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File S1: Fisher Elements of MLEs

From log-LF in (8), the Fisher’s elements of I−1(θ̂) in (29) are obtained as

Lδδ = −m
δ2
,

Lαα = −m
α2
−
∑m

i=1
ψ′′α (xi) +

∑m

i=1
(δ (Ri + 1)− 1) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1

×
{
ψ′′α (xi)− (ψ′α (xi))

2 − (ψ′α (xi))
2

exp (−ψ (xi)) (1− exp (−ψ (xi)))
−1
}
,

Lµµ = −mα
µ2
−
∑m

i=1
ψ′′µ (xi) +

∑m

i=1
(δ (Ri + 1)− 1) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1

×
{
ψ′′µ (xi)−

(
ψ′µ (xi)

)2 − (ψ′µ (xi)
)2

exp (−ψ (xi)) (1− exp (−ψ (xi)))
−1
}
,

Lδα =
∑m

i=1
(Ri + 1)ψ′α (xi) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1,

Lδµ =
∑m

i=1
(Ri + 1)ψ′µ (xi) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1,
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and

Lαµ =
m

µ
−
∑m

i=1
ψ′′αµ (xi) +

∑m

i=1
(δ (Ri + 1)− 1) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1

×
{
ψ′′αµ (xi)− ψ′α (xi)ψ

′
µ (xi)− ψ′α (xi)ψ

′
µ (xi) exp (−ψ (xi)) (1− exp (−ψ (xi)))

−1} ,
where ψ′′θ(·) is the second-partial derivative with respect to the parameter θ such as
ψ′′α (xi) = ψ (xi;α, µ) (log (µ/xi ))2, i = 1, 2, ...,m,,
ψ′′µ (xi) = ψ (xi;α, µ) (α (α− 1)/µ2 ) , i = 1, 2, ...,m,
and
ψ′′αµ (xi) = ψ (xi;α, µ) [µ−1 + (α/µ ) log (µ/xi )] , i = 1, 2, ...,m.

File S2: Fisher Elements of MPSEs

From log-PS in (11), the Fisher’s elements of I−1(θ̂) in (30) are obtained as

ζ ′′δ (θ) = 0,

ζ ′′α (θ) =
∑m

i=1
δRi exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−2 {(1− exp (−ψ (xi;α, µ)))

×
[
ψ′′α (xi;α, µ)− (ψ′α (xi;α, µ))

2
]
− (ψ′α (xi;α, µ))

2
exp (−ψ (xi;α, µ))

}
,

ζ ′′µ (θ) =
∑m

i=1
δRi exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−2 {(1− exp (−ψ (xi;α, µ)))

×
[
ψ′′µ (xi;α, µ)−

(
ψ′µ (xi;α, µ)

)2]− (ψ′µ (xi;α, µ)
)2

exp (−ψ (xi;α, µ))
}
,

ξ′′δ (θ) =
∑m+1

i=1

{[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′δ (xi−1)− F̄ ′′δ (xi)

]
−
[
F̄ ′δ (xi−1)− F̄ ′δ (xi)

]2}
×
[
F̄ (xi−1)− F̄ (xi)

]−2
,

ξ′′α (θ) =
∑m+1

i=1

{[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′α (xi−1)− F̄ ′′α (xi)

]
−
[
F̄ ′α (xi−1)− F̄ ′α (xi)

]2}
×
[
F̄ (xi−1)− F̄ (xi)

]−2
,

ξ′′µ (θ) =
∑m+1

i=1

{[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′µ (xi−1)− F̄ ′′µ (xi)

]
−
[
F̄ ′µ (xi−1)− F̄ ′µ (xi)

]2}
×
[
F̄ (xi−1)− F̄ (xi)

]−2
,

ξ′′δα (θ) =
∑m+1

i=1

[
F̄ (xi−1)− F̄ (xi)

]−2 {[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′δα (xi−1)− F̄ ′′δα (xi)

]
−
[
F̄ ′δ (xi−1)− F̄ ′δ (xi)

] [
F̄ ′α (xi−1)− F̄ ′α (xi)

]}
,
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ξ′′δµ (θ) =
∑m+1

i=1

[
F̄ (xi−1)− F̄ (xi)

]−2 {[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′δµ (xi−1)− F̄ ′′δµ (xi)

]
−
[
F̄ ′δ (xi−1)− F̄ ′δ (xi)

] [
F̄ ′µ (xi−1)− F̄ ′µ (xi)

]}
,

ξ′′αµ (θ) =
∑m+1

i=1

[
F̄ (xi−1)− F̄ (xi)

]−2 {[
F̄ (xi−1)− F̄ (xi)

] [
F̄ ′′αµ (xi−1)− F̄ ′′αµ (xi)

]
−
[
F̄ ′α (xi−1)− F̄ ′α (xi)

] [
F̄ ′µ (xi−1)− F̄ ′µ (xi)

]}
,

ζ ′′δα (θ) =
∑m

i=1
Riψ

′
α (xi;α, µ) exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))

−1
,

ζ ′′δµ (θ) =
∑m

i=1
Riψ

′
µ (xi;α, µ) exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))

−1
,

and

ζ ′′αµ (θ) =
∑m

i=1
δRi exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−2

×
{

(1− exp (−ψ (xi;α, µ)))
[
ψ′′αµ (xi;α, µ)− ψ′α (xi;α, µ)ψ′µ (xi;α, µ)

]
−ψ′α (xi;α, µ)ψ′µ (xi;α, µ) exp (−ψ (xi;α, µ))

}
,

where

F̄ ′′δ (xi−1) = (1− exp (−ψ (xi−1;α, µ)))δ(log (1− exp (−ψ (xi−1;α, µ))))2,

F̄ ′′δ (xi) = (1− exp (−ψ (xi;α, µ)))δ(log (1− exp (−ψ (xi;α, µ))))2,

F̄ ′′α (xi−1) = δ exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))δ−1

×
{

(δ − 1) (ψ′α (xi−1;α, µ))
2

exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))−1

+
[
ψ′′α (xi−1;α, µ)− (ψ′α (xi−1;α, µ))

2
]}

,

F̄ ′′α (xi) = δ exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))δ−1

×
{

(δ − 1) (ψ′α (xi;α, µ))
2

exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−1

+
[
ψ′′α (xi;α, µ)− (ψ′α (xi;α, µ))

2
]}

,

F̄ ′′µ (xi−1) = δ exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))δ−1

×
{

(δ − 1)
(
ψ′µ (xi−1;α, µ)

)2
exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))−1

+
[
ψ′′µ (xi−1;α, µ)−

(
ψ′µ (xi−1;α, µ)

)2]}
,
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F̄ ′′µ (xi) = δ exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))δ−1

×
{

(δ − 1)
(
ψ′µ (xi;α, µ)

)2
exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−1

+
[
ψ′′µ (xi;α, µ)−

(
ψ′µ (xi;α, µ)

)2]}
.

F̄ ′′δα (xi−1) = ψ′α (xi−1;α, µ) exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))δ−1

× {1 + δ log (1− exp (−ψ (xi−1;α, µ)))} ,

F̄ ′′δα (xi) = ψ′α (xi;α, µ) exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))δ−1

× {1 + δ log (1− exp (−ψ (xi;α, µ)))} ,

F̄ ′′δµ (xi−1) = ψ′µ (xi−1;α, µ) exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))δ−1

× {1 + δ log (1− exp (−ψ (xi−1;α, µ)))} ,

F̄ ′′δµ (xi) = ψ′µ (xi;α, µ) exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))δ−1

× {1 + δ log (1− exp (−ψ (xi;α, µ)))} ,

F̄ ′′αµ (xi−1) = δ exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))δ−1

×
{

(δ − 1)ψ′α (xi−1;α, µ)ψ′µ (xi−1;α, µ) exp (−ψ (xi−1;α, µ)) (1− exp (−ψ (xi−1;α, µ)))−1

+
[
ψ′′αµ (xi−1;α, µ)− ψ′α (xi−1;α, µ)ψ′µ (xi−1;α, µ)

]}
,

and

F̄ ′′αµ (xi) = δ exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))δ−1

×
{

(δ − 1)ψ′α (xi;α, µ)ψ′µ (xi;α, µ) exp (−ψ (xi;α, µ)) (1− exp (−ψ (xi;α, µ)))−1

+
[
ψ′′αµ (xi;α, µ)− ψ′α (xi;α, µ)ψ′µ (xi;α, µ)

]}
.
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Table S6: The ACLs (1st column) and CPs (2nd column) of 95% ACI/HPD interval estimates of δ.

(n,m) Scheme ACI HPD

MLE MPSE LF PS

Prior → 1 2 1 2

(40,20) 1 4.0769 0.872 4.6310 0.867 0.4471 0.943 0.4111 0.946 0.1939 0.976 0.1669 0.982
2 4.4910 0.864 2.6198 0.899 0.4563 0.940 0.4118 0.946 0.1629 0.981 0.0971 0.990
3 5.2716 0.822 0.8957 0.917 0.4476 0.942 0.4183 0.944 0.1610 0.980 0.1125 0.987

(40,36) 1 3.4290 0.903 4.5408 0.874 0.3271 0.952 0.3146 0.955 0.1713 0.980 0.1196 0.986
2 4.1489 0.876 2.2412 0.908 0.3336 0.947 0.3122 0.954 0.1244 0.987 0.0849 0.993
3 4.3877 0.872 0.8943 0.920 0.3308 0.948 0.3199 0.953 0.1165 0.986 0.0999 0.989

(80,40) 1 2.4598 0.919 4.3154 0.888 0.3138 0.955 0.2978 0.959 0.1174 0.985 0.0826 0.991
2 2.7093 0.914 1.6502 0.921 0.3123 0.956 0.3030 0.958 0.1217 0.984 0.0847 0.990
3 2.9400 0.910 0.6384 0.932 0.3129 0.954 0.2992 0.958 0.1158 0.987 0.0506 0.993

(80,72) 1 1.2000 0.932 4.1398 0.896 0.2300 0.970 0.2287 0.970 0.0999 0.988 0.0723 0.989
2 1.2709 0.927 1.4444 0.923 0.2335 0.968 0.2253 0.971 0.1120 0.986 0.0706 0.991
3 1.3926 0.921 0.6137 0.935 0.2331 0.967 0.2259 0.970 0.0807 0.992 0.0478 0.995
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Table S7: The ACLs (1st column) and CPs (2nd column) of 95% ACI/HPD interval estimates of α.

(n,m) Scheme ACI HPD

MLE MPSE LF PS

Prior → 1 2 1 2

(40,20) 1 2.1201 0.896 2.4200 0.893 0.1245 0.918 0.0909 0.924 0.1455 0.913 0.1229 0.920
2 2.6717 0.889 2.9012 0.885 0.1792 0.914 0.1271 0.919 0.2022 0.911 0.1460 0.915
3 2.8445 0.885 2.9855 0.881 0.2795 0.908 0.1387 0.915 0.2733 0.909 0.1529 0.912

(40,36) 1 1.9756 0.905 2.0349 0.902 0.0964 0.923 0.0559 0.934 0.1320 0.918 0.0983 0.925
2 2.0275 0.902 2.2323 0.895 0.1286 0.917 0.1107 0.921 0.1331 0.918 0.1224 0.919
3 2.1841 0.893 2.4126 0.888 0.2085 0.915 0.1229 0.919 0.1513 0.921 0.1301 0.917

(80,40) 1 1.1317 0.917 1.7990 0.911 0.0889 0.929 0.0451 0.941 0.0819 0.928 0.0696 0.937
2 1.3595 0.912 1.8863 0.906 0.0927 0.924 0.0600 0.929 0.1057 0.923 0.0928 0.926
3 1.7443 0.905 2.1734 0.894 0.1378 0.918 0.1199 0.922 0.1247 0.922 0.1008 0.924

(80,72) 1 0.2792 0.932 0.5425 0.924 0.0654 0.932 0.0344 0.947 0.0796 0.931 0.0552 0.942
2 0.6871 0.924 0.7524 0.919 0.0789 0.929 0.0454 0.943 0.0861 0.929 0.0566 0.940
3 0.7574 0.918 0.8622 0.902 0.1164 0.926 0.0530 0.938 0.0947 0.928 0.0894 0.932

Table S8: The ACLs (1st column) and CPs (2nd column) of 95% ACI/HPD interval estimates of µ.

(n,m) Scheme ACI HPD

MLE MPSE LF PS

Prior → 1 2 1 2

(40,20) 1 1.5202 0.909 1.2762 0.918 0.1928 0.929 0.0987 0.965 0.1308 0.937 0.0890 0.969
2 1.4377 0.912 0.5254 0.925 0.1433 0.937 0.0996 0.963 0.1225 0.935 0.1146 0.965
3 1.8080 0.904 0.5832 0.921 0.1896 0.933 0.0848 0.968 0.1022 0.940 0.0800 0.971

(40,36) 1 0.9102 0.920 0.8803 0.923 0.1118 0.948 0.0716 0.974 0.1221 0.946 0.0835 0.972
2 1.2860 0.917 0.4860 0.928 0.1087 0.952 0.0630 0.979 0.0952 0.954 0.0861 0.975
3 1.4066 0.913 0.2486 0.933 0.1338 0.943 0.0847 0.968 0.0946 0.956 0.0725 0.977

(80,40) 1 0.6488 0.927 0.5256 0.928 0.0773 0.957 0.0615 0.979 0.0984 0.955 0.0688 0.976
2 0.8321 0.925 0.3854 0.934 0.0987 0.948 0.0590 0.982 0.0793 0.959 0.0739 0.979
3 0.5154 0.931 0.1355 0.937 0.0907 0.950 0.0810 0.974 0.0762 0.960 0.0666 0.978

(80,72) 1 0.5105 0.931 0.4389 0.935 0.0468 0.963 0.0413 0.983 0.0746 0.961 0.0584 0.983
2 0.4864 0.935 0.2457 0.943 0.0954 0.951 0.0561 0.978 0.0726 0.961 0.0582 0.982
3 0.4719 0.937 0.0988 0.954 0.0848 0.954 0.0398 0.981 0.0711 0.963 0.0654 0.980
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Table S9: The ACLs (1st column) and CPs (2nd column) of 95% ACI/HPD interval estimates of
R(t).

(n,m) Scheme ACI HPD

MLE MPSE LF PS

Prior → 1 2 1 2

(40,20) 1 0.0217 0.936 0.0186 0.938 0.0124 0.946 0.0075 0.954 0.0161 0.944 0.0048 0.957
2 0.0132 0.946 0.0146 0.944 0.0074 0.953 0.0041 0.957 0.0103 0.950 0.0059 0.955
3 0.0147 0.944 0.0169 0.940 0.0073 0.953 0.0039 0.958 0.0081 0.951 0.0039 0.958

(40,36) 1 0.0101 0.948 0.0145 0.943 0.0076 0.950 0.0059 0.958 0.0112 0.947 0.0037 0.960
2 0.0109 0.947 0.0098 0.946 0.0052 0.957 0.0026 0.964 0.0042 0.956 0.0028 0.963
3 0.0119 0.945 0.0091 0.947 0.0063 0.955 0.0021 0.965 0.0072 0.954 0.0029 0.962

(80,40) 1 0.0076 0.952 0.0067 0.954 0.0069 0.954 0.0047 0.963 0.0051 0.958 0.0015 0.965
2 0.0076 0.952 0.0048 0.959 0.0038 0.960 0.0016 0.966 0.0032 0.961 0.0019 0.965
3 0.0103 0.948 0.0068 0.953 0.0034 0.961 0.0012 0.965 0.0047 0.958 0.0012 0.966

(80,72) 1 0.0059 0.957 0.0045 0.959 0.0048 0.958 0.0025 0.968 0.0037 0.961 0.0004 0.974
2 0.0063 0.956 0.0037 0.960 0.0024 0.962 0.0012 0.965 0.0025 0.963 0.0015 0.966
3 0.0062 0.955 0.0034 0.961 0.0029 0.962 0.0011 0.966 0.0025 0.962 0.0010 0.966

Table S10: The ACLs (1st column) and CPs (2nd column) of 95% ACI/HPD interval estimates of
h(t).

(n,m) Scheme ACI HPD

MLE MPSE LF PS

Prior → 1 2 1 2

(40,20) 1 0.2677 0.921 0.4104 0.913 0.2286 0.928 0.2110 0.931 0.2301 0.926 0.1958 0.931
2 0.3033 0.918 0.2697 0.921 0.2159 0.930 0.1962 0.932 0.2481 0.924 0.1894 0.934
3 0.3250 0.916 0.3638 0.915 0.3080 0.922 0.1747 0.934 0.2891 0.920 0.1893 0.932

(40,36) 1 0.2550 0.925 0.2738 0.922 0.2012 0.936 0.1915 0.939 0.2069 0.936 0.1712 0.943
2 0.2695 0.924 0.2445 0.928 0.1882 0.939 0.1167 0.943 0.1987 0.938 0.1381 0.945
3 0.2821 0.922 0.2320 0.929 0.2456 0.931 0.1209 0.943 0.2126 0.934 0.1387 0.944

(80,40) 1 0.2053 0.931 0.1777 0.933 0.1899 0.941 0.1278 0.947 0.1538 0.944 0.0825 0.950
2 0.2173 0.930 0.1548 0.934 0.1450 0.948 0.0867 0.952 0.1118 0.954 0.0956 0.956
3 0.2720 0.925 0.1448 0.936 0.1629 0.945 0.0694 0.954 0.1192 0.953 0.0684 0.955

(80,72) 1 0.1911 0.936 0.1651 0.936 0.1803 0.943 0.1183 0.952 0.1158 0.946 0.0302 0.961
2 0.1988 0.932 0.1279 0.939 0.1308 0.950 0.0724 0.956 0.0869 0.955 0.0570 0.959
3 0.1958 0.934 0.1296 0.938 0.1406 0.948 0.0613 0.959 0.0650 0.957 0.0599 0.959
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Figure S1: Trace plots of δ, α, µ, R(t) and h(t) from data sets I and II.
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Figure S2: Histograms of δ, α, µ, R(t) and h(t) from data sets I and II.
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