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1. Supplementary Materials

Figures S1-57 show the behavior of the beam trajectory when passing through the TPhTL
Figures 54-S5 show a trajectory that bends around the defect in the structure of the TPhTI.
Figures S6-57 show a trajectory that bends around the defect in the structure of the TPhTI
with resonators of a different size.

Figures S8-510 show the operation of Snell's law.

Figure 511 shows scattering matrix formalism to explain topological protection.
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Figure S1. Beam trajectory photograph. The TPhTI composed of twenty prism resonators.

Figure S2. Beam trajectory photograph. The beam trajectory inside the smooth TPhTL
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Figure S3. Beam trajectory photograph. The TPhTI composed of twelve prism resonators.

Figure S4. Beam trajectory photograph. The corrected trajectory inside the TPhTI without the prism resonator #3
as denoted in Figure 1b. The photograph shows that the light beam successfully bends around the defect of TPhTI
tiling.
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Figure S5. Beam trajectory photograph. The corrected trajectory inside the TPhTI without the prism resonator #3
as denoted in Figure 1b. The photograph shows that the light beam successfully bends around the defect of TPhTI
tiling. The beam trajectory passes along the surface of the TPhTI structure due to the effect of total internal reflection
on the faces of the prism resonators and exits back, as evidenced by the bright spot in the upper left corner of Figure
S5.
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Figure S6. Beam trajectory photograph. The TPhTI composed of twenty prism resonators with dimensions 30x30x30
mm?,
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Figure S7. Beam trajectory photograph. The corrected trajectory inside the TPhTI without the prism resonator #3 as
denoted in Figure 1b. The photograph shows that the light beam successfully bends around the defect of TPhTI tiling.
The beam trajectory passes along the surface of the TPhTI structure due to the effect of total internal reflection on the
faces of the prism resonators and exits back, even with a different size of the resonators themselves.
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Figure S8. The behavior of the beam trajectory after reflection from the face of the prism resonator. The red color
shows the reflection of the trajectory from the wall of the prism resonator. The green color shows the propagation of
light in the air after refraction at the boundary of two media with refractive indices ni = 1 and no = 1.43. The angle of
incidence is 26.27°.
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Figure S9. The behavior of the beam trajectory after reflection from the face of the prism resonator. The angle of
incidence is 0.77437 radians (approximately 44.37°).
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Figure S10. The behavior of the beam trajectory after reflection from the face of the prism resonator. The angle
of incidence is 0.77443 radians (approximately 44.37°). The green ray disappears due to reaching a critical value
for the angle of incidence, after which a complete internal reflection occurs.

Scattering matrix, Hamiltonian and topological invariant

S
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Figure S11. Scattering matrix derivation. Main prism resonators are in blue, coupling resonators are in
green. Red arrows show clockwise pseudo-spin inside the resonator. Amplitudes are labeled as a - incoming, b -
outgoing. Four indices correspond to +- x,y directions.

The conventional theoretical description of TPhTT is analogous to ring resonator topological insulator. The labeling of
trajectory inside the prism resonator (Figure S11) exactly corresponds to [24,28,29]. The scattering matrix § connects
the incoming light |a) = [ay, ay, as, a4]” with the outboing lingh |b) = [by, by, b3, by]T as |b) = §|a).

The crucial moment is the phase-free approach that relays the centimeter scale of the prism to the micrometer scale of the
wavelength. A convenient illustration is the transfer matrix simulation of transmission spectra for a multilayer photonic
crystal [30,31]. As usual, the micrometer size multilayer is placed above the millimeter size substrate. The substrate has
two surfaces. And the distant surface between substrate and air makes considerable reflection. Remarkably, the
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distantly reflected electromagnetic wave is accounted for in an exceptional way. All the other reflected waves are
superposed coherently and their amplitudes are summarized. The distant wave is summarized by its phase-free intensity
rather than the complex amplitude. The millimeter-size distance makes its impact non-coherent. The wave phase is
averaged. The distant impact can be evaluated if the phase incursion is set to zero. As well, the ‘frequency’ and ‘wave
vector’ can be considered zero.

In the centimeter scale of the prism resonator the wave phase is also averaged. Its frequency is stuck to zero, making a
problem with the investigation of band gap topology. Nonetheless, we treat this approach as a particular case of small
non-zero phase incursion kd for wave vector k at distance d. In this regard, the scattering inside the resonator is described
by the matrix

10 0 O
S _ikdj_ Lika[0 1 0 0
Sm =€ =10 0 1 0
0 0 0 1

The Bloch solution for wave vector K at the resonator with position 7, has amplitudes |ay,, b,) = e"EFﬂao, by). The
scattering matrix of neighboring resonators |a) = Sg,|b) is:

For the edge resonator there is no light transfer out of the resonator, so instead of S,,, the scattering |a) = fedge|b) is
described by another matrix:

Sedge =

SO MmO
o= oo
== =]
COoOOm

The eigensolution obeys equation
’S\outginla) = ei¢|a>- (1)
One can notice than
P P —~ —~ —~ 4 ~
la) = Sout|b> = Soutsinla) = (Soutsin) la) = I|a),

that is valid for arbitrary wave vector. In the gapless insulator the flat band has zero group velocity 3—: =0 [17].

Physically it means that in the bulk each photon circulates between four main resonators and the energy does not
penetrate through the array.

Note 1. Hamiltonian. The analogous scattering matrix can be constructed for the honeycomb network. When the
weak nearest-neighbor coupling is taken into account, the description is analogous to Dirac tight binding Hamiltonian
of graphene, see Appendix B in [28]. For the experimental situation the coupling between prism resonators is strong.
So, it is more appropriate to obtain an effective Hamiltonian by taking the matrix logarithm of Eq. (1).

Note 2. Topological invariant. The existence of edge solution suggests to apply bulk-edge correspondence as it was
made for the equivalent Rudner toy [17]. Here the Chern number of each band is zero, so Rudner and coauthors use
homotopy-class-based topological invariants, such as “v, 3 invariants”. The TPhTI uses the same approach, but the only
experimentally possible situation is for zero frequency (quasi-energy).
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Note 3. Topologically trivial case. It is a conventional routine to compare the presented topologically non-trivial case
with the trivial one. This purpose requires to vary the coupling strength in S,,, [28]. Some portion of light has to be
reflected back into the resonator, and the reflected light has to interfere with the transmitted one. In phase-free approach
it is hard to reach this experimentally because of a coherence problem.

Measurement procedure

The intensity of the laser beam that passes through the TPhTI was measured with a light meter assembled on the
basis of a photoresistor. The resistance depends on the illumination level. The logarithmic dependence is linearized to
the scale of lux units. The lux meter was placed at a certain distance from the array so that the beam path outside the
array and the angle of incidence of the beam on the photoresistor were fixed. The laser was oriented to make the beam
spot fall exactly at the photoresistor eye center. The maximum value shown by the luxmeter was averaged between 4
measurements.
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