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Mathematical formulas for calculation of the GoldSim Pipe parameters

1. Derivation of a model for one “Pipe” compartment

1.1.Cross section and flow cross section of the “Pipe” component - formulas
for calculation

Equation (1) — calculation of the pore volume of the “Pipe” component from the specified parameters of
the cross section, length and porosity

Vppipe =TNsp- Vpipe =TMNsp- Spipe ' Lpipe (1)

Where:

Lope  length of the “Pipe” component (Length parameter), [L]

Spipe  Cross section of the “Pipe” component (Area parameter), [L?]
Vpire  volume of the “Pipe” component, [L°]

Vppipe pore volume of the “Pipe” component, [L?]

Nsp porosity of the filling material (Porosity Solid in “Pipe”), [-]

Equation (2) — calculation of the flow area of the “Pipe” component from the specified parameters of the
cross section, length and porosity (substitution of equation (1))

Vo.: -S.. L.
SFyipe = Lp’"”e = [ = Nsp " Spipe (2)
pipe pipe

Where:

Loipe  length of the “Pipe” component (Length parameter), [L]

Spive  Cross section of the “Pipe” component (Area parameter), [L?]

SFope  flow cross section of the “Pipe” component (Area parameter, if there is no infill medium), [L%]
Vppipe pore volume of the “Pipe” component, [L?]

Nse porosity of the filling material (Porosity Solid in “Pipe”), [-]



1.2.Transport time through the component “Pipe” - formulas for calculation
Equation (3) — flow through the “Pipe” component = sum of all outflows from the component

Qpipe = Z Qopipe,i (3)

Where:
Qe fluid flow through the “Pipe” component, [L3T?]
QOpipe;i I-th outflow of carrier fluid from the “Pipe” component, [L3-T%]

Equation (4) — flow time through the component “Pipe”

VDpive  SFyipe * Lpi
Tpipe _ Dpipe _ pipe ~“pipe (4)
Qpipe Qpipe

Where:

Lpipe length of the “Pipe” component (Length parameter), [L]

Qe fluid flow through the “Pipe” component, [L3T?]

SFoipe  flow cross section of the “Pipe” component (Area parameter, if there is no infill medium), [L?]
Toivei  flow time through the component “Pipe”, [L3-T7]

Vppipe pore volume of the “Pipe” component, [L%]

Equation (5) — calculation of the flow area of the “Pipe” component from the entered parameters of the
cross section, length and porosity, adjustment of the equation (4) and inserting the equation (3)

SE,., = Tpipe ' Qpipe _ Tpipe 'Zi Qopipe,i (5)
pp Lpipe Lpipe

Where:

Lpipe length of the “Pipe” component (Length parameter), [L]

Qopipe,; i-th outflow of carrier fluid from the “Pipe” component, [L3-T7]

Qe fluid flow through the “Pipe” component, [L3T7]

SFoive  flow cross section of the “Pipe” component (Area parameter, if there is no infill medium), [L%]
Toivei  flow time through the component “Pipe”, L3-T?

Equation (6) — calculation of cross section of “Pipe” component, compilation of equations (2) and (5)

s = SFpipe _ Tpipe ' Qpipe _ Tpipe 'Zi Qopipe,i (6)
ipe
P Nsp Nsp - Lpipe Nsp* Lpipe

Where:

Lpipe length of the “Pipe” component (Length parameter), [L]

QOpipe;i i-th outflow of carrier fluid from the “Pipe” component, [L3-T7]

Qe fluid flow through the “Pipe” component, [L3T7]

SFoive  flow cross section of the “Pipe” component (Area parameter, if there is no infill medium), [L%]
Spive cross section of the “Pipe” component (Area parameter), [L?]

Nse porosity of the filling material (Porosity Solid in “Pipe”), [-]



)

2. Derivation of a model for two cascade “Pipe’

Equation (7): total length

L=L+L, > L,=L—-L, & L,=L—1, (7)
Where:
L total (transport) length, [L]
Ls length of the first (cascade) “Pipe” component, [L]
Ly length of the second (cascade) “Pipe” component, [L]

Equation (8): total transport time

T=T,+T, > T,=T-T, © T,=T—T, (8)
Where:
T total transport time, [T]
T; transport time by the first (cascade) “Pipe” component, [T]
T2 transport time by the second (cascade) “Pipe” component, [T]

Equation (9) — transport time by the first part (first component “Pipe”)

Lym -5 Ty - Qo

h Qo =L N5 ©)
Where:
L; length of the first (cascade) “Pipe” component, [L]
Q: flow through the first (cascade) “Pipe” component, [L3-T7]
Si cross section first (cascade) “Pipe” component, [L%]
T; transport time by the first (cascade) “Pipe” component, [T]
M porosity of the filling material of the first (cascade) component “Pipe”, [-]

Equation (10) — transport time the second part (the second component “Pipe”)

Ly ny- S, T,-Q,
T, 0, = L, S, (10)
Where:
L, length of the second (cascade) “Pipe” component, [L]
Q; flow through the second (cascade) component “Pipe”, [L3-T?]
Sz cross section of second (cascade) “Pipe” component, [L?]
T, transport time by the second (cascade) “Pipe” component, [T]

n: porosity of the filling material of the second (cascade) component “Pipe”, [-]



2.1. Model for dividing the lengths of two cascade “Pipes” for previously
known porosities

Equation (11): deriving a relation for calculating the length of the first part, substituting eq.(8) and (10) to
eq. (9)

_T1'Q0_(T_T2)'Q0=

L, = =
! N5 U
Lyt 83
_(T 0. ) Q(’:(T'QL—Lz'le'Sz)'Qoz
N5 N5 QL
_ (T-Q,—(L—Ly1) n3°5,) Qo _ (T-Q,+ (Ly—L) nz-5,)Q _
Ny -S1-0Q, N80
_ (T'QL_L'UZ'SZ)'Qo_l_L M2 53 Qo
N S1-0Q; ! NS0y
= (11)
L .<1_U2'52'Q0) -1 M8 Q=125 Qo _ (T-Qu—L"m"5)"Q
! Ny -S1-0Q, ! NS00 N80,
=
L =(T'QL_L'n2'SZ)'Q0. M50 =(T'QL_L'772'52)'QO
! NS00 N S1°Qu—1m2827Q M S1-QL—m2"52°0Q
b= 0
NS QL —12752Qo
Where:
L total length, [L]
L; length of the first (cascade) “Pipe” component, [L]
Ly length of the second (cascade) “Pipe” component, [L]
Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the
source, [L3T7]
Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from
the source, [L3-T]
S1 cross section first (cascade) “Pipe” component, [L%]
S cross section of second (cascade) “Pipe” component, [L?]
T total flow time through the “Pipe” component, [T]
T; transport time by the first (cascade) “Pipe” component, [T]
T2 transport time by the second (cascade) “Pipe” component, [T]
M porosity of the filling material of the first (cascade) “Pipe” component, [-]
n: porosity of the filling material of the second (cascade) “Pipe” component, [-]



Equation (12): deriving a relation for calculating the length of the second part, substituting eq.(8) and (10)
to eq. (9)

_Tz'QL_(T—T1)'QL=

L, = =
2 N2 S, UPRRY
_Li-mytShy .
_(T Qo ) QL:(T'Qo_lq'Th'Sl)'QL:
UPRRY! UPRRPRE N
_ T Q=L =La) i S$) Q@ _ (T Qo+ U€p—L)n-5) Q _
N2 Sz Qo M2 52 Qg
Z(T'QO_L'nl'Sl)'QL+L _771'51'QL
N2+ S2 " Qo 2 NSz Qo
= (12)

YA 772'52'Q0_771'51'QL_(T'QO_L'TI1'51)'QL
Ly |1————)=1L,- =

M2 82 Qo M8z Qo N2°S2 Qo
=
L2=(T'Q0_L'771'51)'QL. N2 52 Qo =(T'Q0_L'771'51)'QL
M52 Qo M°82Qo—M1"51°Q, M-S Qo—1m1-51°0Q;
L,=0,- T-Qo—L'n -5
M2S82 Q=150
Where:
L total length, [L]
Ls length of the first (cascade) “Pipe” component, [L]
Ly length of the second (cascade) “Pipe” component, [L]
Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the
source, [L3T7]
Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from
the source, [L3-T]
S: cross section first (cascade) “Pipe” component, [L?]
Sz cross section of second (cascade) “Pipe” component, [L?]
T total flow time through the “Pipe” component, [T]
T: transport time by the first (cascade) “Pipe” component, [T]
T, transport time by the second (cascade) “Pipe” component, [T]
M porosity of the filling material of the first (cascade) “Pipe” component, [-]
12 porosity of the filling material of the second (cascade) “Pipe” component, [-]



Equation (13): verifying the correctness of relations (11) and (12) by substituting them into eq. (7)

L=L,+L,=
= Q,- T-Qu—L-my5, 0, T-Qo—Ln-5 _
0 NS Q=128 Qo t 282 Qo—1m"510Q,
(13)
=Q0'L'772'52—QD—‘—7L"Q7; QFQy—0Q, L0 5 _
282 Qo—1m 510, N282 Qo—1m"510Q,
=L.Q0'772'52_QL'771'S1=L
N282Qo—1m"510Q,
Where:
L total length, [L]
L; length of the first (cascade) “Pipe” component, [L]
Ly length of the second (cascade) “Pipe” component, [L]
Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the
source, [L3T]
Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from
the source, [L3-T1]
S1 cross section first (cascade) “Pipe” component, [L%]
S, cross section of second (cascade) “Pipe” component, [L?]
T total flow time through the “Pipe” component, [T]
M1 porosity of the filling material of the first (cascade) “Pipe” component, [-]
n: porosity of the filling material of the second (cascade) “Pipe” component, [-]



2.2.Model for calculating the length distribution of two cascade “Pipes” with
the calculation of the porosity of the second “Pipe” so that the total mean
porosity is maintained

Equation (14) : derivation of the formula calculation of the porosity of the second “Pipe”, from the lengths
of both “Pipes” and from the known porosity of the first “Pipe”:

M1 = Nmin

77=K Limi-Si+Ly 1m0 5,

V L1'51+L2'52

(14)
SN Ly Si+ Ly S) =Ly n-Si+Lym S, =

77'(L1'51+L2'52)_L1'771'51:(L_Lz)'(77'51_771'51)+77'L2'52

=M= Ly S, Ly S,
Where:
L total length, [L]
L; length of the first (cascade) “Pipe” component, [L]
L, length of the second (cascade) “Pipe” component, [L]
S: cross section first (cascade) “Pipe” component, [L?]
Sz cross section of second (cascade) “Pipe” component, [L?]
v volume of transport pathway, [L?]
Vp pore volume of transport pathway, [L%]
n total mean porosity of the transport path, [-]
M porosity of the filling material of the first (cascade) “Pipe” component, [-]
n: porosity of the filling material of the second (cascade) “Pipe” component, [-]

Nmin  minimal porosity of the transport pathway, [-]



Equation (15): derivation of a relation for calculating the length of the first part, substitution of eq. (14) to

eqg. (11), it is not easy to deal with:

L =0Q,- T-Qu—L-myS5, _
! 0 N S1+QL—125,-Qg

T.QL_L.SZ.n'(L1'51+L2'SZ)_L1'771'51

=0Q," Ly- S, _

- (LS + Ly S) =Ly 'ny - S

771'51'QL_52'Q0'T’ Ly~ 5 LZ-SZ) 1°M1°91
292

—0 T-Qu-Ly—L-(m-(Ly"S;+ Ly~ S)—Li"ny-Sy)

= o

MmS1-Qu-La—Qo (- (Ly-Sy+Ly-S)—Ly-1m-Sy)

T L=L) L LS+ L —=L)S) =Ly ni-Sy) _
N1-8S1°Q (L—L)—Qo-(m-(Ly-S;+(L—L) S)—Ly-m-Sy)

= Qo

_Ll'T'QL+T'QL'L_L'n'Ll'Sl_Lz'n'52+L'T"L1'52+L'L1'n1'51

= Qo

~ 0, Li-(-T-Q,—L-n-S;+L-n-S;—L-n-S)+L-(T-Q,—L-n-5;) -
O Ly (1S Qo—1 S Qu+ Qo 1 Sp4m S Q)+ L (S - Q. — 1Sz Q)

zLI'(Ll'(_n'sl'Qo_nl'Sl'QL+QO'n'52+n1'51'QO)+L'(nl'Sl'QL_n'SZ'QO))
=Qo (L1 (=T Qu=L-n:Sy+Ln-S=LnS)+L (T Q. —Ln-S))=

=L (1S Qo—=11-S1-Q,+ Qo 1nSa+11-S1-Qp) + Ly~ L-(11-S1-Q,—n-S2- Q)

=L Qo (-T-Q,—Ln-S+Ln-S;—Ln-8) —L-Q (T-Q,—Ln-5;)=

=L (1S Q=181 Q,+Qo 1 Sa+m "S- Q) + Ly -(L-(my-S1-Q,—1"S;-Qp) + Q-
(T-Q+Ln-S;—L-n-S;+L1-S))+L-Q-(T-Q—L-1n-5,)=0

Where:

L total length, [L]

Ly length of the first (cascade) “Pipe” component, [L]

Ly length of the second (cascade) “Pipe” component, [L]

Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the source,
[>T

Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from the
source, [L3-T1)

S1 cross section first (cascade) “Pipe” component, [L?]

S> cross section of second (cascade) “Pipe” component, [L?]

T total flow time through the “Pipe” component, [T]

v volume of transport pathway, [L3]

Vp pore volume of transport pathway, [L%]

n total mean porosity of the transport path [-]

M1 porosity of the filling material of the first (cascade) “Pipe” component, [-]

72 porosity of the filling material of the second (cascade) “Pipe” component, [-]

Equation (16): length “Pipe” 2 for optimization according to porosity

Mm-S Q- L—1-5-Q,-Li—Qo-Nn-Li-S;—Qon-L-S;+Qn-L-Sy+Qo-Ly-m-S

(15)



T-Qo—L-n-5 _
N2 S Qo—1n1-S51-0Q;

L, =0Q.-

) T-Qo—L-n"5;

Ly, S+L,-S,)—L,"n S

n-(Ly-5 2.2) 1' M 1.8,-Qp—11-S,"0Q,
Ly-S,

=0

(T-Qo—L-ng*S81) +S;
Qu 7 : oo <0 L
M Ly S1+Ly-8) =Ly m-81) S5 Qo—m-S1- Q- LS

k1=

S M Ly Si+ L S)—Lim=S1) Qo—mS1:Q, L, =Q,-(T-Q—L-n-S) =

ﬁ(U'((L_Lz)'51+L2'52)_(L—Lz)'n1'51)'Qo_771'51'QL'Lz:QL'(T'QO_L'TI1'51) =

= Ly (- Si+S2+0-85) Qo—1mS-Q)+@-L—L1-5) Q=0 (T-Q—L-n-S5) =

_QL'(T'Qo_L'n1'51)+(771_7l)'L'51'Q0

= Lz (=nS1+S;+m-51) Qo —m -5 Q,

Where:

L total length, [L]

L length of the first (cascade) “Pipe” component, [L]

L, length of the second (cascade) “Pipe” component, [L]

Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the
source, [L3T]

Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from
the source, [L3-T1]

Si cross section first (cascade) “Pipe”, component [L?]

Sz cross section of second (cascade) “Pipe” component, [L?]

T total flow time through the “Pipe” component, [T]

vV volume of transport pathway, [L%]

Vp pore volume of transport pathway, [L%]

n total mean porosity of the transport path, [-]

M porosity of the filling material of the first (cascade) “Pipe” component, [-]

n: porosity of the filling material of the second (cascade) “Pipe” component, [-]

(16)



2.3.Model for calculating the length distribution of two cascade “Pipes” with
the calculation of the porosity of the first “Pipe” so that the total mean
porosity is maintained

Equation (17): derivation of the formula calculation of the porosity of the first “Pipe”, from the lengths of
both “Pipe” and the known porosity of the second “Pipe”:

SN Ly S1+ Ly S) =Ly -Si+Lyn S, =

Ly Si+ Ly S) =MLyt S,

=M L,-S, (17)
Ly Sy + (L —Ly) S)—mp(L—Ly) S,
m= L,-S, =
L (S =8S) M)+ L-(n—mp) S,
B L -S; B
=77'((L_L2)'51+L2'52)_772 "Ly- S, _
(L - Lz) S
Ly (=51 +8) = S))+ LSy (L—L)-(n-(=S;+S8)—n,"S)+Ln-S,
= (L_Lz)'51 - LS
Where:
L total length, [L]
L; length of the first (cascade) “Pipe” component, [L]
L, length of the second (cascade) “Pipe” component, [L]
Si cross section first (cascade) “Pipe” component, [L?]
Sz cross section of second (cascade) “Pipe” component, [L?]
4 volume of transport pathway, [L%]
Vp pore volume of transport pathway, [L%]
n total mean porosity of the transport path, [-]
M1 porosity of the filling material of the first (cascade) “Pipe” component, [-]
n: porosity of the filling material of the second (cascade) “Pipe” component, [-]
Nmax ~ Maximal porosity of the transport pathway, [-]

10



Equation (18): deriving a relation for calculating the length of the first part, substituting eq. (17) to eq. (11)

Ly M-S —=S)+mS)+L-(m—12) 82)S1°Q,—L1S1°1m2:5,°Q=0Qo "S- (T-Q,—L1-53)

L, = Q- T-Q,—L'ny-5; _
! 0 NS QL—1M2S2-Qp

T-Q,—L'ny-5;

L= Q-
1=0 L1'(77'(51_52)+772'52)+L'(7I_772)'52,51,QL_nZ,SZ,QO

Ll'Sl

T-Q,—L'ny-5,

Ly =Q¢"Li-5:"

=

L1'((77'(51_Sz)+772'52)'51'QL_51'772'52'Q0)

=
Li-(-(S1=S)+m-S)+L-m—m2) S-S5 -Q,— Ly S1°12-S2- Qo

=QoS1 (T Q,—Lm"S)—L-(—m3)S;-8;-Q, =

L :Qo'51'(T'QL_L'UZ'52)_L'(77_772)'52'51'QL
! M- (S1=52)+1n2-52):51-Q,—S1: M5 Q

Where:

Ly
L,
Qo

Q

total length, [L]
length of the first (cascade) “Pipe” component, [L]
length of the second (cascade) “Pipe” component, [L]

(18)

inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the

source, [L3T7]

outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from

the source, [L3-T]

cross section first (cascade) “Pipe” component, [L?]

cross section of second (cascade) “Pipe” component, [L?]

total flow time through the “Pipe” component, [T]

volume of transport pathway, [L%]

pore volume of transport pathway, [L%]

total mean porosity of the transport path, [-]

porosity of the filling material of the first (cascade) “Pipe” component, [-]

porosity of the filling material of the second (cascade) “Pipe” component, [-]

11



Equation (19): deriving a relation for calculating the length of the first part, substituting eq. (17) to eq. (12),
cannot be easily solved

=1L

T-Qo—L-n -5 _
N2°82°Qo—1M1-S1°Qy

L,=Q.-

Ly (- (=S8S1+5)—m-8)+L-n-S
T-Qy—L-=2 M- (=S1+S8)=1m2"5,) n l.g

L,=Q,- (L—Ly) S _
Ty Sy Qo — Ly (n- (=5, -l(-LSi)[;)n-zé:;SZ) +L-n-S; S+ Q,

(L=L) T-Qo—L-(Lp-(m-(=S1+8)—1z-S)+L-n-S;)
(L=L) m-S2:Qo— (L (- (=51 +S) —1n2-S)+L-n-5)-Q,

L,=Q.-

Ly (L=Ly) M 83 Qo— Ly (- (=S; +S) =M S)+L-1-5)-QL)
=Q, (L—-L) T-Q—L-Ly - (=S1+S)—m-S)+Ln-$))=

=L (L—L) 1S Qo— Ly (- (=S1+S)—m2-S) +L-1-5)-Q,)—Q,
(=L T-Qo—L Ly (- (=S1+S)—ny-S)+L-n-5))=0=

22 (M2 Qo — (M (=S1 +S) —15-52) - Q) + L,

'(L'Uz'sz'Qo+L'7)'51'QL+QL'T'QO+QL'L'(71'(_51"‘52)_7)2'52))"'1
'(_QL'L'T'QO_QL'LZ'U'Sl)=0

(19)

Where:

L total length, [L]

Ls length of the first (cascade) “Pipe” component, [L]

Ly length of the second (cascade) “Pipe” component, [L]

Qo inflow, i.e. flow through the first (cascade) “Pipe” component, also flow at a distance of 0 from the
source, [L3T7]

Q outflow, i.e. flow through the second (cascade) component “Pipe”, also flow at a distance of L from
the source, [L3-T]

S: cross section first (cascade) “Pipe” component, [L?]

S cross section of second (cascade) “Pipe” component, [L?]

T total flow time through the “Pipe” component, [T]

% volume of transport pathway, [L3]

Vp pore volume of transport pathway, [L%]

n total mean porosity of the transport path, [-]

M1 porosity of the filling material of the first (cascade) “Pipe” component, [-]

n: porosity of the filling material of the second (cascade) “Pipe” component, [-]

12



3. Derivation of a model for three cascade “Pipe”

3.1.Total length (balance)
Equation (20): total length (balance)

Li+L,+L;=1L (20)
Where:
L total length, [L]
Ls length of the first (cascade) “Pipe” component, [L]
L; length of the second (cascade) “Pipe” component, [L]
Ls length of the third (cascade) “Pipe” component, [L]

3.2. Model for calculation of cross section middle “Pipe”
Using postprocessing, outflow areas were determined: outflow sources (S1) and contaminated ouflow cross
section of the model (S3), which are used for the first and the third “Pipes” as value of “Area” parameter.
Now it is necessary to specify the cross section of the middle “Pipe”. From postprocessing, in addition to
data on areas S; and Ss, we also have data on the total length (L) and the total volume of the transport path
(V). We start from the assumption that in the first approach the transport path has the shape of two
consecutive truncated cones with a common base S,. The relation for calculating the volume of a truncated
cone is described by equation (21), according to (Bartsch 2002). We will consider the height of each of the
two cones to be half the length of the transport path, see equation (22).

Equation (21): cone frustum volume, according to (Bartsch 2002):

1
V=§-v-(51+52+,/51-52) (21)

Where:

v truncated cone volume, [L%]
S: area of the first base, [L?]

S area of the second base, [L?]
v truncated cone height, [L]

Equation (22): the height of both parts (both truncated cones) as half the length of the transport path:

1
= =—- 22
v =, =501 (22)
Where:
L transport pathway length, [L]
Vi height of the first truncated cone (length of the first half of the transport path), [L]
V2 height of the second truncated cone (length of the second half of the transport path), [L]

13



Equation (23): auxiliary relation for substitution per square root of the surface of the common base of both
parts (both truncated cones):

Ly, =[S, (23)

Where:
Ls; substitution for the square root area of the common base of both truncated cones, [L]
Sz area of the common base of both truncated cones (cross section of the second cascade “Pipe”), [L?]

14



Equation (24): deriving a relation for calculating the cross section of the second cascade “Pipe”, using
equation (21), substituting equation (22) and using substitution (23):

V= V1+V2— (SI+SZ+“SI 52)+ 2'(S3+Sz+ﬂ33'52):

11
=35 L (Sy +S,++/S; - Sz)+ -L-(S3+SZ+,/S3-SZ)=
L
== (S 425, 455 +5; - (5 +/53)) =
L
=2 (Su+2 12+ S+ Ly - (1 +/55)) =
(24)
= :_ (2 L32+L52 (»\/S_1+\/S_3)+51+S3)
)
6-V
2-L% + (S1 +/S3) " Lsy + S1 + Ss - =0
=
2 6-V
(E )+ (S S a2 (s, 45, - D)
Le, =
S2 2.2
=
2
6-V
(WSS (S S 8 (5145 -
Where:
L transport pathway length, [L]
Ls; substitution for the square root area of the common base of both truncated cones, [L],
see equation (23)
S: cross section first (cascade) “Pipe” component (i.e. the outflow area of the source), [L?]
S> area of the common base of both truncated cones (cross section of the second cascade “Pipe”), [L?]
S3 cross section third (cascade) “Pipe” component (i.e. the outflow area of the model), [L?]
v volume of transport pathway, [L%]
Vi the volume of the first part of the transport path (the first truncated cone), [L?]
Vi height of the first truncated cone (length of the first half of the transport path), [L]
V; the volume of the second part of the transport path (the second truncated cone), [L3]
V2 height of the second truncated cone (length of the second half of the transport path), [L]
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3.2.1. Other options for determining the cross section of the middle “Pipe”

Equation (25): other options for determining the cross section of the middle “Pipe”:

S_V
T L

$,<S<S;=5,=S

S>max(5;83) =5, =Sp

S
S <min(Sy;S3)=> S, = 5

L
V=V1+V2+V3=§(51+SZ+S3)=>

SZ=T_SI_S3

(25)

Where:

Ly
L,
L3

Vi
v
V3

S1
Sz
S3

total length of the transport pathway, [L]

length of the first (cascade) “Pipe” component, [L]
length of the second (cascade) “Pipe” component, [L]
length of the third (cascade) “Pipe” component, [L]
total volume of the transport pathway, [L3]

volume of the first (cascade) component “Pipe”, [L3]
volume of the second (cascade) component “Pipe”, [L%]
volume of the third (cascade) component “Pipe”, [L%]
mean cross section of the transport pathway, [L?]

cross section first (cascade) “Pipe” component, [L?]
cross section of second (cascade) “Pipe” component, [L?]
cross section third (cascade) “Pipe” component, [L?]
multiple, [-]
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3.3.Volume balance (as a function of lengths)

Equation(26): volume balance

L1'51+L2'52+L3'S3=V

Where:

L;
Ly
Ls
Lx
S1
S;
S3
Sx

Vi
v
V3
Vy

total length of the transport pathway, [L]

length of the first (cascade) “Pipe” component, [L]
length of the second (cascade) “Pipe” component, [L]
length of the third (cascade) “Pipe” component, [L]
length x components “Pipe”, [L]

cross section first (cascade) “Pipe” component, [L?]
cross section of second (cascade) “Pipe” component, [L?]
cross section third (cascade) “Pipe” component, [L?]
cross section general components “Pipe”, [L?]

total volume of the transport pathway, [L3]

volume of the first (cascade) “Pipe” component, [L3]
volume of the second (cascade) “Pipe” component, [L%]
volume of the third (cascade) “Pipe” component, [L%]
volume of the general “Pipe” component [L3]

(26)
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3.4.0ptions for calculating the flow through the middle component “Pipe”

Equation (27): various options for calculating the flow through the second (middle) cascade component

“Pipe”:

Q1 <Q; <@

Q; = vV Q105

Qxy1 =0Qx "k

(27)
Q=01"k=0,-0s=
k=\/Q1'Q3= &z =

Q1 Q1

Q; = \/? Q1
Where:
Q: flow through the first (cascade) “Pipe” component, i.e. inflow into the geosphere, [L3-T]
Q; flow through the second (cascade) “Pipe” component, [L3-T]
Qs flow through the third (cascade) “Pipe” component, i.e. outflow from the geosphere, [L3-T]
Qx flow through general “Pipe” component, [L3-T]
k flow ratio of the following two “Pipes”, [-]
r total dilution in the geosphere [-]
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3.5.Porosity balance - calculation of the porosity of the middle “Pipe”
Equation (28): Porosity balance, porosity calculation of the middle “Pipe”:

Vp, +Vp, +Vps =Vp

Ly*Si M+ LSy ny+Lls-S3nzs=V-n =

Ven—"Ly-Sn—L3"S3-1;
=

Ly ny = S,
_Ven—=Ly-S; ny— L3 S3ms
M2 = L, S,
Where:
L; length of the first (cascade) “Pipe” component, [L]
L, length of the second (cascade) “Pipe” component, [L]
L3 length of the third (cascade) “Pipe” component, [L]
S: cross section first (cascade) “Pipe” component, [L?]
Sz cross section of second (cascade) “Pipe” component, [L?]
S3 cross section third (cascade) “Pipe” component, [L?]
Sy cross section general) “Pipe” component, [L?]
Vp total pore volume of transport pathway, [L%]

Vp; pore volume of the first (cascade) “Pipe” component, [L%]
Vp, pore volume of the second (cascade) “Pipe” component, [L%]
Vps pore volume of the third (cascade) “Pipe” component, [L3]
Vpx pore volume of the general “Pipe” component, [L%]

Vi volume of the general “Pipe” component, [L3]

n total porosity of the transport path, [-]

ni porosity of the first (cascade) “Pipe” component, [-]

nz porosity of the second (cascade) “Pipe” component, [-]
ns porosity of the third (cascade) “Pipe” component, [-]
Nx porosity of the general “Pipe” component, [-]

(28)

19



3.6. Relationship between lengths of individual “Pipes” and total transport

time - (transport time balance)

Equation (29): derivation of the relationship between the lengths of individual “Pipes” and the total flow
time, behind the porosity of the second “Pipe” the relationship from equation is established (28)

T1+T2+T3:T

(29)

T_Vpx_Lx'Sx'r]x
= —Zx Tx X
Qx Qx
Li-S8;- Ly-S,- Lsy-S3- LS S Ly S5+
11771_|_2 2772+3 3713=T=1 1771_|__2.L2 2_|_3 3'13
Q1 Q2 Qs Q1 Q2 Q3
substitution of equation (28) =
1 1771+§_ N—Lito1 M~ L3 3773+ 3 3U3=T$
Q1 Q2 Sz Qs
LS (1 1)+L 0+L;-S (1 1>—T V-n
Pl ) T T R g, Ty, 0

Where:
Ly
L;
Ls
Qs
Q:
Qs
QX
S1
Sz
S3
SX

T:
T2
T3
Tx
Vpx
N1
n2
E
Nx

length of the first (cascade) “Pipe” component, [L]

length of the second (cascade) “Pipe” component, [L]
length of the third (cascade) “Pipe” component, [L]

flow through the first (cascade) “Pipe” component, [L3-T]
flow through the second (cascade) “Pipe” component, [L3-T]
flow of the third (cascade) “Pipe” component, [L3-T]

flow through general “Pipe” component, [L3-T]

cross section first (cascade) “Pipe” component, [L%]

cross section of second (cascade) “Pipe” component, [L?]
cross section third (cascade) “Pipe” component, [L?]

cross section general “Pipe” components, [L?]

total flow time by transport pathway, [T]

transport time by the first (cascade) “Pipe” component, [T]
transport time by the second (cascade) “Pipe” component, [T]
transport time third (cascade) “Pipe” component, [T]
transport time general “Pipe” component, [T]

pore volume of the general “Pipe” component, [L%]
porosity of the first (cascade) “Pipe” component, [-]
porosity of the second (cascade) “Pipe” component, [-]
porosity of the third (cascade) “Pipe” component, [-]
porosity of the general “Pipe” component, [-]
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3.7.0verall model for calculating the lengths of three cascaded “Pipe” - matrix

form
By compiling equations (20), (26) and (29) we obtain an overall (matrix) relation for calculating the lengths
of individual “Pipes” (L1 to Ls), see equation (30).

Equation (30): general relationship for calculating the lengths of three cascade “Pipe” (matrix form),
composed of equations (20), (26) and (29):

1 1 1 L L
1
511 1 S, 531 ) <L2> v ) 30)
S1°M (Q_1 Q_z) 0 S3:m3 (Q—3 Q_z) L3 T 0,
Where:
L total length of the transport pathway [L]
L; length of the first (cascade) “Pipe” component [L]
L, length of the second (cascade) “Pipe” component [L]
L3 length of the third (cascade) “Pipe” component [L]
Q; flow through the first (cascade) “Pipe” component [L3-T]
Q; flow through the second (cascade) component “Pipe” [L3-T]
Q; flow of the third (cascade) component “Pipe” [L3-T]
S: cross section first (cascade) “Pipe” component, [L?]
Sz cross section of second (cascade) “Pipe” component, [L?]
S3 cross section third (cascade) “Pipe” component, [L?]
T total flow time by transport pathway [T]
total volume of the transport pathway [L]
n total porosity of the transport path [-]
N1 porosity of the first (cascade) “Pipe” component [-]
ns porosity of the third (cascade) component “Pipe” [-]
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3.8.Analytical solution of the matrix model of three “Pipes” (for use in
optimization with GoldSim software)

3.8.1. Relationship for the length of the first cascade “Pipe”

After expressing the length L; as a function of L3, we use equation (29) and further adjust, see equation
(31).

Equation (31): relation for the length of the first “Pipe” L; as a function of the length of the third “Pipe” Ls:

1 1 1 1 Vg
LS (go=o) 1 0+ Ly Sy (5o =) =T -

Q1 Q2 Q: Q2 Q;
V- 1 1
5 T_Q__L3 S3 773'(Q_3_Q_2)
1= P . (i_i) (31)
L1 \g, " g,
R N
Ly=—Ls- 3 <2t 4 2
S () s (D)
1M\ Tg) M \Q 7Y,
Where:
L total length of the transport pathway, [L]
Ls length of the first (cascade) “Pipe” component, [L]
L; length of the second (cascade) “Pipe” component, [L]
Ls length of the third (cascade) “Pipe” component, [L]
Q: flow through the first (cascade) “Pipe” component, [L3-T]
Q; flow through the second (cascade) “Pipe” component, [L3-T]
Qs flow of the third (cascade) “Pipe” component, [L3-T]
S1 cross section first (cascade) “Pipe” component, [L%]
S, cross section of second (cascade) “Pipe” component, [L?]
S3 cross section third (cascade) “Pipe” component, [L?]
T total flow time by transport pathway [T]
total volume of the transport pathway [L]

n total porosity of the transport path [-]
N1 porosity of the first (cascade) “Pipe” component [-]

ns porosity of the third (cascade) component “Pipe” [-]



3.8.2. Relationship for the length of the second cascade “Pipe”

To express the length L as a function of Ls, we use equation (20) into which we substitute equation (31),

and then we obtain a relation for calculating the length of L, as a function of Ls, see equation (32).

Equation (32): deriving a relation for calculating the length L2 as a function of L3, substituting equation (31)

into equation (20) and then adjusting:

L1+L2+L3:L

s (o) T
—Ly - + +L,+L;=L
S () S (D)
Q1 0 Q1 Q2
snlged) T
Ly=L+Ls- T 1~ Ls
S 'Ul'(@_@) Sy (E‘@)
R A
L, =1L, 1 1~ 1])+L- 1 1
Sl"’h'(@‘@) 51'771'(@_@)
Where:
L total length of the transport pathway, [L]
Ls length of the first (cascade) “Pipe” component, [L]
Ly length of the second (cascade) “Pipe” component, [L]
Ls length of the third (cascade) “Pipe” component, [L]
Q: flow through the first (cascade) “Pipe” component, [L3-T]
Q; flow through the second (cascade) “Pipe” component, [L3-T]
Qs flow of the third (cascade) “Pipe” component, [L3-T]
S1 cross section first (cascade) “Pipe” component, [L%]
S, cross section of second (cascade) “Pipe” component, [L?]
S3 cross section third (cascade) “Pipe” component, [L?]
T total flow time by transport pathway, [T]
total volume of the transport pathway, [L3]
n total porosity of the transport path, [-]
N1 porosity of the first (cascade) “Pipe” component, [-]
ns porosity of the third (cascade) “Pipe” component, [-]

(32)
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3.8.3. Relationship for the length of the third cascade “Pipe”

Equation (33): the relation for calculating the length of the third “Pipe”, formed by substituting equations (31) and (32) into equation (26) and next
modifying:

L1'51+L2'52+L3'S3=V

(L1 _Vn (L1 _Vn

—L3'S3 * (Q13 le + ! 102 1 S+ Ly S (Q13 le)—l +L-— d 102 1 Sy + L3 S3=V
S 771'(Q _Q_z) 51'771'(Q_1_Q_2) 51'771'(Q_1_Q_2) 51'771'(0_1_0_2) )
S(L_ L 1_1 _Vn _Vn

Ws-2rleme)  oleme) V), el e )

S 771'(Q_1_Q_2) S1°M (Q_1_Q_2> S 771'(Q_1_Q_2) 51'771'(Q_1_Q2)

A A
V— Q> I 1Qz : ).52 (33)
51'771'(Q—1_Q—2)

Ly = (
53"73'(%‘%). 53"73'(%3_(%2)_
Ss3 1 1 S+ 1 1 1S,
51'771'(E_@) V51'771 (E‘@)
_rn
V—L-S,+ ! 1QZ 7~ (S2 = S1)
S1 7]1'(Q_1_Q_2>
ke = S ()
S3—5;+ 2 Q13 le (S2 —S1)
S1 771'(@‘@)
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Where:

total length of the transport pathway, [L]

length of the first (cascade) “Pipe” component, [L]
length of the second (cascade) “Pipe” component, [L]
length of the third (cascade) “Pipe” component, [L]

flow through the first (cascade) “Pipe” component, [L3-T]
flow through the second (cascade) “Pipe” component, [L3-T]
flow of the third (cascade) “Pipe” component, [L3-T]
cross section first (cascade) “Pipe” component, [L?]

cross section of second (cascade) “Pipe” component, [L?]
cross section third (cascade) “Pipe” component, [L?]
total flow time by transport pathway, [T]

total volume of the transport pathway, [L3]

total porosity of the transport path, [-]

porosity of the first (cascade) “Pipe” component, [-]
porosity of the third (cascade) “Pipe” component, [-]
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