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Abstract


In this work, we study in detail all phases of the time evolution of a delta-like excitation in Erdös–Renyi (ER) random networks by means of the survival probability (SP): The initial decay of the SP (both, the fast decay followed by the power-law decay), the correlation hole regime (the regime between the minimum value of the SP and its saturation value), and the saturation of the SP. Specifically, we find that just before reaching the correlation hole, (i) the power-law decay of the SP is proportional to   t  −  D 2     and   t  −   D ˜  2     (in a short time window) and the power-law decay of the time-averaged SP is proportional to   t  −   D ˜  2     (where   D 2   and    D ˜  2   are the correlation dimension of the eigenstates of the randomly weighted adjacency matrices of the ER random networks and the correlation dimension associated with the initial state, respectively); however, this agreement is only approximate, depends on the average degree   〈 k 〉  , and is limited to short time windows, and (ii) the relative depth of the correlation hole of the SP scales with the average degree   〈 k 〉 ≈ n p   (here, n and p are the size and the connection probability of the ER random networks). In addition, we show that the eigenstates of the randomly weighted adjacency matrices of ER networks display clear multifractal properties.
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1. Introduction


The study of random networks has become crucial for the understanding of complex systems composed of several interconnected elements. While the structural and spectral properties of networks have been extensively analyzed, the dynamics of processes occurring on networks and graphs have also attracted great interest. Specific examples are studies of the following: rumor spreading [1], glassy systems modeling with random regular graphs [2], the return or survival probability of random walks in scale-free trees [3], and random walks described by a discrete time Markovian process [4]. More recently, Mellin-transformed   d  -path Laplacian operators have been implemented in the study of quantum transport and return probabilities of ring, complete, and star graphs [5]. Moreover, the use of fractional calculus has enabled exploration of fractional diffusion in networks, allowing the study of random walk dynamics with long range interactions [6]. As an extension, fractional quantum transport in ring graphs was studied in ref. [7], leading to a generalized dynamics based on continuous-time quantum walks (CTQW) [8]. Additionally, the CTQW formalism provides a powerful framework for studying coherent transport in complex systems, exploring how network topology determines transport efficiency [9], analyzing systems ranging from simple rings and star graphs [10] to complex structures like dendrimers and Erdös–Rényi (ER) networks [11], including the study of return probabilities and the effects of static disorder and traps [12]. In particular, we propose a CTQW on a weighted ER network with diagonal and off-diagonal disorder that directly extends these analyses by investigating the survival probability under disordered hopping conditions, thus contributing to the understanding of how topological and energetic disorder jointly affect quantum transport.



In this work, we aim to contribute to the understanding of quantum dynamics in random networks by analyzing the evolution of an excitation in ER random networks in the framework of random matrix theory (RMT). Specifically, we focus on the SP of a delta-like excitation in terms of the inherent parameters of the ER model. This work is organized as follows. In Section 2, we introduce the ER model and the corresponding weighted adjacency matrix that we use as a framework for the study of the SP. Then, in Section 3, we analyze in detail the different regimes in the time evolution of the SP: The decay of the SP (the decay after the exponential initial decay), the correlation hole (the regime between the minimum value of the SP and its saturation value), and the saturation of the SP. In addition, in Appendix A, we show that the eigenstates of the randomly weighted adjacency matrices of ER networks display multifractal properties. Finally, in Section 4, we draw our conclusions.




2. Preliminaries


2.1. Erdös–Renyi Model


The ER random network model, introduced in 1951 by Solomonoff and Rapoport [13] and later named after Paul Erdös and Alfred Renyi [14], is generated by independently connecting n vertices or nodes with probability p through a random pairing process. This pairing process leads to a graph where the presence or absence of any specific edge is entirely uncorrelated with the others. Thus, given the random and independent nature of edge formation, the degree k of any particular node in an ER graph follows a binomial distribution as it is the sum of   n − 1   independent Bernoulli trials, each with success probability p. Then, the average degree can be calculated directly from the parameters n and p. Since each node has   n − 1   potential connections, and each connection exists with probability p, the expected degree   〈 k 〉   of any node is


  〈 k 〉 = ( n − 1 ) p ≈ n p .  



(1)







Therefore, in the case where   p = c / n   and c is a constant, the average degree is shown to be independent of the network size n. Then, as c increases, the network becomes more densely connected, which influences various properties of the network, such as the emergence of a giant component and the overall robustness of the network. In fact, the average degree is a key parameter that influences the overall structure of the network and connectivity and it has been shown to scale the structural as well as the spectral properties of various random network models; see, e.g., refs. [15,16,17,18].




2.2. Weighted Adjacency Matrix


The adjacency matrix has been widely used to analyze the structural and spectral properties of diverse random network models. Specifically, with the help of binary adjacency matrices, the spectral properties of ER random networks have been deeply studied; see, e.g., [15,16,19,20]. Moreover, weighted versions of the adjacency matrix have also been explored as a bridge to RMT ensembles and to use RMT predictions as a reference in the appropriate limits. As examples, we can mention that ref. [16] focuses on undirected ER networks, ref. [15] on directed ER networks, ref. [17] on undirected random geometric graphs (RGGs), and more recently, ref. [18] addresses directed RGGs. In connection to these works, here, we propose the study of the survival probability in ER random networks represented by the following weighted adjacency matrix:


     A  R M T     i j   ≡   A   i j   =       2   ϵ  i j          if   i = j            ϵ  i j          if   i ↔ j           0        otherwise      ,  



(2)




where   ϵ  i j    are independent random variables drawn from a normal distribution with mean 0 and variance 1. Therefore, with this definition for  A , when the networks are mostly disconnected (  p → 0  ), the resulting diagonal adjacency matrices are members of the Poisson ensemble (PE). On the other hand, adjacency matrices belonging to the Gaussian Orthogonal Ensemble (GOE) are obtained when the networks become fully connected as   p → 1  . Consequently, we expect to observe a transition in the evolution of the dynamical properties of the ER random networks by increasing p, moving from the PE regime towards the GOE limit. Hence, when we consider weighted adjacency matrices as in Equation (2), we deal with a diluted GOE.



In this work, the weighted adjacency matrix defines the Hamiltonian of a CTQW with disordered hopping [8]. The diagonal elements correspond to random on-site potentials, while the off-diagonal elements represent disordered hopping integrals. Unlike the standard Rodgers–Bray ensemble [21], where the non-zero off-diagonal elements are typically constant (or drawn from a binary distribution), here, we allow them to be drawn from a continuous Gaussian distribution, introducing off-diagonal disorder into the model. Therefore, this adjacency matrix can be seen as a natural extension of the standard Anderson tight-binding Hamiltonian by combining both diagonal and off-diagonal disorder on a random graph topology. The standard model is typically defined on regular lattices with constant hopping and random on-site potentials [22]. In contrast, the random graph topology introduces an effective dimension given by the average degree   〈 k 〉 = p ( n − 1 )   that plays the role of an effective dimension  ξ  [11,16]. Thus, this framework allows us to study the interplay between connectivity, disorder, and quantum transport, bridging the gap between sparse random matrix theory and Anderson localization on complex networks.



It is important to note that the weighting scheme adopted has a direct impact on the universality class of the Hamiltonian and, consequently, on spectral properties (see ref. [16]). A purely binary adjacency matrix probes only the topological disorder, but a weighted model is expected to reflect the interplay between disorder and connectivity. Therefore, the specific choice of weighting is a crucial feature that broadens the physical relevance of the model. It is worth noting that a binary adjacency matrix does not converge to the GOE nor the PE, while the weighted adjacency matrix model incorporates the Gaussian disorder that is characteristic of random matrix ensembles, offering a richer and more complex dynamics.




2.3. Survival Probability


As already mentioned in the Introduction, in this paper, we characterize the dynamics of ER random networks by the use of the SP [23,24,25,26,27,28], also known as return probability [29,30], which measures the probability of finding the system in its initial state after the time t. Assuming an initial state   |  Ψ ( t = 0 )  〉   and its time-evolved counterpart   |  Ψ ( t )  〉  , the SP is the squared inner product of both.



In the context of the GOE, the analysis of the SP is typically performed by considering a fixed basis of eigenstates   {   |   ϕ k   〉   }   that define the GOE matrix. The initial state is chosen as a basis state itself,     |   ϕ  i n i    〉   ≡  |  Ψ ( 0 )  〉   , with   i n i = n / 2   [23], where n is the matrix size. This choice places the initial excitation at the bulk of the spectrum, i.e., in the region of maximum eigenstate density. When mapping this construction to an ER network, the basis states   {   |   ϕ k   〉   }   are identified with the nodes of the graph. Consequently, the initial state     |   ϕ  i n i    〉   ≡  |  Ψ ( t = 0 )  〉    corresponds to a perfectly localized (delta-like) excitation at a single node with label   i = i n i  . Due to fact that all nodes are a priori equivalent under the random graph generation process, fixing any specific node label (such as   n / 2  ) is representative of the typical behavior of any node in the ensemble. Thus, this choice entails no loss of generality when averaging over many realizations of the network.



The SP is defined as [23]


     S P ( t ) =       |  〈  Ψ ( 0 )  |   |  Ψ ( t )  〉  |  2  =     ∑ β      C  i n i  β   2   e  − i  E β  t    2       =      ∫  ρ  ( E )   e  − i  E β  t   d E   2  ,     



(3)




where


  ρ  ( E )  =  ∑ β     C  i n i  β   2  δ  ( E −  E β  )   



(4)




corresponds to the energy distribution of the initial state, also known as the local density of states (LDOS). Since the SP and the LDOS are related by a Fourier transform, the SP can be analytically derived once the LDOS shape is determined. For the GOE, the shape of the LDOS follows the Wigner semicircle law,


  ρ  ( E )  =   1  π  σ  i n i        1 −     E  2  σ  i n i       2    ,  



(5)




where   σ  i n i  2   [23] is the variance of the energy distribution of the initial state:


     σ  i n i    2  =  ∑ β     C  i n i  β   2     E β  −  ∑ β     C  i n i  β   2   E β   2  ,  



(6)




with   E β   being the eigenenergies of the GOE and    ∑ β    |  C ini β  |  2  = 1  .



The analytical expression for the evolution of the SP [24] for the GOE predicts fast decaying oscillations at short times as   t  − 3    [26,27,28] according to the Fourier transform of the semicircle;    [  J 1   ( 2  σ  i n i   t )  /  (  σ  i n i   t )  ]  2  , where   J 1   is a Bessel function of the first kind. We will use this result as a reference for the diluted GOE corresponding to the weighted adjacency matrices of ER networks.





3. Analysis of the Survival Probability


We start by exploring the LDOS of ER random networks. In fact, in ref. [19], it was shown that the LDOS is expected to follow the Wigner semicircle law (when   n → ∞  ) for   p >  p c    with    p c  ∼  (  n  2 / 3   )  /  ( n − 1 )   . Thus, in Figure 1, we present histograms of the LDOS at the center of the band of ER random networks with   p <  p c    (left panels),   p =  p c    (central panels), and   p >  p c    (right panels). Indeed, we verify that when   p >  p c   , the LDOS of ER random networks closely follows a semicircular shape. As a consequence, we expect to observe a GOE behavior of the SP [24] for ER random networks with   p >  p c   . In contrast, when   p <  p c   , the LDOS deviates strongly from the semicircle law. Thus, when   p <  p c   , the SP is expected to show significant deviations from the GOE behavior.



Now, in Figure 2, we present the temporal evolution of the SP for an ensemble of   2 ×  10 4    ER random networks of size   n = 1000   and several values of the connection probability p. From Figure 2, we clearly observe the different regimes of the SP behavior [25]: The universal exponential initial decay is followed by a slower decay until the SP reaches a minimum value, then it shows a small recovery (ramp) before saturation.



In what follows, we analyze in detail the different regimes in the time evolution of the SP: The decay of the SP (the decay after the exponential initial decay), the correlation hole (the regime between the minimum value of the SP and its saturation value), and the saturation of the SP.



3.1. Decay of the SP


The initial fast decay of the SP can be well described by the dominant term in the power series expansion of the inner product    |  〈  Ψ ( 0 )  |   |  Ψ ( t )  〉  |  2   [23],


  S P  ( t ≪ 1 )  ≈ 1 −  σ  i n i  2   t 2  ,  



(7)




where   σ  i n i    corresponds to Equation (6).



In order to characterize the standard deviation of the energy distribution of the initial state   σ  i n i    in terms of the connection probability p, in Figure 3g, we plot   σ  i n i    for several values of p for networks of size   n = 1000  . Here, we find that the   σ  i n i    vs. p curve follows a power-law of the form    σ  i n i   = A  p B    with fitting values   A = 31.68175 ≈  1000  1 / 2     and   B = 0.5006 ≈ 1 / 2  . This shows that   σ  i n i    is directly related to the average degree   〈 k 〉   as    σ  i n i   ≈ C   n p   ≈ C   〈 k 〉   1 / 2     ( C  is a constant with energy units); see Equation (1). This scaling follows heuristically from the spectral properties of the weighted adjacency random matrix model considered here. The off-diagonal entries of the adjacency matrix are independent random variables with mean zero. When an edge is present, the entry is drawn from   N ( 0 , 1 )  ; otherwise it is zero. The resulting matrix is thus a diluted Wigner matrix with effective variance p. This is in accordance with the well-known spectral width of Wigner-type random matrices with entry variance p; the bulk of the spectrum is confined to   [ − 2   n p   , 2   n p   ]   in the limit   n → ∞   [31]. Since the LDOS at a typical node reflects the global spectral density, its standard deviation   σ  i n i    is governed by the same spectral bandwidth, leading to    σ  i n i   ∝   n p   ≈   〈 k 〉   1 / 2    . Thus, in Figure 3a–h, we plot


  S P  ( t ≪ 1 )  ≈ 1 −  C 2   〈 k 〉   t 2   



(8)




(as green dashed lines) and observe a very good correspondence with the SP curves at small times for different values of   〈 k 〉  . Now, from Figure 2a, when   p <  p c    (here    p c  = 0 .  11 ¯   ), we observe a clean power-law decay,


  S P  ( t )  ∼  t  − μ   ,  



(9)




of the SP after the initial fast decay. When   p →  p c   , see Figure 2b, oscillations emerge along the decay of the SP. These oscillations increase in amplitude for increasing p, see Figure 2c, approaching the GOE line-shape prediction for the SP [26,27,28].



Indeed, studies of disordered noninteracting systems have shown that the power  μ  in the power-law decay of the SP, see Equation (9), is directly related to the correlation dimension   D 2   of the corresponding eigenstates, i.e.,   μ ≈  D 2    [32,33,34]; see Appendix A. Also, in the study of the dynamics at the many-body localization transition, the correlation dimension associated with the initial state    D 2  ˜   has also been related to  μ , i.e.,   μ ≈   D 2  ˜    [35,36]; see also Appendix A. Therefore, in what follows, we compute   D 2   and    D 2  ˜   and compare them with the power  μ .



Since we aim to characterize the power-law behavior of the  SP  curves and the average degree fixes the localization properties of the eigenstates of the network, in Figure 3, we show   S P ( t )   plots for different fixed values of   〈 k 〉  , from   〈 k 〉 = 2.07   [see panel (a)] to   〈 k 〉 = 11.23   [see panel (h)] and four network sizes n, increasing from top to bottom. We consider the whole (full) Erdős–Rényi graph, including all nodes, and average over many realizations for each fixed value of   〈 k 〉  . This is the procedure followed throughout the present work; no selection is made based on connectivity or the giant component. Red dashed and blue dashed lines proportional to   t  −  D 2     and   t  −   D ˜  2    , respectively, are shown in Figure 3 to guide the eye. From Figure 3a, we note that neither   t  −  D 2     nor   t  −   D ˜  2     matches the decay of   S P ( t )  . However, as   〈 k 〉   increases,   t  −  D 2     coincides with the decay of   S P ( t )   at short times, as we can see in the insets of Figure 3b–d, where the best fit   t  − μ    is shown as dotted cyan lines and   t  −  D 2     and   t  −   D 2  ˜     are shown in dashed lines to guide the eye. Notably,   t  −   D ˜  2     agrees better with the decay of   S P ( t )   when   〈 k 〉 = 4.27  , 5.44 and 6.92 (see insets in Figure 3d–f and Table 1). Then, we conclude that   t  −  D 2     better predicts the decay of   S P ( t )   for small values of   〈 k 〉  , see Figure 3b,c, while   t  −   D ˜  2     works better for large values of   〈 k 〉  , see Figure 3d–f. For   〈 k 〉 > 6.92  , see Figure 3g,h, neither   t  −  D 2     nor   t  −   D ˜  2     match the decay of   S P ( t )  . Therefore, we can also conclude that the interval of   〈 k 〉   where the decay of   S P ( t )   can be predicted by   t  −  D 2     or   t  −   D ˜  2     is very narrow.



On the other hand, the time-averaged survival probability, also known as the temporal autocorrelation function [33], has been used extensively to analyze the dynamics of disordered systems at the mobility edge [33,34,37]. More recently, it has been applied to the study of the many-body localization transition in the 1D Heisenberg model [35]. In fact, it has been observed that the dimension    D 2  ˜   directly governs the decay of the time-averaged survival probability, which follows a power-law proportional to   t  −   D 2  ˜    . Due to its relevance, the analysis of this quantity seems pertinent for our study.



The time-averaged survival probability is defined as:


  C  ( t )  =   1 t    ∫  0  t  S P  ( τ )  d τ .  



(10)







Thus, in Figure 4a–h, we present   C ( t )   for the same values of the average degree   〈 k 〉   and network sizes n reported in Figure 3. In every panel, we also plot   t  −   D 2  ˜     as red dashed lines, illustrating that the decay of   C ( t )   is well described by this power-law. Notably, the best agreement between   C ( t )   and   t  −   D 2  ˜     is observed when   〈 k 〉 ≥ 3.35  . Additionally, for comparison purposes, in Figure 4a,b, we also include   t  −  D 2     as blue dashed lines. As already observed in Figure 3a,b,   t  −  D 2     is a good indicator of the   S P ( t )   decay; interestingly, it also proves to be a good descriptor for   C ( t )   in the same parameter regime.



Finally, for completeness, in Figure 4g, we present the generalized dimension    D ˜  2   vs.   〈 k 〉  . This plot illustrates the asymptotic transition to     D ˜  2  = 1   (horizontal blue dashed line) as   〈 k 〉   increases. We note that the crossover to GOE-like behavior (    D ˜  2  → 1  ) occurs at   〈 k 〉 ≈ 10  , which is larger than the connectivity threshold   〈 k 〉 ∼ ln ( n ) ≈ [ 5.5 , 7.6 ]   for the system sizes studied here. We also note the crossover behavior in the analysis of the relative depth of the correlation hole; see the next section.




3.2. Correlation Hole


From Figure 2, note that the decay of the   S P ( t )   persists until it reaches its minimum value at a time which is known as the Thouless time,   t  T h   ; see, e.g., [24]. Indeed, the minimum value of the   S P ( t )   is also the bottom of the correlation hole.



Then, in Figure 5, we report   t  T h    of ER random networks of size n as a function of p. We observe that for a given value of p, the larger the network size the smaller the Thouless time. Also, for a given n, we observe the exponential decay of   t  T h    with p which is empirically described by


   t  T h   ≈  e  A  p  − B     ,  



(11)




where A and B are fitting constants; see the dashed lines in Figure 5.
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Figure 5. Thouless time   t  T h    of ER random networks of size n as a function of the connection probability p. Dashed lines correspond to fittings of Equation (11) to the data with fitting parameters reported in Table 2. 
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Table 2. Values of the parameters A and B in Equation (11) as extracted from fittings to the curves   t  T h    vs. p of Figure 5.
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    t Th    






	
n

	
A

	
B




	
250

	
0.105

	
0.886




	
500

	
0.239

	
0.615




	
1000

	
0.131

	
0.685




	
2000

	
0.287

	
0.492









Additionally, the relative depth of the correlation hole has been used to detect the integrability-to-chaos transition in disordered systems and more recently to detect the many-body localization phase in disordered interacting systems [38]. Therefore, the study of this quantity is relevant to our study.



The relative depth of the correlation holes is defined as


  η =      S P  ¯  − S  P  m i n      S P  ¯    .  



(12)







Here,    S P  ¯   is the saturation value of the   S P ( t )  , and   S  P  m i n     is the minimum value of the   S P ( t )  . In the case of the GOE,     S P  ¯  ≈ 3 / n   and   S  P  m i n   ≈ 2 / n  . Then, we expect to observe a transtion from   η → 0   when   p → 0   to   η → 1 / 3   when   p → 1  .



Thus, in Figure 6a, we present  η  for ER random networks as a function of p. From this figure, we observe, as expected, that  η  approaches 1/3 for increasing p. Moreover, the larger the network size n, the smaller the value of p needed for  η  to approach the GOE regime; that is, the curves  η  vs. p are displaced to the left in the p-axis for increasing n. Now, when we plot  η  as a function of   〈 k 〉  , see Figure 4b, all the curves fall one on top of the other. This observation suggests that the average degree   〈 k 〉   is the relevant scaling parameter for  η . To test this hypothesis, we perform a finite-size scaling analysis of  η . We characterize the position of the  η  vs. p curves along the p-axis by the value   p *   at which   η = 0.1  . As shown in the inset of Figure 6a, the data for   p *   vs. n are well described by a power-law    p *  = A  n B   , yielding   A = 3.8028   and   B = 0.9507 ± 0.0133  , which is approximately 1. This confirms the expected inverse scaling with system size. Consequently, as     〈 k 〉  *  ≈  p *  n  ,    〈 k 〉  *   must be constant, thus confirming   〈 k 〉   as the scaling parameter of  η .



This verification is in agreement with previous studies where it has been shown that   〈 k 〉   scales the topological [39], spectral [16], and transport [40] properties of ER random networks. For the finite sizes and parameter range studied here, the relative depth of the correlation hole  η  exhibits a crossover toward its GOE value around   〈 k 〉 ≈ 10   [16], where the GOE limit is depicted by the magenta dashed line at   η = 1 / 3  . This empirical crossover should not be interpreted as a universal delocalization threshold.




3.3. Saturation Value of the SP


We also note from Figure 2a that the saturation values of the   S P ( t )   are smaller the larger p is, while the   S P ( t )   reaches its saturation value faster for increasing p. Also, as the networks become more connected, the saturation values of the   S P ( t )   approach the GOE prediction of   3 / n  ; see the insets in Figure 2b,c.



In Figure 7, we plot the inverse participation ratio of the initial state   IPR  i n i    (divided by   3 / n  , the GOE saturation value) as a function of p for three different network sizes:   n = 250  , 500, and 1000 (represented by different colors). Since the   IPR  i n i    is the saturation value of the   S P ( t )  , the ratio    IPR  i n i   /  ( 3 / n )    approaches 1 as   p → 1  , as shown in Figure 7. Interestingly, we found that the decay of    IPR  i n i   /  ( 3 / n )    is dictated by the heuristic expression:


   IPR  i n i   ≈   3 n    e  A  p  − B     ,  



(13)




where A and B are fitting constants. Indeed, the dashed lines in Figure 7 correspond to fittings of Equation (13) to the data with the fitting constants reported in Table 3.





4. Conclusions


In this work, within a random matrix theory (RMT) approach, we analyzed the survival probability   S P ( t )   of Erdös–Renyi (ER) random networks in the crossover from isolated nodes to fully connected networks. Note that the crossover from isolated nodes to fully connected networks corresponds to the crossover from localized to extended eigenstates of the corresponding randomly weighted adjacency matrices. We recall that the ER model is defined as n nodes connected randomly with probability p.



We observed that the time evolution of the SP of a delta-like excitation in ER random networks shows the standard panorama reported for RMT models: The SP displays an initial fast decay followed by a power-law decay, then it reaches a minimum value (at a time which is known as the Thouless time   t  T h   ) before saturation; see Figure 2.



For the fast decay of the SP, we were able to write down an expression that depends on the average degree   〈 k 〉 ≈ n p   only, see Equation (8). Also, we observed that once   〈 k 〉   is fixed, the curves of   S P ( t )  , as well as its time-average   C ( t )  , coincide for different network sizes in the power-law decay regime; see Figure 3 and Figure 4. Moreover, we showed that in a short time window and for intermediate values of   〈 k 〉   (specifically,   〈 k 〉 ≈ 2.63  , 3.35), the power-law decay of   S P ( t )   is well approximated by   t  −  D 2     and   t  −   D ˜  2     (specifically,   〈 k 〉 ≈ 4.27  , 5.44, 6.92) while for   C ( t )  , the decay is dictated by   t  −   D ˜  2    . Here,   D 2   and    D ˜  2   are the correlation dimension of the eigenstates of the ER random networks and the correlation dimension associated with the initial state, respectively. However, we emphasize that this agreement is only approximate and depends on   〈 k 〉  , becoming less accurate for larger   〈 k 〉   or longer times.



In addition, we showed that the relative depth of the correlation hole of the SP scales with   〈 k 〉   (see Figure 6), while both,   t  T h    and the IPR of the initial state, decay exponentially with p; see Figure 5 and Figure 7. Finally, we provided strong evidence of multifractality of the eigenstates of the randomly weighted adjacency matrices of ER networks; see Figure A1 and Figure A2.



Furthermore, we note that the present framework for studying the SP on ER networks with undirected (bidirectional) edges could be naturally extended to oriented random graphs. In particular, the spectral properties of randomly oriented graphs, as studied via the skew-adjacency matrix formalism in ref. [41] and via the magnetic adjacency matrix in refs. [15,18], provide a promising route for analyzing transport and SP in directed ER networks. While a thorough investigation of such directed systems lies beyond the scope of this work, we believe that the combination of the survival probability approach developed here with the spectral theory of oriented random graphs could yield interesting insights into how edge directionality affects the spectral properties and quantum dynamics in complex networks. We hope that our study may motivate further research on the application of RMT techniques to the study of dynamical properties of random network models.
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	Gaussian orthogonal ensemble
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Appendix A. Multifractal Dimensions of Eigenstates


In Section 3.1, we have shown that the decay of the survival probability   S P ( t )   and that of the time-averaged survival probability   C ( t )   of ER random networks are governed by the power-laws   t  −  D 2     and   t  −   D ˜  2    , respectively. Here,   D 2   is the correlation dimension of the eigenstates of the adjacency matrix of the ER random networks while    D ˜  2   is the correlation dimension of the initial state. Thus, in this Appendix A, we give details of the calculation of   D 2   and    D ˜  2   but we also report the generalized dimensions   D q  .



Disordered systems that manifest the Anderson transition, a metal-to-insulator transition driven by the disorder amplitude, exhibit a number of critical properties. One well-established signature of the Anderson transition is that the eigenstates of the corresponding disordered systems are multifractal objects at and in a small neighborhood of the critical transition point [42]. Lattice models, such as the 3D Anderson tight-binding model, the power-law random banded matrix (PRBM) model, and critical random matrix ensembles, have been extensively used to study the Anderson transition [42,43,44]. In addition, multifractal eigenstates at the critical point have been reported for random graph models [45] as well as for a diluted version of the PRBM [46] which represents ER-like random networks with long-range interactions.



The multifractality of the eigenstates   Ψ α   is characterized by the generalized dimension   D q  , which is computed from the size scaling of the average inverse participation ratio as [43,47]


   IPR ( q )  ≡      ∑  i = 1  n      Ψ i α    2 q     α  ∝  n  −  ( q − 1 )   D q    ,  q ≠ 1 .  



(A1)







While the information dimension   D 1   is computed from the size scaling of the average Shanon entropy


   S  ≡   −   ∑  i = 1  n      Ψ i α   2  ln    Ψ i α   2   α  ∝  D 1  ln n .  



(A2)







When computing   D q   for the eigenstates of a disordered system,    D q  = d   and    D q  = 0   correspond to fully delocalized states and localized states, respectively. Here, d is the embedding dimension of the system. While   0 <  D q  < d   indicates multifractal states, meaning that such states do not extend over the entire available configuration space.
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Figure A1. Average inverse participation ratio   IPR ( q )   of ER random networks as a function of the size n for (a)   q = 0.6  , (c)   q = 1.6  , and (d)   q = 2  . In panel (b), the average Shannon entropy   S   of ER random networks as a function of n is shown. Several values of the average degree   〈 k 〉   are reported in each panel, as indicated in panel (a). The averages are taken over   20 %   of the eigenstates at the center of the band and over    10 6  /  ( 0.2 n )    random network realizations. 






Figure A1. Average inverse participation ratio   IPR ( q )   of ER random networks as a function of the size n for (a)   q = 0.6  , (c)   q = 1.6  , and (d)   q = 2  . In panel (b), the average Shannon entropy   S   of ER random networks as a function of n is shown. Several values of the average degree   〈 k 〉   are reported in each panel, as indicated in panel (a). The averages are taken over   20 %   of the eigenstates at the center of the band and over    10 6  /  ( 0.2 n )    random network realizations.



[image: Complexities 02 00017 g0a1]







[image: Complexities 02 00017 g0a2] 





Figure A2. Multifractal dimensions   D q   of ER random networks as a function of (a,c) q and (b,d)   〈 k 〉   for several values of   〈 k 〉   and q, respectively. Error bars are shown for each case (most of them are smaller than symbol size). 
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Here, since we deal with ER random networks represented by randomly weighted adjacency matrices which are members of a diluted GOE that interpolates between the Poisson ensemble when   p → 0   and the GOE when   p → 1  , we expect to observe a transition from    D q  = 0   to    D q  = 1   when increasing   〈 k 〉   from   〈 k 〉 ≈ 0   to   〈 k 〉 ≈ n − 1  .



In Figure A1, we present the   IPR ( q )   of ER random networks as a function of n, in log-log scale, for   q = 0.6  , 1, and 2; as well as   S   vs. n. In each panel, we show curves for different values of   〈 k 〉  . From Figure A1, we observe that the slopes (in log-log scale) of the curves of   IPR ( q )   vs. n and of   S   vs. n, which coincide with   D q   and   D 1  , respectively, are approximately zero for small   〈 k 〉   while they approach one for large   〈 k 〉  . This indicates a transition from an insulating regime (localized eigenstates) to a metallic regime (extended eigenstates) by increasing   〈 k 〉  . Remarkably, the slopes between zero and one of the curves   IPR ( q )   vs. n and   S   vs. n, observed in Figure A1 for intermediate values of   〈 k 〉  , indicate the existence of multifractal eigenstates.



Then, in Figure A2, we present   D q   of ER random networks as a function of q (see left panels) and also as a function of   〈 k 〉   (see right panels). The values of   D q   reported in Figure A2 are obtained from fittings of the data   IPR ( q )   vs. n and   S   vs. n with Equations (A1) and (A2), respectively.



From Figure A2, we note a clear multifractal behavior for the eigenstates of the weighted adjacency matrices of ER random networks:    D q  ≠  D  q ′     for   q ≠  q ′   . This is in accordance with predictions of ref. [48], where a multifractal phase was identified for sparse weighted ER graphs. Also, we clearly observe the delocalization-to-localization transition as a function of   〈 k 〉  :    D q  ≈ 1   for large   〈 k 〉   and    D q  ≈ 0   for small   〈 k 〉  .



Finally, we mention that we computed    D ˜  2   from the scaling of the inverse participation ratio of the initial state, that is [35]


    IPR ( 2 )   i n i   =   ∑ β     C  i n i  β   4   ∼  n  −   D ˜  2    .  



(A3)







In our analysis, we computed    IPR ( 2 )   i n i    for networks of sizes   n = 100  , 200, 400, 800, 1600, and 3200 over an eigenstate window of   20 %   of the matrix size around    |   ϕ  i n i    〉   .
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Figure 1. Histograms of the local density of states (LDOS) at the center of the band of ER random networks. Several combinations of sizes n (different rows) and connection probabilities p (different columns) are considered. Specifically, (a,d,g)   p = 0.25  p c   , (b,e,h)   p =  p c   , and (c,f,i)   p = 8  p c    with    p c  =  n  2 / 3   /  ( n − 1 )   . Each red histogram is constructed from a single random network realization, whereas each blue histogram is constructed from 50 random network realizations. Black lines are the semicircles of Equation (5) with   σ  i n i    given by Equation (6). 
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Figure 2. (a–c) Survival probability   S P ( t )   of ER random networks of size   n = 1000   and several values of the connection probability p. Insets in panels (b,c) are enlargements of the corresponding dashed squares. Horizontal dashed black lines indicate the saturation value of the curves. The connection probability p increases from top to bottom. 
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Figure 3. (a–h) Survival probability   S P ( t )   of ER random networks for several values of the average degree   〈 k 〉  , as indicated in the panels. Four graph sizes are reported in each panel (  n = 250  , 500, 1000, 2000), increasing from top to bottom. Red dashed lines correspond to   t  −  D 2     with (a)    D 2  = 0.0446  , (b)    D 2  = 0.1316  , (c)    D 2  = 0.234  , (d)    D 2  = 0.3509  , (e)    D 2  = 0.4976  , (f)    D 2  = 0.6868  , (g)    D 2  = 0.8615  , and (h)    D 2  = 0.9477  . Blue dashed lines correspond to   t  −   D ˜  2     with (a)     D ˜  2  = 0.0269  , (b)     D ˜  2  = 0.1467  , (c)     D ˜  2  = 0.2647  , (d)     D ˜  2  = 0.4062  , (e)     D ˜  2  = 0.5589  , (f)     D ˜  2  = 0.7786  , (g)     D ˜  2  = 0.8398  , and (h)     D ˜  2  = 0.8873  . Green dashed lines correspond to   1 −  C 2   〈 k 〉   t 2   ; i.e., the decay at very short times. Insets in panels (b–h) show a zoom-in of the curves at different t intervals:   [ 1 , 10 ]   in (b–d),   [ 0.8 , 9 ]   in (e),   [ 0.6 , 5 ]   in (f),   [ 0.6 , 3 ]   in (g), and   [ 0.6 , 1.5 ]   in (h). The best fit to the data is shown as cyan dotted lines   t  − μ   ,   t  −  D 2     is represented by a red dashed line, and   t  −   D 2  ˜     by a blue dashed line to guide the eye. A comparison of the fits is shown in Table 1. (i) Standard deviation of the energy distribution of the initial state   σ  i n i    (Equation (6)) as a function of the connection probability p for ER random networks of size   n = 1000  . The red dashed line is a power-law fit of the form    σ  i n i   = A  p B    to the data, with   A = 31.682   and   B = 0.501  . 
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Figure 4. (a–h) Time-averaged survival probability   C ( t )   of ER random networks for several values of the average degree   〈 k 〉  , as indicated in the panels. Four graph sizes are reported in each panel (  n = 250  , 500, 1000, 2000); they increase from top to bottom. Red dashed lines correspond to   t   D 2  ˜   . In panel (a), the blue dashed line corresponds to   t  D 2    and is plotted for comparison purposes. (i) Generalized dimension    D ˜  2   of the initial state    |   ϕ  i n i    〉    as a function of the average degree   〈 k 〉  . The blue dashed line indicates     D 2  ˜  = 1  . 
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Figure 6. Relative depth of the correlation hole  η  of the survival probability   S P ( t )   for ER random networks as a function of (a) the connection probability p and (b) the average degree   〈 k 〉  . Horizontal magenta dashed lines correspond to   η = 1 / 3  , the GOE limit. Inset in (a) shows the curves of   p *   vs. n. Cyan line shows the best power-law fit to data of the form    p *  = A  n B   , with   A = 3.8028   and   B = 0.9507 ± 0.0133  ; symbols are shown with error bars from the fit (smaller than the symbol size). 
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Figure 7. Inverse participation ratio of the initial state   IPR  i n i    (divided by   3 / n  ) as a function of the connection probability p. Dashed lines are fittings of Equation (13) to the data with fitting parameters reported in Table 3. 
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Table 1. Values of  μ  obtained from the fits to Equation (9) of the   S P   curves in Figure 3b–h (corresponding to average degrees   〈 k 〉   ranging from 2.63 to 11.23) are compared with the correlation dimension   D 2   and the correlation dimension of the initial state    D 2  ˜  . The root mean squared error (RMSE) is shown as a fit-quality metric between the   ln ( S P ( t ) )   and   −  D 2  ln  ( t )    [  −   D ˜  2  ln  ( t )   ].
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	〈k〉
	   μ   
	    σ μ    
	D2
	RMSE (D2)
	     D 2  ˜    
	RMSE (    D 2  ˜   )





	2.63
	0.1315
	   3.45 ×  10  − 4     
	0.1316
	   1.8 ×  10  − 3     
	0.1467
	   5.45 ×  10  − 3     



	3.35
	0.2375
	   3.42 ×  10  − 4     
	0.234
	   1.18 ×  10  − 3     
	0.2647
	   5.2 ×  10  − 3     



	4.27
	0.401
	   9.56 ×  10  − 4     
	0.3509
	   6.15 ×  10  − 3     
	0.4062
	   2.54 ×  10  − 3     



	5.44
	0.5723
	   5.6 ×  10  − 4     
	0.4976
	   5.68 ×  10  − 3     
	0.5589
	   0.64 ×  10  − 3     



	6.92
	0.79
	   0.383 ×  10  − 4     
	0.6868
	   8.68 ×  10  − 3     
	0.7786
	   2.93 ×  10  − 3     



	8.82
	1.1526
	   3.4 ×  10  − 3     
	0.8615
	   1.02 ×  10  − 2     
	0.8398
	   1.1 ×  10  − 2     



	11.23
	1.2733
	   7.91 ×  10  − 3     
	0.9477
	   0.96 ×  10  − 2     
	0.8873
	   1.08 ×  10  − 2     










 





Table 3. Values of the parameters A and B in Equation (13) as extracted from fittings to the curves   IPR ini   vs. p of Figure 7.
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    IPR ini    






	
n

	
A

	
B




	
250

	
0.02408

	
1.096




	
500

	
0.00475

	
1.287




	
1000

	
0.00368

	
1.224
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