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Abstract

Evaluating power consumption in stirred media mills over a wide range of process param-
eters is crucial for analyzing breakage kinetics and milling efficiency. Despite considerable
research efforts, existing models predominantly rely on power-law approaches and fail
to provide a holistic understanding of the relationship between process parameters and
power consumption. The aim of this study is to introduce a new mathematical model that
accurately captures this relationship, across all bead filling ratios (φ), using dimensionless
numbers including power number (Ne) and Reynolds number (Re). First, we considered
experimental data from literature and discriminated various models to correlate either
Ne or Re separately for each φ (Class 1 models) or Ne to Re–φ simultaneously (Class 2
models). The best performing model (Model 2.6 with SSR = 36.71, RMSE = 0.591, R2 = 0.99)
was subsequently applied to a new set of experimental data, confirming that this model
is highly robust and reliable across various conditions. To the best of our knowledge, in
stirred media mill research, this work is the first to show that a simple four-parameter
nonlinear model provides a robust fit for Ne data across varying rotor Re (200 to 1 × 106)
and bead filling ratios (0.35–0.90).

Keywords: power consumption; stirred media mills; power number; Newton number;
Reynolds number; bead filling ratio; bead loading

1. Introduction
Stirred media mills are widely used across several industries, particularly in mineral

processing [1–3] and pharmaceuticals [4–6]. They are characterized by their capability of
producing sub-micron-sized particles, making them highly effective for ultrafine grinding
applications [7]. Reducing particle size to sub-micron range is a key factor in achieving
greater uniformity, solubility, and strength, thus ensuring better product quality [8]. To
that end, stirred media mills have attracted considerable attention from industry and
researchers in recent years due to their ability to achieve ultrafine grinding through strong
impact forces [9]. In addition to enabling control over particle size distribution, they also
aid in minimizing the margin of error during the production of critical materials [10].

Despite their advantages, stirred media mills are also known for high energy de-
mands and significant operational costs [11]. High energy input can lead to significant heat
generation, temperature rise, and potential amorphization [12–14]. Maintaining proper
temperature is essential since it can influence both the physical and chemical stability of
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a drug suspension during the milling process [15]. These drawbacks constrain implementa-
tion of stirred media mills in certain industries [16]. Optimizing the process parameters,
such a bead filling ratio (φ), mill speed (ω), and bead size (Db), can notably minimize
energy consumption [17] and reduce operational costs while achieving the desired product
particle size [13,18]. To achieve this, the correlation between process parameters and power
consumption should be closely examined, as it is highly important for assessing breakage
kinetics and milling efficiency [19,20].

To date, several publications have concentrated on understanding and predicting
mill power consumption [19,21–28]. Some researchers have formulated predictive models
using dimensionless numbers, such as power number (Ne) and Reynolds number (Re) to
predict power consumption, while others have relied on dimensional process parameters
(φ, ω, etc.). A common feature observed within these studies is the use of power-law
equations, in which multiple process parameters are expressed as specific exponents, and
the equation is formed by multiplying these parameters together [29]. However, the use
of power-law equations to predict power consumption has multiple drawbacks, as such
models oversimplify the relationship between process parameters and power consumption.
Additionally, they do not provide a comprehensive understanding of the underlying
physics that govern energy transfer, heat generation, or fluid–particle interactions. Taking
everything into account, it is essential to further investigate this relationship and develop
a model that does not rely on power-law equations.

Several mathematical models have been derived describing the relationship between
Ne and Re in a stirred media mill, operating with and without milling media (grinding
beads) [22]. These models provide a fundamental basis for understanding the link between
process parameters and the power consumption; however, they have notable limitations.
One limitation arises from deriving equations based on the segmentation of fluid flow into
laminar, transition, and turbulent regions, where the relationship between Ne and Re in each
region is defined by a separate mathematical equation. Researchers have to switch between
models according to flow conditions, emphasizing the need for a unified, continuous model
to capture the entire flow behavior in a continuous and accurate way. Another limitation is
the dependence of the Ne–Re relationship on the specific bead filling ratio, φ. To the best of
our knowledge, no comprehensive mathematical model has been developed so far that could
fully capture the relationship of Ne and Re across different bead filling ratios.

The primary objective of this paper is to demonstrate that the correlation between process
parameters and power consumption can be effectively captured using a novel, well-formulated
model (applicable to any flow regime and bead filling ratio) based on dimensionless numbers,
Ne and Re. To this end, we collected experimental data from a literature source, implemented
several mathematical fitting models, performed statistical analysis to determine the most
reliable model, and validated the best-performing model using a different set of experimental
data. Our findings are that the mathematical equation developed in our study (that does not
rely on power-law equations) effectively captures the Ne–Re relationship through all three
flow regimes and accurately accounts for the bead filling ratio effect. Our model is designed
to be simple and compact, enabling practical application for researchers to apply in real-world
scenarios while minimizing computational cost.

2. Materials and Methods
2.1. Data Collection (from Experimental Work)
2.1.1. Data for Model Development

The foundation of our study was built on experimental data acquired from a published
article by Kwade and Schwedes [22], who explored the use of three bead filling ratios
(φ = 0.35, φ = 0.65, and φ = 0.90) in a stirred media mill operating with 1 mm glass beads.
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Data points (illustrating the Ne–Re relationship) were extracted from Figure 60 in Ref. [22]
using PlotDigitizer (3.3.9 PRO Version).

2.1.2. Data for Model Validation

A new set of experimental data was used to further test and compare the performance
of the two leading mathematical models under new conditions. This dataset, comprising of
a total of 12 data points, was derived from an experimental study by Heidari et al. [30] uti-
lizing 400 µm Zirmil Y-grade yttrium-stabilized zirconia (YSZ) beads in a Netzsch Microcer
wet stirred media mill (large batch), with variations in stirrer speed (2000–4000 rpm) and
bead loading (0.4–0.6).

2.2. Theoretical

Analyzing dimensionless numbers, particularly power number and Reynolds number,
is highly useful for developing power consumption models, given their extensive use in
stirrer technologies [15,31,32]. Given the complexity of the stirring motion, dimensional
analysis serves as a useful tool to identify the correlation between power consumption and
the governing variables [33]. This correlation also highlights its nonlinear nature through
the significant shifts in power number between flow regions. Power number and Reynolds
number can be expressed by the following equations, respectively [22,34–36]:

Ne =
P

Dr
5( ω

60
)3

ρs
(1)

Re =

(
ω
60
)

Dr
2ρs

µs
(2)

where P (Watt, kg m2

s3 ) stands for the total power consumption within the stirred media mill,
Dr (m) is the diameter of the mill rotor, and ω (RPM, revolutions per minute) is the stirring
speed. The factor of 60 in both equations arises from the conversion of mill speed from
revolutions per minute to revolutions per seconds. The density and dynamic viscosity of
the suspension are represented by ρs ( kg

m3 ) and µs ( kg
m·s ), respectively. It is assumed that the

beads are part of the equipment design; they are not considered as part of the suspension.
In other words, only the equivalent liquid (liquid and material ground) is considered in the
Re definition, but not the beads.

2.2.1. Mathematical Models

A total of 13 mathematical models, comprising both novel formulations and models
derived from existing literature were tested on the dataset to identify the one that achieved
the best fit. These mathematical models were primarily classified into two groups for
in-depth analysis (see Figure 1). The first group, known as Class 1, included six fitting
models where Ne was formulated solely based on Re; whereas the latter group, referred to
as Class 2, consisted of seven fitting models in which Ne was influenced by both Re and
φ. The models of Class 1 serve as an initial step in understanding the Ne–Re relationship
but are limited by their inability to account for bead filling ratio, φ. Since φ is not explicitly
included in equations as a variable, these models are not adaptable across different bead
filling ratios; a new equation must be developed for each specific bead condition.

Tables 1 and 2 each present a whole set of equations formulated for Class 1 and Class
2 models, respectively. Here, the superscript (i) notation is used in Table 1 to distinguish
different bead filling ratios. This suggests that any variation in the bead filling ratio results
in changes to the coefficients (K, Y, a1, a2, etc.). In contrast to Class 1 models, Class 2 models
incorporate bead filling ratio as a variable, allowing them to be used across different bead
filling ratio values without requiring individual equation modifications. Due to this general
applicability, the superscript (i) notation is excluded from Table 2.
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Figure 1. Fitting models for power consumption using dimensionless numbers. (Models following
a similar pattern are highlighted using the same color. Class 1 color codes: green for single-region
fitting, blue for multi-region fitting, and pink for non-regional, non-power-law-based fitting approach.
Class 2 color codes: orange for single power-law fitting, yellow for multi-region fitting, light blue for
fitting with logarithmically transformed variables, and purple for our novel fitting approach.) See
text for further details.

Table 1. Equations for the Class 1 models for Ne-Re correlations.

Model Equation Parameters

Model 1.0a

Lower transition region a: Ne(i) = K(i)ReY(i)

Upper transition region b: model extension
Lower turbulent region c: constant value
Upper turbulent region d: constant value

K(i), Y(i)

Model 1.0b
Lower + upper transition region: Ne(i) = K(i)ReY(i)

Lower turbulent region c: constant value
Upper turbulent region d: constant value

K(i), Y(i)

Model 1.1

Lower transition region a: Ne(i) = K(i)
1 ReY1

(i)

Upper transition region b: Ne(i) = K(i)
2 ReY2

(i)

Lower turbulent region c: Ne(i) = K(i)
3 ReY3

(i)

Upper turbulent region d: Ne(i) = K(i)
4

K(i)
1 , K(i)

2 , K(i)
3 , K(i)

4 ,
Y1

(i), Y2
(i), Y3

(i)

Model 1.2

Lower transition region a: Ne(i) = K(i)ReY(i)
1

Upper transition region b: Ne(i) = K(i)ReY(i)
2

Lower turbulent region c: Ne(i) = K(i)ReY(i)
3

Upper turbulent region d: Ne(i) = K(i)

K(i), Y(i)
1 , Y(i)

2 , Y(i)
3

Model 1.3

Lower transition region a: Ne(i) = K(i)ReY1
(i)

Upper transition region b: Ne(i) = K(i)ReY2
(i)

Lower turbulent region c: Ne(i) = K(i)ReY3
(i)

Upper turbulent region d: Ne(i) = K(i)
4

K(i), K(i)
4 ,

Y1
(i), Y2

(i), Y3
(i)

Model 1.4 Ne(i) =

(
a(i)1

Rea(i)2

+
a(i)3

Rea(i)4

)a5
(i)

a(i)1 , a(i)2 , a(i)3 , a(i)4 , a(i)5

a 1.2 × 102 < Re < 8 × 103; b 8 × 103 < Re < 3.5 × 104; c 3.5 × 104 < Re < 2 × 105; d Re > 2 × 105.
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Table 2. Equations for the Class 2 models for Ne–Re–φ correlations.

Model Equation Parameters

Model 2.0 Ne = KφX ReY K, X, Y

Model 2.1

Lower transition region a: Ne = K1 φX1 ReY1

Upper transition region b: Ne = K2 φX2 ReY2

Lower turbulent region c: Ne = K3 φX3 ReY3

Upper turbulent region d: Ne = K4 φX4

K1, K2, K3, K4,
X1, X2, X3, X4
Y1, Y2, Y3

Model 2.2

Lower transition region a: Ne = KφX1 ReY1

Upper transition region b: Ne = KφX2 ReY2

Lower turbulent region c: Ne = KφX3 ReY3

Upper turbulent region d: Ne = KφX4

K,
X1, X2, X3, X4
Y1, Y2, Y3

Model 2.3

Lower transition region a: Ne = KφX1 ReY1

Upper transition region b: Ne = KφX2 ReY2

Lower turbulent region c: Ne = KφX3 ReY3

Upper turbulent region d: Ne = K4 φX4

K, K4
X1, X2, X3, X4
Y1, Y2, Y3

Model 2.4 logNe = a0 + a1logRe + a2logφ + a3(logRe)2 + a4(logφ)2 + a5(logRe)(logφ) a0, a1, a2, a3, a4, a5

Model 2.5
logNe = a0 + a1(logRe) + a2(logφ) + a3(logRe)2 + a4(logφ)2 + a5(logRe)(logφ)+

a6(logRe)3 + a7(logφ)3 + a8(logRe)2(logφ) + a9(logφ)2(logRe)
a0, a1, a2, a3, a4,
a5, a6, a7, a8, a9

Model 2.6 Ne = 1[
ln
( a1

Rea2 +a3 φa4
)]2 a1, a2, a3, a4

a 1.2 × 102 < Re < 8 × 103; b 8 × 103 < Re < 3.5 × 104; c 3.5 × 104 < Re < 2 × 105; d Re > 2 × 105.

2.2.2. Statistical Analysis

All model fittings were performed using R [37] within the RStudio [38] (Version
2023.03.0+386) integrated development environment. The parameter estimation process
utilized the Nelder–Mead algorithm (implemented in the nloptr [39] package in R), which
iteratively optimized the parameters by minimizing the sum of squared residuals (SSR).

3. Results and Discussion
3.1. Class 1 Models for Ne–Re Correlations

The foundation for the equations of Model 1.0a and Model 1.0b is based on a single-
fitting approach within a particular region (either the lower transition or the whole transi-
tion region). In essence, Model 1.0b represents an advancement over Model 1.0a, as the fit
improves when the transition region is involved entirely. In both of these models, the whole
turbulent region is excluded from the fitting process, because at high Reynolds numbers,
Ne exhibits a nearly horizontal trend in logarithmic scale. Although Ne exhibits a slight
decrease in practice, treating it as constant simplifies the overall model. A comparable
fitting approach in literature can be observed in Figure 61 from the excellent publication by
Kwade and Schwedes [22], which illustrates the power draw in stirred media mills with
various stirrer discs. Models 1.1–1.3 follow the same region-based segmentation approach
as Model 1.0a and Model 1.0b; however, rather than a single fitting, a unique equation is
applied to each region, leading to a total of four equations per bead filling ratio to generate
one curve. The primary differences between Models 1.1–1.3 are as follows: in Model 1.1,
K values are region-dependent (K1 ̸= K2 ̸= K3 ̸= K4). In Model 1.2, they are treated as
equal across all regions (K1 = K2 = K3 = K4 = K). Model 1.3 assumes K values to be the
same except in the upper turbulent region (K1 = K2 = K3 = K ̸= K4), where a different K is
used due to the last region’s horizontal behavior, contrasting with the downward trend in
the preceding regions. The development of these models was inspired by the equations
documented in Table 2 (p. 109) of the publication of Kwade [35]. Unlike the other models
in Class 1, Model 1.4 is uniquely structured; it does not follow a power-law structure and
is not developed through flow-region-based classification. Our starting point for Model 1.4
was to investigate the relationship between the drag coefficient, Cd and Re. (Readers seeking
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further details on various formulations on Cd–Re correlations, may consult an extensive and
informative review by Goossens [40].) We particularly inspected an empirical equation for
drag coefficient of spherical particles, derived by Khan & Richardson [41], and modified it
by introducing unknown parameters (a1, a2, a3, and a4) in place of constants. This allowed
us to create a more adaptable and generalizable model, which proved to be effective for
predicting Ne–Re correlations.

Graphical representations of Class 1 models across different bead filling ratios are de-
picted in Figure 2. Graphs clearly indicate that Model 1.0a (Figure 2a) and Model 1.0b
(Figure 2b) demonstrated poor fitting performance, which was anticipated due to their over-
simplification and single-fitting approach and inability to account for nonlinear effects. The
adoption of a multi-region fitting strategy (Figure 2c–e), rather than relying on a single fitting
(Figure 2a,b), contributed to the overall enhancement in fitting performance. However, due to
the models’ reliance on the power-law framework, the fitting curves display a straight-line on
a logarithmic scale, which in turn leads to discontinuities. Moreover, models with various
adjustable parameters tend to demand large datasets to support accurate estimation, thereby
limiting their practicality in real-world scenarios where data availability may be constrained.
Yet, these models are useful to explore the relationship between parameter quantity and model
performance. As the number of parameters increase, fitting improves; however, this also
results in higher risk of overfitting, necessitating a careful balance in model design. Figure 2f
outperforms other Class 1 models in terms of fitting performance. Since Model 1.4 does
not rely on a power-law framework or region-based segmentation, it produces a smooth,
continuous curve while maintaining a high level of accuracy.

Figure 2. Fitting of the Ne vs. Re data for three different φ values by (a) Model 1.0a, (b) Model 1.0b,
(c) Model 1.1, (d) Model 1.2, (e) Model 1.3, and (f) Model 1.4. φ = 0.90 (orange, diamond), φ = 0.65
(cyan, star), and φ = 0.35 (navy, triangle).
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Although graphical representation provides valuable information on fitting perfor-
mance, carrying out a statistical analysis of parameters is equally important. Given the
extensive number of parameters in Class 1 models, statistical analysis results are provided
in the Supplementary Materials. Tables S3 and S6 reveal that Models 1.1 and 1.4 contain
several parameters that are statistically insignificant. However, these same models seem to
produce the best graphical fits (see Figure 2c,f), illustrating a key issue: satisfactory visual
fits do not necessarily imply statistical robustness or accurate trend modeling. Notably,
Models 1.0a and 1.0b, despite displaying the least satisfactory visual fits (see Figure 2a,b),
have all parameters statistically significant (Tables S1 and S2), further emphasizing the lim-
itations of relying solely on visual interpretation. Readers may refer to the Supplementary
Materials for a more comprehensive overview of estimates, T-values, p-values, standard
errors (SE), and statistical significance of parameters.

3.2. Class 2 Models for Ne–Re–φ Correlations

Model 2.0 is the simplest power-law model that is applied to the whole Re domain
from ~200 to 1 × 106. It relies on a single equation, indicating that as parameter complexity
grows, achieving an appropriate fit within a power-law structure becomes increasingly
difficult. A related effort has been described in literature, but with a more advanced version.
Guner et al. [15] proposed a power-law correlation as the fitting model; which differs
from ours by including bead size effects in addition to bead loading. They reported that
the model achieved a reasonably good fit (R2 = 0.86), with some deviations. In contrast,
Model 2.0, developed without bead size considerations, was unable to produce a good fit.
As illustrated in Figure 3, Model 2.0 exhibits significant deviation from the observed data.
Nevertheless, this model was viewed as a preliminary effort toward incorporating the bead
filling ratio effects, which were not accounted for in Class 1 models.

Figure 3. Fitting of the Ne vs. Re using a single power-law correlation (Model 2.0) for three different
bead filling ratios: φ = 0.90 (orange, diamond), φ = 0.65 (cyan, star), and φ = 0.35 (navy, triangle).

Models 2.1–2.6 are depicted in Figure 4. The region-based segmentation and equa-
tion structures in Models 2.1–2.3 mirror those in Models 1.1–1.3, with the notable dif-
ference that φ is explicitly included as an additional parameter. The fitting perfor-
mance of Models 2.1–2.3 are displayed in Figure 4a–c. A direct comparison between
Figures 2c–e and 4a–c suggests that the addition of an extra parameter causes a noticeable
deterioration in fitting performance for each case. Given that power-law equations fail to
provide a satisfactory fit, alternative mathematical approaches involving transformations of
variables were considered as well. Accordingly, we formulated quadratic (Model 2.4) and
cubic (Model 2.5) multiple linear regression equations based on logarithmically transformed
variables. The use of log-transformed variables resulted in better fitting performance (see
Figure 4d,e). Despite their high proficiency in representing the Ne–Re relationship, the
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inclusion of several variables (six and ten parameters, respectively) in these models sug-
gests the need for developing a more compact and efficient mathematical formulation.
In line with this, we formulated a simple, compact equation with only four parameters,
that offers significant benefits in terms of computational efficiency and predictive accuracy
(see Model 2.6 in Table 2). Since data points exhibit a pattern that aligns with equations
used in friction factor correlations in pipe flows, we opted for the equation proposed by
Fang et al. [42,43] as the starting point, and made appropriate modifications to the equation
to align it with our specific needs. These modifications include replacing constants with
unknown parameters denoted as a1, a2, a3, etc.; substituting relative roughness (ε/D) with φ;
and adopting Newton number as an alternative to friction factor, f. Model 2.6 demonstrated
exceptional fitting performance (see Figure 4f and Table 3), proving to be highly reliable
and robust, as anticipated, and was identified as the best-performing model.

Figure 4. Fitting of the Ne vs. Re data for three different φ values by (a) Model 2.1, (b) Model 2.2,
(c) Model 2.3, (d) Model 2.4, (e) Model 2.5, and (f) Model 2.6. φ = 0.90 (orange, diamond), φ = 0.65
(cyan, star), and φ = 0.35 (navy, triangle).

It is worth mentioning that the models shown in Figure 4d–f closely resembled one
another, making visual comparison difficult. Therefore, we investigated the statistical
significance of each parameter within these models (detailed in the Supplementary Materi-
als); the analysis revealed that Model 2.5 contained an insignificant parameter, whereas
all parameters of Models 2.4 and 2.6 remained statistically significant. Based on these
findings, we selected these two best-performing models (Model 2.4 and Model 2.6) and
evaluated their performance on a completely new dataset from a prior study [30]. The pre-
dictive performance and evaluation of these models are discussed in the Model Validation
(Section 3.4).
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Table 3. Parameter estimates and their standard errors based on fitting of Model 2.6 to the data of
Kwade & Schwedes [22].

SSR a RMSE b R2

36.71 0.591 0.990

Parameter Estimate SE c

a1 1.27 × 100 1.46 × 10−2

a2 1.15 × 10−1 2.91 × 10−3

a3 2.85 × 10−1 8.40 × 10−3

a4 2.67 × 100 2.79 × 10−1

a SSR: sum of squared residuals; b RMSE: root mean squared error; c SE: standard error.

3.3. Overview of Class 1 and Class 2 Models

A variety of conclusions can be drawn from Class 1 models. First, Class 1 models
highlight the shortcomings of power-law equations, which have long been the standard
approach for modeling power consumption in stirred media mills. Second, they reveal that
flow-region segmentation might not consistently improve model outcomes. Third, they
confirm the feasibility of developing an equation that effectively accounts for nonlinear
behavior. Since Class 1 models do not explicitly account for the impact of φ on Ne, they
lack generality and estimation capability for different bead filling ratios. Nevertheless, they
serve as a baseline for the development of more advanced models (Class 2 models) that
explicitly account for bead filling ratio effects.

An overall analysis of the fitting representation, statistics, and the standard errors of
the parameters in Class 2 models, allows us to draw the following conclusions:

The drastic deviation of Model 2.0 (the standard power-law function) from the exper-
imental data clearly demonstrates that Ne = f (Re, φ) cannot be factorized in the form of
a power-law function for the whole Re domain. The fitting quality was significantly
improved upon piece-wise application of the power-law model over the Re domain
(Models 2.1–2.3); however, discontinuities are present along with significant deviations
for the low beads loading (φ = 0.35). Considering that Models 2.1, 2.2, and 2.3 have 11,
8, and 9 parameters, respectively, the relatively low fitting quality (see fitting discrepan-
cies in Figure 4a–c) compared to other Class 2 models is not acceptable. Instead of fitting
data in four regions of the Re domain, one can simply fit the lower transition regions
(120 < Re < 8000) and the highly turbulent region (Re > 105) only, which will significantly
reduce the number of parameters and the number of discontinuities.

The polynomial models of the log-transformed variables (Ne, Re, and φ) did not exhibit
any discontinuity; they fitted data for all three bead loadings reasonably well. As expected,
the cubic polynomial fitted the data better than the quadratic polynomial. The parameters
associated with the interaction and higher-order terms in both polynomial models were
statistically significant (except a6 in the cubic model, see Table S12 in the Supplementary
Materials). This fact points to the non-factorizability of f (Re, φ) in the power-law form as
mentioned earlier. It can be easily shown that these polynomial models are equivalent to
the power-law model in the absence of the aforementioned terms of the polynomial. Most
importantly, the quadratic polynomial model and the cubic polynomial model have 6 and
10 parameters. Hence, a simpler model with fewer parameters and better fitting capability
is still warranted.

Model 2.6, the true nonlinear model, which cannot be linearized by any transformation,
outperformed all other models despite having only four parameters. Approximate standard
error computations proved its parameters were statistically significant. The consistency
and adaptability of the model was examined using an alternative dataset, as detailed in the
subsequent section.
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3.4. Model Validation

Model 2.6, when tested alongside the second-best performing model (Model 2.4) using
a completely new dataset (see [30]), displayed excellent fitting performance (see Table 4).
The improved performance of Model 2.6 can be attributed to the statistical significance
of all its parameters (see Table S15 in the Supplementary Materials), contributing to the
model’s robustness. On the other hand, Model 2.4 contained three statistically insignificant
parameters (a2, a4, and a5; see Table S14 in SM), all associated with bead filling ratio.
Removing these parameters to improve model validity would result in a model that fails to
incorporate bead filling ratio effects.

Table 4. Parameter estimates and their standard errors based on fitting of Model 2.6 to Heidari et al. [30].

SSR a RMSE b R2

0.0221 0.0429 0.963

Parameter Estimate SE c

a1 3.47 × 105 16.63
a2 1.96 × 100 0.011
a3 2.79 × 10−1 0.010
a4 1.46 × 100 0.174

a SSR: sum of squared residuals; b RMSE: root mean squared error; c SE: standard error.

Figure 5 illustrates the equivalency plot (predicted Ne vs. experimental Ne) for both
Model 2.4 and Model 2.6. The higher R2 value of Model 2.6 indicates its enhanced fitting
performance. This can be attributed to several factors, one of which is that each parameter
in the model contributes meaningfully to its fitting accuracy, ensuring efficient use of
parameters. Additionally, the reduced set of parameters helps minimize computational
cost and processing time. Furthermore, its applicability across all flow conditions removes
the need for region-based segmentation, enhancing its overall robustness and versatility.
Taking everything into consideration, Model 2.6 ensures smooth continuity and accurate
Ne–Re predictions.

Figure 5. The equivalency plot (predicted Ne vs. experimental Ne) for the fit of Model 2.4 and
Model 2.6 to Heidari et al. [30].

It should be emphasized that while Model 2.6 was initially developed for 1 mm glass
beads, its ability to perform with 0.4 mm YSZ beads is a promising result. The model’s
applicability to a different bead size and type may be explained by the stronger impact of
bead filling ratio on power consumption. Multiple experimental studies in the literature
further confirm this observation. For instance, Guner et al. [13] revealed that although
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bead size contributed to grinding performance, their effects were comparatively minor
relative to bead filling ratio. Similarly, Altun et al. [44] demonstrated that filling ratio
mainly affected specific energy consumption in stirred milling systems. Since bead filling
ratio is consistently identified as one of the major determinants of energy consumption, the
performance of Model 2.6 remains reliable across bead sizes.

Although current understanding of bead type (and bead density) effects on power
consumption is limited, it has been reported that bead type contributes to variations in
power consumption [45]. This area, however, still requires further investigation. In this
study, the use of two distinct bead types in datasets (glass and YSZ beads), naturally
suggests some degree of variability in power consumption. Nevertheless, these differ-
ences are not expected to be dominant, as the bead filling ratio plays the primary role
in governing collision dynamics and power consumption. Overall, although Model 2.6
does not guarantee consistent fitting success in all scenarios, validation results highlight its
potential to handle systems with different bead sizes and types. Future experimental work
with varied bead sizes and types could provide more insights into the model’s broader
applicability, especially in cases where density differences are extreme. With an expanded
dataset, machine learning methods such as Random Forest, can be applied to examine
relationships under more complex conditions.

4. Conclusions
For the first time in the stirred media mill literature, a simple four-parameter nonlinear

model was shown to fit Ne data over a wide range of rotor Re (200 to 1 × 106) and bead
filling ratios, φ (0.35–0.90). Unlike the commonly held notion that Ne = f (Re, φ) can be
expressed in factorized form (power-law model), both the experimental data and the model
fits refute this notion. Only a truly nonlinear model could fit the data well with statistically
significant parameters. This compact model (Model 2.6) enables process engineers to
accurately correlate mill energy data with different bead filling ratios and stirrer speeds, as
the proposed model consists of just four parameters. The successful implementation of this
model under a new set of experimental conditions provides significant evidence that the
model is likely broadly applicable to a variety of mill conditions and configurations.
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Abbreviations
The following abbreviations are used in this manuscript:

Cd Drag coefficient, −
D Internal diameter of the pipe, m
Db Bead diameter, m
Dr Stirrer (rotor) diameter, m
f Friction factor, −
Ne Power number (Newton number), −
P Power applied by the mill stirrer (rotor), W
Re Reynolds number, −
RMSE Root mean squared error
RPM Revolutions per minute
R2 Coefficient of determination
SE Standard error
SSR Sum of squared residuals
SM Supplementary Materials
YSZ Yttrium-stabilized zirconia
Greek letters
ε Absolute roughness of the pipe, m
φ Bead filling ratio in the milling chamber, −
ρs Density, kg/m3

µs Apparent shear viscosity of the suspension, Pa·s
ω Stirrer (rotational) speed, rpm
Subscripts
b Bead
d Drag
r Rotor (stirrer)
s Suspension
Superscripts
i Bead filling ratios (0.35, 0.65, and 0.90)
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