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Supplementary Materials: Exact Permutation and Bootstrap
Distribution of Generalized Pairwise Comparisons Statistics

William N. Anderson ! and Johan Verbeeck >*

S1. Introduction

In a general situation the GPC evaluation will result in a skew matrix U, which has in
part the following interpretation

* u; < 0if subject i has a less favorable outcome than subject j.
*  u;; = 0 if the subjects cannot be compared, or are actually tied.
*  u;; > 0if subject i has a more favorable outcome than subject j.

We are interested in a trial with two arms, treatment and control. We let N be the
number of subjects in the trial, with m subjects in the treatment group and n subjects in the
control group. Moreover, let the indicator D; = 1 for subjects in the treatment group, and
D; = 0 for patients in the control group.

The matrix entry u;; is defined as a treatment win if D; = 1, D; = 0, and u;; > 0.
Similarly the matrix entry u;; is defined as a control win if D; = 0, D; = 1, and u;; > 0.
Accordingly each win results from the comparison of a treatment subject and a control
subject.

The win sum for subject i is defined by

N
W; = Z Ujj where Ujj >0,D; # D]
j=1

The win sums for the treatment and control groups are then defined by

N
Wr =) W;D; (S1)
i=1

N
We =) Wi(1-D;) (52)
i=1

Where necessary for clarity, we will let the symbols WS and ngs denote the win
sums from the original observed data, as opposed to the sums from another win matrix
that appears in the course of the algorithm.

We wish to determine the mean and variance of the pair (Wr, W) resulting from the
permutation distribution of the trial arms, or from bootstrapping from the patients. These
means and variances are computed over all permutations of the trial arms, or all bootstrap
samples. These values are accordingly the expected means and variances when randomized
permutation or bootstrap sampling is performed. The comparisons within trial arms do not
correspond to wins, and hence do not enter into the computations of (Wr, W¢). However,
the corresponding matrix entries will be needed for some of the variance computations
below.

It should be noted that if the entries of U are restricted to {—1,0,1}, the values
(Wr, W¢) merely count the wins.

S2. Graphical model

The U matrix can also be viewed as the adjacency matrix of a directed graph G, with
N vertices. If u;; > 0, the graph has an edge from vertex i to vertex j. For visualization, we
can draw this edge as an arrow with head at vertex j and tail at vertex i. The value u;; is
called the weight of the edge, and is denoted by w, when referring to an edge e. The graph
G will have E edges; in terms of the original matrix U, E is the number of positive u;;. For


https://orcid.org/0000-0002-4923-1032

S2 of 523

notational purposes we number the edges 1,2, ... E, without prescribing any relationship
between the edge numbers and the row and column numbers in the matrix U. If a vertex
v is the head or tail of an edge ¢, then e is said to be adjacent to v. We do not use any
actual theorems from graph theory, but the graphical model may aid in understanding the
algorithms to follow.

The indegree ID(v) of a vertex v, is the number of edges whose head is the vertex
v. This is equivalent to the number of positive entries in the vertex or subject associated
column of the score matrix U, or the number of pairs that represent a loss for that vertex
or subject. Similarly, the outdegree OD(v) is the number of edges whose tail is the vertex v,
which is the number of positive entries in the associated row of the score matrix U, or the
number of pairs that represent a win for that subject. These quantities do not depend on
the trial arm assignments.

In addition to these general graph theory concepts, we need some notations that are
specific to our situation.

* Inthe observed data a vertex v is called a treatment vertex if the corresponding D, =1,
and a control vertex otherwise.

¢ In the observed data an edge corresponds to a treatment win if the corresponding
ujj > 0,D; = 1,and D; = 0; such an edge is called a treatment edge. Similarly, if
ujj > 0,D; = 0,and D; = 1 the edge is a control edge. If u;; > 0, but D; = D;, the edge
is a neutral edge.

*  The following quantities are defined for every sample, including, of course, the
observed data.

-  For a vertex v, let F, denote the number of times that the vertex v appears in
the sample. For the permutation distribution, F, = 1 for all samples. For the
bootstrap distributions, F, can be zero or higher.

—  The value T, is defined as the number of times that edge e is a treatment edge in
the sample, and the value C, is the number of times that edge e is a control edge
in the sample. If the treatment edge e has vertices (v, w), then T, = F,Fy.

—  The vectors T and C are the E X 1 column vectors composed of the various T,
and C,. We also let W be the column vector of the weights w,.

In this context, we rewrite (S51) and (52) as

Wr =W'T =Y w,T, = [wy,wy, ..., wg]T
e

We = W'C =) w.C, = [wy,wy, ..., wg]C
e

S3. General Variance Computations

In the next sections, the expectations and variances of Wt and W, and their covariance
will be developed for the permutation (Section S4), two-sample bootstrap (Section S5) and
one-sample bootstrap (Section S6) in detail. They follow however, the same general pattern.

The expectation of Wr is derived by:

E(Wr) = E(W'T)
= [wl,ZU2, <. ;wE}E(T)

= ngIE(Te).

We will show below that E(T,) is the same for all edges.
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Similarly, the expectation of W is derived by:

E(Wc) = E(W'C)
= [wy,wy, ..., wg]E(C)

=) wkE(C)

The variance is derived by

N~

Var([Wr, Wc]) = Var<[wf,wf} _ )

= wowivar([g] ) 3]
N ¢ t
- oo (e( (32 ) - (<[E)) (=[] ) ) W]
- w)(5([en ca) - [Eomm) some))) w] ©
- v ] &2

Computing the variance of the GPC statistics requires two counting steps. In the first
step, we compute the expected values E(T,), E(C,.) and the expected value of an ordered
pair of edges (e, f), not necessarily distinct, E(T,T¢), E(T.Cy), E(C,Tf), and E(C,Cy). This
computation involves elementary calculations involving binomial coefficients. The calcula-
tions differ between edge pairs, depending on the trial arm assignments and the geometric
relationship of the edges. We note that because the variance matrix is symmetric, com-
puting the individual terms E(C,Ty) is redundant, but we will present those calculations
anyway. In the second step, we compute the number of times that each of these geometric
configurations of edges is present in the dataset.

S4. The permutation distribution

In a permutation test, subjects are randomly re-sampled to the treatment groups
without replacement. If all possible permutations of m treatment assignments and 7 control
assignments are considered, the Wy and W in each of these permutation samples will
lead to their permutation distribution. The expectations, variances, and covariance of this
permutation distribution of Wt and W¢ can be calculated explicitly. An edge will always
join the same subjects, but whether or not this edge contributes to the treatment wins or
control wins depends on the treatment assignment in the permutation sample.

For expected values, we use the symbol Ep, as a specification of the general expection
symbol E.

54.1. Expectations

For a single edge ¢ = (i, ) to contribute to the treatment wins, the treatment assign-
ments need to be D; = 1 and D = 0. Since, the total number of trial arm assignments
is ( ), for a single edge e = (i, ]) the number of assignments with D; = 1and D; = 0 is

(NZ

n_1)- Hence for all edges e,

(/)



S4 of 523

and

IE:'P(VVT) = EP(ZweTe) = % ng- (56)

Since having D; = 1 and D; = 0 is equally likely to having D; = 0 and D; = 1, it
follows that Ep(C,) = Ep(T,), and Ep(W¢) = Ep(Wr).

54.2. Variances and covariance

For the variance computation using (54), we will additionally calculate the terms
Ep(TeTs), Ep(T.Cy), Ep(CeTy), and Ep(CeCy) for all ordered pairs of edges e, f. There are
various cases depending on the geometric relationship between the edges in the pair. For
pairs of edges that meet at a vertex there are separate formulas for pairs of identical edges
(case 1), for pairs that have a common head (case 2), a common tail (case 3), or one head
and one tail at the vertex (cases 4 and 5). For all pairs of edges that do not meet at a vertex
(case 6), there is one formula.

In principle some of the above cases could be combined, by considering a mixture
of ordered and unordered pairs. It seems clearer to use ordered pairs throughout.

Computations at a single vertex .

Case An ordered pair of identical edges e with head v:

1: * Inthe permutation case, T; is 0 or 1, we have using (S5)
Ep(T2) = Ep(T,) = — 0
¢  Similarly,
mn
E 2y — E = ——.

¢  Since an edge cannot be simultaneously a win for treatment and for control, we
have T,C, = 0 for all edges e and all permutations, and thus

Ep(T.Ce) = 0.

Case An ordered pair (e, f) of distinct edges, each with head v:

2: e« We have an ordered pair of edges ¢ = (v;, vj) and f = (v, vj) where {v;, v}, vi }
are distinct; that is vertex vj is the head for both edges. Then Tng = 1 iff
D; = Dy = 1and D; = 0. There remain N — 3 patients to be assigned trial arms,
with m — 2 treatment patients and n — 1 control patients. The number of trial
arm permutations satisfying these conditions is (Iyz :g) Accordingly.

o0t = (3 22) /(o) = v v -3y

e  Similarly,

Ep(C.Cy) = @I__;)/(i\n]) = N(I?i(;l)(_zy_ %)

. T, and C  cannot both be 1, because the former requires Dj = 0, and the latter
requires D; = 1. Hence T,Cy = 0 always. Accordingly

Ep(T.Cy) = Ep(CTy) = 0.
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Case An ordered pair (e, f) of distinct edges, each with tail v:

3: e  We have an ordered pair of edges ¢ = (v;, vj) and f = (v;, v;) where {v;,v;,v;}
are distinct; that is vertex v; is the tail for both edges. Then T, Ty = 1iff D; = 1
and D; = D; = 0. The number of trial arm permutations satisfying these

conditions is (%:?) Accordingly

Ep(T.Ty) = (::i’)/(i) = N(Z:,ni(;l)(_z\})_z).

Similarly,

s = (4 71) /() = N w2y

* T, and C; cannot both be 1, because the former requires D; = 1, and the latter
requires D; = 0. Hence T,Cy = 0 always. Accordingly

Ep(T.Cf) = Ep(C.Ty) = 0.

Case An ordered pair (e, f) of distinct edges, where vertex v is the tail of edge e and the
4:  head of edge f:

*  Wehave a pair of edges ¢ = (v;,v;) and f = (v, v;) where {v;,v},v;} are distinct;
that is vertex v; is the tail of edge e and the head of edge f. Then T, and Ty
can never both be 1, because the former requires D; = 1 and the latter requires
D; = 0. Accordingly

Ep(TeTf) = Ep(C.Cys) = 0.

. TeCf =1iff D; =1and Dj = Dy = 0. Accordingly

1) = (1) / () = ==y

e CT;=1iff D; = 0and D; = Dy = 1. Accordingly

swe = (V27) /() = el

Case An ordered pair (e, f) of distinct edges, where vertex v is the head of edge e and the
5:  tail of edge f:
e Wehave a pair of edges ¢ = (v;,v;) and f = (v}, vx) where {v;, v}, v; } are distinct;
that is vertex v; is the head of edge ¢ and the tail of edge f. Then T, and Ty can
never both be 1, nor can C, and Cy. Accordingly

Ep(TeTs) = Ep(CeCy) = 0.
e T.C;=1iff D; = Dy = 1and D; = 0. Accordingly

Ep(TeCy) = (Z_Z’) / (I,D = N(Ir\izn(T)(_Nl >2)'

Similarly,
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Ep(C.Ty) = (Z:__;)/(Z) — N(;;i(;l)(_z\})_ %)

Computations for the remaining edge pairs.
Case An ordered pair (e, f) of non-intersecting edges:
6. e  Consider a pair of edges ¢ = (vi,v;) and f = (v, v;) where {v;,v;, 0,0, } are
distinct; that is the edges do not meet. Then TeTf = 1iff D; = Dy = 1 and
D; = D; = 0. The number of trial arm permutations satisfying these condi-

tions is (%:‘21) The same counting argument applies to C,C s T.C s and Cng.
Accordingly

Ep(TTy) = Ep(T.Cy) = Ep(CeTy) = Ep(CeCy)

-(n22)/ ()
B mn(m—1)(n—1)
T N(N-D(N-2)(N—3)

(S7)

The algorithm is now complete. We evaluate the variance (54) by examining each
ordered pair of edges (¢, f), evaluating Ep(Tng), Ep(Tng), ]Ep(Cng), and ]Ep(CeCf).
This gives an 2E x 2E matrix, where E is the number of edges in the graph G. Pre- and
post-multiply by the W terms. The variance matrix for the pair (W, W¢) is obtained by
summing each of the four E x E blocks of this larger matrix.

Unfortunately, the algorithm as stated is O(N*), because the number of edges is
O(N?), and we have explicitly computed all the entries of an 2E x 2E matrix. For a
practical algorithm we need to reduce the entire computation to O(N?).

54.3. Practical algorithm in the permutation case

The key to a practical computation is to look at cases 1-5 at each vertex separately.
Then sum those values to include in the four entries of (S4). Finally, compute the number
of pairs in case 6, and include those terms also.

Define the following values of the U-matrix:

I, = Z w, over edges e such that the head of e is vertex v or the column sums of w, for vertex v
i

I = Z w?  over edges e such that the head of ¢ is vertex v or the column sums of w? for vertex t
i

O, = Z we over edges e such that the tail of e is vertex v or the row sums of w, for vertex v.
j

O; = Z w?  over edges e such that the tail of e is vertex v or the row sums of w? for vertex v.
j

We note that if the entries of U are restricted to {—1,0,1}, then I, = I = ID(v), and
0, = O5 = OD(v).

Case At each vertex v, the contribution to the square terms in the variance is
1:

mn

N(N*l)lzs) fOI‘VTT
mn

N(N*l)oz for VCC

0 for VTC and VCT
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Case For an ordered pair (e, f) of distinct edges each with head v, the contribution to the
mn(m—1)

(N—-1)(N-2) The total combination for

square terms in the variance Vrr is w,w N

all the ordered pairs of edges is then

mn(m —1) s
N(N — 1)(N — 2) (15 — Iv) for VTT
mn(n—1)

N(N-1)(N -2) (5~ )

0 for VTC and VCT

for VCC

The reason for the subtraction in (I — I,) is that we are looking at pairs of distinct
edges; the ordered pairs of identical edges were already counted in case 1.
Case For an ordered pair (e, f) of distinct edges each with tail v, the contribution to the

-1
square terms in the variance Vrr is wewy N( I? iql) ( N)— 2y The total combination for
all the ordered pairs of edges is then
mn(n —1) )
0;—-03) forV:
N(N—l)(N—Z)( 4 'U) or TT
mn(m—1)

(05-03) for Ve

N(N—-1)(N-2)
0 for Vrc and Vr

Case At each vertex v, the contribution to the square terms in the variance is
4:

mn(n —1)
N(N — 1>(N — 2) IUOU for VTC
mn(m—1)

I, forV,
N(N—1)(N —2) 0l forVer

0 for VTT and VCC

Case At each vertex v, the contribution to the square terms in the variance is
5:

mn(m—1)
N(N—l)(N—Z)OUIU for Vrc
mn(n —1)

I,O, for Ver

N(N-1)(N-2)
0 for VTT and VCC

Case For the non-intersecting edges, we need to sum the term (S7) for all pairs of edges,
6:  except those already considered in cases 1-5. Accordingly we define

Fo =Y (I + (I3 = 1) + (03 — 03) + 21,05].

(%
Then the variance term is

mn(m—1)(n—1)
N(N—-1)(N—2)(N-3)

((Zwe)2 —Fp) for Vrr, Vi, Ver,and Ve

e

54.4. Complexity of the final permutation algorithm

For a specific vertex v, in order to compute the various vertex dependent terms in
the variance formulas, (I, I}, O,, and O}) each other vertex must be examined once. Thus
the complexity of the computation at each vertex is O(N), and computing at all vertices is
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thus O(N?). The total number of edges and the wins Wr and W are computed from these
numbers in an additional O(N) steps, and the final computations are O(1). Accordingly
the time complexity of the permutation algorithm is O(N?). No algorithm can have time
complexity less than O(N?), because we must examine each entry of the original N x N
matrix at least once.

S5. The two-sample bootstrap distribution

In a two-sample bootstrap test, subjects are randomly re-sampled with replacement
within their treatment group. There are accordingly m™ bootstrap samples from the treat-
ment population, and n” bootstrap samples from the control population, for a total of m™n"
bootstrap samples. If all possible bootstrap samples, are considered, the the treatment win
sum Wr and control win sum W¢ will have the complete bootstrap distribution. The means,
variances, and covariance of this bootstrap distribution of Wr and W¢ will be calculated
explicitly. These values will also be the expected means, variances, and covariances from a
randomized bootstrap sample.

Neutral edges in the observed data can never correspond to wins in a bootstrap sample,
and such edges play no role in the computations below.

We will use a number of easily derived identities involving multinomial coefficients.
These are summarized in section S7.

55.1. Expectations

The expected values of the vectors T and C are computed using elementary sums of
multinomial coefficients.

We note that the number of ways a treatment vertex can appear k; times in the sample
from the treatment vertices is Y ¢, —m—k, k1,kzrf~.,km)' Accordingly the expected number
of times that a treatment vertex appears in the complete set of bootstrap samples is given

by

m
Lk

Y (on i)
1 kp+.kp=m—k ki, ko, ... kn

m
B Z kl (klrkZ/-~-/km)

k1 +ky+.. kyy=m
g mm

where we have used identity (514) from the appendix.

Since there are a total of m™ bootstrap samples from the treatment vertices, it follows
from the above that the expected number of times that a specific treatment vertex appears
in a bootstrap sample is 1. This particular point can easily be derived without using the
multinomial coefficients, but sums of those coefficients appear to be necessary for some of
the later computations.

Similarly, the number of ways a control vertex ¢; appears in the sample from the
control vertices is n".

Consider a treatment edge e. Then the head is a control vertex, and the tail is a
treatment vertex. If the frequency of the treatment vertex is k;, and frequency of the control
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vertex is /1 , then the edge e appears k;/; times in the bootstrap sample. Accordingly, for
the expected value of T, we have

1 m n
Ep(Te) = — 2 kl( > ) ll( )
mnnn Py kl,kz, ey km L= 11, lz, ooy lm
1
= m"n"t = 1. (S8)

For this edge we will have Ep,(C.) = 0, since this edge cannot correspond to a control win
in any bootstrap sample. Similarly, if an edge f is a control edge, then Epy(Ty) = 0 and
Ep>(Cy) = 1. Consequently Epy(Wr) is the observed treatment win sum, and Ep,(Wc) is
the observed control win sum.

§5.2. Variances

For the variance, again the expectations of Epy(TeTs), Epa(CeCy), Ep2(TeCy) and
Ep2(CeTr) need to be calculated, and these depend on the geometric configuration of the
edges. We considered various cases of ordered pairs. Cases 3-10 fall into pairs, with the odd
case for a treatment vertex and the even case for a control vertex. (The computations for
the different vertices are slightly different.) The following cases are considered: an ordered
pair of identical treatment edges (case 1), an ordered pair of identical control edges (case 2),
an ordered pair of distinct treatment edges adjacent to a vertex (case 3 respectively case 4),
an ordered pair of distinct control edges adjacent to a vertex (case 5 respectively case 6), an
ordered pair of a treatment edge and a control edge adjacent to a vertex (case 7 respectively
case 8), and an ordered pair of a control edge and a treatment edge adjacent to a vertex
(case 9 respectively case 10). Finally, for non-intersecting edges, 4 cases are considered: an
ordered pair of distinct treatment edges (case 11), an ordered pair of distinct control edges
(case 12), an ordered pair of a treatment and a control edge (case 13), and an ordered pair
of a control edge and a treatment edge (case 14).

In principle some of the above cases could be combined, by considering a mixture
of ordered and unordered pairs of edges. It seems clearer to use ordered pairs
throughout.

Computations at a single vertex.

Case An ordered pair of identical treatment edges, adjacent to the vertex v:
L' e Letthe edge be e = (v1,v;), with corresponding vertex frequencies ki, kp. The
number of possibilities for T, > 0 is k1k,. Then

1

Epy(T2) = k2< " )
BZ( 6) mmnl’l k1+;m:m 1 kl,kZ,...,km

n
< T ( )
L+..0=1 Ii,l,.... L
1

= W(Zm —Dm"™ (2n —1)n"!
_ (Zm—ln)lfn—l)/ (59)

where we have used formula (515) from section S7. For this same edge, C. = 0
for all bootstrap samples, and hence

Epa(C2) = Epy(T.Ce) = Epa(CeTe) = 0.

Case An ordered pair of identical control edges, adjacent to the vertex v:
2:
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¢  The computations are similar to case 1.
Epy(T7) = Epa(TeCe) = Epp(CeTe) = 0.

Faich) - Er=001=0

Case An ordered pair (e, f) of distinct treatment edges, each adjacent to the treatment
3:  vertex v:

e Letthe edgesbee = (v1,v2) and f = (v1,v3), with corresponding vertex fre-
quencies ki, kp, k3. Then the common vertex v; is a treatment vertex. The number
of possibilities for T, > 0 is k1ky, and for Ty > 0 is kik3. Then the number of
samples that produce both T, > 0 and Ty > 01is k3koks, and

1

Ep(T.Ty) = k2< " )
BZ( e f) mmnl’l k1+'§n:m 1 kl,kz,...,km

n
x ), s (11,12,...,ln>

Lh+..ly=n

1
T (2m —1)ym™ 1 (n —1)n" 1

2m—1)(n— 1)’
mn

where we have used formulas (S15) and (S16) from section S7. Because both
edges correspond to treatment wins, we have

Ep2(CeCr) = Epa(TeCy) = Epa(CeTy) = 0.
Case An ordered pair (e, f) of distinct treatment edges, each adjacent to the control vertex
4 o
e Lettheedgesbee = (v1,v;2) and f = (v3,vy), with corresponding vertex weights
are k1, ky, k3. Then the common vertex v; is a control vertex. The number of

possibilities for T, > 0is k1kp, and for Ty > 0is kk,. Then the number of samples
that produce both T, > 0 and Tr>0is k]k%k?,, and

N
L ik (kl,kz,. . .,kN>

k1 +..kyy=m

n
x ¥ z%( )
li+..Iy=n ll/ 12, oy
1

T (m—1)m™1(2n —1)n""1

_ (m—1)2n—1)

7

1

EBZ(TETf) = mmpt

mn

where we have used formulas (515) and (516) from section S7.
Because both edges correspond to treatment wins, we have

Ep2(CeCy) = Epa(TeCys) = Epa(CeTy) = 0.

Case An ordered pair (e, f) of distinct control edges, each adjacent to the treatment vertex
5 o
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¢ The expected value computations are similar to those of case 3.

Epy(CeCy) = W

Epa(TeTf) = Epa(TeCy) = Epa(CeTy) = 0.

Case An ordered pair (e, f) of distinct control edges, each adjacent to the control vertex v:
6: e The expected value computations are similar to those of case 4.
(m—1)(2n—1)
E =,
2(CeCy) p—
Epy(TeTr) = Epa(TeCy) = Epa(C,Ty) = 0.

Case An ordered pair (e, f) of distinct edges, where ¢ is a treatment edge and f is a control
7:  edge, each adjacent to the treatment vertex v:

*  The expected value computations are similar to those of case 3.
(2m—1)(n—1)

EBQ(Tng) = T

Egz(Tng) = Egz(chf) = ]EBZ(Cng) =0.

Case An ordered pair (e, f) of distinct edges, where ¢ is a treatment edge and f is a control
8:  edge, each adjacent to the control vertex v:

*  The expected value computations are similar to those of case 4.

Ep (T.Cy) = (m=1)Zn=1) 1T)n(5n —1)

Epa(TeTy) = Epa(CeTy) = Epa(CcCy) = 0.

Case An ordered pair (e, f) of distinct edges, where e is a control edge and f is a treatment
9:  edge, each adjacent to the treatment vertex v:

*  The expected value computations are similar to those of case 3.

Ep(C.Ty) = Zn= D),

Epy(TeTy) = Epa(TeCr) = Epa(CeCy) = 0.

Case An ordered pair (e, f) of distinct edges, where e is a control edge and f is a treatment
10: edge, each adjacent to the control vertex v:

*  The expected value computations are similar to those of case 4.

Ep(C.Ty) = MDD

Epy(TeTy) = Epa(TeCr) = Epa(CeCr) = 0.
*  This case is not actually needed, because the variance matrix is symmetric.

Computations for the remaining edge pairs.

Case An ordered pair (e, f) of non-intersecting edges, both treatment edges:

11t e Lettheedgesbee = (v1,v;) and f = (v3,v4), with corresponding vertex frequen-
cies ki, ko, k3, k4. The number of possibilities for T, > 0 is k1ky, and for Tr >0



512 of 523

is k3ky. Then the number of samples that produce both T, > 0 and Ty > 0 is
k1k2k3k4, and

1

N
Epy (T, T) = kaok
B2( e f) mmph k]"r-%n:m 2 4(k1,k2,-.-,kl\]>

n
x Z 1113 (llIIZI"'Iln)

ll+...ln:7’l
1
T (m—1)m"™ Y (n—1)n"!

_ (m—l)(n—l).
mn

Because both edges correspond to treatment wins, we have
Ep(CeCy) = Epa(TeCy) = Epa(CeTy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, both control edges. Following similar
12:  reasoning as in case 11 we have:

Ep(CoCp) = MDD,

Epy(TeTr) = Epa(TeCr) = Epa(CeTy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, where e is a treatment edge and f is
13: a control edge. Following similar reasoning as in case 11 we have:

Epy(T.Cy) = W

Epa(TeTy) = Epa(CeTy) = Epz(CcCy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, where ¢ is a control edge and f is a
14: treatment edge. Following similar reasoning as in case 11 we have:

Ep(C.1y) = M-V

Epy(TeTs) = Epa(TeCy) = Epa(CcCy) = 0.

The algorithm is now complete. We evaluate the variance (54) by examining each ordered
pair of edges (e, f), evaluating Epy (T, Tf), Ep2(TeCy), Epa(C,Tr), and Epy(CeCy). This
gives an 2E x 2E matrix, where E is the number of edges in the graph G. Pre- and post-
multiply by the W terms. The variance matrix for the pair (Wr, W) is obtained by summing
each of the four E x E blocks of this larger matrix.

Unfortunately, the algorithm as stated is O(N*), because the number of edges is
O(N?), and we have explicitly computed all the entries of an 2E x 2E matrix. For a
practical algorithm we need to reduce the entire computation to O(N?).

55.3. Practical algorithm in the two-sample bootstrap case

The key to a practical computation is to look at cases 1-10 at each vertex separately.
Then sum those values to include in the four entries of (54). Finally, compute the numbers
of pairs in each of cases 11 - 14, and include those terms also.

We also need a bit of notation that is specific to the bootstrap computations.

Let the indicator D, = 1 when D; = 1 and D; =0, and D, = 0 when D; = 0 and
D; = 1. An edge corresponding to a treatment win (u;; > 0 for D, = 1 and u;; < 0 for
D, = 0) or a control win (u;; < 0 for Dy = 1 and u;; > 0 for D, = 0) in the observed data
will be called a treatment edge or a control edge.
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Control edge Treatment edges

Figure S1. Relevant terminology for the bootstrap distribution of a score matrix U. The edges in the
red rectangles are the edges contributing to the wins, D, = 1 is representing the treatment subjects
and D, = 0 the control subjects and #T;, respectively #C, denoting the number of treatment or control
edges adjacent to the vertex v.

#T, = ) ~w, over treatment edges adjacent to vertex v or

the row sums of w, > 0 (w, < 0) for vertex v with D,_1 (Dy—o).
#C, = wa over control edges adjacent to vertex v or

the column sums of w, > 0 (w, < 0) for vertex v with D;—¢ (Dy—1).
#T5, = Z w? over treatment edges adjacent to vertex v or

the row sums of wg for w, > 0 (w, < 0) for vertex v with Dy—q (Dy—g)-
#C,, = ng over control edges adjacent to vertex v or

the column sums of w? for w, > 0 (w, < 0) for vertex v with Dy—q (Dy—1).
or due to symmetry of the U-matrix (Figure S1):

#T, = Zwe the row (D,—1) and column (D,—g) sums of w, > 0 for vertex v.
#Cy = Zwe the row (D,—1) and column (D,—g) sums of w, < 0 for vertex v.
#T5 = Zw% the row (D,—1) and column (D,—() sums of wg for w, > 0 vertex v.
#C, = ng the row (D,—1) and column (D,—() sums of w? for w, < 0 vertex v.
The distinction between #T% and #T2 should be made clear. In the former the appro-

priate values w, are squared, and then summed; in the latter the values w, are summed,
and then the sum is squared.
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Case For each treatment edge e adjacent to v, the contribution to the square terms in the

2m—1)(2n -1
variance Vrr is w? (@m=1)(2n —1) . Summing over all the treatment edges adjacent

mn
to v, we have the contribution to the square terms

2m—1)(2n—1)

#T; for VTT

0 for VTC/ VCT/ and VCC

Case For each control edge ¢ adjacent to v, the contribution to the square terms in the

2m—1)(2n —1
variance V¢ is w? (2m =1)(2n = 1) . Summing over all the control edges adjacent to

mn
v, we have the contribution to the square terms

(2m—1)(2n—1)

s
#((“U for VCC

0 for VTT/ VTC/ and VCT

Case For an ordered pair (e, f) of distinct treatment edges adjacent to the treatment vertex

3: 2m—1)(n—1
v, the contribution to the square terms in the variance Vrr is wew f%.

Summing over all the the pairs, we have the contribution to the square terms

W (#T5 —#T3) for Vrp

0 for VTC/ VCT/ and VCC

The reason for the subtraction in (#T2 — #T%) is that we are looking at pairs of distinct
edges; the ordered pairs of identical edges were already counted in case 1.
Case For an ordered pair (e, f) of distinct treatment edges adjacent to the control vertex
(m—1)(2n—1)

mn
Summing over all the the pairs, we have the contribution to the square terms

v, the contribution to the square terms in the variance Vrr is wew f

~1)@2n-1
%(#Tﬁ—#’ﬂ‘;) for Vrr

0 for Vr¢, Ver, and Ve

Case For an ordered pair (e, f) of distinct control edges adjacent to the treatment vertex
2m—-1)(n—1)

mn
Summing over all the the pairs, we have the contribution to the square terms

v, the contribution to the square terms in the variance Vcc is wewy

2m—1)(n—1
%(#@5 —#CS)  for Ve
0 for VTT/ VTC/ and VCT

Case For an ordered pair (e, f) of distinct control edges adjacent to the control vertex v,
(m—1)(2n—1)

mn
Summing over all the the pairs, we have the contribution to the square terms

the contribution to the square terms in the variance Ve is wewy

(m—1)2n—1)

n (#C% - #(C%) for VCC

0 for VTT/ VTC/ and VCT

Case For an ordered pair (e, f) of distinct edges, where ¢ is a treatment edge and f is a
7:  control edge, adjacent to the treatment vertex v, the contribution to the square terms
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2m—1)(n—1)

mn
the contribution to the square terms

in the variance Vrc is wewy . Summing over all the the pairs, we have

2m —1 —1
—( " )(Tl )#TU#CU for VTC
mn

0 for VTT/ VCT/ and VCC

Case For an ordered pair (e, f) of distinct edges, where e is a treatment edge and f is a
8:  control edge, adjacent to the control vertex v, the contribution to the square terms in
(m—1)2n—1)

mn
the contribution to the square terms

the variance Vrc is wewy . Summing over all the the pairs, we have

w#’ﬂ‘v#@v for Vyc
mn

0 for VTT/ VCT/ and VCC

Case For an ordered pair (e, f) of distinct edges, where e is a control edge and f is a
9:  treatment edge, adjacent to the treatment vertex v, the contribution to the square
2m—1)(n—1)

mn
we have the contribution to the square terms

terms in the variance Vcr is wewy . Summing over all the the pairs,

M#TU#CU for Ver
mn

0 for VTT/ VTC/ and VCC

Case For an ordered pair (e, f) of distinct edges, where ¢ is a control edge and f is a
10: treatment edge, adjacent to the control vertex v, the contribution to the square terms
(m—1)(2n—1)

mn
the contribution to the square terms

in the variance Vcr is wewy . Summing over all the the pairs, we have

W#TU#CU for Ver
mn

0 for VTT/ VTC/ and VCC

Case For an ordered pair (e, f) of non-intersecting treatment edges, the contribution to the

11: . . . (m—1)(n-1)
square terms in the variance Vrr is wew e —
for all ordered pairs of treatment edges would be W2. We have already included the
terms w,wy for single edges (Case 1) and for pairs of intersecting edges (Cases 3 and
4). Accordingly the remaining variance computation is

. The sum of the w,w ¢ terms

(m—1)(n - 1)

W2— Y #T5 — Y (#T2 - #T;)) for Vrr

Dy=1 v

0 for VTC/ VCT/ and VCC

Case For an ordered pair (e, f) of non-intersecting control edges, the contribution to the

12: —1)(n—-1
square terms in the variance V¢ is w,w f%

for all ordered pairs of treatment edges would be W2. We have already included the

. The sum of the w,w ¢ terms
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terms w,wy for single edges (Case 2) and for pairs of intersecting edges (Cases 5 and
6). Accordingly the remaining variance computation is

W2 — DZ:1 #CS ;(#(Cf, - #(C;))] (m=1)(n-1)

for VCC

0 for VTT/ VTC/ and VCT

Case For an ordered pair (e, f) of non-intersecting edges, where e is a treatment edge
13: and f is a control edge, the contribution to the square terms in the variance V¢

(m—-1)(n—1)

is wewy . We have already included the terms Wews for pairs of in-

mn
tersecting edges (Cases 7 and 8). Accordingly the remaining variance computation
is

(m—1)(n—1)
mn

[WTWC - Z#TU#(CU] for Vrc
(%

0 for VTT/ VCT/ and VCT

Case For an ordered pair (e, f) of non-intersecting edges, where e is a control edge and
14:  f is a treatment edge, the contribution to the square terms in the variance V¢ is

WewW fw. We have already included the terms w,w; for pairs of inter-

secting edges (Cases 9 and 10). Accordingly the remaining variance computation
is

(m—-1)(n—1)

[WTWC - Z#TU#(CZ,] for Ver
4
0 for VTT/ VTC/ and VCT

The variances for Wr and W are thus:

2m—1)(2n —1 2m—1)(n —1
Dy=1 Dy=1
m—1)2n—1 m—1)(n—1
m=1@n=1) 31(” ) Y (HT2 — #T5) + m=1)n=1) nii )(W%— Y TS
D,=0 Dy=1
Y (#T2 — #T;‘;)) — W2,
v
2m—1)(2n —1 2m—1)(n —1
Varg(W¢) = ( nzfq ) Y #C;+$ Y (#C3 —#C5)+
Dv:1 Dv:l
m—1)2n—1 m—1)(n—1
(m=1)@n=1) 31(” ) Y (#cc%,—#@;)+—( nzfl )<Wé— Y #C5—
Dz}:O Dv:l
Y (#C2 — #C;)) — W2,
v
and the covariance:
2m—1)(n —1 m—1)2n—1
COVB(WTWC) :# DUX::1 #Tv#(Cv + % DvX::O #TU#CZ,
(m—-1)(n—1)
e (WTWC - ;#TU#CU> — WrWe.
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55.4. Complexity of the final bootstrap algorithm

For a specific vertex v, in order to compute the various vertex dependent terms in the
variance formulas, (#T,, #C,, #T;, and #C;)) each other vertex must be examined once. Thus
the complexity of the computation at each vertex is O(N), and computing at all vertices is
thus O(N?). The total number of edges and the wins Wy and W¢ are computed from these
numbers in an additional O(N) steps, and the final computations are O(1). Accordingly
the time complexity of the bootstrap algorithm is O(N?). No algorithm can have time
complexity less than O(N?), because we must examine each entry of the original N x N
matrix at least once.

We also note that the edges within trial arms (the so-called neutral edges), never
entered into any of the computations. Accordingly these edges do not influence the
variance computation. This is in contrast to the permutation situation, where the neutral
edges do impact the variance.

S6. The one-sample bootstrap distribution

In a one-sample bootstrap test, subjects are randomly re-sampled with replacement
from the entire population. Accordingly, the trial arm counts in a bootstrap sample will
typically differ from those in the observed data. Although sampling from the trial arms
separately seems to be more common; this method might be used on occasion. With a
population of size N patients, there are NV possible bootstrap samples, and our underlying
assumption is that all are equally likely. If all possible bootstrap samples, are considered,
the the treatment win sum Wr and control win sum W¢ will have the complete bootstrap
distribution. The means, variances, and covariance of this bootstrap distribution of Wr and
W will be calculated explicitly. These values will also be the expected means, variances,
and covariances from a randomized bootstrap sample.

Neutral edges in the observed data can never correspond to wins in a bootstrap sample,
and such edges play no role in the computations below.

We will use a number of easily derived identities involving multinomial coefficients.
These are summarized in the appendix.

We also need a bit of notation that is specific to the bootstrap computations.

For expected values, we use the symbol Ep1, as a specification of the general expection
symbol E.

#T, = ) w, over treatment edges adjacent to vertex v.
#C, = ) _w, over control edges adjacent to vertex v.
#T5 =) w?  over treatment edges adjacent to vertex v.

#Cy =) w?  over control edges adjacent to vertex v.

The distinction between #T%, and #T? should be made clear. In the former the appropriate
values w, are squared, and then summed; in the latter the values w, are summed, and then
the sum is squared.

When sampling from the entire population, a vertex frequency can have any value in
the interval [0, N]. The number of ways that a vertex frequency can have the value kq is
givenby Y i 4.k =N—Kk (kl/kZI/\-]--/kN)’ and the number of ways a pair of vertices can have

. .. N
frequencies (ky, k2) is given by Y, 1 ky=N—k1 ks (k, ko, hens)-
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56.1. Expectations

Consider a treatment edge e. For the expected value of T,, we use equation (514) from
the appendix.

1 N
EBl<T3) :Wk+; Nklk2<k1,kz,...,kN)
1+ k=

1 _ N-1
= (N =NV = —— (S10)
For this edge we will have Ep;(C,) = 0, since this edge cannot correspond to a control
win in any bootstrap sample. Similarly, for a control edge f, Ep1(Tf) = 0 and Ep; (Cy) =
(N—1)/N.

56.2. Variances

For the variance, again the expectations of Ep;(T.Tf), Ep1(CeCy), Ep1(T.Cy) and
Ep1(CeTr) need to be calculated, and these depend on the geometric configuration of the
edges. We considered various cases of ordered pairs. The following cases are considered: an
ordered pair of identical treatment edges (case 1), an ordered pair of identical control edges
(case 2), an ordered pair of distinct treatment edges adjacent to a vertex (case 3), an ordered
pair of distinct control edges adjacent to a vertex (case 4), an ordered pair of a treatment
edge and a control edge adjacent to a vertex (case 5), and an ordered pair of a control edge
and a treatment edge adjacent to a vertex (case 6). Finally, for non-intersecting edges, 4
cases are considered: an ordered pair of distinct treatment edges (case 7), an ordered pair
of distinct control edges (case 8), an ordered pair of a treatment and a control edge (case 9),
and an ordered pair of a control edge and a treatment edge (case 10).

In principle some of the above cases could be combined, by considering a mixture
of ordered and unordered pairs of edges. It seems clearer to use ordered pairs
throughout.

Case An ordered pair of identical treatment edges. For an edge e of G that corresponds to a
1.  treatment win

1 N
I S
‘ NN k1+kN:N kl/kzl ceey kN
(N—1)(4N? 9N +6)
p— N3 ,

where we have used equation (517) from section S7. For this same edge, C. = 0 for all
bootstrap samples, and hence Ep;(C?) = Ep;(T.C.) = Ep;(C.T,) = 0.
Case An ordered pair of identical control edges. For an edge ¢ of G that corresponds to a
2:  treatment win

1 N
T )
' NH ky+.. k=N ki,ko, ... kn
_ (N-1)(4N* —9N +6)

N3
For this same edge, T, = 0 for all bootstrap samples, and hence Ep; (T?) = Ep(T.C,) =

Ep1(C.T,) = 0.
Case An ordered pair (e, f) of distinct treatment edges, each adjacent to a vertex v:

31 e Letthe edges be e = (v1,v;) and f = (vy,v3), with corresponding vertex fre-
quencies k1, kp, k3. The number of possibilities for T, > 0 is k1kp, and for Tr >0
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is k1ks. Then the number of samples that produce both T, > 0 and Ty > 0is

k%kzkg,, and
1 N
Eg (T, Tf) = — Kkok ( )
m(LTy) NN k1+.§\;:N R ki ko, ... kn

LN(N —1)(N —2)(2N —3)NN-3
N-1)(N—-2)(2N -3

_(N= (2N =3 s

where we have used formula (S18) from section S7.

Because both edges correspond to treatment wins, we have

Ep1(CeCr) = Ep1(TeCy) = Ep1(CeTy) = 0.

The above computations were for a common treatment vertex. The computations
would be exactly the same if the common vertex was a control vertex.

Case An ordered pair (e, f) of distinct control edges, each adjacent to a vertex v:
4. °

The computations are the same as in case 3, except that now the contribution is
to Ep1 (CeCy). Accordingly

Ep (C.Cp) = V= 1)(N§32)(2N 3
Ep1(TeTf) = Ep1(TeCy) = Ep1(CcTy) =0

Case An ordered pair (e, f) of distinct edges, where ¢ is a treatment edge and f is a control
5:  edge, each adjacent to a vertex v:

¢  The computations are the same as in case 3. Accordingly

Eg (T.C) = N = 1)(N§32)(2N _3)
]EBl(TeTf) = EBl(CeTf) — EBl(Cng) _ 0

Case An ordered pair (e, f) of distinct edges, where e is a control edge and f is a treatment
6: edge, each adjacent to a vertex v:

*  The computations are the same as in case 3. Accordingly

Ep (C.Tp) = N 1)(NZ;32)(2N 3
Ep1(TeTr) = Ep1(TeCy) = Ep1(C.Cf) =0

Case An ordered pair (e, f) of non-intersecting edges, both treatment edges:
7 e

Let the edgesbe e = (v1,v;) and f = (v3, v4), with corresponding vertex frequen-
cies ky, ky, k3, k4. The number of possibilities for T, > 0 is k1ky, and for Tr >0
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is k3ky. Then the number of samples that produce both T, > 0 and Ty > 0 is
k1k2k3k4, and

! N
Emi(TeTy) = g k1k2k3k4< )
7Y k1+.§;\,:N ki, kp, ... kn

1 —

= W(N_ 1)(N —2)(N—3)NN-3

_ (N=D(N-2)(N-3)
- N )

where we have used formula (S519) from section S7. Because both edges corre-
spond to treatment wins, we have

Ep1(CeCr) = Ep1(TeCy) = Ep1(CeTy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, both control edges. Following similar
8:  reasoning as in case 7 we have:

Ep1(CeCy) = (N - 1)(NN—32)(N_3)

Ep1(TeTr) = Ep1(TeCr) = Ep1(CcTy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, where e is a treatment edge and f is
9:  acontrol edge. Following similar reasoning as in case 7 we have:

By (ricy) = - 1)(1\11\;3 2)(N - 3)

Ep1(TeTy) = Ep1(CeTy) = Ep1(CeCy) = 0.

Case An ordered pair (e, f) of non-intersecting edges, where e is a control edge and f is a
10: treatment edge. Following similar reasoning as in case 7 we have:

Epy(GT)) = (N — 1)(NN—3 2)(N —3)

Ep1(TeTr) = Ep1(TeCys) = Ep1(CcCy) = 0.

The algorithm is now complete. We evaluate the variance (S4) by examining each
ordered pair of edges (e, f), evaluating ]EBz(Tng), EBZ(Tng), EBZ(CeTf), and EBZ(CeCf).
This gives an 2E x 2E matrix, where E is the number of edges in the graph G. Pre- and
post-multiply by the W terms. The variance matrix for the pair (W, W¢) is obtained by
summing each of the four E x E blocks of this larger matrix.

Unfortunately, the algorithm as stated is O(N*), because the number of edges is
O(N?), and we have explicitly computed all the entries of an 2E x 2E matrix. For a
practical algorithm we need to reduce the entire computation to O(N?).

56.3. Practical algorithm in the one-sample bootstrap case

The key to a practical computation is to look at cases 1-6 at each vertex separately.
Then sum those values to include in the four entries of (54). Finally, compute the numbers
of pairs in each of cases 11 - 14, and include those terms also.
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Case For each treatment edge e adjacent to v, the contribution to the square terms in the

1: N —1)(4N?% —
variance Vrr is wg( ) 3 ON +6)

adjacent to v we have the contribution to the square terms

. Summing over all the treatment edges

(N —1)(4N? —9N +6)
N3

#T; for VTT

0 for VTC/ VCT/ and VCC

It should be noted that when we add these terms from all vertices, each edge would be
counted twice. An appropriate correction is needed in the actual computer program.
The same comment applies to Case 2.
Case For each control edge e adjacent to v, the contribution to the square terms in the vari-
N —1)(4N? —9N +6
ance V¢ is wg( )( N3 +6)
to v, and correcting for the fact that an edge will be counted at both ends, we have the
contribution to the square terms

. Summing over all the control edges adjacent

N—1)(4N2—-9N +6
( )( N3 + )#m; for VCC

0 for VTT/ VTc, and VCT

Case For an ordered pair (e, f) of distinct treatment edges adjacent to the vertex v, the
(N—1)(N—-2)(2N —3)

N3
Summing over all the the pairs, we have the contribution to the square terms

contribution to the square terms in the variance Vrr is wew f

(N—1)(N—2)(2N —3)

NG (#T2 — #T%5)  for Vrr

0 for VTC/ VCT/ and VCC

The reason for the subtraction in (#T2 — #T%) is that we are looking at pairs of distinct
edges; the ordered pairs of identical edges were already counted in case 1.
Case For an ordered pair (e, f) of distinct control edges adjacent to the vertex v, the con-
(N—-1)(N—-2)(2N —3)

N3
Summing over all the the pairs, we have the contribution to the square terms

tribution to the square terms in the variance Vcc is wewy

(N—1)(N—2)(2N —3)

NE (#C3 —#C3)  for Ve

0 for VTT/ VTC/ and VCT

Case For an ordered pair (e, f) of distinct edges, where e is a treatment edge and f is a

5:  control edge, each adjacent to the vertex v, the contribution to the square terms in the

(N—-1)(N—-2)(2N —3)
N3

have the contribution to the square terms

variance Vrc is wewy . Summing over all the the pairs, we

(N—1)(N —2)(2N —3)
N3

(#TU#(CU) for VTC

0 for VTT/ VCT/ and VCC

Case For an ordered pair (e, f) of distinct edges, where e is a control edge and f is a
6: treatment edge, each adjacent to the vertex v, the contribution to the square terms in
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(N —1)(N —2)(2N —3)

N3
we have the contribution to the square terms

the variance Ver is wewy . Summing over all the the pairs,

(N—1)(N —2)(2N —3)
N3

(#T,#Cy) for Ver

0 for VTT/ VTC/ and VCC

Case For an ordered pair (e, f) of non-intersecting treatment edges, the contribution to

7: N-1)(N-2)(N-3
the square terms in the variance Vrr is w,w f ( ) N3 ) )
wewy terms for all ordered pairs of treatment edges would be W2. We have already
included the terms w,w; for single edges (Case 1) and for pairs of intersecting edges
(Case 3). Accordingly the remaining variance computation is

. The sum of the

(N-1)(N-2)(N-3)
N3

for VTT

[w% — Y #T2
v

0 for VTC/ VCT/ and VCC

Case For an ordered pair (e, f) of non-intersecting control edges, the contribution to the
8: . . . (N—-1)(N—-2)(N-3)
square terms in the variance V¢ is wew f N3
wewy terms for all ordered pairs of control edges would be W2. We have already
included the terms w,w; for single edges (Case 2) and for pairs of intersecting edges
(Case 4). Accordingly the remaining variance computation is

. The sum of the

lW% - ;#cgl (N - 1)(NI\]_3 2)(N-3) for V¢

0 for VTT/ VTC/ and VCT

Case For an ordered pair (¢, f) of non-intersecting edges, where e is a treatment edge

9: and f is a control edge, the contribution to the square terms in the variance V¢ is

(N—-1)(N—-2)(N-3)
3

be WrWc. We have already included the terms w.wy for pairs of intersecting edges

(Case 5). Accordingly the remaining variance computation is

Wew . The sum of the w,w ¢ terms for all ordered pairs would

(N-1)(N-2)(N-3)
N3

lWTWC - Z#TU#CU for VTC
4

0 for VTT/ VCT/ and VCC

Case For an ordered pair (e, f) of non-intersecting edges, where e is a treatment edge

10: and f is a control edge, the contribution to the square terms in the variance V7 is

(N-1)(N-2)(N-3)
N3

be WrWc. We have already included the terms w.w/ for pairs of intersecting edges

(Case 6). Accordingly the remaining variance computation is

Wel ¢ . The sum of the w,w ¢ terms for all ordered pairs would

(N-1)(N—-2)(N—3)
N3

lWTWC - Z#Tv#Cv for VCT
v

0 for VTT/ VTC/ and VCC
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56.4. Complexity of the final bootstrap algorithm

For a specific vertex v, in order to compute the various vertex dependent terms in the
variance formulas, (#T,, #C,, #T;, and #C;)) each other vertex must be examined once. Thus
the complexity of the computation at each vertex is O(N), and computing at all vertices is
thus O(N?). The total number of edges and the wins Wy and W¢ are computed from these
numbers in an additional O(N) steps, and the final computations are O(1). Accordingly
the time complexity of the bootstrap algorithm is O(N?). No algorithm can have time
complexity less than O(N?), because we must examine each entry of the original N x N
matrix at least once.

We also note that the edges within trial arms (the so-called neutral edges), never
entered into any of the computations. Accordingly these edges do not influence the
variance computation. This is in contrast to the permutation situation, where the neutral
edges do impact the variance.

S7. Multinomial coefficient identities

We look at various identities involving the multinomial coefficients. These are all
elementary to derive, and they are summarized here for the convenience of the reader.

The multinomial theorem is

N
(tx o)t = ) x’I1X’§2-~-x’va(k Ky k ) (512)
ki+..kn=N 1/K2,- .-, KN

Letting all x; = 1 in (512) we find

(k L N . ):NN. (S13)
k1+...kN:N 1,82, /AN

By taking derivatives of (512) and then substituting all x; = 1, we obtain a number of
further identities.

» kl(k k ) k )_NN' (S14)
ki+..kn=N 1,62, ., KN
7 N N-1
I (k k )Z (N -1)N (S15)
ki+..kn=N 1/ 82,y kN
N N=2 N-1
Y kik “N(N-DN¥2= (N—1)NN-1. (S16)
ki+..kn=N kl/ er cee ,kN
L k%k%<k k N k > = (N —1)(4N? —9N + 6)NN-3 (517)
ki+..kn=N 1,K2,..., KN
)3 k%k2k3< N ) = (N—-1)(N—-2)(2N —3)NN-3 (S18)
ki+..kn=N kl/ k2, . IkN

Y. Fikoksky (k ' N ) = (N-1)(N-2)(N-3)NN=%  (s19)
K1+ ky=N vk, kN
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