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Supplementary Note 1: Irreducible representations of crossing points
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Figure S1. Irreducible representations for each crossing band in BaAl,. a The bulk Brillouin
zone (BZ) and the (001) surface BZ, marked with high-symmetry points. In the bulk structure, the
three non-equivalent mirror-reflection planes mgo; (green plane (k, = 0) and light-blue plane (k, =
27/c)), mi1o (orange plane), and migy (red plane) are illustrated. b The calculated electronic

structures with irreducible representations along high symmetry lines on the migg plane; I' — Z line
(left panel) and Z — N — T" (right panel). The red shaded region (Gap 1) represents the energy gap
between the lowest conduction and highest valence bands and the blue shaded region (Valence Gap
(VQ)) is the energy gap between the highest valence band and the second-highest valence band. c
The calculated electronic structures with irreducible representations along high symmetry lines on
the mi19 plane. d,e The calculated electronic structures with irreducible representations along high
symmetry lines on the mgg; plane at k, = 27/c (d) and k, = 27/c (e)(left panels). Zoom-in of the
electronic structure for Y — Z (red square in the left panel in d) is shown in the right panel in d. The
band crossings on the migg plane, the my1g plane, and the mgg; plane create the band closing line in
both Gap 1 (right top panel) and VG (right bottom panel) as represented in Fig. 2(b,c) in the main
text.

Figure S1 shows the irreducible representations of the band structures for each crossing
point. The crystal structure of BaAl, has three non-equivalent mirror-reflection planes
moo1 (green and light-blue planes), myjo (orange plane), and mjg (red plane). The mqig
plane and mqgg plane have equivalent mirror planes along the orthogonal directions. The
crossing bands on these mirror planes cannot hybridize because of the different irreducible
representations of the space group where the two crossing bands belong to opposite mirror
eigenvalues. Therefore, these crossing bands form nodal loops/lines on mirror planes.



Supplementary Note 2: Orbital contribution near Er

15
Als .

s —
o s RELY
° N o

OAlp $2% ' N
OBas 1¥;7 4| ; :f% Y

1 2 & Q
OBap ; W%i% :
® L] ® :

. 5

%o )

0 o % T po®Cd
0 90 o ggmeo 0u”

o
culooe®
=

E - Er(eV)

o |8
s 4
o

3

4 o
3
&
g
o o & $3l e
—1*° ° 9 ® 9
. ° N Feg e .
M o e se o J o
i 0 ol e .
s s PO
154 58 ° P ‘
1. s o |4 ¢
ga% 1 !
oo s 5|8
o 4%
§ ke 8

°
I o
o E o
Lo e
wix ‘ e B
r

r z Y X

52
%@.goos

L

Y
Lo

00"

[

Z z, Y, z N r

Figure S2. Calculated electronic structures with orbital weight. DFT calculated band
structure with orbital weight. The size of the dots is proportional to the relative amplitude of the
weight of orbital projection onto Al-s (purple), Al-p (blue), Ba-s (red), and Ba-p (green) orbitals.
Ba s and p orbitals are represented by red and green. The Fermi level is set to zero.

To see the orbital contribution for the band structures near Ey, the orbital projected
band dispersions are calculated as shown in Figure S2. The size of circles represents the
relative weight of orbital projection onto Al-p, Al-s, Ba-s, and Ba-p orbitals. The bands
near Fr are composed mainly of Al-p and Al-s orbital, resulting in small SOC effects. Once
SOC is included in the calculation, hybridization leads to gap opening. The size of the gap
is directly related to the strength of SOC.

Supplementary Note 3: Wannier function for tight-binding
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Figure S3. Comparison Wannier function based tight-binding model with DFT. Band
structure from Wannier function based tight-binding model (red) and DFT (black). Wannier
effective tight-binding model reproduces all the features calculated with DFT.



To help understand the observed electronic structures in the main text, we create Wan-
nier function based tight-binding model. Figure S3 shows the band dispersions based on
DFT (black lines) and Wannier functions (red lines). This tight-binding model can well
reproduce the energy bands near Epr, which are crucial to the band topology. This Wannier
function-based model is used in the surface electronic structure calculation shown in the
main text.

Supplementary Note 4: Bulk and surface electronic structures
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Figure S4. ARPES spectral intensity map in the k. — k, plane at the E = Ep for wide
momentum range. The black solid (dashed) lines represent the bulk (surface) BZ. The red and

green square mark the surface and bulk sensitive region in BZ, respectively.

Thanks to the matrix element effect, the bulk and surface electronic structures can be
characterized selectively. In Figure S4, we show the out-of-plane Fermi surface mapping
taken with the different photon energies. In the red square region in the panel, negligible
dispersions are observed throughout the whole range, confirming their surface state origin.
On the contrary, the dispersive electronic structures are observed in the different BZ (see
the green square region), suggesting their bulk state origin. The observed bulk states here
are consistent well with the calculated Fermi surface (see Ref [30] for more details about
the bulk structure).



Supplementary Note 5: Bulk Dirac nodes
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Figure S 5. ARPES spectra of the bulk Dirac electronic structure. a ARPES spectra
(left) and its second derivative in momentum (right) along Y;—Z direction. b ARPES spectra
(left) and its second derivative in momentum (right) along ¥;—Z direction. ¢ ARPES spectra
(left) and its second derivative in momentum (right) along 3 —Z direction, taken in the different
BZ from b. The red arrows show the Dirac point (DP).

As shown in Figure 2 in the main text, the bulk Dirac nodes along two high-symmetric
lines in k, = 27 /c plane are observed. Figure S5(a)-(b) show the raw normalized spectra
and their second derivative along Y;—7 direction. and ¥;—7Z, respectively. Panel (c¢) shows
the experimental result along »;—7 direction (the same direction as panel (b)), but taken
in the different BZ. In this BZ, the only one side of Dirac dispersion is observed due to the
matrix element effect, further confirming the non-gap linear dispersion.

Supplementary Note 6: Photon energy dependence of bulk and surface states
Photon energy dependence is a powerful way to extract the k, dependence of electronic

structures. The k., dependence can be obtained by changing photon energy using the free-
electron final state approximation:

1
k, = ﬁ\/2me(Ei+hV—<I>)cosﬁ+Vb (1)

where m, is the free electron mass, E; is the energy of the initial state, hv is the photon
energy, ® is the work function,  is the emission angle of photoelectrons, and Vj is the inner
potential. Electronic structures taken with the different photon energies resolve the surface
nature of the observed spectra; surface states are two-dimensional states and hence showing
no k. dependence, while bulk states show k, dispersive three-dimensional feature.

Figure S6 shows the experimental spectra (panels (a—h)) and the calculated bulk struc-
tures for several different photon energies, corresponding to different k., values in panels (i-1);
k,~0 (hv =112 eV in (i), k, ~0.67/c (hv =105 eV in (j)), k., ~ 1.057/c (hv = 100 eV
in (k)), and k, ~ 1.57/c (hv =95 eV in (1)). The Fermi surface mappings (panels (a)-(d))
confirm that the topology of the observed surface states (S1-S2) near Ef is consistent with
the theoretical constant energy map shown in Figure 4(d) in the main text. By compar-
ing the experimental spectra (panels (e)-(h)) and the bulk calculations (panels (i)-(1)), the
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Figure S6. ARPES spectra with different photon energies and corresponding calcu-lated
bulk bands. a—d Fermi surface mappings with different photon energies 112 (a), 105 (b), 100 (c),
and 95 (d) eV. e-h ARPES spectra of energy versus momentum cuts along the high-symmetry
directions with photon energies 112 (a), 105 (b), 100 (c), and 95 (d) eV. i-1 Calculated bulk band
structures without SOC. Each structure is calculated for k, corresponding to each pho-ton energy; k.
~0(hv=112¢eVin (i), k.~ —0.67/c (hv = 105 eV in (j)), k, ~ —1.057/c (hv = 100 eV in (k)), and
k.~ —1.57/c (hv=95¢€V in (1)).
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S1-S4 states and the DS state are clearly distinguished from the bulk electronic features,
validating their surface origins. Note that the matrix element effects play a different role
for different photon energy, leading to the different appearance of these states. Indeed, S4

appears in panels (e)-(g) and the intensity is suppressed in panel (h), and S3 appears in
panel (h).





