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Abstract

We present a nonlinear dynamical model for vehicular traffic jams and their dissolution
based on the noise-perturbed onset of chaos. The model makes use of the bifurcation
gap generated by addition of noise to quadratic iterated maps. The gap results from
the elimination by noise of periodic and chaotic attractors with large periods and large
numbers of chaotic bands, respectively. The bifurcation gap is recapitulated at the transi-
tion to chaos (vanishing Lyapunov exponent) as a crossover from noiseless to irregular,
chaotic-like regimes at an iteration time f.ypss with value dependent on the noise amplitude.
This behavior is employed in a model (with variants) that we design for multilane road
congested traffic. We highlight four main model properties that are also present in the
dynamics of glass formation: (i) plateau interrupted relaxation; (ii) Adam-Gibbs empirical
law; (iii) aging; and (iv) diffusion arrest. The model bridges previous studies that have
indicated analogies between glassy dynamics and vehicular traffic as well as nonlinear
dynamics and same-name traffic. We also discuss the connection of the model with urban
multilane road networks.

Keywords: vehicular traffic; nonlinear dynamics; logistic map; additive noise; bifurcation
gap; onset of chaos; glassy dynamics

1. Introduction

Traffic congestion in densely populated urban areas is inextricably connected to eco-
nomic, social and environmental consequences. There exist many well-known mitigation
strategies, which include automated, infrastructural, social, and eco-friendly characteris-
tics [1,2]. The complexity of this subject becomes evident when the reasons for the shortages
and inefficiencies of existing remedies are considered.

The research literature of modeling real-world vehicle traffic is very diverse and to
describe either its development over time, or its current state, requires detailed knowledge
and time. It is not our purpose here to do so, particularly because our objective, described
below, is only to offer the elements of a unique approach, very different from mainstream
models and methods, that is suited to uncovering the underlying physics shared by complex
systems of very different natures when they suffer a severe impediment to access their
otherwise normal set of configurations [3], with glasses and congested traffic among them.

However, we mention recent reviews of vehicle traffic models and methods that help
us and the interested reader to obtain an overview. These models and methods appear
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in two categories according to the scale that they look at traffic from: microscopic [4,5],
tracking the behavior of individual vehicles, and macroscopic [6,7], treating traffic as a
continuous fluid. Our model presents three variants, two microscopic and one macroscopic,
where the former provides dynamical properties within a multilane road and the latter is
different from hydrodynamics but based on diffusion.

Here, we ignore the interdisciplinary consequences of congested traffic mentioned,
as well as specific comparisons with existing models, and focus ourselves only on the
most basic exercise within the framework of current efforts within theoretical research in
complex systems [3]. Our aim is limited to the development of a tractable mathematical
model capable of capturing some general behaviors of congested vehicular traffic. Our
main objective here is to substantiate that the general behaviors obtained are formally
analogous to well-known properties of glass formation in molecular systems; see Figure 1.
The benefits lie only in the full understanding of a simple model, while the shortcomings
are related to its present disconnection from applied research.
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Figure 1. Overall structure diagram of our study based on nonlinear dynamics that demonstrates a
robust analogy between glass formation and congested traffic. See text for details.

Our model is based on the nonlinear dynamics of dissipative iterated maps [8-10].
We choose the classic, one-dimensional, logistic map [8-11] perturbed with additive
noise [8-10,12]. This hybrid deterministic—stochastic model system was studied more
than four decades ago. We recall here the main property found at that time: the bifurcation
gap [8-10,12]. The addition of noise suppresses periodic attractors of periods larger than
2N(9) as well as chaotic-band attractors with a number of bands larger than 2N(?), where
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N(0) is a decreasing function of the noise amplitude o. We recall too [8-10] that the orig-
inal noiseless bifurcation diagram (or its collection of attractors ordered with increasing
values of its control parameter denoted ) of the logistic map exhibits a period-doubling
cascade of regular attractors of periods 2" as well as a band-splitting cascade of chaotic
attractors of 2" bands. The common accumulation point # — co of both cascades coincides
at the so-called transition to (or out of) chaos [8-10]. We also remember that the Lyapunov
exponent A is negative for periodic attractors, positive for chaotic ones and vanishes at
the transition to chaos [8-10]. The addition of noise shortens the two cascades that now
appear joined at the finite maximum 2N(@) period or chaotic-band number at which the
Lyapunov exponent A(N(c)) = 0 again vanishes as it changes sign. This is the bifurcation
gap, and an interesting feature of it is that the transition to chaos (that separates converging
to diverging trajectories) persists for the noise-perturbed map [8-10,12]; see Figure 2.
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Figure 2. (a) The bifurcation diagram of the logistic map as generated by Equation (1) with noise
amplitude o = 0, where y is the control parameter. (b) Magnification of the box in (a), and, in contrast,
the modification produced by noise of the same box in (c). There is a loss in the fine structure when
o > 0, known as the bifurcation gap, and its occurrence is the basis of the modeling for dissolution of
traffic congestion that we present here. See text for details.

Our traffic model makes use of a property that takes place at the noise-perturbed
onset of chaos. This property is the recapitulation of the bifurcation gap. In the original
studies [12], the bifurcation gap is observed by scouring the bifurcation diagram along the
control parameter y as in Figure 2. But, most remarkably, this behavior is recapitulated by
the trajectories at the noise-perturbed onset of chaos [13]. It is now observed dynamically
along the iteration time f for fixed A(N(¢)) = 0. It manifests as two different regimes
separated by a crossover from one to the other at time t55(0). The regime at earlier
times is dynamically equivalent to the trajectories in the absence of noise: intended and
systematic. In contrast, it is erratic and chaotic for later times [13]. The model for vehicular
traffic is constructed and based on this recapitulation, where specific elements, trajectory
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position subsequences, extracted from the mentioned full trajectories, are visualized as
those of vehicles in a multilane road. More realistically, for classical vehicle positions
representation, as we see below, we use the logarithm of the absolute value of trajectory
positions. The earlier regular regime characterizes jam-packed traffic, while the later chaotic
one represents unclogged and cleared traffic. The crossover time fyss(0") measures the
duration of traffic congestion. Or, more realistically, for classical vehicle representation,
as we see below, we use its logarithm Teyoss (07) = Inteross (0).

Interestingly, we have made earlier use of the recapitulation at the onset of chaos
of the bifurcation gap to detail its analogy with glassy dynamics in molecular fluids;
see [13] and ref. [5] therein. This analogy comprises four main properties observed in the
formation of molecular glasses: (i) plateau interrupted relaxation, as observed in scattering
experiments; (ii) Adam—Gibbs empirical law, which is a connection between relaxation
times and configurational entropy; (iii) aging, as observed in the scaling of two-time
correlations; (iv) diffusion arrest, which is the gradual decrement and disappearance of
normal diffusion; see, for example, refs. [14-16] for documentation and description of these
four leading properties of glassy dynamics.

The analysis of our model consists of the consideration of these four properties of the
recapitulation of the bifurcation gap in the language of vehicular traffic; that is, we obtain a
translation of the main features of glass formation into vehicular traffic terms. Analogies
between these two areas of study have been indicated before [17,18], but, also, the present
study constitutes a working link between nonlinear dynamics and vehicular traffic. Like-
wise, the correspondence between nonlinear chaotic behavior and vehicular traffic has been
reported [19,20]. Therefore, this research links the three areas of study: nonlinear dynamics,
glassy dynamics and vehicular traffic dynamics. We discuss our results.

2. Logistic Map with and Without Additive Noise

The trajectories of the logistic map with additive noise, as we choose to define them
here, are given by.

Xpp1=1—px? +0&,-1<x%<1,t=0,1,23,...,0< u <2, 1)

where x; is a trajectory position at iteration time ¢ with initial position xy, y is the control
parameter, o > 0 is the noise amplitude, and ¢; is Gaussian white noise.

2.1. Bifurcation Gap

The bifurcation diagram of the noiseless logistic map (¢ = 0 in Equation (1)) is shown
in Figure 2a. It is a multi-fractal set where all of its features, including the period-doubling
transition to chaos (the common accumulation point already described) appears an infinite
number of times at an infinite number of scales. Once ¢ > 0, this feature disappears and
there is a bifurcation gap, at which a maximum period 2V(?) regular attractor becomes a
maximum 2N (@) multi-band chaotic attractor [12] with A(N(c)) = 0. All periodic attractors
and all multi-band chaotic attractors with periods or numbers of bands larger than 2N(?) are
absent. Compare Figure 2b with Figure 2c. The noise fluctuations wipe out the fine structure
of the bifurcation diagram. However, the gap displays scaling features similar to those in
the neighborhood of a thermodynamic critical point; for instance, the shift of the control
parameter value at the transition to chaos due to the noise amplitude Auc = pc(0) — pc(0)
obeys the power law Ay, = o7, where the value of 7 is given and understood in terms of
universal constants [12].
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2.2. Recapitulation at the Noiseless Onset of Chaos

We look first at recapitulation at the onset of chaos of the period-doubling cascade in
the absence of noise it = p(0). In Figure 3a, we show the period-doubling cascade, the left-
hand side of the logistic map bifurcation diagram, in an unusual manner: in logarithmic
scales. The filled circles in this figure are the positions of the periodic supercycles or
superstable attractors that have also the onset of chaos as their accumulation point [8].
The supercycles as obtained from Equation (1) with o = 0 have always as positions x = 0
and x = 1. Notice that all supercycle positions fall along the indicated dashed diagonal lines;
that is, those positions along one diagonal follow power-law scaling. In Figure 3b, we plot,
also in logarithmic scales, the trajectory initiated at xy = 0 for 1(0), that is, at the transition
to chaos. The trajectory positions, shown as filled circles, recapitulate the period-doubling
cascade. Notice that these positions fall along the indicated dashed diagonal lines; that is,
they follow power-law scaling. The highlighted positions in Figure 3a fall along vertical
lines as they belong to periodic attractors at fixed control parameter values i, (0), whereas
those highlighted in Figure 2b do advance along the iteration time values because the
period is infinite at the accumulation point . (0). Nevertheless, the trajectory in Figure 3b
mimics all periods, increasing its accuracy as the iteration time increases. The positions in
the first diagonal in Figure 3b progressively approach the value of the position x = 0 of the
supercycles that is not visible in Figure 3a because of the logarithmic scales.
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Figure 3. (a) A portion of the period-doubling cascade of attractors of the (noiseless) logistic map
in Equation (1) with ¢ = 0 in logarithmic scales and absolute values of positions. The solid dots
correspond to the positions of the supercycle attractors [8]. (b) Trajectory (initiated at xg = 0) at
the period-doubling transition to chaos (yc(¢ = 0) and A, = 0) for the same (noiseless) logistic
map in logarithmic scales. The numbers refer to iteration times. Notice the similarities between the
two panels: positions are grouped into bands and subsets of them appear aligned into same-slope
diagonals. We refer to the trajectory pattern in (b) as recapitulation of the period-doubling cascade
in (a). See text for details.

An interesting property of Figure 3b is that it was obtained to show the positions of
a single trajectory that was initiated at xo = 0 for y(0). But, it also shows all possible
trajectories, an infinite number of them, that are initiated within the attractor at y.(0). This
attractor is a multi-fractal set whose elements are the positions shown (partially and only in
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absolute values) in Figure 3b. The initial position of any other trajectory within the attractor
is a position x; of the trajectory for xg = 0, and that trajectory moves in Figure 3b towards
the right, progressively occupying the positions shown by circles. Actually, Figure 2b can be
seen as the entire, infinite ensemble of trajectories that can be initiated within the attractor
at the transition to chaos, each circle being a different possible initial position, and as the
iteration time proceeds, these trajectories advance towards the right of the figure, leaving
the position to be occupied by the adjacent trajectory at its left empty. All trajectories in
the ensemble advance in a concerted manner. Of course, there are other trajectories that
are initiated outside the attractor: the complement set of the multi-fractal set that form the
real number dominion of the map, —1 < x; < 1. These trajectories evolve towards and are
captured by the multi-fractal attractor described.

2.3. Analytical Expressions for Position Subsequences

Yet another remarkable property of the trajectories shown in Figure 3b appears when
considering the subsequences of positions that appear in the figure aligned as decreasing
lines with equal slope: the diagonals referred-to above. These position subsequences
can be obtained in closed analytical form [21] and several important dynamical properties
associated with them can be derived exactly. These dynamical properties are of fundamental
nonlinear-dynamical interest, as they reveal the universal scaling properties of the so-called
renormalization group (RG) fixed-point maps f*(x) that govern all the routes to chaos in
one-dimensional nonlinear maps; see [8,21]. Here, we only present, describe, and indicate
how to obtain the relevant expressions, as they will be used in the formulation of the
traffic model.

The position subsequences that form each of the diagonals (the entire set of positions
in Figure 3b grouped into diagonals) obey the expression [21]

Xt = Xt equ(—|xtw \qflut/tw), )

where exp, (x) = [1+ (1 - q)x]V/ 70, /bty =25k =0,1,2,..., tp =20 +1,1=0,1,2,..,
g=14+In2/Inap, u=[(q— 1)JC(E’71)]’1 and af = 2.50290. .. is the absolute value of the

tw
Feigenbaum constant, the universal scaling factor for this route to chaos [8]. The positions
of each diagonal subsequence in Figure 3b conforms (progressively with increasing number
of iterations) with the exponential form oc;k, k=0,1,2,...,and Equation (2) can be easily
corroborated to reduce to x;/xy, = tx;k, k=0,1,2,..., where xy, is the initial position of
each diagonal (top right position in Figure 3b).

The positions along the diagonals given by Equation (2) can be obtained from the map
f*(x)=x exp, (u|x]771), because all of its trajectories are given by x; = xq equ(|x0 9= 1uf),
t = 0,1,2,..., and these trajectories can in turn be transformed into those given by
Equation (2) with the use of = t/t, and the previous definitions given above for 4 and
u. The map f*(x) is the RG fixed-point map for the most tractable route to chaos (via the
tangent bifurcation [8]) whereas the RG fixed-point map trajectories for the period-doubling
route to chaos can be assembled analytically via Equation (2) [21]. These trajectories have
scaling properties that all unimodal quadratic maps (including the logistic map) obey
asymptotically with an increasing number of iterations. In Figure 4a, we show a few trajec-
tories of the RG fixed-point map f*(x) = xexp g (u|x|9~1), obtained initially for consecutive
values of the iteration time, but shown there with f now in the form t/t, = 28,k = 0,1,2...,
and in Figure 4b (in logarithmic scales) as the first few diagonals given by Equation (2).
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Figure 4. (a) Consecutive iteration time trajectories obtained from the map f*(x) = x exp, (u|x]771)
for a fixed value of g and four different values of u and initial positions x¢ but shown for times
t= 21+ 1)2k, k=0,1,2,..., with one value of I = 0, 1,2, 3 for each trajectory. The values of these
parameters are chosen to fulfill Equation (2) with t, = 1,3, 5,7, and are according to the definitions
given to g and u below this equation. (b) The same four trajectories’ positions in logarithmic scales
superposed on the positions of the trajectory shown in Figure 3b. The numbers refer to iteration times.
Thus, each subset of positions forming diagonals can be obtained analytically from Equation (2).
The multilane vehicle model makes use of these positions.

2.4. Recapitulation of the Bifurcation Gap

As already mentioned, the bifurcation gap produced by additive noise of amplitude o
is recapitulated at the transition to chaos that takes place when the Lyapunov exponent
A(N(c)) = 0. The trajectory initiated at xy = 0 (or, equivalently, all the trajectories initiated
at all positions of the multi-fractal attractor at the noiseless ¢ = 0 transition to chaos)
exhibits two regimes separated by a crossover iteration time given by t < teross(0) [13].
For times t < tcr055(0), the trajectory, or trajectories, proceed as in the noiseless recapitula-
tion dynamics, up to the recapitulation that approximates period 2V(?); that is, the structure
of position diagonals in Figures 3b and 4b is preserved for times t < t55(07). But, for
times t > teross(0), the trajectories begin to behave chaotically and the ordered pattern
enters a gradual disarray. At iteration times t < trps5(07), the precise values of the noiseless
positions show small deviations due to the noise, but for times t > tcyos5(0), the order in
which the bands or diagonals are visited in the noiseless dynamics is broken. This is shown
in the panels of Figure 5, where the noiseless positions are shown in the background and
positions joined by dashed lines are shown for noisy trajectories only for selected times that
correspond to the time subsequences of the first four diagonals. For clarity of presentation,
each panel in Figure 5 shows noisy trajectories for different time subsequences. As the noise
amplitude o — 0 and trpss(0) — 00, the concerted multiple-band and multiple-diagonal
dynamical structure shown in Figures 3b and 4b is gradually recovered.
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Figure 5. Absolute values of positions x; and iterations  in logarithmic scales for various trajectories
at the onset of chaos ji.(0) starting at xg = 0. Open circles correspond to the noiseless trajectory and
the numbers label time f = 1,...,16. Dashed lines represent position trajectories for noise amplitude
o =107 plotted only at selected times. (a) t = 2",n = 0,1,2,.... (b)t = 3-2",n =0,1,2,....
©t=5-2",n=0,1,2,....( d)t=7-2",n=0,1,2,.... As observed, there is a crossover time yss
between two regimes: at times t < f¢ss, the trajectories behave similarly to the noiseless case ¢ = 0 but
at times t > 055, the trajectories do not and follow erratic patterns. These two regimes are used in our
vehicular traffic model, where the 1st represents jammed traffic and the 2nd normal flow. The logarithm
of the crossover time toss indicates the traffic jam duration, a function of noise amplitude ¢.

3. Traffic Models Based on the Recapitulation of the Bifurcation Gap at
the Period-Doubling Transition to Chaos

The nonlinear dynamical properties described in the previous section offer elements
from which models, or rather model variants, for vehicular traffic can be constructed. We
elaborate three of them here; the first two represent, in a simplified manner, the flow of a
large number of vehicles on a multilane road, and can be classified as microscopic traffic
models. The two models are built up by considering sets of subsequences of positions of
trajectories, those we have called diagonals, generated by the logistic map at the transitions
to chaos and shown in Figures 3b and 4b. The numbers of diagonals considered are all
adjacent; that is, a road of L lanes is made of the first L diagonals in Figures 3b or 4b
with! =0,1,2,...,L — 1, where each position of each diagonal is occupied by a vehicle
in congested traffic. Realistic vehicle distances are given by the logarithm of the absolute
value of these positions. The third model is different: it is a repeated-cell map [8] where
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the addition of noise releases traffic into neighboring zones, operates at scales larger than
vehicular sizes, and can be classified as macroscopic traffic model.

The first model variant displays two regimes: one describes congested traffic, where
vehicles advance in an orderly fashion via unit vehicle length displacements and only
when the front vehicle does likewise; also, vehicles cannot change lane. In the other
regime, vehicles move more freely, interchange lanes, and can abandon the road, while
new ones are incorporated. As we shall see later, the model also describes features of
a network of multilane roads, as they exist in urban areas. Vehicle space positions on
lane [, x,, at time 7; in the model are the logarithms of positions of the trajectory in the
map: xq = In|x| and 77 = Int = In(2] + 1) + kIn2. Notice that the time taken for a
single vehicular advance is lane dependent, the fastest lane is the main diagonal and the
lane average velocity decreases with /. Initially, the logistic map is tuned at the transition
to chaos in the absence of noise. When ¢ = 0, we have fully congested traffic, where
the vehicles are each confined to a lane and move only one space (next position in the
subsequence) per unit time 7; for lane [; that is, each vehicle advances one slot because
the vehicle in front has done so. This regime continues until the multilane crossover times
7 (0) In(2l +1) + N(¢)In2,1 = 0,1,2,..., L — 1. After the crossover, the recapitulation
of the bifurcation gap leads to the second regime, the dissolution of the traffic jam, where
vehicles change lanes, abandon the road (as trajectories move out of the chosen first
L diagonals) or enter the road (as trajectories move into the chosen first L diagonals).
The length and duration of traffic congestion is a function of the applied noise amplitude c;
see Figure 5.

The second traffic model variant is also based on the same set of L diagonals and it is
designed to display a specific behavior generally observed when stopped lines of vehicles
start to advance, say, when the traffic light releases movement. To this purpose, we make
use of trajectories at the onset of chaos in the absence of additive noise ¢ = 0 and the fact
that these trajectories have infinite memory, so that they can be reversed in time. We use
the diagonal positions x; of the trajectory initiated at xo = 0 in Equation (2). We consider
this trajectory until it reaches a chosen position, say x3;, M large. We recall that this set
of positions can also be seen as the positions of M trajectories with initial positions from
xp = 0 to xg = xp1. In other words, this is equivalent to having L diagonal segments filled
with vehicles; see Figure 6. If the trajectory is reversed in time, starting at xg = xp now
ends at xp; = 0, and the L diagonal segments of the multilane road are transversed by the
packed vehicles in the opposite sense. Suppose now that a traffic light at x = 0 releases
traffic movement, the first vehicle in diagonal I moves at time 2/ + 1, the second at time
(21 4+ 1)2, and so on, and the k-th vehicle moves at time (2 4 1)2*. This is analogous to the
time delay along the queue line after traffic release, as observed for vehicle advances in
congested lanes.

A third traffic model variant is built by the use of the logistic map at the transition
to chaos (u = 1i(0)) as the element of a repeated-cell map [8] in such a way that additive
noise leads to an stochastic scape rate to neighboring cells [13]. The periodic map is given
by f(x¢41) = f(x¢), f(m+x) =m+ f(x),m=...,—-1,0,1,..., where

—1—pex®|+0¢ —-1<x<0
11— pex?|+0g 0<x<1.

flx) = 3)

See Figure 7, where it can be noticed that the quadratic map has been split into
two mirror image segments to form the map for each cell. Notice too that the minimum
and the maximum of the map in each cell touch the square cell top and bottom. In the
absence of noise, all trajectories remain in the cell where they are initiated. The addition
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of noise allows for sporadic scape of trajectories to the neighboring left and right cells.
If the random variable term at iteration time ¢ overcomes the cell extremum, the trajectory
escapes to the neighboring cell; otherwise, it remains confined. This model construction
allows one to retain trajectories, in our case, vehicles, in a single cell, or location or urban
region, or the opposite: to promote transit across distant locations (cells) as a function of
the noise amplitude ¢.

100
107!
OOOOOOOOOOO%
E 1072
1073
104
10° 10! 102 103

t

Figure 6. The trajectory positions in Figure 4b are reproduced to define a model variant for vehicular
traffic. A multilane road is formed by the 1st L diagonals, L = 4 in the figure. Each lane position is
occupied by a vehicle, each of which advances to the next position towards the left upper corner.
Lane unit distance is measured by Ax = x;4+1 — Xt = In|x¢41| — In|x¢| and the k-th vehicle on line
I =0,1,2,3 moves at time (2] + 1)2k,k = 0,1,2,.... Vehicles take increasingly longer times to
advance a unit position the farther their queue line positions from the beginning of the lane. See text.

Figure 7. Another variant for vehicular traffic defined via a repeated-cell map. The map for each cell
(shown in blue) is given by Equation (3). The trajectories (shown in red) can migrate to neighboring
cells when the trajectory position is near the top or bottom of a cell and the additive noise random
value allows the trajectory position to exceed the cell boundaries. The model permits the evaluation
of the mean-square displacement of vehicles diffusing throughout neighborhoods represented by the
cells. See text.
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Summary of the three model variants:

* In the first model variant, we select position subsequences that we call diagonals
(shown in Figure 4b) from the full map trajectory to design a multilane road for
vehicular traffic. The chosen trajectory (absolute value) positions at their iteration
times |x;| are converted into vehicular positions and advancement times by taking
their logarithms since vehicles then become equally spaced and advance at equal time
intervals to adjacent positions, as in slow flow traffic.

¢  In the second model variant, we set the noise amplitude equal to zero ¢ = 0 and make
use of the same diagonal position subsequences as above but we first reverse the traffic
direction (as shown in Figure 6). We use again the logarithm of the (absolute value) of
trajectory positions |x;| as vehicle positions, but leave the iteration times as vehicle
times for advancement. In this way, this variant models the increasing (power-law)
time delay for vehicular advancements along the queue line when congested traffic
allows movement.

* In the third model variant, we aim to describe vehicular traffic at large scale across
a sequence of urban zones. We made use of a repeated-cell map with logistic map
single-cell features. This time, the use of noise becomes a stochastic scape rate for
trajectories to neighboring cells. For large noise amplitude ¢, there is free macroscopic
traffic flow, but as this amplitude is made to vanish, zone entrapment develops and
finally blocks neighborhoods.

4. Parallels Between the Dynamics of Congested Traffic and
Glass Formation

We describe four characteristic properties of the dynamics of glass formation and
reinterpret them in the language of congested traffic and its dissolution. To do this, we
make use of the model variants described in the previous section. As we have expressed,
in doing this, we employ the nonlinear dynamical properties of a quadratic map at the
transition to chaos with additive noise. Normally, the dynamical properties of glass
formation in molecular systems are presented in terms of decreasing temperature; in our
case, this is analogous to diminishing the amplitude o of the applied noise. Naturally,
in our nonlinear dynamical modeling, the breakup and disbandment of congested traffic
are obtained in the opposite manner: increasing c.

4.1. Plateau Interrupted Relaxation

A two-step relaxation process is observed in the equilibrium two-time correlations in
supercooled liquids as they approach glass formation. There are two power-law decays in
the correlations separated by a plateau of constant correlation. The first decay is named
ballistic [14,22] as when molecules appear to move unencumbered at short correlation
times. The plateau is identified with a time interval that increases as temperature decreases,
in which molecules are caged by their neighbors [14]. The second decay signals molecular
group motions that break the caged regime. The correlations that display this behavior
comply with time translation invariance t = t; — t1, so they effectively depend on only
one time variable and are considered to be equilibrium or thermalized correlations. This
behavior is captured by the dynamics of trajectories at the logistic map with additive
noise that take place at y.(c) when A(pc(0)) = 0[13]. The correlation function for these
trajectories is given by

(28 ) — (1) (x1)

1<ty <ty 4
(F%s) 1<t (4)

CE(tll tZ) =
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where %}, = 1/<x§,> — (x4,)%,i = 1,2, and (...) represents an average over an ensemble

of trajectories started at xp = 0 [13]. It was found that c.(t1,t2) ~ c.(t), t = th — 11, 1
large [13].

The first power-law decay is observed only if the trajectory is initiated outside the
attractor (the analog of the early ballistic regime), the plateau corresponds to the bifurcation
gap recapitulation regime t < ft¢ros5 ("), and the second power-law decay takes place during
the bifurcation gap recapitulation second regime t > tcrps5(0) [13]; see Figure 8. In the
multilane road traffic model, the first decay corresponds to the approach of the congested
road, the plateau is congested traffic, and the second decay is the dissolution of the traffic
jam. The traffic jam duration is given by tcross(0).

1.0

0.8 |

ce(t)

0.6 |

ce(t)

04

Figure 8. Relaxation at the onset of chaos according to the correlation function ¢.(t),f = t, — i
defined in Equation (4) for an ensemble of 300 trajectories starting at xo = 0. In (a), t; = 2" -1
and the noise amplitude is ¢ = 10~°. In (b), t; = 2" 4+ 1 and the noise amplitude is o = 10¢ and
o = 1078. Vertical arrows indicate the crossover time fyss. For the vehicular traffic model, the
constant correlation plateau corresponds to the traffic jam where any vehicle can only move when
the vehicle in front moves. The correlation decay for ¢ > t¢ss indicates increasing independence of
vehicle advances.

4.2. Relaxation Times and Configurational Entropy

An inverse exponential relationship between relaxation times and configurational
entropy has been documented from observations of molecular glassy dynamics [14]. Re-
laxation time diverges and entropy vanishes as temperature approaches the vitreous state.
This is known as Adam-Gibbs law [14] and links dynamics with thermodynamics. Again,
this property is captured by the dynamics of trajectories at the logistic map with additive
noise that take place at ji.(0) when A(pc(0)) = 0[13], a difference being that we obtain a
power law instead of an exponential law because we restrict our calculations to the onset of
chaos [13], and this transforms exponential decay into power-law decay as it is the case in
critical point phenomena. Briefly, at the crossover iteration time tross(0) = oN(0) = gr-1
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tcross
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r —1 =~ —0.3668 [13], the entropy S, of the 2N(?) band attractor is S; = 2N(?)gs, where s is
the entropy (per unit amplitude o) of a single noise-generated band. One obtains

teross = (S/Sc)(l_r)/r/ (5)

and we have t.0ss — o0 and S; — 0 as ¢ — 0. As we have concluded in the multilane road
traffic model, trps5(0) is the traffic jam duration, and therefore S; could be interpreted as
an entropy associated with vehicle maneuverability options. This complies with the limits
associated with o — 0, compatible with the first regime t < tcos5(0) of the bifurcation gap
recapitulation as well as with its second regime ¢t > f¢ypss (0) when the effect of the noise
amplitude becomes explicit; see Figure 9.

2

107

(a)

tCFOSS

0 005 01 015 02 025 03

S./s S./s

Figure 9. Crossover time t.yss displayed by trajectories at the noise-perturbed transition to chaos
as a function of configurational entropy S./s as given by Equation (5), (a) ordinary scales and
(b) logarithmic scales. The numbers N correspond to the maximum allowed recapitulation of periods
1,2,4,8,...,2N before the outbreak of chaotic dynamics. In glassy dynamics, this law indicates that
the relaxation time to equilibrium increases as the molecular configurations become more obstructed.
In the traffic model, it indicates that the duration of traffic jams increases as vehicular maneuvers
become more restricted; see text.

4.3. Aging

As temperature closes into the vitreous state, time translation invariance breaks down
in the two-time correlations of glass formers (as mentioned, in equilibrium liquid states,
they normally depend only on t = ¢, — t;). Interestingly, correlations in this different
regime display scaling with the time-ratio variable f = t/t,, known as aging, where
f1 = ty and ty, is commonly named as waiting time [14]. The equivalent phenomenon
is captured by the correlation function of trajectories of the logistic map at the onset of
chaos with additive noise. Aging is displayed in the first regime of the recapitulation of
the bifurcation gap, t < tcrss(0). As we have seen, this regime is dynamically similar to
the noiseless recapitulation at the onset of chaos. And the latter, as opposed to chaotic
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dynamics, is nonergodic [13]. Therefore, we do not consider ensemble averages, like in
Equation (4), to define the correlation function in this regime. Instead, we define it as [13]

N
c(ttw) = Y ¢ (to)p!™ (tw +1), 6)

n=nop

where ¢(f) = f}(,i) (0),np =1,2,3,... and N > ny. The results are shown in Figure 10a
and the waiting time scaling (collapse by shifts in logarithmic scales into a single curve)
is demonstrated in Figure 10b. Aging in the multilane traffic model in its congested state
(t < teross(0)) corresponds to the different vehicle speed for each lane! =0,1,2,...,L —1
as imposed by the iteration time factor t,, = 2] 4- 1. Aging also appears, but in a different
way, in the second traffic model illustrated in Figure 6.

- 1071 -
| 3
I o i
=

3 ~ a0ty
: tw=7 :

(a) D =8 5 | o

1 IIIIlIlI 1 IIIIlIIl L ) I 1~ IIIII 1 L IIIIIII 1 1 Ll Ll 1.l

10
10° 10! 102 103 10° 10! 102
t+ty /'ty

Figure 10. Aging in the two-time correlation Equation (6). With additive noise, this is observed in the
regime t < fross as well as in the noiseless case. In (a), we show the correlation c(t, ) as a function
of t + t, for several values of t,,. Clearly, the decay of the correlation depends on the waiting time
tw. In (b), we show how these correlations collapse into a single curve upon rescaling t/t,. Aging
is observed in congested traffic as all vehicle movements are necessarily coordinated with others;
see text.

4.4. Diffusion Arrest

Another manifestation of the approach of vitrification in molecular liquids is the
gradual but inevitable suppression of diffusiveness, from normal diffusion to total arrest,
as illustrated by the slower linear growth with time to a final halt of the molecular mean-
square displacement as the temperature decreases in supercooled liquids [14]. This decline
in the molecular dynamics is caused by confinement, where molecules become trapped
by their own neighbors, and individual releases or collective rearrangements require
coordinated motions of increasing numbers of them as the temperature is lowered. Our
repeated-cell map described in the previous section provides ensembles of trajectories
from which the mean-square displacement can be obtained as a function of the noise
amplitude o. This is shown in Figure 11, where we can observe the progression from
normal diffusiveness to a total halt and entrapment within single map cells as the noise
is removed. In terms of our third traffic model, the decline in diffusion as measured by
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that of the mean-square displacement of ensembles of trajectories that spread across the
repeated-cell map indicates vehicular entrapment in urban zones or districts defined by the
map cells. The model describes vehicular clogging at larger scales.

10%¢
[JZHC(U)
104
&N C
o~ :
= L
\/ -
|
S 100
= -
\/ -
109"
1 L3 o1l 1 a1l 1 L1 1a
10° 101 102 103

Figure 11. The mean-square displacement of trajectories that move throughout the repeated-cell map
in Equation (3) and shown in Figure 7. Displacement increases linearly with iteration time ¢ for large
noise amplitude ¢ even of order 101, but as this amplitude diminishes, the displacement growth
decreases and eventually vanishes for o = 0, when trajectories become trapped within a cell. In a
molecular liquid, linear growth is characteristic of Brownian motion and normal diffusion, whereas
near vitrification, vanishing displacement indicates diffusion arrest. For the corresponding traffic
model, linear displacement growth indicates free vehicular movement across neighborhoods (cells)
and displacement vanishing represents entrapment at urban zone scales (cells).

5. Summary and Discussion

We have constructed and examined in detail a nonlinear dynamical model (with
variants) descriptive of jammed traffic and its breakup. The model is based on the recapitu-
lation of the bifurcation gap that takes place in the logistic map at the noise-perturbed onset
of chaos. Two variants of the model are obtained from subsets of positions of trajectories
that form a multilane road where vehicles occupy these positions. Vehicular distances are
measured in trajectory position logarithmic scales while the logarithm of iteration times,
or, when appropriate, the iteration time itself, serves as vehicular consecutive advances.
The third model variant is obtained from a repeated-cell map, where each cell contains a
logistic map at the period-doubling transition to chaos and where the addition of noise
allows sporadic escape of trajectories to neighboring cells, allowing for the description of
traffic at larger spatial scales.

We have shown that the properties of the vehicular traffic model variants are analogous
to the main features observed in the dynamics of glass formation: (i) “Bumper-to-bumper”
jam-packed multilane road relates to plateau interrupted relaxation; (ii) the link between
the ending of a traffic jam and access to vehicle maneuver alternatives relates to the
connection between relaxation time and configurational entropys; (iii) increasing delay time
for vehicular advance, the longer the queue line distance from the traffic light, relates
to the aging scaling property of two-time correlations; (iv) transit through increasingly
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congested urban zones relates to diffusion arrest. These parallel behaviors are visualized
when decreasing the noise amplitude is considered similar to reducing temperature.

The replacement via a noise source of the vastly interconnected interactions of many
degrees of freedom in molecular fluids is, historically and nowadays, a surprisingly suc-
cessful simplification known as Langevin theory [23]. In the same way, the effect of external
noise in one-dimensional nonlinear maps can be thought to represent the interplay of many
other identical systems coupled to it, like in the so-called coupled map lattices [24]. This
drastic replacement was considered to be the underlying reason for the parallels found
earlier [13] between the dynamics at the noise-perturbed onset of chaos in logistic maps
and the dynamics of glass formation. Furthermore, the numerical study of asynchronous
coupled logistic maps [25] has revealed that the properties of many interconnected logis-
tic maps are difficult to distinguish from those of the single logistic map with additive
noise, as considered here. In terms of our interest in vehicular traffic modeling, and in the
same spirit as in Langevin theory, urban interconnected multilane road networks are well
represented by our use of the effect of noise on a vehicle-congested single multilane road.
Therefore, it is of interest to study the counterpart of the recapitulation of the bifurcation
gap at the period-doubling onset of chaos in asynchronous coupled logistic maps.

Since we have here identified analogous behaviors between glassy dynamics and
vehicular traffic dynamics, precisely when described via nonlinear dynamics, we cite the
much debated, still-hypothetical, ideal glass [26]. In terms of our vehicular traffic model,
the ideal glass is represented by vehicles occupying all the infinite subsequence sets of
diagonal positions in the absence of noise, or T¢pss — .

Finally, a concise summary:

e Our main objective, to establish an analogy between the dynamical properties of glass
formation and the dissolution of congested vehicle traffic, was accomplished.

*  We made use of the recapitulation of the bifurcation gap at the onset of chaos, a nonlin-
ear dynamical property, to construct a basic multilane road model for vehicular traffic
with three variants: two for microscopic and one for macroscopic traffic. The latter
considers diffusion rather than fluid flow.

e The main feature of the model is a crossover time T.yss. It describes jammed traffic for
T < Teross, start of jam dissolution at T = Tiy4ss, and free traffic flow for T > T¢ypss.

*  Four essential properties of glassy dynamics—(i) plateau interrupted relaxation;
(ii) aging time correlations; (iii) relationship between relaxation time and configu-
rational entropy; and (iv) diffusion arrest—were identified in the traffic model. In the
same order: (i) locked up vehicular advancement; (ii) increasing time gap for vehicular
initial advancement down queue line position; (iii) size and duration of traffic jams
increases as vehicular maneuvers become restricted; (iv) vehicular clogging of urban
zones obstructs large-scale displacements.

*  The model traffic jam duration Tcoss increases as the noise amplitude decreases.
The noise amplitude in the traffic model was found to measure a lack of large-scale
road alternatives, since coupled maps, equivalent to road networks, behave as a
single map with additive noise. In glassy dynamics, the noise amplitude measures
temperature, the increment of which favors fluidity.
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