≤ α max

g∈𝒢

√|g|‖𝐜g‖
2

√|g|
+ (1 − α)‖𝐜‖∞ = ‖𝐜‖∞ 

(D-23) for any conformable vector 𝐜 . Next, observe that ℙ(‖[𝐕̂h
(d)

`𝚫̂𝚺]‖
∞

>
λ

8
) =

ℙ(‖{[𝐕̂h
(d)

− 𝐕(d)] + 𝐕(d)}`𝚫̂𝚺‖
∞

>
λ

8
) ≤ ℙ(‖𝐕̂h − 𝐕‖

1
‖𝚫̂𝚺‖

∞
+ 𝐂𝐕‖𝚫̂𝚺‖

∞
>

λ

8
) ≤ ℙ(‖𝐕̂h −

𝐕‖
⊢

2
+ 𝐂𝐕‖𝐕̂h − 𝐕‖

⊢
>

λ

8
) ≤ ℙ(‖𝐕̂h − 𝐕‖

⊢
>

λ
1
2

4
) + ℙ(‖𝐕̂h − 𝐕‖

⊢
>

λ

16𝐂𝐕
)  (D-24), where the 

block-diagonal structure of 𝐕̂h
(d)

− 𝐕(d)  and 𝐕(d)  is exploited to obtain ‖𝐕̂h
(d)

−

𝐕(d)‖
1

max
1≤i≤N

‖𝐕̂i,h − 𝐕i‖1
≤ ‖𝐕̂i,h − 𝐕‖

1
, together with the bound ‖𝐕(d)‖

1
≤ ‖𝐕‖1 ≤ 𝐂𝐕 , as 

explicitly assumed in Proposition 2. Probability bounds for the final right-hand-side 

terms in (D-24) follow directly from Proposition 1. Second, consider the complement 

event associated with ℋ2(
λ

4
) . Its probability can be bounded as ℙ[ℋ2(

λ

4
)c] =

ℙ{‖𝐕̂h
(d)

`𝚫̂𝚺𝐜‖
∞

>
λ

8
} ≤ ℙ{‖𝐕̂h

(d)
`[𝐕̂h

(d)
− 𝐕(d)]‖

∞
>

λ

8‖𝐜‖∞
} ≤ ℙ{‖𝐕̂h − 𝐕‖

1
‖𝐕̂h − 𝐕‖

∞
+

𝐂𝐕‖𝐕̂h − 𝐕‖
∞

>
λ

8‖𝐜‖∞
} ≤ ℙ{‖𝐕̂h − 𝐕‖

⊢
>

λ
1
2

4
} + ℙ{‖𝐕̂h − 𝐕‖

⊢
>

λ

16𝐂𝐕
}  (D-25). The final ine-

quality follows from an application of the union bound together with the fact that ‖𝐜‖∞ <

1, which is guaranteed by Condition 1. Consequently, the complement events ℋ1(
λ

4
)c 

and ℋ2(
λ

4
)c are governed by identical probability bounds. Finally, consider the comple-

ment event associated with 𝓋(
ϕ0

2
)c  . By definition, ℙ{𝓋(

ϕ0

2
)c} = ℙ{‖𝐕̂h − 𝐕‖

1
>

ϕ0

2
} ≤

ℙ{‖𝐕̂h − 𝐕‖
⊢

>
ϕ0

2
}. Combining this bound with the preceding probability controls for 

ℋ1(
λ

4
)  and ℋ2(

λ

4
)  yields ℙ{ℋ1(

λ

4
) ∩ ℋ2(

λ

4
) ∩ 𝓋(

ϕ0

2
)}  ≥ 1 − 2ℙ{‖𝐕̂h − 𝐕‖

⊢
>

λ
1
2

4
} −

2ℙ{‖𝐕̂h − 𝐕‖
⊢

>
λ

16𝐂𝐕
} − ℙ{‖𝐕̂h − 𝐕‖

⊢
>

ϕ0

2
} ≥ 1 − 5ℙ{‖𝐕̂h − 𝐕‖

⊢
> 6f(λ, ϕ0)}  (D-26), 

where f(λ, ϕ0) = min(
λ

1
2

24
,

λ

96𝐂𝐕
,

ϕ0

12
) . The argument is completed by evaluating the final 

probability term in (D-26) using the concentration bounds established in Proposition 1. 

Proof of Theorem 1: The argument begins by identifying requirements under which 

the event supporting the performance bound in Proposition 2 occurs with probability 

converging to one. Under Condition 2, together with the remaining conditions imposed 

in Proposition 2, this probability is characterized by 1 − 𝒫1[f(λ, ϕ0), N, T]. Recalling from 

Proposition 1, the function 𝒫1(∙)  admits the representation 𝒫1[f(λ, ϕ0), N, T] =

{2ℎ[f(λ, ϕ0)] + 1}N{b1T
1−δ

3 +
{2ℎ[f(λ,ϕ0)]+1}b3

f(λ,ϕ0)
} exp[−

T
1−δ

3

2b1
2 ] + {2ℎ[f(λ, ϕ0)] +

1}N
b2{2ℎ[f(λ,ϕ0)]+1}d

f(λ,ϕ0)dT
δ(d−1)

2

 (D-27) for some 0 < δ < 1, where  f(λ, ϕ0) = min(
λ

1
2

24
,

λ

96𝐂𝐕
,

ϕ0

12
). Sup-

pose that the regularization parameter satisfies λ = O(T−qλ) for some qλ > 0. It then fol-

lows directly that f(λ, ϕ0) = min(
λ

1
2

24
,

λ

96𝐂𝐕
,

ϕ0

12
) = O(T−qλ) (D-28), and recalling the defini-

tion of the bandwidth function h[f(λ, ϕ0)]  in (4), h[f(λ, ϕ0)] = O[log(T)2 Tqλ]  (D-29). 

Since both expressions in (D-28) and (D-29) grow at polynomial rates in T, it follows that 

the first term on the right-hand side of (D-27) converges to zero at an exponential rate as 

T → ∞ for any δ < 1. The remaining term in (D-27) likewise vanishes under the stated 

growth requirements, which establishes that the probability associated with the event in 

Proposition 2 converges to one. This completes the proof of Theorem 1. The second term 

on the right-hand side, by contrast, vanishes at most at a polynomial rate. In particular, it 



 

 

satisfies 𝒫1[f(λ, ϕ0), N, T] = O{
{2ℎ[f(λ,ϕ0)]+1}N{ℎ[f(λ,ϕ0)]+1}d

λdT
δ(d−1)

2

} =

O{log(T)2(d−1) TqN+(d+1)qK−dqλ=−
δ(d−1)

2 }  (D-30).  It follows from (D-30) that 

𝒫1[f(λ, ϕ0), N, T] → 0  as T → ∞  provided that qN + (d + 1)qK − dqλ = −
δ(d−1)

2
< 0 , 

which is equivalent to  qλ <
δ(d−1)

2d
−

(d+1)qK

d
−

qN

d
. An analogous argument applies to 

𝒫2[f(λ, ϕ0), N, T] . Specifically, observe that 𝒫2[f(λ, ϕ0), N, T] = {2ℎ[f(λ, ϕ0)] +

1}N{
k1{2ℎ[f(λ,ϕ0)]+1}

f(λ,ϕ0)
} +

2

k2
{

Tf(λ,ϕ0)2

[2h+1]2 }
1

7 exp{−
1

k3
{

Tf(λ,ϕ0)2

[2ℎ[f(λ,ϕ0)]+1]2}
1

7}  (D-31), which converges to 

zero at an exponential rate in T whenever 
Tf(λ,ϕ0)2

[2ℎ[f(λ,ϕ0)]+1]2 diverges at a polynomial rate. 

Using relations (D-28) and (D-29), this ratio satisfies 
Tf(λ,ϕ0)2

[2ℎ[f(λ,ϕ0)]+1]2 = O{log(T)−4 T1−2qλ−2qK, 

which diverges provided that 1 − 2qλ − 2qK > 0, or equivalently, qλ <
1

2
− qK. These re-

strictions jointly establish requirements 4λPa,S(𝐜̂ − 𝐜) and 16‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

(
ω̂αλ

ϕ0
) stated 

in Theorem 1. The final step characterizes the asymptotic order of the performance bound 

derived in Proposition 2. Observe that ∑ √|g|g∈𝒢S
≤ |𝒢S| max

g∈𝒢S
√|g| = O(Tqg+

qN
2 ). This im-

plies that the effective penalty constant satisfies 𝜔̂ = O[(1 − α)Tqg+
qN

2 + αT
qs
2 ]. Applying 

Proposition 2 then yields ‖𝐕̂h
(d)

(𝐜̂ − 𝐜)‖
2

2

≤
4𝜔̂𝛼

2 𝜆2

𝜙0
2 = O[(1 − α)T2qg+2qN−2qλ + αTqs−2qλ] . 

These bounds hold on an event whose probability is given by 1 − 𝒫1[f(λ, ϕ0), N, T] or 1 −

𝒫2[f(λ, ϕ0), N, T], depending on whether Condition 2 applies. Since it has already been 

established that both 𝒫1[f(λ, ϕ0), N, T] → 0 and 𝒫2[f(λ, ϕ0), N, T] → 0 under the require-

ments stated in Theorem 1, the argument is complete. 

Proof of Proposition 3: Let 𝛃∗ = (𝛃1`, . . . , 𝛃K`)`, define 𝐔(d) = [𝐖1
∗(d)

, . . . , 𝐖K
∗(d)

], and 

set 𝐐(d) = [𝐕∗(d) 𝐔(d)], together with their corresponding sample counterparts. The resid-

ual term appearing in the L2 component of the SPLASHX objective function can be writ-

ten as 𝛔̂∗ = 𝐕∗(d)𝐜 − ∑ 𝐖k
∗(d)

𝛃K
K
k=1 = 𝛔̂∗[𝐕∗(d) 𝐔(d)] [

𝐜
𝛃∗] = 𝛔∗ − [𝐕∗(d) 𝐔(d)]𝐪 + [𝛔̂∗ − 𝛔∗] −

[𝐕̂∗(d) − 𝐕∗(d)]𝐜 − [𝐔̂(d) − 𝐔(d)]𝛃∗ = 𝚫̂1 − 𝚫̂2𝐜 − 𝚫̂3𝛃∗ (D-32). Invoking the notation intro-

duced above together with identity (D-32), it follows that ‖𝛔∗ − 𝐕∗(d)𝐜̂ −

∑ 𝐖k
∗(d)

𝛃̂K
K
k=1 ‖

2

2

= ‖𝛔∗ − 𝐐̂(d)𝐪̂‖
2

2
= ‖{𝛔∗ − 𝐐̂(d)𝐪} − {𝐐̂(d)(𝐪̂ − 𝐪)}‖

2

2
= ‖𝛔∗ − 𝐐̂(d)𝐪‖

2

2
+

‖𝐐̂(d)(𝐪̂ − 𝐪)‖
2

2
− 2(𝐪̂ − 𝐪)`𝐐̂(d)`(𝚫̂1 − 𝚫̂2𝐜 − 𝚫̂3𝛃∗)  (D-33). The penalty structure is next 

modified to explicitly account for coefficients associated with the exogenous variables. Let 

the index set gk be defined such that 𝐪gk
= 𝛃k for k = 1, . . . , K, and 𝒢∗ = G ∪ ⋃ gk

K
k=1 . 

Since |𝛃k| = |gk| = N , the combined penalty can be written as 𝐏a(𝐜) = ∑ (1 −K
k=1

α) √N‖𝛃k‖2 + α‖𝛃k‖1 = (1 − α) ∑ √|g|∗
g∈𝒢 ‖𝐪g‖

2
+ ‖𝐪‖1 =: 𝐏̂a(𝐪) . Using this augmented 

norm 𝐏̂a(𝐪) , the SPLASHX objective function admits the compact representation 

ℒα
∗ (𝐪̂;  λ) = ‖𝛔∗ − 𝐐̂(d)𝐪‖

2

2
+ 𝜆𝐏̂a(𝐪) . Moreover, the dual norm 𝐏̂𝛼

∗(𝐪)  satisfies 𝐏̂𝛼
∗(𝐪) ≤

‖𝐪‖∞, as implied by the argument in (D-23). Since ℒα
∗ (𝐪̂;  λ) ≤ ℒα

∗ (𝐪;  λ) by construction, 

it follows that ‖𝐐̂(d)(𝐪̂ − 𝐪)‖
2

2
+ 𝜆𝐏̂a(𝐪) ≤ 2(𝐪̂ − 𝐪)`𝐐̂(d)`(𝚫̂1 − 𝚫̂2𝐜 − 𝚫̂3𝛃∗) + 𝐏̂a(𝐪) ≤

𝐏̂a(𝐪̂ − 𝐪){2𝐏̂𝛼
∗(𝐐̂(d)`𝚫̂1) + 2𝐏̂𝛼

∗(𝐐̂(d)`𝚫̂2𝐜) + 2𝐏̂𝛼
∗(𝐐̂(d)`𝚫̂3𝛃∗)} + λ𝐏̂a(𝐪) ≤ 𝐏̂a(𝐪̂ −

𝐪){2‖𝐐̂(d)`𝚫̂1‖
∞

+ 2‖𝐐̂(d)`𝚫̂2𝐜‖
∞

+ 2‖𝐐̂(d)`𝚫̂3𝛃∗‖
∞

+ λ𝐏̂a(𝐪)} (D-34). To facilitate probabil-

istic control of the three stochastic components appearing in the bound, introduce the fol-

lowing events: ℋ1
∗(𝑥) = {2‖𝐐̂(d)`𝚫̂1‖

∞
≤ 𝑥}, ℋ2

∗(𝑥) = {2‖𝐐̂(d)`𝚫̂2𝐜‖
∞

≤ 𝑥}, and ℋ3
∗(𝑥) =

{2‖𝐐̂(d)`𝚫̂3𝛃∗‖
∞

≤ 𝑥}. Rescaling inequality (D-34) by a factor of two and restricting atten-

tion to the event ℋ1
∗(

λ

6
) ∩ ℋ2

∗(
λ

6
) ∩ ℋ3

∗(
λ

6
) , one obtains 2‖𝐐̂(d)(𝐪̂ − 𝐪)‖

2

2
+ 2λ𝐏̂a(𝐪̂) ≤

λ𝐏̂a(𝐪̂ − 𝐪) + 2λ𝐏̂a(𝐪) (D-35). The penalty term 𝐏̂a(𝐪̂) on the left-hand side of (D-35) is 

handled first. Proceeding as in (D-19) of the main text, it follows that 𝐏̂a(𝐪̂) ≥ 𝐏̂a,S∗(𝐪) +

𝐏̂a,S∗c(𝐪̂ − 𝐪) − 𝐏̂a,S∗(𝐪̂ − 𝐪), where S∗denotes the index set corresponding to all nonzero 

components of 𝐪. For the term 𝐏̂a(𝐪̂ − 𝐪) appearing on the right-hand side of (D-35), re-



 

 

lation (D-20) implies that 𝐏̂a(𝐪̂ − 𝐪) = 𝐏̂a,S∗(𝐪̂ − 𝐪) + 𝐏̂a,S∗c(𝐪̂ − 𝐪). Combining these ex-

pressions yields 2‖𝐐̂(d)(𝐪̂ − 𝐪)‖
2

2
+ 2λ𝐏̂a,S∗c(𝐪̂ − 𝐪) ≤ 𝟑λ𝐏̂a,S∗(𝐪̂ − 𝐪) (D-36). Accordingly, 

letting N∗ = Nc + NK , the estimation error satisfies (𝐪̂ − 𝐪) ∈ ℓN∗
∗ (𝒢, S): = {𝚫 ∈

ℝN∗
: 𝐏̂a,S∗(𝚫) ≤ 𝟑λ𝐏̂a,S∗(𝚫)}.  

Auxiliary Result 1 continues to apply with ω̂α
∗  defined as in Proposition 3. To in-

voke Auxiliary Result 2, introduce the event 𝓋∗(x) = {‖𝐐̂ − 𝐐‖
2

≤ x}, and assume that 

𝓋∗(
𝜙0

∗

2
) holds. Repeating arguments identical to those leading to inequality (D-22) estab-

lishes the core bound stated in Proposition 3. To determine the probability with which 

this inequality is satisfied, it suffices to control the probability of the joint event ℋ1
∗(

λ

6
) ∩

ℋ2
∗(

λ

6
) ∩ ℋ3

∗(
λ

6
) ∩ 𝓋∗(

𝜙0
∗

2
) . This probability is bounded from below by 1 − ℙ[ℋ1

∗(
λ

6
)c] −

ℙ[ℋ2
∗(

λ

6
)c] − ℙ[ℋ3

∗(
λ

6
)c] − 𝓋∗(

𝜙0
∗

2
) (D-37), Each probability appearing in (D-37) can be re-

duced to tail bounds involving ‖𝐐̂ − 𝐐‖
F
. Proceeding as in (D-24)-(D-25), one obtains 

ℙ[ℋ1
∗(

λ

6
)c] = ℙ[‖𝐐̂(d)`𝚫̂1‖

∞
>

λ

12
] ≤ ℙ[‖𝐐̂ − 𝐐‖

⊢

2
+ CQ‖𝐐̂ − 𝐐‖

⊢
>

λ

12
] ≤ ℙ[‖𝐐̂ − 𝐐‖

⊢
>

λ
1
2

√24
] + ℙ[‖𝐐̂ − 𝐐‖

⊢
>

λ

24CQ
]  (D-38), and similarly, ℙ[ℋ2

∗(
λ

6
)c] = ℙ[‖𝐐̂(d)`𝚫̂2𝐜‖

∞
>

λ

12
] ≤

ℙ[‖𝐐̂(d)`(𝐐̂(d) − 𝐐(d))‖
∞

>
λ

12
] ≤ ℙ[‖𝐐̂ − 𝐐‖

⊢
>

λ
1
2

√24
] + ℙ[‖𝐐̂ − 𝐐‖

⊢
>

λ

24CQ
]  (D-39), while 

for the third event, ℙ[ℋ3
∗(

λ

6
)c] = ℙ[‖𝐐̂(d)`𝚫̂3𝛃∗‖

∞
>

λ

12
] ≤ ℙ[‖𝐐̂ − 𝐐‖

⊢
>

λ
1
2

√24Cβ
] + ℙ[‖𝐐̂ −

𝐐‖
⊢

>
λ

24CQCβ
 (D-40). These bounds show that all complement events appearing in (D-37) 

are controlled by deviations of 𝐐̂ from its population counterpart. Combining the above 

inequalities with the concentration results for ‖𝐐̂ − 𝐐‖
F
 yields the desired probability 

statement, thereby completing the proof of Proposition 3. For inequalities (D-39) and (D-

40), Conditions 1* ensures that ‖𝐜‖1 ≤ 1  and ‖𝛃∗‖1 ≤ Cβ , respectively. Moreover, 

ℙ[𝓋∗(
𝜙0

∗

2
)𝑐] = ℙ[‖𝐐̂ − 𝐐‖

2
>

𝜙0
∗

2
] ≤ ℙ[‖𝐐̂ − 𝐐‖

⊢
>

𝜙0
∗

2
]. Combining these bounds, inequality 

(D-37) can be rewritten as ℙ[ℋ1
∗(

λ

6
) ∩ ℋ2

∗(
λ

6
) ∩ ℋ3

∗(
λ

6
) ∩ 𝓋∗(

𝜙0
∗

2
)] ≥ 1 − 7ℙ[‖𝐐̂ − 𝐐‖

⊢
>

6f ∗(λ, 𝜙0
∗]. There into f ∗(λ, 𝜙0

∗] = min(
λ

1
2

12√6
,

λ

144𝐂𝐐
,

λ
1
2

144𝐂𝐐Cβ
,

𝜙0
∗

12
).  The remaining task is to 

derive a lower bound for ℙ[‖𝐐̂ − 𝐐‖
F

> x]. Rather, an upper bound for ℙ[‖𝐐̂ − 𝐐‖
F

≤ x] 

is obtained as shown: ℙ[‖𝐐̂ − 𝐐‖
⊢

≤ x] = ℙ[max(‖𝐐̂ − 𝐐‖
1

, ‖𝐐̂ − 𝐐‖
∞

) ≤ x] ≥ ℙ[(K +

2)N‖𝐐̂ − 𝐐‖
max

≤ x] = 1 − ℙ[‖𝐐̂ − 𝐐‖
max

>
x

(K+2)N
] ≥ 1 − ℙ[⋃ |[𝐐̂ −1≤i≤(K+2)N,1≤j≤(K+2)N

𝐐]ij| >
x

(K+2)N
] ≥ 1 − ∑ ∙

(K+1)N
i=1 ∑ ℙ

(K+2)N
j=1 [|∑ ξitξjt

T
t=2 | >

x

(K+2)N
] ≥ 1 − (K + 1)(K +

2)N{[b1T
1−δ

3 +
(k+2)Nb3

x
] exp[−

T
1−δ

3

2b1
2 +

b2(K+2)dNd

xdT
δ(d−1)

2

]  for polynomial tails or 1 − (K + 1)(K +

2)N2{[
k1(k+2)Nb3

x
+

2

k2
[

Tx2

(K+2)2N2]
1

7] exp[−
1

k3
{

Tx2

(K+2)2N2}
1

7] for exponential tails. Here, ξit repre-

sents an individual entry drawn from the autocovariance structure introduced in Auxil-

iary Result 3. Consistent with the characterization provided in Proposition 3, the proba-

bilities appearing on the right-hand side reduce to 1 − 𝒫1
∗(x, N, T) when the underlying 

distribution exhibits polynomially decaying tails, and to 1 − 𝒫2
∗(x, N, T) when exponen-

tial tail decay prevails. 

 


