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Supplementary Materials: Kolmogorov Capacity with Overlap
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S1. Factorization of the Mutual Information

To obtain sufficient conditions for the factorization of the mutual information, we
choose to work with a product uncertainty function.

Assumption S1. (Product uncertainty function). The uncertainty function of a Cartesian product
of n sets can be factorized in the product of its terms, namely for any n € Z~q and . C [Y], such
that for

S =X I X ... XSy, (S1)

we have
mg/(Y) :THQ/(%) Xmg/(yz) X...XWIg/(yn). (52)

We also assume that the product uncertainty function satisfies a union bound.
Assumption S2. (Union bound). For all #,,.%> C [Y], we have
My (LU S) < my (A1) + may (). (S3)
Before stating the main result of this section, we state the following useful lemma.
Lemma S1. Let X(1:n) and Y(1 : n) be two UVs such that
[X(1:n)] = [XW] < [X2)]... x [X(n)], (S4)

and for all x(1 : n) € [X(1 : n)], we have

[Y(1:n)|x(1:n)]=[Y)|x(1)] x...[Y(n)]x(n)]. (S5)
Let
0<d< min my([Y(D)x@H]) (S6)
x(i)€[X(0)]
Finally, let either
(X(1:n),Y(1;n) & (0,8, or (S7)
(X(1:n),Y(L;n)) & (1,0M). (S8)

Under Assumption S1, we hold the following:
1. The cartesian product TTi_ [Y (1) | X(i)]} is a covering of [Y (1 : n)].
2. Every.” € [T [Y(i)|X(i)]} is 0"-connected and contains at least one singly 6"-connected
set of the form [Y (1 : n)|x(1: n)].
3. For every singly 6"-connected set of the form [Y(1 : n)|x(1 : n)], there exists a set in
Y (@) |X(i)]5 containing it; namely, for all x(1 : n) € [X(1 : n)], there exists a set
S € TT[Y (1) |X(0)]; such that [Y (1 : n)|x(1:n)] € ..
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4. Forall /1, € TT_1[Y(i)|X(7)]};, we have

my (1N 7) 5y n—1
mo (D) = )

h
e Sy = max ") (S10)
 asisn,  mg (YO)])

FLe[Y(®)|X(H];
Proof. The proof is given in Section S4. [

Under Assumption S1 and Assumption 52, given two UVs that can be written in
Cartesian product form and that are either associated at level (0,6") or disassociated at
level (1,6"), we now obtain an upper bound on the mutual information at level §" in terms
of the sum of the mutual information at level § of their components. An analogous result
in the stochastic setting states that the mutual information between two n-dimensional
random variables X" = {Xj,...,X,} and Y" = {Y3,...,Y,} is at most the sum of the
component-wise mutual information, namely

=

I
—

I(X5Y") < Y I(XsYh), (S11)

1

where I(X;Y) represents the Shannon mutual information between two random variables
X and Y. In contrast to the stochastic setting, here, the mutual information is associated
with a confidence parameter 6" that is re-scaled to § when this is decomposed into the sum
of n terms.

Theorem S1. Let X(1:n)and Y(1: n) be two UVs such that
[X(A:m)] = [XW] < [X)]... [X(1)], (512)

and for all x(1 : n) € [X(1 : n)]), we have

[YA:n)|x(1:n)]=[Y(Q)[x(1)] x...[Y(n)]x(n)]. (S13)
Ao (Y ()Ix(0)])
ming << (i)ex(i)] Ma ([Y(@)|x(
0=0< maxi<j<p [[X(1)]] (19
Finally, let either
(X(1:n),Y(1:n)) & (0,6"), or (S15)
(X(1:n),Y(1:n)) & (1,0m). (S16)
Under Assumptions S1 and 2, we have
In(Y(1:n);X(1:n)) < i Li(Y (i), X(7)). (517)
i=1

Proof. First, we will show that for all . € [TiL;[Y(i)|X(7)]}, there exist a point x (1 :
n) € [X(1:n)] and aset 2() € [Y(1:n)|X(1:n)]} such that

[Y(1:n)|xs(1:n)] C.7, (S18)
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[YA:n)|xy(l:n)] C 2(7). (S19)

Using this result, we will then show that

Ili[[Y(i)lX(i)]]El > Y (1:m) | X (1 m)]5 ], (S20)

which immediately implies (517).
Let us begin with the first step. We have
(@) mMing<j, x(iye[x (i) Mo ([Y (@)]x(@)])

o< - p
maxq <j<y |[X(7)]

i may ([Y(0)|x(7)]),
L min e (YG) ()]

(521)

,\
INS

where (a) follows from (S14), and (b) follows from the fact that for all 1 < i < n, we have
X@ON = 1.

Now, consider a set . € TT/_; [Y(i)|X(i)];. Using (S21), by Lemma S1 part 2, we hold
that there exists a point x'(1 : n) € [X(1 : n)] such that

[Y(1:n)|x'(1:n)] C 7. (S22)
Now, using (S21), part 1 in Lemma S1, and [Definition 6 Main Doc], we have

Ugerr, ivayxap = [YA:n)l, (S23)

= Ugely(1m) X (1), Z-

Using (523) and Property 3 of [Definition 6 Main Doc], there exists a set Z(x'(1 : n)) €
[Y(1:n)|X(1:n)]}; such that

[Y(1:n)]x'(1:n)] C 2(x'(1:n)). (S24)

Letting x (1 : n) = x'(1: n) and 2(.) = 2(x'(1 : n)) in (522) and (524), we hold that
(518) and (S19) follow.

We now proceed with proving (520). We distinguish two cases. In the first case, there
exist two sets . € [T/ [Y(¢)|X(i)]5 and 2y € [Y(1:n)|X(1: n)]} such that

HNF\ D) # Q. (S25)

In the second case, the sets .7 and 2 satisfying (S25) do not exist. We will show that the
first case is not possible, and in the second case, we conclude that (520) holds.
To rule out the first case, consider two points of

y(l:n) e YA :n)[xgp(1:n)] € 2(7) (S26)

and
pl:n)enns\2(5). (527)


https://doi.org/10.3390/e27050472

Entropy 2025, 27, 472. https:/ /doi.org/10.3390/e27050472 S4 of 527

If (X(1:n),Y(1:n) & (1,8"), then we have

SIIX(1: )|

(2) (min1gign,x(i)e[[x(i)]] mgy ([Y (i)|x(1)])
max <j<y | [X(1)]]

) (s,

A
INS

(min e @OROD)

1<i<n,

<X ()] (528)

,\
IN=

x(lt}’l)'r?[[l)rg(lzn)]] m@([[Y(l : 1’l)|x(1 : 1’1)]]),

@) miny 1 epx ) Mo (Y 1) |x(1 2 n)])
- my ([Y(1:n)]) '

where (a) follows from (S14), (b) follows from (S12) and the fact that

(XM < [X2)]- .. [X(m)]] < (max [[X(@]])", (529)

T 1<i<n

(¢) follows from (S13) and Assumption S1, and (d) follows from [(10) MainDoc] and the
facts that [Y(1 : n)] € #™ and mgy (#") = 1. Combining (S28), Assumption S2, and
Lemma S2 in Section S5, we hold that there exists a point y(1: n) € [Y(1: n)|x o (1:n)]
such that forall [Y(1: n)|x(1:n)] € [Y(1:n)|X(1:n)]\{[Y(1:n)|xx(1:n)]}, we have.

y(1:n) ¢ [Y(1:n)|x(1:n)]. (S30)

Without loss of generality, let
n(1:n)=y(l:n). (S31)

It now follows that y1(1 : n) and y(1 : n) cannot be §"-connected. This follows because
yi(l:n)e[YA:n)|xep(1:n)], (S32)

ya(l:n) € [Y(Q:n)|xep(l:n)], (S33)
(830) and (X(1 : n),Y(1 : n) <& (1,6"), so that there does not exist a sequence {[Y(1 :
n)|x;(1:n)]}N, such thatforalll <i <N

my ([Y(1:n)|x;(1:n)[N[Y(1:n)[x;q(1:n)])
may ([Y(1:n)])

> o, (S34)

On the other hand, if (X(1:n),Y(1: n) & (0,6"), then using [Theorem 2 Main Doc],we
hold that [Y(1 : n)|X(1 : n)[}, is a 6"-isolated partition. Thus, y;(1 : n) and y,(1 : n) are
not ¢"-connected, since y1(1: 1) € 2() and y2(1:n) € 21N\ 2(). However, since
y1(1:n),y2(1:n) €., and . is §"-connected using (S21) and 2) in Lemma S1, we hold
thaty1(1: n) & y2(1 : n). This contradiction implies that 2; and . do not exist.

In the second case, if .7 and Z; do not exist, then for all ./ € TTi_;[Y(i)|X(i)]} and
2" € [Y(1:n)|X(1:n)]}:, we have

NS\ =0, (S35)
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which implies that

(@)
I = Ugrely(am)x@n), (7 N D),

2y (270 N2\ 9
S Ugrely(m)xm)]s, (2 V(L ND\N2(S) ),
= 2(S") Ugrepy@n)xam)s, (7 N2\ 2(7"),
Do, (536)
where (a) follows from (S23), (b) follows from the trivial fact that, for any three sets, <7, %
and €,

ANABCECU(ANB\E), (S37)

and (c) follows from (S35). Combining (S36) and (523), we hold that
TIIY@IX@L5] > 1Y (1 m) | X (1 m)]5l. (S38)
i=1

The statement of the theorem now follows. [

The following corollary shows that the bound-in Theorem S1 is tight in the zero-error
case.

Corollary S1. Let X(1: n)and Y(1 : n) satisfy (512) and (S13). Under Assumptions S1 and S2,
we hold that

I(Y(1:n);X(1:n)) = ffO(Y(i);X(i)). (S39)
i=1

Proof. The proof is along the same lines as the one of Theorem S1. For all X(1 : n) and
Y(1:n),if A(Y;X) = @, then

(X(1:n),Y(1:n)) & (1,0); (540)

otherwise,
(X(1:n),Y(1:n)) & (0,0). (S41)

Hence, either (S15) or (S16) holds for § = 0. Now, by replacing § = 0in 1) — 4) of Lemma S1,
we hold that TTi_; [Y(i)| X (7)]; satisfies all the properties of a 0-overlap family. Combining
this fact and Theorem S1, the statement of the corollary follows. [

S2. Single letter expressions

We are now ready to present sufficient conditions leading to single-letter expressions
for C({6u})+, C%;, and C({d,})*. Under these conditions, the multi dimensional optimiza-
tion problem of searching for a codebook that achieves capacity over an interval of size
n can be reduced to searching for a codebook over a single step. The single letter charac-
terization of Cn({J 0})* is particularly challenging, which is also evident from the fact
that the single letter characterization may not always exist, as in the case of the zero-error
capacity. Nevertheless, we show that under some sufficient conditions, Cx({{ 0})* is lower
bounded by a single-letter expression.

First, we start with the single-letter expression for C({é,})*.

Theorem S2. For any stationary memoryless uncertain channel N and for any 0 < &y < mqy (Vy),
let X € F5(1) be a UV over one time step associated with a one-dimensional codebook that achieves
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the capacity Cn({01})* = Cn({01})« = Ry,, and let Y be the UV corresponding to the received
codeword, namely

Cn({a )" = Iy gz (YV: X)

= sup Isjpx oy (Y (1); X(1)). (542)
X(1)eZ;5(1):
5<61/may ([Y(L)])

If for all one-dimensional codewords x € 2\ [X], there exists a set ./ € [[Y|X]]§- /A such
that the uncertainty region [Y|x] C ., 6(1+1/|[X]]) < 61/ma ([Y]), and for all n > 1,

we have 0 < 8, < (6mgy (VN)/|[X]|)", then, under Assumptions S1 and S2, we hold that the
n-dimensional capacity

Cn({0n})"= T gz (Y X)- (543)
Proof. Let

[XA:n)]=[X] x---x [[Xﬂ, (S44)
and

[YA:n)]=[Y] % x[Y]. (545)

For all n > 0, we have

On

IN

[[XT] > '

( n
< | HQJZQVE[VY]] >
( ) (546)

A
IN=

A
INS

I[X
(mgy (VN))",
may (Vy),

where (a) follows from the fact that § < &1/my ([Y]), (b) follows from mgy (Vy) <
may ([Y]), (¢) follows from &; < mg (Vy) and |[X]| > 1, and (d) follows from Assumption
S1.

We now proceed in three steps. First, using (546) and [Theorem 9 MainDoc],we have

—
N

—
_Qu
=

Cn({on})" = sup R,,
n€Zo (S47)
Z R(51 = R(ISI = 15/\[X]]\(Y’X)

Second, we will show that for all n € Z~(, we have

sup L px g (Y (L m); X(1 2 m))
){(1:n):[[X(1:n)}]§%”,
5<6,/may ([Y(1:n) ]]) (548)

Finally, using (546), [Theorem 9 MainDoc] and (548), for all n € Z~, we hold that

Rs, = Rj, < Iy pzy (V: X), (S49)
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which implies that

Cn({0n})" = sup Ry, < Iy 1z7(Y; X). (S50)
ne€Z~g

Using (547) and (550), the result (543) follows.
Now, we only need to prove (548). We will prove this by contradiction. Consider a
UV X(1:n)and
& < b6u/my (IY(1: n)]), (s51)

such that
(Y (1) XA )5 x|

" ($52)
> |H[[Y|X]]5/H[)z]]\|-
i=1

We will show that (S52) cannot hold using the following four claims, whose proofs appear
in Section S6.

e Claim 1: If (S52) holds, then there exist two UVs X (1 : 1) and Y(1 : n) such that letting

5_ Imy(Y(L:n))

my (V1 m)]) 559
we have 5
"5 o ) oY
(X(1:n),Y(1:n)) & Q,6/([X1:n)]]), (S55)
and
071 IR g > T TOFIT g (556)

* Claim 2: For all #(1 : n) € [X(1: n)], there exists a set.¥ € [T, [[YW]]}/\[[X]]\ such
that
[Y(1:n)%(1:n)] C 7. (S57)

*  Claim 3: Using Claims 1 and 2, there exist a set - € TT\_; [Y|X] /1811 and two points
%1(1:n),%(1:n) € [X(1:n)] such that

[Y(1:n) % (1:n)],[Y(1:n)|%(1:n)] C .7 (S58)

Also, there exists a1 < i* < n such that

may ([Y () 1% ()] N0 [Y () [ %2(i)])

B (m{’y([[y(l : n)]]))l/n (559)
< o
— |IXI

e Claim 4: Using Claim 3, we hold that there exist two UVs X’ and Y’ and that §* <
81/ may ([Y']) such that

Y 1X'B ey > 1TV g - (S60)

The result in Claim 4 contradicts (542). It follows that (552) cannot hold and the proof of
Theorem S2 is complete. [
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Since C¢; is a special case of Cy ({6, })* for which the sequence J, is constant, it seems
natural to use Theorem S2 to obtain a single-letter expression for C3; as well. However, the
range of 0, in Theorem S2 restricts the obtained single-letter expression for this case to the
zero-error capacity C37 only. To see this, note that &, in Theorem S2 is constrained to

dn < (8my (Vn)/|[X]))"
< (m%y (V) /mgy ([Y]))". (S61)

It follows that if mg (V) < mgy (%) = 1, then we have 6, = 0(1) as n — oo. Hence, in this
case, a single letter expression for C4/ can only be obtained for 6 = 0. On the other hand,
if mgy (V) = may (#), then for any 0 < § < mg (Vy), the codebook can only contain a
single codeword, and in this case, we have C4; = 0. We conclude that the only non-trivial
single-letter expression is obtained for the zero-error capacity, as stated next.

Corollary S2. For any stationary, memoryless, uncertain channel N, let X € Zy(1) bea UV over
one time step associated with a one-dimensional codebook that achieves the capacity Cn({0})* =
Cn({0})« = R, and let Y be the UV corresponding to the received codeword, namely

Cn({0})" = I(Y;X)
— sup I(Y(1);X(1)). (562)
X(1)eFH(1)
If for all one-dimensional codewords x € 2\ [X], there exists a set ./ € [[Y|X]]}/|UX]]| such

that the uncertainty region [Y|x] C .7, then, under Assumptions S1 and S2, we hold that the
n-dimensional zero-error capacity

C=Ip(Y; X). (S63)

Next, we present the sufficient conditions leading to the single letter expression for

C({0n})

Theorem S3. For any stationary, memoryless, uncertain channel N, and for any 0 < 61 <
may (Vy), let X € F5(1) be a UV over one time step associated with a one-dimensional codebook
that achieves the capacity Cn({01})« = Cn({01})* = Ry,, and let Y be the UV corresponding to
the received codeword, namely

Cn({o1})x = Iz (Y: X)

= swp Iy (Y(D): X (D). .
X(1)eZ5(1),
5<or/may (IY(1)])
Let S
S max o) (S65)

SElYIKD), 5y Mo ([Y])

If for all n > 1, we have §(3|[X]|)"~! < &, < 1, then under Assumption S1 we hold that the
n-dimensional capacity
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Proof. First, we show that for all n € Z~¢ and 8, > 5(3|[X]|)"!, there exists a codebook
X(1:n) € 2% (n) such that

|X(1 in)| = |H[[Y|XH§/H[X}”|- (567)
i=1

This, along with Definition 16, implies that for all n € Z~q and &, > §(8|[X]|)" !, we have

Rs, = Ty (Y3 X), (S68)
and therefore
Cn({0, V)« = inf Ry > Iz, 151 (Y; X). S69
N({dn}) o of Rs, 2 5/11x7 (Y3 X) (S69)
Second, we show that
Cn({on})s < L5/ 157 (¥ X). (S70)

Thus, combining (569) and (S70), we hold that (S66) follows and the proof is complete.
We now start with the first step of showing (569). Without loss of generality, we
assume that [[Y\X]}} MiiiRe 1; otherwise,

L z7 (Y X) =0, (S71)

and (S66) holds trivially by the definition of Cx({d,})«. Let

[X(1:m)] = [X] x - x [%], 72)
—n—/
and
[Y1:n)]=[Y] % x[Y]. (573)
~—_—

n

Then, using 4) in Lemma S1 and the fact that N is a stationary, memoryless, uncertain
channel, for all »1,.% € [T\, [[Y‘XH}/\[[X]] we have

mgy(yl ﬂyz) < sén—1
my ([Y(1:n)]) = [IX]]7

(a) h)
. (574)
— (IxIH™
) On
X))

where () follows from the assumption in the theorem that 6, > 5(5|[X]|)"*"!, and (b)
follows from (572).

Using 2) in Lemma S1, we hold that for all .%; € [T}, Wlxﬂ}/\[{)’(}]\' there exists x;(1 :
n) € [X(1:n)] such that

[Y(1:n)|x;(1:n)] C .. (S75)
Now, let
K= |HHY|XH}/H[X}]\|' (576)

Consider a new UV X(1 : n) whose marginal range is composed of K elements of [X (1 : n)],
namely

[X(1:n)] ={x1(1:n),...xx(1:n)}. (S77)
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Let Y(1 : n) be the UV corresponding to the received variable. For all x(1: 1) € [X(1: n)],
we have [Y(1 : n)|x(1 : n)] = [Y(1 : n)|x(1 : n)] since N is a stationary, memoryless,
uncertain channel. Using (574), (S75), it now follows that for all x(1: n),x'(1: n) € [X(1
n)], we have

my ([Y(1:n)[x(1:n)[ N [Y(1:n)|x'(1:n)])
may ([Y(1: n)])

On
< Tr~r7/4 _ . \T1’
— X )]
) O
[[X(1:m)])
where (a) follows from the fact that using (577), we have [X(1 : n)] C [X(1 : n)]. This
implies that for all x(1: n),x'(1:n) € [X(1:n)],

en(x(1:n),x'(1:n))
may (Sn(x(1:n)) NSN(¥'(1:n)))

(

(

(S78)

INE

")
Moy @n) ’
my (Y (1 m)[x(1:m)] N [Y
may (9™) ' (S79)
)

,\
1=

N
>,
S
5
N
~~
Il
I
—
—_
~— 3
S
I——1

where (a) follows from the fact that N is stationary and memoryless, and for all x(1: n) €
2", we have
[Y(1:n)|x(1:n)] =Sn(x(1:n)), (S80)

(b) follows from (S78), and (¢) follows from [(10) MainDoc] and [Y (1 : n)] € #™. This im-
plies that the codebook X (1 : 1) corresponding to the UV X(1 : n) is (N, 8, )-distinguishable.
It follows that (S568) and (S69) hold, and the the first step of the proof follows.

Now, we prove the second step. We have

Cn({dn})x = inf R;,,

n€Zg
(—) o (S81)
b
= R(Isll
(©) .
= L/ 151 (; X),
where (a) follows from the fact that
inf Ry, < Ry, (S82)
TZEZ>0
(b) follows from the fact that, since §; < mg (Vy), we hold that
Ry, = RL, (583)

using [Theorem 9 MainDocJand (c) follows from the fact that

R}, = Lsyxy (Y X), (S84)
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using [(133) MainDoc], [(134) MainDoc], and (564). Hence, the second step of the proof
follows. O

Finally, we present the sufficient conditions leading a lower bound on Cn({J 0})* in
terms of a single letter expression.

Theorem S4. Let 0 < 61 < myy (Vy). For any stationary, memoryless, uncertain channel N,
let X* € F5(1) be a UV over one time step associated with a one-dimensional codebook that
achieves the largest one-dimensional 61-capacity, and let Y* be the UV corresponding to the re-
ceived codeword, namely X* achieves supy ., () CN({01})+ = SUP, <y (Vi) Cn({o1}D)* =
SUPs, <y (V) Rs,, and we have

sup  Cn({d1})«

o1<mey (V)
= Ly (Y55 X7) (S85)
= sup sup Is/jpx oy (Y (1); X(1)).
51<m@/<VN) . X(l)E.ng(l),
0<éy/mey ([Y(1)])
Let
5, = max my(S) (S86)

N yG[[Y*‘X*]]:;*/H[X*]H mg([[y*ﬂ) ’
If 6, |[X*]| < 1, then under Assumption ST we hold that the n-dimensional capacity
Cn({40})" = Iy (Y55 XF). (S87)

Proof. Consider a sequence of {J,} such that ; = 6* and 8, = 6* (6 |[X*]|)" ! for n > 1.
Then, using Theorem S3 for this sequence {J, }, we have that

Cn({6n})s = Loy o (Y55 XF). (S88)
Now, since J, | [X*]| < 1 using the assumption in the theorem, we have

lim J, = 0. (S89)

n—oo

Using (588) and (S89), we hold that
Cn({{0h)" > sup  Cn({d})«
{on}:on=o0(1)
> Cn({0n})«
:I(s*/wx*]]l(Y*,X*)

(590)

O

S3. Examples

To cast our sufficient conditions for the existence of single letter expressions of capacity
in a concrete setting, we now provide some examples and compute the corresponding
capacity.

In the following, we represent stationary, memoryless, uncertain channels in graph
form. Let G(V, E) be a directed graph, where V is the set of vertices and E is the set of
edges. The vertices represent input and output codeword symbols, namely V = 2" U %'
A directed edge from node x € 2" tonode y € %/, denoted by x — y, shows that given
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Figure S1. Channel described in Example S1. It consists of three complete graphs, and some
additional edges. The thick solid arrow into node y = 11 represents multiple edges connecting all
the nodes in the set {1,2,3,4,5,6} to node 11. Similarly, all the nodes in the set {7,8,9,10,11,12} are
connected to node 2.

symbol x is transmitted, y may be received at the output of the channel. It follows that
for all x € &, the channel transition map representing the noise experienced by each
codeword is given by

N(x) ={y:(x = y) € E}. (S91)

Example S1. We consider a channel with
2 =% =1{1,2,3,...,19}. (S92)
To define the channel transition map, we let for all x € {1,2,3,4,5,6}
N(x) = {1,2,3,4,5,6,11}, (S93)
forall x € {7,8,9,10,11,12}
N(x) = {7,8,9,10,11,12,2}, (S94)
and for all x € {13,14,15,16,17,18,19}
N(x) = {13,14,15,16,17,18,19}. (S95)

The corresponding graph is depicted in Figure S1. For any YV, C %", we define the uncertainty
function may (Vy) in terms of cardinality

2l
7

Moy (V) = (S96)

Note that for all n € Z~, we have mgy (") = 1.
It is easy to show that mgy (.) satisfies Assumption S1. Namely, for n = 1, we hold that for all
yco,
V|

my (V) = 151 (597)
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Let Yy = Y(1) x Y(2) ... x Y(n), where Y(i) C #. Then, we have

Moy (Vn)
=my (Y(1) x Y(2) ... x Y(n)),
CYA) x Y(2)...x Y(n)]

B ’ (598)
@ YO[[Y2)]  [Y(n)]
7| 7| 20

—
=

= my (Y(1)my (V(2))...my (Y(n)),

where (a) follows from the fact that for any two sets A1 and 7, |9 X S| = |||, and (b)
follows from (S97). It follows that may (.) satisfies Assumption S1.

A similar argument shows that mgy (.) also satisfies Assumption S2. Namely, let Y, =
Y1) UY(2)...UY(n), where Y(i) € ¥ . Then, we have

mOJQ)n)
=my (Y(1)UY(2)...Uud(n)),
_ Q) uy@)...uyn)

| ’ (S99)
@ Y1) |YQ) 1Y ()]
< 7 + ] +...+ 2

b

—
=

my (V(1)) +my (Y (2)) + ... +my (Y(n)),

where (a) follows from the fact that for any two sets /1 and S, |1 U S| < || + ||, and
(b) follows from (S97). It follows that myy (.) satisfies Assumption S2.
We now compute the capacity Cn ({6, })* for 61 =2/9 and foralln > 16, = (7/342)".
Since Vy contains seven elements, we hold that mg (Vy) = 7/19, and 61 < mgy (VN).
Consider a UV X representing a one-dimensional codebook such that

[X]={1,7,13}. (5100)
It follows that the corresponding output UV Y is such that
Yl =141,23,...,18,19}. (S101)

Letting 5 = 1/6, we hold that &/ |[X])| = 1/18 and the overlap family

[[Y|XHT/18 ={A,.72}, (5102)

where
yl = Ux6{1,7}N(x)/ (8103)
S = Uiz N(x). (5104)

We now show that X satisfies the sufficient conditions in Theorem S2. First, we note
that for all x € {2,3,4,5,6,8,9,10,11,12}, we hold that [Y|x] C .7, and for all x €
{14,15,16,17,18,19}, we have [Y|x] C . It follows that for all x € 2\ [X] =
{2,3,4,5,6,8,9,10,11,12,14,15,16,17,18,19}, the uncertainity region [Y|x] C ., where
S e [[Y|X]]§/”[X]”. Second, we hold that

S(1+1/([X]]) =2/9 < & /my ([Y]). (S105)
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Third, we note that 6 = 1/6,
Smy (Vi) /|[X]| = 7/342. (S106)

It follows that for all n > 1, we hold that 6, < (dmg (Vn)/|[X]])".
Since all the sufficient conditions in Theorem S2 are satisfied, we have

Cn({6n})" =log, [[YIX]7 /18] = 1. (S107)

Example S2. We now consider the same channel as in Example 51, shown in Figure S1, and
we compute the capacity C?\;‘. We consider the one-dimensional codebook X in (S100), and the
corresponding output UV'Y in (S101). Then, we have

[YIX]5 = {71, 72}, (S108)
where

S = Urep1yN(x), (5109)

2 = Uref13pN(x). (5110)

We now show that X satisfies the sufficient conditions in Corollary S2. We note that
for all x € {2,3,4,5,6,8,9,10,11,12}, we hold that [Y|x] C .73, and for all x €
{14,15,16,17,18,19}, we have [Y|x] C . It follows that for all x € 2 \ [X]
{2,3,4,5,6,8,9,10,11,12,14,15,16,17,18,19}, the uncertainity region [Y|x] C ., where
< e [Y|X];.

Since all the sufficient conditions in Corollary S2 are satisfied, we have

— log, |[¥IX];| = 1. (s111)

Example S3. We now consider the same channel as in Example S1, shown in Figure S1, and we
compute the capacity Cn ({0, })« for 61 = (2/6)% and foralln > 16, = (2/6)3((7/19)33)" 1.
Forany Y, C %", we define the uncertainty function may (Vy) in terms of cardinality

3
may (V) = (gﬂ) . (S112)

Note that for all n € Z~go, we have mgy (#™) = 1. It is easy to show that may(.) satisfies
Assumption S1. For n = 1, we hold that forall Y C %/,

may (V) = ('y') - (5113)

Let Yy = Y(1) x Y(2) ... x Y(n), where Y(i) € % . Then, we have

m@()}n)
may (V(1) x y( )...x V(n),
_ <|y<1> x Y |>3
\@/” (S114)

“(5) (3 ) (51"

= my (Y(1))may (V(2)) ... may (Y(n)),

—
=
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where (a) follows from the fact that for any two sets A and 75, |7 X S| = |A||2|, and (b)
follows from (S113). It follows that myy (.) satisfies Assumption S1.

Since mgy (V) = (7/19)3, we have 81 < mgy (Vy). We consider a UV X representing a
one-dimensional codebook, a corresponding output UV Y, and § = (2/6)3, so that

[X] = {1,7,13}, (S115)
[Y] = {1,2,...,19}, (S116)
[YIX]i/61 = {71, 72, 73}, (5117)
where
1= UxeyN(x), (5118)
2 = Uye(7yN(x), (5119)
3 = Ure(13yN (%) (S120)

Since 6 = 81 = (2/6)3, we have

] Moy (F) ( 7 )3
b= max —2L =), (5121)
SelVIX) gy M (YD) 19

It follows that for all n > 1, we have 6, > §(8|[X]|)" " and all the sufficient conditions in Theorem
S3 are satisfied, so that

Cn({0n})« =1og, [[YIX] /51| = log,(3). (S122)

Example S4. We again consider the same channel and the same uncertainty function as in Example
53, shown in Figure S1 and (S112), respectively. We compute the capacity Cn({] 0})*. Consider
an UV X* representing a one-dimensional codebook such that

[X*] ={1,7,13}. (5123)
It follows that the corresponding output UV Y* is such that
Y*]=141,23...19}. (S124)

Letting 6* = (2/6)3, we hold that 5* /|[X*]| = 1/81 and the overlap family is

Y IXT5 i xeq =181 = {172,751, (S125)
where
71 = UxeyN(x), (S126)
2 = Uxe(7yN(x), (S127)
3 = UreiapN(x). (5128)

Since Viy contains seven elements, we hold that may (V) = (7/19)3, and §* < mgy (Vy). Also,

we hold that s
by = max m{ﬂ/i(y;) = <7> . (5129)
SN X ey Mo (VD) \19

It follows that 8, |[X*]| < 1.
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Since all the sufficient conditions in Theorem S4 are satisfied, we have

C({10})" > log, [Y|X]3,15] = log, (3). (5130)

S§3.1. Discussion

The results in our examples show that for the channel presented in Figure S1 and the
uncertainty function (596), there exists a vanishing sequence 6; = 2/9, {6, }5° = {(7/342)" }
such that

CY¥ = Cn({ou )" (131)

For the same channel and uncertainty function, there is another vanishing sequence, J; =
4/9,{6,}3° = {(14/342)"}, such that
Cl < Cn({an )" (S132)

On the other hand, for the same channel using the uncertainty function (5112), there
exists a vanishing sequence 61 = (2/6)3, {6, }5° = {(2/6)3(3(7/19)3)" "'} such that

Cn({0n})« < Cn({40})" (S133)

S4. Proof of Lemma S1
Proof. Let us begin with part 1). We have

[Y(1:n)]
= Ur(m)ex @) [Y (L : 1) [x(1 : m)],
D Uy merxaan IY W] % [Y () x(n)],
o Uryepx@plY (1) ]x(1)] x

oo X Ugmyexm [Y (m)[x(n)],
=Y x[Y@)] ... x [Y(n)],

(S134)

where (a) follows from (S5) and (b) follows from (S4). Now, we have

(@) 1+
J =11 U <
el [YOIX(O)]; =1 .7elY(@)X(0)];

n
OTTv, (5135)
i=1
9y,
where (a) follows from the fact that the cartesian product is distributive over union, namely
Ui jierxjAi X Bj = (UicrAi) % (UjeB)), (S136)

(b) follows from the fact that for all 1 < i < n, [Y(i)|X(i)]}; is a covering of [Y(i)] by
[Definition 6 MainDoc], and (c) follows from (S134). Hence, part 1) follows.

Now, we prove part 2). Here, we will first show that for all .7 € TTi_; [Y ()| X(i)]},
we hold that .7 is §"-connected. Second, we will show that . contains at least one singly
o"-connected set.


https://doi.org/10.3390/e27050472

Entropy 2025, 27, 472. https:/ /doi.org/10.3390/e27050472 S17 of S27

Let us begin with the first step of part 2). Consider a set . € [Ti_;[Y(7)|X(7)]}- Then,
there exists a sequence {.#;}""_; such that

S = A XS X ... XSy, (5137)

and forall1 <i <mn,
7 € Y ()X ()5 (138)

Now, consider two points y1(1 : n),y2(1 : n) € .. Then, using (S5), (5134) and (5137), for
all1 <i <wn,wehold that

y1(i),y2(i) € A (5139)
Also, since .7; is d-connected using (5138) and Property 1 of [Definition 6 MainDoc], we
have
N .
y1(i) & ya(i), (5140)

namely there exists a sequence {[Y (i)|xx(i)] },Ij:(ll) such that
ya(i) € [Y(@)|x1 ()], v2(i) € [Y () |xng) ()], (S141)
and forall 1 < k < N(i),

g (1Y () e N [Y () ess (D])
i (V0)]) = (5142

Without loss of generality, let
N(1) < N(2) <... < N(n). (S143)
Now;, consider the following sequence of conditional ranges

[Y(1:n)|x1(1),x1(2)...x1(n)],
[Y(1:n)|x2(1),x2(2)...x2(n)],

[Y(1:n)xna) (1), xna)(2) - - xngy ()], (5144)
[Y(1:n)|xnay (1), xn)1(2) - - 2y 11 ()],

[Y(1:n)xna)(1), xn(2)(2) - - - XNy ()]
In this sequence, for all 1 < k < N(n), if x4 (i) = x;41(i), then we have

may (LY ()2 (D)] 0 [Y (3) [ x4 (8)])
may ([Y (i)])

(a) may ([Y (3) [ (D)])

my ([Y(H)])

)
may ([Y(D)])’

1)

may (¥)’

—
S
=

(S145)

V

—
)
~

v

d
> 9,

—
=
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where (a) follows from the fact that x4 (i) = xx41(i), (b) follows from (S6), (c) follows
from the fact that [Y(i)] € # and [(10) MainDoc] holds, and (d) follows from the fact that
mgy (%) = 1. Additionally, in the sequence (5144), for all 1 < k < N(n), if x (i) # x11(i),
then we have that (5142) holds. This along with (5145) implies that forall 1 < k < N(n),

e have (DY) (D] 0 [Y D) s (D)
Moy 1)1 X (1 1) X412
ma (VO)]) ” o (G140
Now, using (S5) and (S141), we have
n(1:n) e [Y:n)|x1(1),...x1(n)], (S147)
and
ya(L:n) € [Y(1:n)|xna)(1), .. xn(m) ()] (S148)

Also, for all 1 < k < N(n), the uncertainty associated with the intersection of the two
consecutive conditional ranges in the sequence (5144) is

may (IY(1: 1) | (1: )] O Y1 : 1) x4 (1 )])

may (YT n)]) :
@ 1 ma (Y () (D] O Y () i ()])
-1l (0D (5149)

b
2o,

where (a) follows from Assumption S1, (S5), (5134) and the fact that
n n
1140 % =(ANA) x...x (SN, (5150)

(b) follows from (S146). Hence, using (S147), (S148) and (5149), we have
571
y1(1:n) e yp(1:n). (S151)

Hence, . is 6"-connected.
Now, let us prove the second step of part 2). Forall 1 < i < n, since [Y()|X(i)];
satisfies Property 1 of [Definition 6 MainDoc], there exists an x; € [X(i)] such that

[Y(i)|x;] € . (S152)
Therefore, for x(1 : n) = [x1,x2,...,x,], we have

[Y(1:n)|x(1:n)]

@ Y x)] x .. x [Y(m)]x(n)],

© ()l x ... x [Y(1)|xa], (S153)

(c)
CAXIX . ... %,
9D g,

where (a) follows from (S5), (b) follows from the fact that x(1 : n) = [xq,x2,..., %], (¢)
follows from (5152), and (d) follows from (S137). Hence, .7 contains at least one singly
d"-connected set, which concludes the second step of part 2).
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Now, let us prove part 3). Forall 1 < i < n, since [Y(i)|X(i)]} satisfies Property 3
of [Definition 6 Main Doc], for all x(i) € [X(i)], there exists a set .”'(x(i)) € [Y(i)|X(i)];
such that

Y () [x(i)] € .7 (x(7))- (5154)

Then for all x(1: n) € [X(1:n)], we have

[Y(1:n)|x(1:n)]

(@) [Y()]x(D)] x ... x [Y(n)|x(n)],

C #(x(1)) x ... x F(x(n)) (5155)

n
e [TIY@)IX@)15,
i=1
where (a) follows from (S5), and (b) follows from (S154). Hence, part 3) follows.

Finally, let us prove part 4). Consider two distinct sets 1,75 € [T/ [Y(1)|X(7)];-
Then, we have

leyllxylzx...ﬂln, (8156)
y2:y21xy22><...y2n, (8157)

where foralll <i<mn
Si, Sai € [Y (@) X(0)]5- (5158)

Since . # ., there exists 1 < i* < n such that
Aix F Sir- (S159)
Then, by Property 2 of [Definition 6 MainDoc] and (S158), we have

Moy (A= N i)

: <4 (S160)
may ([Y(@*)])
Also, using (510), we hold that forall 1 <i <,
may (A1) 5
2 < §(n). (S161)
ma @D =
Then, we have
my (1N S)

may ([Y(1:n)])
(a:) 711@((5”11 X . ..5”1,,) N (,5”21 X .. .yzn))
may ([Y(1:n)]) '
() my (L1 NF) X ... X (S0 N Fon))
may ([Y(1:n)]) '
my (F110 1) - my (L0 N S2n)
iz may ([Y(D)]) '
may (i N Faix) my (1)
may (YD) 2 ma (Y(D)D)

—

(5162)

—

c

N

—
U
N

IN

—

e A

< 6(8(m))",

~
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where (a) follows from (5156) and (S157), (b) follows from the fact that for all sequences of
sets {.7;}1_ and {Z;}'; , we have

n n
[1Zn]]%=(ANA)x ... x (FnNT), (S163)
i=1 i=1

(c) follows from Assumption S1 and (5134), (d) follows from [(10) MainDoc] and the fact
that forall1 <i <mn, 7, N .%; C .7, and (e) follows from (S160) and (S161). Hence, part
4) follows. O

S5. Auxiliary result
Lemma S2. Consider two UVs X and Y. Let

5+ — Minyeqy] m o ([X|y])
m g ([X])

Forall &, < 6 and 6, < 1, if (X,Y) & (61/][Y]|,02), then under Assumption S2, for all
[X|y] € [X|Y], there exists a point x € [X|y] such that for all [X|y'] € [X|Y]\ {[X|¥]},

(S164)

x ¢ [X]y']- (S165)

Proof. We will prove this by contradiction. Consider a set [X|y]. Let x satisfying (S165) do
not exist. Then, for all x’ € [X|y], there exists a set [X|y'] € [X|Y] \ {[X|y]} such that

x" e [X]y]. (S166)
Thus, we have
m a2 (Uxy e (xiyny (X N IX1y'D)),
(a)
> m o ([X[y]),
G
> &"my ([X]),

s (1K),

(S167)

where (a) follows from (5166), (b) follows from (S164), and (c) follows from the fact that
81 < 8*. On the other hand, since (X, Y) & (6,/[[Y]],52), we have

m a2 (Upxpynex v ixiyg (Xl 0 [X1y'D)),
(a)
< m g ([X[y] N [X]y'),

IXlyDelXYI\IXy]} (S168)
(b)
< [[Y]|6vm o ([XT) /1111,
= dim o ([X]),
where (a) follows from Assumption S2, (b) follows from [Lemma 1 Main Doc]. It follows

that (S167) and (5168) contradict each other, and therefore x satisfying (S165) exists. The
statement of the lemma follows. [

S6. Proof of 4 claims in Theorem S2

Proof of Claim 1. By Property 1 of [Definition 6 Main Doc], we hold that for all .; € [Y(1:
n)|X(1: n)]]}*,/‘[[x(lzn)m,there exists a ¥;(1:n) € [X(1:n)] such that [Y(1:n)[%;(1:n)] C
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#;. Now, consider a new UV X(1 : n) whose marginal range is composed of elements of
[X(1:n)], namely
[X(1:n)]={%1(1:n),...%x(1:n)}, (5169)

where

K=[[Y(1:n)X(1:n)] (S170)

/x|

Let Y(1 : n) be the UV corresponding to the received variable. Then, similar to [(92)
MainDoc], by Property 2 of [Definition 6 MainDoc] and since N is stationary memoryless
channel, for all x(1: 1), x'(1: n) € [X(1:n)], we have

may ([Y(1:n)|x(1:n)]N[Y(1:n)|x'(1:n)])
a ([Y(1:n)])

5/
< TmYv7/1 . .\T1”
~ XA m)]
5/
[[X(1:n)])
where (a) follows from the fact that [X(1: n)] C [X(1 : n)]. Similar to [(93) Main Doc], for
all x(1:n),x'(1:n) € [X(1:n)], we hold that

(S171)

A
IN=

may ([Y(1:n)|x(1: n)ﬂ N[Y(1:n)x'(1:n)])
my ([Y(1:n)])
8'my ([Y(1: n)])

= = , S172
= JIRCLU: )Ty (171 )] o7
5
@)
where
= O'my ([Y(1:n)])
0= = . S173
ey (I s 1)) G179
Then, by [Lemma 1 MainDoc] it follows that
(X(1:n),Y(1:n)) & (Q,6/([X1:n)]]). (S174)
Using (551), we also have
. S
0 — . 5175
= o (V)] o)
Additionally, we have
. On
§< v
my ([Y(1:n)])
(a) ((571’[@ VN )
< =
RN 24] may ([Y(L:n)])
(2 (5m@/(VN )n (S176)

my ([Y(1:n)])’
) (mgy (Vn))"

my ([Y(1:n)])’
may (V)

my ([Y(1:n)])’

A

d

—
=


https://doi.org/10.3390/e27050472

Entropy 2025, 27, 472. https:/ /doi.org/10.3390/e27050472 522 of S27

where (a) follows from the assumption in the theorem that
0 < 6n < (Omgy (Vi) /|IX1D)", (5177)

(b) follows from the fact that |[X]| > 1, (c) follows from the fact that using §; < ma (Vy),

we have
1 magy (V)

may ([Y]) ~ ma ([Y])

and d) follows from Assumption S1. Now, we have

5< <1, (S178)

H[Y(l ) |X(1: ”)]]}/H[X(l;n)w

R )] ($179)

®) . T
= |[Y(1:n)|X(1: n)ﬂj/\[[x(lzn)]]||'

where (a) follows by combining (S174), (S176) and [Lemma 5 MainDoc] and (b) follows
from (5169) and (5170). This along with (S52) implies that we have

H[Y(l : ”)|X(1 : ”)]]}/H[f((l;n)]m

oy (5180)
> | H[[Y|X]]S/\[[X]]\ |
i=1
This concludes the proof of Claim 1. O
Proof of Claim 2. Since (S174) and (S176) holds, using [Lemma 5 MainDoc], we have
[Y(1:n)|X(1: n)]]}/\[[f((l:n)]]\

- N (S181)
=[Y(1:n)|X(1:n)].

Using (S181) and Property 1 of [Definition 6 MainDoc] we hold that for all .7 € [Y(1 :
n)|X(1:n)]% there exists a #(1: n) € [X(1: n)] such that

8/1[X(m)])”
7 = [Y(1:n)|2(1:n)]. (5182)
Now, forall x € 27, let . (x) € [[Y|X]]Z‘/|[[X]]| be such that
[Y[x] € .7 (x). (5183)

Forall x € 27\ [X], the set . (x) exists from the assumption in the theorem. Also, for all
x € [X], the set . (x) exists using Property 3 in [Definition 6 Main Doc]. Hence, for all
x € 2, we hold that 7(x) satisfying (5183) exists.

Hence, for all £(1 : n) € [X(1: n)], we hold that

[Y(1:n)|%(1:n)]

a

—
=

YD) x ... x [Y(n)|2(n)],

—
S
=

=

(S184)

Ia
X

(x(1)) % ... x Z(x(n)),

[YIXT5 1571

—
meo

I
—


https://doi.org/10.3390/e27050472

Entropy 2025, 27, 472. https:/ /doi.org/10.3390/e27050472 523 of S27

where (a) follows from the fact that N is a stationary, memoryless, uncertain channel, ()
follows from the fact that for all x € 27, .(x) exists, and (¢) follows from the fact that for
allxe 27, 7 (x) € [[Y‘XHE/H[X]H' Hence, Claim 2 is proved. O
Proof of Claim 3. Combining (5180) and (5181), we hold that

IY(1:n)|X(1:n)]| > ﬁ[[YIXHE/[[XH- (S185)

This along with (S184) implies that there exists a set . € [T [Y|X]} JIIR]) which contains

at least two sets 21, 25 € [Y(1:n)|X(1: n)]}}/\[[ff(lzn)]ﬂ’ namely
9 C S, (S186)
D C L. (5187)
Using (5182), without loss of generality, let
.@1 = [Y(l : Tl)l.fl(l : Tl)ﬂ, (5188)
Also, let
S =X XSy, (S190)
where A, ..., %, € Hﬂx]]}/\[[?_f]]\' Also, we have
b _ o may (V)
—=— <0< —— < —. (5191)
X1 may (YT) — may ([Y])
Now, we have
5 < Sn
[X(1:m)]] ~ my (YA :n)])’
@) (émg "
< (‘Sm]_(VN)) 1 , (S192)
X7 may (Y(1: n)])
(b) 5 \"
< (5m1)
X1
where (a) follows from the assumption in the theorem that
dmy (V) ) !
o < (_ , (5193)
! X1

and (b) follows from the fact that using Assumption S1, we have

my (V) = (my (V)" < my ([Y(1:n)]). (S194)
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Combining [Lemma 1 Main Doc] and (5174), we have

my ([Y(1:n)|% (1: )] OV : n)]%(1: n)])
may ([Y(1:n)])

5
= IR Il o)
(a) 5 \"
(i)
where (a) follows from (S192). This implies that there exists a 1 < i* < n such that
myy ([Y (i*) |20 ()] 0 [Y (i) |22 ()]) g
(my (VL)) T 515
otherwise (5195) does not hold, namely
may ([Y(1:n)|%(1: n)]] N[Y(1:n)|%2(1:n)])
may ([Y(1:n)])
@ ((me ([Y () [2 (D] N Y (0)]%2(1)])
I (e e ) 17

where (a) follows from Assumption S1 and the fact that N is stationary memoryless, (b)
follows from the hypothesis that i* satisfying (5196) does not exist. d
Proof of Claim 4. Now, consider a UV X’ such that

[X'T = ([X]\{x € 2" : [Y]x] € })
U{x ()} U{R ()}

For [X{] = ([X] \ {x € 2 : [Y|x] C .} }), the |- overlap family of [Y]|X]] satisfies

(S198)

o (a)
IFIRT, gy 1 < 0135, (5199)
where
& = (6mg (IY]))/ ([[X1|ma ([V1]), (5200)

and (a) follows from the fact that
1= {y/ € [[Y|X]]:§/|[[X]” S # i} (5201)

satisfies all the properties of [Y{|X/]}, in [Definition 6 Main Doc].
1
Now, consider the UV X' such that [X'] = [X{] U {#;(i*)} U {%2(i*)}. We will show
that

S3 = Sy ULIY ()% ()]} U{TY (") 221} (5202)

satisfies the property of [Y'|X']}. , where

/11X
5o _ DX ms (1Y)

~ XDima (YD) (S203)
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Using (5186), (5187) and Claim 2, we have
[V (@) |2 ()] [Y () [%2()] € e (5204)

This along with the fact that [Y|X]5, [x7| is an overlap family implies that for all . "e Sy,

my (V)52 N ) < ‘W (5205)
and S ([V])
ok |~ [k / mgy,
my ([Y(i*)|%2(i)] N ") < {ET]” (S206)
Also, we hold that
my (Y (i*) |51 ()] N [Y (%) |%2(%)])
(@) §(my (Y (1: m)]))*/"
= X1
©) §(my ([V(1: m]))V/" (5207)
= IIX]]
(o) omgy ([Y])
X

where (a) follows from (S196), (b) follows from [(10) Main Doc] and [Y(1:7)] C [Y(1:#n)]
by Claim 2, and (c) follows from Assumption S1 and (S45). Additionally, [Y(i*)|%(i)] and
[Y(i*)|%2(i)] are singly 6*/|[X']| connected sets. This along with (5205), (5206) and (S207)
implies that Sj satisfies all the properties of [Y'| X’ ]]3‘* XTI It follows that
Y IXT5. x| = 15510

@181 +2, (5208)

®) |1 o

= |[[Y|X]]5/|[[;‘q]|| +1,
where (a) follows from (S202), and (b) follows from (S201).

Now, we will show that
X < I[X]] + 1. (5209)

We split the analysis into two mutually exclusive cases: %1 (i*) € [X] or %,(i*) € [X]; and
%1(i%), % (i*) ¢ [X]. In the first case, if %1 (i*) € [X] or %2(i*) € [X], then using (5198), we
have

X' < [1X]1 +1. (5210)

In the second case, if %1 (i*), %, (i*) ¢ [X], then using (5204), there exists a non-empty set
P C [X] such that

[Y () |21 ()] U [V (i) [%2(i%)] € Urem [V 2] (S211)
Also, there exists a x’ € P such that

[Y[x] C S (S212)


https://doi.org/10.3390/e27050472

Entropy 2025, 27, 472. https:/ /doi.org/10.3390/e27050472 526 of S27

This can be proved by contradiction. Let x” € P satisfying (5212) does not exist. We have
my (Ugrey|g]s, ot (i NS))

(2) _

> m@(Ux:xeP(ﬂ* N [[le]]))/

(b) - -

> my ([Y(i*)|21 ()] U [Y () |%2(7)]),

5/|1X11

(S213)

where (a) follows from the fact that combining P C [X], Property 3 of Definition [Definition
6 MainDoc], and the hypothesis that x” does not exist, we have

\/ ! !
Urer[YIX] € 7" € Uppigyy o corsnn s (5214)

(b) follows from (5204) and (S211), (c) follows from [(10) MainDoc] and the fact that for all
xeZ,

may (V) < moy ([Y]x]), (5215)

(d) follows from the fact that 6; < mg (Vy), and (e) follows from the fact that § <
61/ mg ([Y]). On the other hand, since [Y|X]* /%) 18 an overlap family, we have

Moy (U e[¥|81;, g 7275 (L2 NS7))s

—
IND

my (S N.S"),
FENVIXL, gy 77

(? 4| HY|X]];—/\[[X}]\ lmay ([Y])
- X1 '
(c) _

< dmy ([Y])

(S216)

where (a) follows from Assumption S2, (b) follows from Property 2 of [Definition 6 Main-
Doc], and (c) follows from the fact that using (5191), [Lemma 4 Main Doc] holds. Hence,
(S213) and (S216) contradict each other, which implies x’ satisfying (S212) exists. Now,
using (5212) and (5198) , we hold that

X7 < [1X]1 +1. (5217)

Hence, (5209) holds.
Finally, we have

5 _ SIXLiny ()
XTI (D)
@ Sy (YD) 1
= g (IV']) (” m)'
_a
my ([Y'])

(S218)

A
INS
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where (a) follows from (5209), and (b) follows from the assumption in the theorem that
S(1+1/[[X]]) < 61/may ([Y]). Now, using (5208) and (5218), we hold that there exists a
6* < 61/may ([Y']) such that

Y IXD5 ) ey | > 1Y 1XT5 g5 - (5219)

This concludes the proof of Claim 4. O
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