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Abstract: Springback represents the deflection of a workpiece after releasing the forming
tools or dies, which influences the quality and precision of the final products. It is basically
governed by the elastic strain recovery of the material after unloading. Most approaches
only implement reverse bending to determine the final shape of the formed product.
However, stretch plays significant role whe the blank is held by a blank holder. In this
paper, an algorithm is presented to calculate the contributions of both stretch loads and
bending moments to elastic deformation during springback for each element, and to
combine them mathematically and geometrically to achieve the final shape of the product.
Comparing the results of this algorithm for different sheet metal forming processes with
experimental measurements demonstrates that this technique successfully predicts a wide
range of springback with reasonable accuracy. The advantage of this approach is its
accuracy, which is not sensitive to hardening and softening mechanisms, the magnitude of
plastic deformation during the forming process, or the size of the object. The application of
the proposed formulation is limited to long profiles (plane-strain cases). However, it can
be extended to more general applications by adding the effect of torsion and developing
equations in 3D space. Due to the explicit nature of the calculations, data-processing
time would be reduced significantly compared to the sophisticated algorithms used in
commercial software.

Keywords: sheet forming; springback; plane strain; reverse stretch; reverse bending

1. Introduction
One of the main defects affecting dimensional tolerance and quality in cold-formed

metal sheets is springback. It can be defined as the change in shape of the deformed part
during the unloading step. This deviation from the design geometry can cause significant
issues during the assembly process.

Forming long profiles with L-, V-, and U-shaped cross-sections is a common process in
the manufacturing of various metallic components used in automobiles, aircrafts, building
products, and domestic appliances. Since the cross-section does not change along the
axis of the object, it can be assumed that all deformations happen within the plane of the
section. Therefore, the forming process can be considered a plane-strain phenomenon.
This 2D nature of deformation reduces the complexity of the formulation. There are
several solely analytical approaches in the literature. One example is a mathematical
model describing the relationship between the generated stresses and springback in U-
bending cases, as preseted by Morestin and Boivin [1], who used Prandtl and Reuss
plasticity equations. Springback prediction has also been performed using models based
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on the moment−curvature relationship [2], residual differential strain [3], variation of
yield stress under tensile and compressive loadings [4] for U-bent parts, as well as for
double curved [5,6] or simple axisymmetric parts [7]. Other analytical models have also
been developed based on deformation history and material anisotropy [8,9]. Recently,
machine learning methods and neural network techniques have been used to predict
springback [10,11]. However, as a first step, roll forming models need to be trained with
large amounts of data from sources like experiments or Finite Element (FE) simulations.

Although the geometry of long profiles may seem to be a simple 2D case, establishing
an analytical relationship between springback and the components of stress is challenging.
This is challenge is due to the complex elastic−plastic stress distribution during the forming
process [12]. Therefore, FE simulation is essential for this purpose, due to the material’s
complex yielding behavior as the geometry changes [12,13]. By using the properties of
isotropic materials, FE models can predict the final shape of the profile after springback [14].
However, since sheet metals are typically anisotropic due to various rolling directions,
models that assume isotropy can introduce errors—often under 3% for steel [15]. Studies
have shown that advanced constitutive models—like Hill-48 and Barlat-89 with kinematic
hardening—correlate well with experimental data [16]. Proper calibration of yield criteria
has proven effective, resulting in very small errors [17]. Sarkar et al. [18] demonstrated that
the influence of backstress on the accuracy of springback modeling varies significantly with
the strain path. Numerical techniques like mesh refinement can also impact accuracy [19].
Hybrid approaches integrating FE analysis with machine learning or optimization tech-
niques have further improved prediction accuracy across different metals [20–23]. Overall,
combining precise material modeling, refined meshing, and optimization strategies en-
hances the reliability of FE simulations for springback prediction in long profile forming.
However, elastic stretch due to membrane (in-plane) stresses is often not included in spring-
back calculations, as it is often negligible compared to the bending component. This is not
an assumption in the algorithm proposed in this paper. Instead of modeling springback
directly, FE simulation is used only to determine the stress distribution at the final step of
forming. The resulting large springback is then predicted by separating the deformation
caused by membrane and bending stresses after unloading. Considering elastic behavior at
this step, the final configuration for each small straight element is determined by accounting
for stretch as membrane deformation (reverse stretch) and rotation as bending curvature
(reverse bending). The elements are then manually assembled to reconstruct the final shape
of the object’s cross-section. The necessary mathematical relations are developed for long
profiles in plane strain condition. However, it can be extended to more general cases by
increasing the order of calculation from 1D to 2D and calculating elastic deformation of pla-
nar element in 3D space after unloading, or by adding torsion springback and calculating
deformation for a cubic element under general 3D elastic loading.

2. Materials and Methods
2.1. Formulation of Springback

There are several types of springback in sheet metal forming including bending,
membrane, twisting and combined bending-membrane [24]. Pure membrane springback
takes place during the unloading of a material from in-plane tension (or compression),
while pure bending springback happens after releasing bended material in plane-strain
cases. Twisting-type springback when forming components with large differences in
sectional dimensions, such as shallow panels can happen [25]. This type of springback is
the result of uneven elastic recovery in different directions. The combined bending and
membrane springback is the type relevant to metal forming of long profiles and is the focus
of this study.
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Upon removal of external loads, stresses are released elastically. A common approach
to calculating residual stress involves determining the axial force and moment in the section
at the onset of unloading, then balancing these with equivalent pure axial and pure bending
stresses [26]. This provides the axial load and moment needed to reach equilibrium after
unloading [26]. A similar approach is used in this study to determine elastic stretch and
rotation as the deformation components caused by the springback phenomenon.

The algorithm to determine the final shape of the formed metal sheet includes the
following steps:

Step 1: Determine the stress distribution across the sheet thickness for elements along
the section profile using ABAQUS FE simulation (2022 version), at the onset just before
tool removal.

Step 2: Calculate the balancing axial load and bending moment needed to elastically
release stresses after tool removal. For this feasibility study of the proposed algorithm,
a large amount of hand calculations was needed to calculate these parameters element
by element.

Step 3: Calculating the axial deformation (stretch or contraction) and bending rotation
(change in slope) caused by the axial load and bending moment from Step 2, separately.
By applying the superposition principle for elastic behavior during springback, these data
are used to determine the final configuration of each element. The product shape is then
calculated by assembling the deformed elements.

2.1.1. Change in Slope Under Bending

To determine the deformation caused by tension and bending separately in each
rectangular segment (element), relevant equations from plate and shell theory are used [27].
Figure 1a shows the components of force and moment applied to a rectangular plate.

Figure 1. (a) General diagram of thee force and moment applied to a rectangular plate. (b) Schematic
for reduced order to pure bending.

By implementing the plane-strain condition for long profiles in the y-direction, the
governing differential equation is changed, as shown in Equation (1).

∂4w
∂x4 = 0 (1)

After simplification, the plate loading condition under pure bending is reduced to
the schematic shown in Figure 1b. Proper boundary conditions for left and right edges
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along with general form of the solution for Equation (1) results in the displacement field
indicated by Equation (2).

w(x) =
6
(
ϑ2 − 1

)
ϑEt3 M0x2 (2)

where M0 is the moment applied at the end of the sheet, E represents the elastic modulus
in plane-strain conditions, t represents the sheet thickness, and ϑ is the Poisson ratio.

For small elements (plate) deformed under pure bending, it can be assumed that the
length of the element does not change and it remains straight, but it rotates to the angle
(slope) described in Equation (3).

θ = tan−1 w(L)
L

(3)

where L represents the element length. Implementing Equations (2) and (3), the springback
rotation angle (change in slope) is determined using Equation (4). Angle T is small, as the
deformation w is small for a small element.

∆θ =
6
(
ϑ2 − 1

)
ϑEt3 M0L (4)

2.1.2. Stretch Under Membrane Loading

Figure 2 shows an element under pure tension, where the deformation due to pure
tension is determined by Equation (5) and the slope remains unchanged.

∆L =
σ0

E
L (5)

Figure 2. Pure tension applied to a rectangular plate.

2.2. Material and Testing
2.2.1. Three-Point Bending Sample

The sheet sample for the three-point bending test was created from high-strength steel,
with its chemical composition summarized in Table 1. The composition was determined
using a quantometer test with a SPECTRO machine.

Table 1. Chemical composition of high-strength steel used in the three-point bending test.

S Cr C Si Mn P Fe

(%)

0.0098 0.153 0.733 0.191 0.654 0.0148 base
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The mechanical properties of the sheet metal, including yield strength, ultimate tensile
strength, elastic modulus, and hardening exponent, were determined using a tensile test.
These elastic and plastic properties are used to describe the material behavior in the
FE simulation.

Tensile specimens were prepared according to the ASTM E8 standard [28] with a
gauge length of 50 mm. Figure 3 shows the specimen dimensions. The thickness of
the sheet is 1 mm. The tensile tests were performed at a constant crosshead speed of
0.85 mm/min and at room temperature (20 to 25 ◦C) with a SANTAM universal testing
machine, model STM-50. The recorded engineering stress–strain curve is shown in Figure 4.
These data are changed into a true stress–strain curve. Table 2 summarizes measured
mechanical properties.

Figure 3. Dimension for the tensile specimen [28].

Figure 4. Engineering stress−strain curve.

Table 2. Mechanical properties of the material.

E
(GPa)

σy
(MPa)

σu
(MPa)

υ
(Typical)

Uniform Elongation,
εu (%)

210 1383 1566 0.3 4.7

Since true stress−strain curve is needed for FE simulation, the engineering stress–
strain curve was converted to the true stress−strain curve. For rigid plastic sheet metals,
when the plane stress and strain conditions are assumed and Hills’s 48 yield criteria [29] is
used, Equation (6) indicates the relation between stress and strain.

σ = Cεn (6)
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where ε is the equivalent strain, C is the strength coefficient, and n is the strain hardening
exponent. For the steel used in this study, the best curve based on Equation (6) was applied
to the strain−stress data, yielding the coefficients indicated in Equation (7).

σ = 1520 ε0.25 (7)

2.2.2. U-Shape Deep Drawing Sample

The experiments and data reported in Ref. [21] were used as the source for the ver-
ification of the U-shape deep drawing model. The sheet samples (blank) were created
using a low carbon steel, whose chemical composition is summarized in Table 3 [21]. The
mechanical properties of the material are summarized in Table 4. The process parameters
and geometry of tools and blank are presented in Section 3.2.1. More details about the
materials and geometry can be found in Ref. [21].

Table 3. Chemical composition of the steel used for U-shape deep drawing [21].

C Si Mn P S Al Ti N Fe

(%)

0.002 0.006 0.097 0.01 0.01 0.029 0.057 0.0032 <99.78

Table 4. Mechanical properties of the steel used for U-shape deep drawing [21].

Young Modulus, E
(MPa)

Yield Strength, σy
(MPa)

Uniform Elongation, εu
(%)

Total Elongation, εtot
(%)

210,000 131.2 21.42 38.84

3. Results and Discussion
The proposed method was practically applied to two drawing processes. The objective

of the first process is to predict large springback in a three-point bending test, which is a
type of draw-bending process. The second objective is to predict small springback in the
deep-drawing of long U-shape profiles. To simplify calculations under the plane strain
condition, both processes are modeled as the forming of long profiles.

3.1. Three-Point Bending Test

The three-point bending test is treated as a forming process with significant springback.
Specimens were prepared using the metal described in Section 2.2. The set-up configuration
for the three-point bending test, as shown in Figure 5a. A custom fixture was fabricated for
three-point bending test as shown in Figure 5b. The fixture includes two pins (10 mm in
diameter each) with adjustable spacing between them. In this setup, the two pins on each
side are 130 mm apart to allow for sufficient punch penetration and to avoid interfering
with the springback motion. Experiments were performed using the SANTAM Universal
testing machine STM-50 (Figure 5c). The transferring pin (upper) moved downwards at a
crosshead speed of 0.253 mm/s to a depth of 37 mm. Figure 6a,b show the sheet during
the forming process and after springback, respectively. The load−displacement curve was
recorded to validate the simulation. The sheet wall angles, T1 and T2, were measured at the
final step of drawing and after springback and recorded, respectively, as shown in Figure 6.
These measurements are later used to evaluate the springback prediction by ABAQUS.
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Figure 5. Three-point bending test: (a) schematic view; (b) testing fixture; (c) testing machine.

Figure 6. Deformed sheet: (a) during the forming process; (b) after springback.

3.1.1. FE Simulation of Three-Point Bending Process

The FE simulation was conducted using ABAQUS/2022 software. The simulation
was conducted in two steps. In the first step, the punch moves down and forms a V-
shape section. In the second step, the punch moves up (tool releases) and springback
occurs. The first step is dynamically/explicitly modeled, while the second step is simulated
dynamically/implicitly. Both solutions are available in the software, and this procedure
is suggested in Ref. [30]. The tools were modeled as discrete rigid bodies, while the
blank was modeled as a deformable body using S4R shell elements. A surface-to-surface
contact interaction was defined in with a friction coefficient of 0.1 between the surfaces. To
reach convergence, the number of elements was increased. Figure 7 shows two curves for
the applied drawing load—one obtained using the simulation and one measured during
the experiment.

Figure 7. Applied and predicted punch forces.
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Figure 7 shows good agreement between the experimental and FE analysis results.
Therefore, the accuracy of the simulation is confirmed. For example, Figure 8 shows the
stress distributions before and after removing the tool.

Figure 8. Stress distribution obtained through FE simulations before (a) and after (b) removing
the tool.

3.1.2. Decomposition of Stress for Three-Point Bending Test

The stress distribution along sheet thickness just before tool removal was obtained
through FE simulation. Figure 9 schematically illustrates the calculated stresses, represented
by arrows, for eight elements along the sheet length from the central pin to the supporting
pin (Figure 10). Based on the procedure described in Section 2.1, the final shape of the
V-shape section after springback was predicted by determining the final configuration
of each straight element (longitudinal segment) and then reassembling. As shown in
Figure 9, the neutral axis did shift considerably due to the negligible tension compared to
the bending component; it moved slightly towards the layers with negative stress values.
The contribution of bending gradually decreases from the central pin toward the supporting
pin. Figure 10 shows a schematic view of the general stress variation along the length of
the sheet.

Figure 9. Analysis of 8 elements along the sheet.
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Figure 10. Schematic view of general stress variations along sheet length.

3.1.3. Evaluation of FE Prediction for Three-Point Bending Test

To evaluate the capability of the proposed algorithm in predicting large springback,
the predicted final shape was compared with the shape recorded from the experiment. The
ABAQUS prediction, as shown in Figure 8b, was added for comparison. It was obtained
through a two-step simulation including the forming and unloading processes. As shown
in Figure 11, the proposed approach predicts the final shape after large springback more
accurately and is closer to the experimental results.

Figure 11. Wall angle comparison.

3.2. Deep Drawing Forming of Long U-Shape Profiles

The forming of long U-shape profiles was considered as an example involving small
springback under plane strain conditions. Experimental results in [21] were used to evaluate
the accuracy of the proposed approach. The parameters associated with the springback of
the deformed shape are shown in Figure 12, where Rf is flange–wall connection radius, Rb is
wall–bottom connection radius, θ1 is the angle between the final flange position and tangent
∆1, θ2 is the angle between part bottom and tangent ∆2, and ρw is the sidewall radius.

Figure 12. Springback parameters in the case of a bent part [21].
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3.2.1. Simulation for U-Shape Profiles Forming

The deep drawing of U-shape profiles was simulated using the geometry and material
properties of the workpiece presented in Ref. [21]. The properties and chemical composition
of the steel used are summarized in Tables 3 and 4. Figure 13 indicates the geometry of the
die and workpiece. More details about the material and geometry can be found in Ref. [21].
To reduce the simulation time, half the symmetric object was modeled with symmetry
conditions imposed on the axis of the blank (Figure 13). The tools are modeled as analytical
rigid bodies and the blank is modeled as a deformable body using S4R shell elements.
A blank holder force of 8500 N and the surface-to-surface contact type with a. Coulomb
friction coefficient of 0.1 between surfaces were used [21].

Figure 13. Schematic U-drawing of the bending process.

The stress distribution along the sheet thickness was obtained using FE simulation.
Figure 14 shows the stress distribution results compared with the corresponding results in
Ref. [21]. The close curves in Figure 14 confirm the accuracy of the generated FE model.

Figure 14. Distribution of stresses along the sheet thickness.
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3.2.2. Decomposition of Stress for Deep Drawing Process

The variation in normal stress along the sheet thickness was obtained by post-
processing the FE simulation results. The bended zone was divided into five separate
zones, as indicated in Figure 15. The distributions of stress along the thickness direction
from the outer to inner surfaces of the sheet are presented in Figure 16 for three zones. In
Figure 16, the outer surface is located at thickness −t/2, while the inner surface is located
at thickness +t/2.

Figure 15. Bent part and zones I, II, III, IV, and V as indicated by AB, BC, CD, DE, and EF [21].

Figure 16. Distribution of stresses along thickness.

The stress in different zones demonstrates several non-uniform variations along the
sheet thickness. In Zone II (see Figure 15), the stress value is positive at the inner surface
and negative at the outer surface. However, for Zone IV, it is negative at the inner surface
and positive at the outer surface.

Figure 17 presents an example demonstrating how stress along the thickness direction
in the final forming stage is decomposed into pure axial and bending stresses. These stresses
are released elastically during the springback process (see Section 2.1 for the calculation
of the reverse stretch and bending). In addition, it indicates the remaining stress after
removing the tool. This stress acts as residual stress in the drawn part. More details about
the decomposition of stresses is provided in Ref. [26].
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Figure 17. The process of the stress decomposition.

3.2.3. Evaluation of FE Simulation for Deep Drawing

To evaluate prediction of the proposed algorithm for small springback in the U stretch–
bending drawing process, the obtained results are compared with the data in Ref. [21]
and ABAQUS simulation for springback in Figure 18. The errors for each method were
calculated with respect to the experimental data for all five geometrical parameters, Rb, Rf,
ρw, θ1

◦, and θ2
◦, as indicated in Figure 19. As shown in Figure 18a–e and confirmed in

Figure 19, the proposed approach predicts springback with better accuracy compared with
other sources. This is due to the significant role of stretch in deep drawing processes under
blank holder action. Although Ref. [21] achieved better prediction of the sidewall radius,
this parameter plays a less important role in the creation of the final shape.
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Figure 18. Comparison of results for accuracy: (a) parameter Rb (mm); (b) parameter Rf (mm);
(c) parameter ρw (mm); (d) parameter θ1 (◦); (e) parameter θ2 (◦). (Nanu et al refers to Ref. [21]).
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Figure 19. Errors for parameters Rb, Rf, ρw, θ1
◦, and θ2

◦. (Nanu et al refers to Ref. [21]).

4. Conclusions
An algorithm was presented in this study that uses the elastic nature of deformation

after tool release in forming processes, enabling precise calculation of reverse stretch and
bending to predict springback. The accuracy and reliability of the results were compared
with some of the available approaches. Membrane deformation was considered in the
proposed formulation, which is important for deep drawing processes under blank holder
action. The application of the proposed algorithm is not limited by the plastic behavior
of the material, the size of the object, or the magnitude of the springback deformation.
Although the formulation was developed under the plane-strain condition, it applies to a
wide range of industrial forming processes including long profiles. It can be extended to
general 3D cases after further development by adding torsion springback and calculating
the deformation of a cubic element under general elastic loading. The strength of this
approach is its simplicity and explicit formulation, which makes it suitable for commercial
software. This reduces the processing time in comparison with the currently available
general sophisticated algorithms.
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