Unweighted UniFrac Zy Z; 0
MAF = 0.2 N a=10° 10° 107 107 10° 107 107 10° 107
100 33 20.2 1598 | 2.7 11.9 65.7 4.0 262 2404
asymptotic 200 2.6 11.6 685 2.2 7.6 33.1 3.0 14.5 89.8
approximation 500 1.8 4.9 15.5 1.6 34 7.8 2.0 53 17.9
1000 1.6 3.2 8.7 1.4 2.5 6.4 1.6 3.3 9.6
adjusted for 100 1.0 1.2 0.7 1.0 1.0 1.0 1.0 1.3 1.5
skewness and 200 1.0 1.1 1.8 1.0 1.0 1.0 1.1 1.1 1.9
Kurtosis 500 1.0 1.0 1.4 1.0 0.9 0.7 0.9 0.9 0.7
1000 1.0 0.9 1.2 1.0 0.9 1.0 0.9 1.0 0.6
MAF = 0.5 N |a=10° 10° 107 | 10° 10° 107 10° 107 107
100 1.7 4.2 11.3 2.7 12.2 70.2 2.6 9.7 48.4
asymptotic 200 1.4 2.8 5.7 2.2 7.1 30.0 2.0 5.7 19.8
approximation 500 1.3 1.9 4.0 1.6 34 9.2 1.6 2.9 6.8
1000 1.2 1.6 2.6 1.4 2.6 4.9 1.4 2.2 3.9
adjusted for 100 1.0 0.9 0.8 1.0 1.1 1.5 1.0 1.0 0.9
skewness and 200 1.0 1.0 1.0 1.0 1.0 0.6 1.0 1.0 0.8
Kurtosis 500 1.0 1.0 0.9 1.0 1.0 1.0 1.0 1.0 0.8
1000 1.0 1.0 1.4 1.0 1.0 0.4 1.0 1.0 0.9
Weighted UniFrac Zy Z; 0
MAF = 0.2 N |e=10° 10° 107 | 10° 10° 10”7 10° 107 107
100 5.5 51.6 610.0 | 4.7 36.1 342.8 7.3 80.9 11479
asymptotic 200 3.7 23.0 1873 | 3.1 15.8 105.5 4.6 329  316.7
approximation 500 2.4 9.4 45.2 2.1 6.7 25.5 2.8 11.9 64.1
1000 2.0 5.7 21.3 1.8 4.4 14.0 2.2 6.9 28.5
adjusted for 100 1.0 1.2 0.7 1.0 1.1 0.6 1.0 1.5 2.0
skewness and 200 1.0 1.1 1.0 1.0 1.1 0.7 0.9 1.3 1.8
KUrtosis 500 1.0 1.1 1.3 1.0 1.0 0.9 0.9 1.0 1.7
1000 1.0 1.0 1.2 1.0 1.0 0.8 0.9 1.0 1.1
MAF = 0.5 N |a=10° 10° 107 | 10° 107 107 10° 107 107
100 1.8 4.2 10.8 | 4.0 25.7 207.1 3.6 19.2 142.1
asymptotic 200 1.5 2.8 6.9 2.8 12.0 67.3 2.5 9.1 41.6
approximation 500 1.3 1.9 34 2.0 5.6 22.2 1.8 4.3 13.9
1000 1.2 1.5 24 1.7 3.9 11.2 1.6 3.0 7.0
adjusted for 100 1.0 1.0 0.6 1.0 1.0 0.5 1.0 1.1 0.7
skewness and 200 1.0 1.0 1.0 1.0 1.0 0.6 1.0 1.1 0.4
Kurtosis 500 1.0 0.9 1.0 1.0 1.0 0.8 1.0 1.1 1.2
1000 1.0 1.0 0.7 1.0 1.0 1.0 1.0 1.0 1.3

Table S1: Type-I error rates estimated based on 10® simulations. Minor allele frequency = 20%

and 50%. Simulations were based on the weighted and the unweighted UniFrac distance matrices
of the gut microbiome data from the American Gut Project. Reported are the type-I error
inflation factor. A value greater than 1 indicates an inflated type-I error.



unweighted UniFrac weighted UniFrac
SNP locus Annotated gene Py P, Point Py Py P joint
152036534 0.425 | 0.307| 0.610| 0.167 | 0.039| 0.111
rs1051730 15q25.1 | CHRNA3/4/3 0.020 | 0.174 | 0.053 | 0.401| 0.426| 0.675
rs2736100 TERT 0.089 | 0.252 | 0.201 | 0.267 | 0.257| 0.435
rs401681 op1s.33 CLPTMIL 0.056 | 0.898 | 0.047 | 0.005| 0.379| 0.013
rs6489769 12p13.3 | RADS52 0.584 | 0.403 | 0.656| 0.598 | 0.632| 0.794
rs1333040 | 9p21.3 CDKN2A4/CDKN2B 0.249 | 0.614 | 0.405| 0.224| 0.437| 0.453

Table S2: Association P-values between lung cancer risk SNPs and microbiome composition in
the EAGLE data. Pm: P-values for testing main effects. Pi: P-values for testing SNP/smoking
interactions. Proint: P-value for jointly testing main and interaction effects.



Unweight UniFrac distance matrix

Weight UniFrac distance matrix
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Figure S1: Quantile-quantile (QQ) plot for association P-values testing the joint effects (main
effect and SNP by smoking interaction) using the unweighted UniFrac distance matrices.

“Adjusted”: P-values were corrected for skewness and kurtosis. “Unadjusted”: P-values were
approximated based on the asymptotic distribution N(0,1). The left (right) panel was based on
the analysis using the unweighted (weighted) UniFrac distance matrix.
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Figure S2: Derivation of the likelihood ratio statistic Q in (7) and (8). (A) The original
parameter space (shadow area). (B) The transformed parameter space. The two lines l; and I,
characterizing the boundaries in (A) are transformed to l; and I, in (B). When (Y{,Y5) € 44, Q
is maximized when v; = Y, and v, = Y,, which leads to Q = YTY. When (Y{,Y;) € 44, Q is
maximized when v; = 0 and v, = 0, which leads to Q = 0. When (Y1,Y,) € 43,Q is
maximized when (v4, v;) is the projection of (Y4, Y5) onto the boundary represented as l; in B,
which leads to Q = (Y, + Y1/60)?/(1 + 672). Q can be similarly derived when (Y4,Y5) € A,.
(C). We perform an inverse transformation using Z/2 to the original parameter space. The four
lines characterizing the four parts are now represented in C.
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Figure S3: (A) All combinations of (i, j,m,n, s, t) with EG;;G;,,Gg; # 0, where G;; = G;j —
EG;;. (B) All 15 combinations of (i,j,m,n,s,t,x,y) with EG;;Gy,,,G;G’, # 0. For example,
The figure labeled as “4” represents E G;IS # 0. The figure labeled as “5” represents E G;}G'ik *
0, the figure labeled as “10” represents E G;]3 G, # 0, The figure labeled as “18” represents

oL
\96
©

66/

E G:lz G5 # 0. All detailed calculations are in the next pages.



The expectation of the corresponding product of G;; = | gi—9 j| could be calculated based on

the distribution of g;. Denote p; = P(g; = t),t = 0,1,2, we can write the formula directly from
the definition. Here we list the formulas of the combination in Figure S3A.

.( E(G}) = Zijket01,2) PiPPili = jI* = 2pop1 + 2p1p2 + 16pops

| E(GZGu) = Xijketor,2Pispicli — jI*1i — k| = py (1 — py) + 4pop2(2 + p1)

E(GijGikGir) = Xijreor,z Pib;Prli — jllj — klli — k| = 12popy1p, (S1)
| E(GijGixGrr) = i jraeqo,,2y PiPipipili = jllj = kllk — 1| = 2pf + 2(pf — 4pop2) (07 — 2P1 — 2PoP2)
VE(GijGiGit) = X jsetonzy Pipjpprli — jlli = klli = 1] = po(py + 202)3 + py(Do + P2)® + P2 (2P0 + 1)’

The formulas of the combination in Figure S3B is a little complicated, we just list the
summation.

E(GY) = i jeonzy pipjli — jI*
E(G3Gix) = T j kefon,2y Pippli — jI31i — k|
E(G5GF) = i kefon,2) PipPili — jI11i — k|2
E(G3GikGix) = i j k(01,2 PiPsPili — jI21j — klli — k|
E(G3GikGra) = i jkreon,zy Pipipipli — j121j — kllk — 1
E(GijGGra) = T jreon,zy Pipppli — jlIj — kI? [k — 1
E(G5GiGy) = Xt jkiefo,2y Pipipipili — jI21i — klli = 1]
E(GijGixGixGy) = i j kicfor,2 PiPiPkPili — jllj — klli — kl|i — 1] (S2)
E(GijGrGruGu) = Yijjereon,2 PipiPepili — jllj — kllk — ]| = 1]
E(G362) = ijiieton pipjprili — j12 1k — 1% = E(G2)°
E(Gi;GixGriGim) = Xi j kimefo,1,2) PiPjPkPiPmli — jllj — kllk — U]|l — m|
E(GijGixGitGim) = i j kumefor2) PiPiPkPiPmli — jlli = k|[i — U]|i — m|
E(GijGixGitGim) = i jkimefor2) PiPiPkPiPmli — jlli = k|[i — U[|L — m|
E(GijGiGEn) = i j i imefo1,2) PiPiPkPiPmli — jlli — k||l = m|? = E(G;; Gy )E(GH)
E(GijGiGimGin) = X jkummefo,2) PiDiPkPPmPali — jlli = k||l = m||l = n| = E(GijGik)z




Based on the definition that G; =G — E(Gi j), the expectation of the product of G; ; could be
calculated from the following equations:

E(G3) = E(G}) — 3E(G2)E(Gy;) + 2E(Gy;)°
E(G2Gu) = E(6Gu) — E(G3)E(Gyy) — 2B(GyjGue)E(Gyj) + 2E(Gyy)’
E(GjGeGix) = E(Gi;GiiGu) — 3E(Gi;Gur )E(Giy) + 2E(Gy;)°
E(Gi;GxGri) = E(Gi;GGr) — 2E(Gy;Gy )E(Gy;) + E(GU)3
E(GijGucGy) = E(Gi;GuG) — 3E(GijGue)E(Gyj) + 2E(Gy)’
E(Gi) = E(Gi) — 4E(G3)E(Giy) + 6E(GA)E(Gyy)” — 3E(Gy)"

- 3E(G3G; E(Gy;G;
LI R GRS v L CORE] evart ) LD ISEECOY
ij 3]

o 4E(G;Gy) 2 4
E(G4G3.) = E(G3GE) — 4E(GA Gy )E(G;) + ( +2El(]Gi2;) >E(G,-j) — 3E(Gy))
o E(G;;GjGx SE(G;;Gi) 2 4
E(GEGpGu) = E(GHGuGu) — 2( +El(jGéGi;) )E(Gu’) + ( +E(Lé;lzjl) )E(Gij) - 3E(Gij)
o 2E(G;;G;,G
567 ) = 565G — () (6, + 356 G0 B, - (6,
+E(G%Gye)

o E(Gi;GixGr) 4E(G;Gy) 2 4
E(GijG2Gr) = E(Gi;GAGry) — 2( +E(JGL-%-G,-R) >E(GU) + ( +E(JGEJ- E(G;;)" — 2E(G)) (S3)

o E(G;:GiG 5E(G,;G;
E(G?GuGy) =E(G,.2jaika,-l)—2< (GG "’)> E(Gij)+< (G ”‘)> E(G,)” - 3E(Gy,)"

+E(GZGy) +E(G%)
E(Gi;GiGy)
E(Gi;GikGiGy) = E(GijGix G Gy) — | +E(GijGiGu) |E(Gij) + SE(GijGik)E(Gij)z - 215(61-]-)4
+2E(G;;Gjx Gry)

E(Gi;GxGruGy) = E(GijGjGiGy) — 4E(Gi;G G )E(Gij) + 415(01-]-Gl-k)E(GU)2 - }3((;1-,-)4

Y — _ 2
E(G2GZ) = B(G3)" = (E(63) - E(Gy;)°)
E(Gi;GxGriGim) = E(Gi;GGriGim) — 2E(Gi;Gj Gt )E(Gi;) + E(GijGik)E(Gij)z
E(GijGuGiGim) = E(GyjGixGuuGim) — 4E(G1Gix G )E(Gyj) + 6E(Gy; G )E(Gy))” — 3E(Gyy)"*
o 2E(G;jGjxGry) 2 4
E(Gi;GiGiiGim) = E(GijGiyGyyGrm) — <+E(Gll-j,-(:{ik6u)> E(G;;) + 3E(G;jGy )E(Gij)” — E(Gy))
E(GijGuGn) = B(GyiGu)E(G?) = (B(GiiGu) — B(G1)") (E(G) — E(Gy)°)

_ _ _ _ 2
E(Gij G GmGun) = E(GyjGy)” = (E(GijGik) - E(GU)Z)




Ui, i = 4,5, ...,23 in Appendix D could be calculated by averaging the products of all possible
d; ; combinations in Figure S3 from the following equations:



N -
(2) Zi<j<k d};
N 32 (7 i J2 (4 J J2 (A4 i
=18 (3) Zi<j<k (dij(dik +djye) + dfi(dij + du) + dfy (dij + djk))/6
Ue = 6( ) Zl<]<k dLjdjkdlk

dudkl(dlk +d;+d ik T d]z)

N
Uy =72 (3) ZL<]<k +dydy(dij + dy + dj + dig)
+dy jk(aij +dy + ‘ijl +dp)

o =24 (%) Bicjar (dyduda + dydydyy + duedydi + dudydia) /4
w=(}) S

1o = 24 (1?\’]) ZL<]( 5 (due + dji) + dii(dij + due) + i (dyy + dlk))
i = 18(N) " Sicer (@3, + A3 ] + dRR)/3

iz =36 (V) Bijardydpdin(dyy + e+ di)/3

. dijd(dij + di) (dig + dig + djye + djy)

U1z = 288 (IX) Yicjc | Hdidji(di + djp)(dij + diy + djge + dig)

+dydp(diy + djp ) (dyj + dig + djy + dyy)
dijdig(dj, + di + di + df)
U1a = 144 (IX) Yicjc | Hducdy(dZ + dl.zl +dj +diy)
+dyd(df + df + df + dfy)

(84)

e — 144 (IX)_lzi<j<k< d_ijdi-kd_”(di_j + dl-f + gii) + Ji{&f’iaff(‘z"f; + ij + cZ,-_l) >/12
+dikdjkdkl(dik +dj + dkl) + dildjldkl(dil +dj + dkl)

i = 288 (IX)_I ZKN{( &,-_jci]fc?i_k(ciil + Jj_l + (Zk_l) + &chijzciu_(&i,f + &jf + (Zk_l) >/12
+dydidy(dij + djg + djy) + djgdigd; (di; + dig + dy)

Ny - - 7773
Uy7 =72 (4) Zi<j<k (dijdjxddy + dijdjdigdy, + didjd;dy)/3
N —
Uig = 18 Zl<j<k (dljdkl + d d L'Zldjzk)/3
4
Uio = 1440 (1;]) Yi<j<k (sum of all 60 possible terms)/60
N -1 d d kd ld + d d dld + d_'ka'k&kldk
Mo =120(5) Tigae LT Jm T Tk ) /g
5 +dtld]ldkldlm + dimd]’mdkmdlm
-1
Uy = 1440 (Ig) Yi<j<k (sumof all 60 possible terms)/60

-1
Uzz = 360 (Ig) Yi<j<k (sum of all 30 possible terms)/30

-1
Uyz = 2160 (Ig) Yi<j<k (sumof all 90 possible terms)/90

Calculation of Cov(G Aij) and COV(GU, Aik).

l]’

Probabilities | E; =0 | E; =1 | Sum
9i=0 Poo Po1 Po-




gi=1 Pio P11 %L
gi=2 P20 P21 Pa.
Sum Do P4 1

This above table lists the joint distribution of (g, E'). Based on this table, we have
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( E(Gij) = Zi,je{o,l,z}pi-pj-li —j| = 2po.01. + 20102 + 4Do. D2
E(Aij) = Xijef0.1,2) Zapefo) PiaPjplia — jbl
= 2p11(1 — p11) + 4p21(1 — P11 — P21)
E(GijAij) = Tijef01,2) Lapefo} PiaPjpli — jllia — jbl
= 2p11(Po. + P2.) + 4D21P10 + 8P21P0.
3 E(Gijhik) = Xijketo1,2) Lap.cefo1) PiaPjpPreli — jllia — kel
= po.(P11 + 2P21) (P1- + 2p2.) + P1o(P11 + 2P21) (Po. + D2.)
+P11(1 = P10 o + P2.) + P20(P11 + 2P21) (P1. + 2P0.)
+P21(P11 + 200 + Po1)) (P1. + 2P0
Cov(Gyj, Aij) = E(GijAi;) — E(Gi)E(A)
\Cov(Gij, M) = E(GijAi) — E(Gi;)E(Ay)

(S5)



