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Abstract: Weather derivative markets, particularly Chicago Mercantile Exchange (CME)
Heating Degree Day (HDD) and Cooling Degree Day (CDD) futures, face challenges from
complex temperature dynamics and spatially heterogeneous co-extremes that standard
Gaussian models overlook. Using daily data from 13 major U.S. cities (2014–2024), we first
construct a two-stage baseline model to extract standardized residuals isolating stochastic
temperature deviations. We then estimate the Extreme Value Index (EVI) of HDD/CDD
residuals, finding that the nonlinear degree-day transformation amplifies univariate tail risk,
notably for warm-winter HDD events in northern cities. To assess multivariate extremes,
we compute Tail Dependence Coefficient (TDC), revealing pronounced, geographically
clustered tail dependence among HDD residuals and weaker dependence for CDD. Finally,
we compare Gaussian, Student’s t, and Regular Vine Copula (R-Vine) copulas via joint
VaR–ES backtesting. The R-Vine copula reproduces HDD portfolio tail risk, whereas
elliptical copulas misestimate portfolio losses. These findings highlight the necessity of
flexible dependence models, particularly R-Vine, to set margins, allocate capital, and hedge
effectively in weather derivative markets.

Keywords: heating degree day; cooling degree day; extreme value theory; vine copula;
value-at-risk; expected shortfall

1. Introduction
The increasing frequency and intensity of extreme weather events pose a substantial

threat to global economic stability and growth [1,2]. Temperature extremes, hurricanes,
floods, and prolonged droughts have disrupted key sectors, including agriculture, where
yields collapse under anomalous heat or rainfall, and energy, where demand and produc-
tion capacities fluctuate with temperature volatility [3–5]. Estimates suggest that up to 30%
of global GDP is directly exposed to weather variations, and under severe warming scenar-
ios, projected economic damage may rise from approximately 11% to 40% of GDP [4,6].
These mounting vulnerabilities underscore the need for financial instruments to stabilize
revenues and allocate capital in an increasingly erratic climate.

Weather derivatives are bespoke financial contracts whose payoffs depend on ob-
jectively measurable weather indices rather than indemnity claims [7]. By settling on
deviation of indices from predetermined reference levels, they enable energy providers,
agricultural firms, and other weather-exposed industries to hedge volumetric and revenue
risks (for example, an electricity generator can offset reduced winter demand during a
mild season) without proving actual losses [4,8]. The Chicago Mercantile Exchange (CME)
Group, as the market leader, lists standardized futures and options on Heating Degree
Day (HDD)/Cooling Degree Day (CDD) indices for major U.S. cities. Each HDD index
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accumulates daily average temperature shortfalls below 65◦F (18.33◦C), while each CDD
index accumulates daily average temperature excesses above the same base. Payoffs are
quoted in U.S. dollars per index point, ensuring transparency and comparability across
regions. Initially traded over-the-counter beginning in 1997, with the first futures appearing
in 1999, the weather derivatives market has expanded rapidly [9]. By 2025, it is projected to
exceed $25 billion in volume, as extreme weather concerns intensify [3].

Pricing weather derivatives and managing their risks present distinct challenges.
Because meteorological variables are non-tradable, weather markets remain incomplete,
forcing practitioners to estimate a “market price" for risk rather than rely on perfectly
hedgeable instruments [8,10]. Moreover, temperature series exhibit pronounced seasonality,
autocorrelation, and conditional heteroskedasticity, violating the assumptions of standard
option pricing frameworks such as Black-Scholes [4]. The very structure of HDD/CDD
indices, where the “daily average” is derived from both daily maximum (block maxima)
and minimum (block minima) temperatures, further amplifies heavy-tailed outcomes that
Gaussian-based models tend to understate.

Existing approaches typically model temperature dynamics via Ornstein–Uhlenbeck
processes [11–13], CARMA formulations [14–17], or seasonal Generalized Autoregressive
Conditional Heteroskedasticity (GARCH)-type specifications [4,18,19], capturing mean
reversion and volatility clustering but assuming Gaussian residuals. When multivariate
dependence is addressed, often through simple Gaussian or Archimedean copulas, tail-
risk and cross-location extremes remain inadequately captured. As a result, portfolio-
level tail exposures in non-catastrophic but severe weather scenarios may be substantially
misestimated. Furthermore, residual diagnostics from autoregressive models, which can
reveal deviations from normality, are seldom exploited in this literature. Filling these
gaps calls for a unified framework that integrates Extreme Value Theory (EVT) to quantify
heavy-tailed behavior and employs more flexible multivariate copula constructions to
model complex dependence structures. By doing so, one can better assess and hedge the
often-overlooked tail risk inherent in HDD/CDD index portfolios [20–24].

Building on these observations, this study contributes by developing a unified em-
pirical framework to quantify tail risks in CME-traded HDD/CDD futures from both
univariate and multivariate perspectives. First, we employ a two-stage model to filter out
trend, seasonality, and conditional heteroskedasticity, yielding standardized residuals that
isolate the stochastic component of temperature variation. We then measure univariate tail
thickness (via the Extreme Value Index (EVI)) of these residuals and use Tail Dependence
Coefficient (TDC) to uncover geographically clustered co-extremes. Finally, we assess
portfolio-level tail risk by comparing the out-of-sample performance of Gaussian, Student’s
t, and Regular Vine Copula (R-Vine) copulas under a joint Value at Risk (VaR)–Expected
Shortfall (ES) backtesting framework. By integrating baseline modeling, EVT-based tail
estimation, and flexible copula constructions, this work provides both theoretical insights
and practical guidance for weather-risk management.

The remainder of the paper is organized as follows. Section 2 describes the CME
HDD/CDD contracts, introduces our two-stage baseline model for filtering temperature
dynamics, and explains how we extract standardized residuals for EVT and dependence
analysis. In Section 3, we quantify univariate tail risk by estimating the EVI for HDD/CDD
residuals and discuss the implications for margin setting and hedging. Section 4 examines
multivariate tail dependence via TDC, highlighting geographically clustered co-extremes
and their impact on diversification. In Section 5, we assess portfolio-level tail risk by fitting
Gaussian, Student’s t, and R-Vine copulas to the residuals and compare their out-of-sample
VaR–ES performance through repeated cross-validation. Finally, Section 6 summarizes
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our findings, emphasizes the advantages of the flexible R-Vine approach for HDD risk
management, and suggests for future research.

2. Background: Chicago Mercantile Exchange (CME) Temperature
Derivatives and Baseline Modeling
2.1. Structure of CME Heating Degree Day (HDD)/ Cooling Degree Day (CDD) Index Futures

Heating Degree Day (HDD) and Cooling Degree Day (CDD) are cumulative indices
that quantify deviations from a reference temperature, forming the basis for Chicago
Mercantile Exchange (CME) degree-day index futures. For each day t,

Tt =
Tmax

t +Tmin
t

2 (1)

HDDt = max
(

0, 65◦F − Tt

)
(2)

CDDt = max
(

0, Tt − 65◦F
)

(3)

where the daily average Tt is the arithmetic mean of the daily maximum (block maximum,
Tmax

t ) and daily minimum (block minimum, Tmin
t ) temperatures recorded between 00:00

LST and 23:59 LST, capturing intra-day extremes [25].
CME HDD index accumulates daily HDD from November through March, and CME

CDD index accumulates daily CDD from May through September. Corresponding contracts
are quoted at $20 per index point in Fahrenheit for U.S. cities. Trading begins on the first day
of the accrual period and ends on the last day, with settlement based on the published index.

Although CME lists weather futures for both domestic and international locations, we
focus on 13 U.S. cities that together account for over 70% of total HDD/CDD trading vol-
ume and have the longest continuous transactional history, providing robust, standardized
settlement data [26]. These cities span diverse climates, including Mediterranean (Bur-
bank, Sacramento), desert (Las Vegas), humid continental (Chicago, Minneapolis, Boston,
New York, Philadelphia, Cincinnati), and humid subtropical (Houston, Atlanta), reflect-
ing heterogeneous risk exposures and catering to hedging needs across the contiguous
United States.

2.2. Temperature Data and Stylized Facts

Our analysis begins with daily maximum and minimum temperatures, sourced from
Speedwell (CME’s official settlement data provider) for January 2014 through May 2024.
Observations come from standardized airport monitoring stations to ensure consistency.

Figure 1 plots daily maximum, minimum, average, and range against day-of-year
over the 2014–2024 period. Each panel exhibits pronounced seasonality: average temper-
atures peak mid-summer and bottom out mid-winter. Winter months display a wider
vertical spread in both maximum and minimum values, indicating elevated volatility,
whereas summer months display tighter clustering. The daily temperature range remains
right-skewed year-round, with frequent small ranges punctuated by occasional large
spikes, implying sporadic intraday extremes. These stylized facts, pronounced seasonality,
volatility clustering, and skewed tails, motivate a two-stage baseline model that captures
deterministic patterns and time-varying volatility before analyzing residual extremes and
dependencies [11,18,27].
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Figure 1. Daily maximum (top-left), minimum (top-right), average (bottom-left), and range (bottom-
right) temperatures plotted against day-of-year for 13 U.S. cities (2014–2024). Dots are shaded on
a blue-to-red gradient by year (blue = early sample years, red = most recent years). Red and blue
vertical lines indicate Heating Degree Day (HDD) and Cooling Degree Day (CDD) contract windows,
respectively. The black line marks the 65◦F (18.33◦C) reference.

2.3. Baseline Temperature Modeling

To isolate stochastic fluctuations for EVT and dependence analyses, we adopt a two-
stage model that first captures deterministic mean and seasonal components, then models
conditional variance.

2.3.1. Conditional Mean

Let Tt denote the observed daily average temperature for a given city on day t. We
model its conditional mean T̂t using an ARMAX specification:

ϕ(L)
{

Tt −
[
β0 + β1t + A1 sin

(
2π dt

)
+ A2 cos

(
2π dt

)]}
= θ(L) εt (4)

ϕ(L) = 1 − ϕ1L − · · · − ϕpLp (5)

θ(L) = 1 + θ1L + · · · + θqLq (6)

εt ∼ N
(
0, σ2

t
)

(7)

where dt ∈ [0, 1] is the fractional day-of-year, β0 and β1 capture intercept and linear trend,
A1, A2 are seasonal amplitudes, and L denotes the lag operator. The orders p, q ∈ {0, 1, 2}
are selected by Akaike information criterion (AIC). Coefficients (β0, β1, A1, A2) and ARMA
parameters (ϕi, θj) are estimated via Maximum Likelihood Estimation (MLE). Preliminary
diagnostics on residuals εt = Tt − T̂t reveal remaining seasonality and volatility clustering,
necessitating a conditional variance model (see Figure 2).
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Figure 2. Baseline temperature model for New York LaGuardia Airport: observed series, fitted mean,
residuals, and conditional standard deviation.

2.3.2. Seasonal GARCH Conditional Variance

To capture the observed volatility clustering and seasonal variance patterns, the
residuals εt are modeled via a Seasonal-GARCH(1, 1) with harmonic terms [18,28,29]:

σ2
t = ω + α ε2

t−1 + β σ2
t−1 + A3 sin(2π dt) + A4 cos(2π dt) (8)

where ω, α, β > 0, α + β < 1 (stationarity), and A3, A4 capture seasonal variance effects.
Parameters (ω, α, β, A3, A4) are estimated via MLE, subject to ω2 > A2

3 + A2
4 and σ2

t > 0
(variance nonnegativity) [30].

Table 1 reports RMSE, R2, AIC, and diagnostic p-values (Ljung-Box for residuals
and squared residuals, ARCH-LM). No Ljung-Box or ARCH-LM test rejects white noise,
confirming negligible remaining autocorrelation or ARCH effects. Consequently, the
standardized residuals εt,T (Equation (9)) are approximately i.i.d. and suitable for EVT and
dependence modeling.

Table 1. Baseline model goodness-of-fit by station: RMSE, R2, AIC, Ljung-Box on residuals and
squared residuals, and ARCH-LM.

Station RMSE R2 AIC LB (10) LB (30) LB2 (10) LB2 (30) ARCH LM (10)

Atlanta-Hartsfield International Airport 2.45 0.90 21,852.87 10.22 ( 0.42 ) 30.94 ( 0.42 ) 11.56 ( 0.32 ) 25.90 ( 0.68 ) 14.23 ( 0.16 )
Boston-Logan International Airport 3.14 0.89 24,503.59 4.25 ( 0.94 ) 13.58 ( 1.00 ) 8.05 ( 0.62 ) 26.94 ( 0.63 ) 5.84 ( 0.83 )
Burbank-Glendale-Pasadena Airport 1.73 0.89 20,098.87 8.56 ( 0.57 ) 25.23 ( 0.71 ) 10.47 ( 0.40 ) 23.75 ( 0.78 ) 14.74 ( 0.14 )
Chicago O’Hare International Airport 3.25 0.91 24,554.50 2.24 ( 0.99 ) 10.83 ( 1.00 ) 6.12 ( 0.80 ) 33.91 ( 0.28 ) 8.03 ( 0.63 )
Cincinnati-Northern Kentucky International Airport 3.19 0.90 24,011.25 4.81 ( 0.90 ) 13.28 ( 1.00 ) 4.63 ( 0.91 ) 21.99 ( 0.85 ) 4.76 ( 0.91 )
Dallas-Fort Worth International Airport 2.96 0.89 23,344.29 13.01 ( 0.22 ) 38.21 ( 0.14 ) 5.37 ( 0.87 ) 18.62 ( 0.95 ) 7.07 ( 0.72 )
Houston-George Bush Intercontinental Airport 2.65 0.87 22,238.61 18.25 ( 0.05 ) 42.70 ( 0.06 ) 1.32 ( 0.999 ) 23.59 ( 0.79 ) 2.26 ( 0.99 )
Las Vegas McCarran Airport 1.96 0.96 21,066.23 3.02 ( 0.98 ) 14.48 ( 0.99 ) 16.75 ( 0.08 ) 43.13 ( 0.06 ) 23.20 ( 0.01 )
Minneapolis-Saint Paul International Airport 3.29 0.93 24,656.86 2.72 ( 0.99 ) 10.43 ( 1.00 ) 7.71 ( 0.66 ) 17.25 ( 0.97 ) 11.75 ( 0.30 )
New York LaGuardia Airport 2.91 0.91 23,781.21 5.08 ( 0.89 ) 18.37 ( 0.95 ) 6.48 ( 0.77 ) 22.42 ( 0.84 ) 5.82 ( 0.83 )
Philadelphia International Airport 2.94 0.91 23,749.65 7.48 ( 0.68 ) 13.43 ( 1.00 ) 5.22 ( 0.88 ) 12.41 ( 1.00 ) 6.61 ( 0.76 )
Portland International Airport 1.99 0.92 21,219.48 3.38 ( 0.97 ) 22.21 ( 0.85 ) 9.65 ( 0.47 ) 27.80 ( 0.58 ) 13.12 ( 0.22 )
Sacramento Executive Airport 1.78 0.92 20,351.53 3.58 ( 0.96 ) 18.67 ( 0.95 ) 2.74 ( 0.99 ) 21.16 ( 0.88 ) 3.93 ( 0.95 )

Figure 2 illustrates this decomposition for New York LaGuardia Airport: the observed
series, fitted mean, residuals, and estimated conditional standard deviation.

εt,T =
Tt − T̂t

σ̂t
(9)

εt,HDD =
max(0, 65◦F − Tt)− max(0, 65◦F − T̂t)

σ̂t
(10)

εt,CDD =
max(0, Tt − 65◦F)− max(0, T̂t − 65◦F)

σ̂t
(11)
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2.4. Extracting HDD/CDD Residuals

The index residuals for HDD and CDD on day t are defined in Equations (10) and (11).
These index residuals preserve time-varying volatility while reflecting the nonlinear trun-
cation inherent in degree-day measures. This baseline modeling framework, filtering
deterministic trends, seasonality, and conditional heteroskedasticity, prepares the residual
series for focused EVT and copula-based dependence analyses in subsequent sections.

3. Univariate Tail Behavior in HDD/CDD Instruments
Standard deviation and other central-moment measures capture dispersion but are

inadequate for quantifying extreme-event risk in heavy-tailed distributions. In weather
derivatives, rare but severe deviations, such as an unseasonably warm winter that dra-
matically reduces an HDD payout, can generate disproportionate losses. Accordingly, we
employ the Extreme Value Index (EVI), denoted ξ, which characterizes the decay rate of
a distribution’s tail. A Gaussian or exponential distribution has ξ = 0, while a positive ξ

indicates a heavy (Pareto-type) tail. Larger ξ correspond to slower decay of probability
density in tails and higher likelihood of extreme realizations [20,31–33].

Starting from our two-stage baseline model in Section 2.3, we compute standardized
residuals from Section 2.4. The Equation (10) isolates the stochastic component of the
realized HDD value relative to its predicted counterpart, while Equation (11) isolates the
CDD residual.

3.1. Estimating the Extreme Value Index

For each of the 13 cities, we estimate the EVI ξ separately for the left (lower) and right
(upper) tails of each standardized residual series {εt,T}, {εt,HDD}, {εt,CDD}. We employ the
Schultze-Steinebach estimator to each tail since it is ranked among the top performers in a
comprehensive benchmarking study for moderate-size samples [34,35].

Figure 3 displays the estimated left- and right-tail EVI across all 13 cities. The left
three columns correspond to tail risks under extreme heat, while the right three columns
correspond to tail risks under extreme cold.

 
Figure 3. Extreme Value Index (EVI) estimates ξ̂ (left and right tails) of temperature residuals εt,T ,
HDD residuals εt,HDD, and CDD residuals εt,CDD across 13 U.S. cities. Higher values indicate heavier
tails. The left three columns correspond to tail risks under extreme heat, while the right three columns
correspond to tail risks under extreme cold.
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3.2. Aggregate EVI Summary

The average EVI in descending order is: ξ̄HDD,left(0.254) > ξ̄CDD,right(0.236) >

ξ̄CDD,left(0.220) > ξ̄HDD,right(0.216) > ξ̄T,right(0.192) > ξ̄T,left(0.185). Several insights follow:

1. Degree-Day Amplification of Tail Risk. Both HDD and CDD residuals exhibit heavier
tails (ξ̄ > 0.21) than temperature residuals (ξ̄ ≈ 0.19). This amplification arises
because degree days apply a nonlinear transformation and truncate negative values
at zero, concentrating more probability mass into extreme payout-relevant outcomes.

2. Asymmetry of Left vs. Right Tails.

• For HDD, ξ̄HDD,left = 0.254 (warm-winter shocks) exceeds ξ̄HDD,right = 0.216
(cold-winter shocks). Warm winters, which drastically reduce HDD payouts, are
more heavy-tailed than cold shocks.

• For CDD, ξ̄CDD,right = 0.236 (hot-summer shocks) exceeds ξ̄CDD,left = 0.220
(cool-summer shocks), indicating that extreme heat events are marginally more
heavy-tailed than extreme cooling events in summer.

3. Spatial Variation in Tail Thickness.

• Northern cities (Minneapolis, Chicago, New York, Boston, Philadelphia, Cincin-
nati) exhibit the highest ξ̂HDD,left ∈ [0.246, 0.305], indicating that unexpectedly
warm winters in colder climates produce the most extreme heavy-tailed outcomes.

• Southern/Western cities (Houston, Atlanta, Las Vegas, Sacramento, Portland,
Burbank) exhibit lower ξ̂HDD,left ∈ [0.136, 0.262], meaning warm-winter shocks
in milder climates are less heavy-tailed than those in the North.

3.3. Practical Implications

Our analysis reveals that long HDD positions face the heaviest tail risk (warm-winter
shocks), followed by short CDD positions (hot-summer shocks), while counterparties on
the opposite sides incur comparatively lighter-tailed losses. Trading and risk-management
decisions, such as setting initial margins, structuring hedges, and allocating capital reserves,
should explicitly integrate city-specific EVI parameters rather than rely on the symmetric
Gaussian or thin-tailed assumptions.

Moreover, the spatial heterogeneity of ξ underscores that tail risk varies substantially
across regions. Exchanges and clearinghouses could calibrate initial and variation margins
by referencing each city’s estimated ξ. Similarly, traders seeking to hedge warm-winter
risk might short HDD contracts in northern cities and long HDD futures in southern cities,
exploiting north-south disparity in tail heaviness. Finally, financial institutions holding
long HDD positions may provision capital in line with tail probabilities implied by ξ.
Under a heavy tail with ξ = 0.254, a 1-in-1000 warm-winter event is far more probable than
under a Gaussian model, requiring substantially larger capital buffers to cover potential
extreme losses.

4. Cross-Location Extremes: Multivariate Tail Dependence in
HDD/CDD Residuals

Multivariate extreme analysis uncovers how concurrent extreme weather events across
multiple locations co-occur. For a portfolio holding HDD or CDD contracts across different
cities, joint tail occurrences can substantially erode the benefits of geographic diversification
and magnify portfolio level losses. In this section, we introduce the Tail Dependence Coeffi-
cient (TDC), describe its nonparametric estimation, and present empirical TDC heatmaps
for both HDD and CDD residuals. We then discuss the implications for diversification and
risk management.
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4.1. Tail Dependence Coefficient: Definition and Intuition

Let (X1, X2) denote a pair of standardized residuals (e.g., two cities’ HDD residuals).
The Tail Dependence Coefficient (TDC) λ measures the probability that one variable is
extreme given that the other is extreme, in the limit as we move far into the tail. Formally,
for lower-tail (simultaneous “extremely small” values), we write:

λ = lim
q→0+

P(X2 ≤ F−1
2 (q) | X1 ≤ F−1

1 (q))

where F−1
i (q) = inf{x ∈ R : F(x) ≥ q} is the q-quantile of Xi. A positive λ indicates that

as X1 becomes very small (e.g., a large warm-winter HDD shock in one city), X2 also has
non-negligible probability of being very small. In practice, both negative-tail (warm-winter
or cool-summer shocks) and positive-tail (cold-winter or hot-summer shocks) co-extremes
matter, depending on whether one holds long or short positions. To capture all four tail
quadrants (lower/upper extremes of both residuals), we employ a symmetrized version
of λ.

4.2. Nonparametric Estimation of TDC

We adopt the non-parametric estimator proposed by Ferreira (Equation (12)) [36,37],
which leverages the fact that tail dependence can be expressed via any rotation of a continu-
ous copula. Denote by F̂i(x) the empirical CDF of city i’s residuals. By taking the minimum
among four rotated maxima, this estimator simultaneously captures both lower and upper
tail dependence. The estimated TDC is:

λ̂ = 3 − [1 − min{u1, u2, u3, u4}]−1

u1 =
1
n

n

∑
i=1

max{F̂1(X(i)
1 ), F̂2(X(i)

2 )}

u2 =
1
n

n

∑
i=1

max{1 − F̂1(X(i)
1 ), F̂2(X(i)

2 )} (12)

u3 =
1
n

n

∑
i=1

max{1 − F̂1(X(i)
1 ), 1 − F̂2(X(i)

2 )}

u4 =
1
n

n

∑
i=1

max{1 − F̂2(X(i)
2 ), F̂1(X(i)

1 )}

Figures 4 and 5 summarize estimated TDC λ̂ via heatmaps for HDD and CDD resid-
uals across 13 U.S. cities. To assess estimation uncertainty, we implement a simple non-
parametric bootstrap (500 replications) and derive standard deviation from the empirical
distribution of {λ̂}.
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Figure 4. Tail Dependence Coefficient (TDC) of HDD residuals across 13 stations in the US. Adjacent
dendrogram shows hierarchical clustering. Bootstrap-based 2 std dev average 0.010.

 
Figure 5. Tail Dependence Coefficient (TDC) of CDD residuals across 13 stations in the US. Adjacent
dendrogram shows hierarchical clustering. Bootstrap-based 2 std dev average 0.007.

4.2.1. HDD Residuals (Figure 4)

Overall, λ̂ for HDD residuals range from 0.02 to 0.77, indicating substantial tail
co-extremes. The strongest tail dependence occurs among Notheast triplets (e.g., Boston-
New York-Philadelphia), reflecting historical joint warm-winter and cold-winter episodes
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(e.g., the 2015 Northeast blizzards, the 2019 polar vortex, and the 2022 winter storm Elliott).
The Midwest cluster (Minneapolis-Chicago) and South cluster (Houston-Dallas) each
exhibit high λ̂ ≈ 0.50. In contrast, cross-region pairs show much weaker λ̂, indicating
relative independence of extreme HDD shocks.

4.2.2. CDD Residuals (Figure 5)

CDD residuals exhibit generally lower λ̂ ranging from 0.02 to 0.64. The strongest λ̂

occurs among Notheast pairs (e.g., Boston-New York-Philadelphia). Western pairs (e.g., Las
Vegas-Sacramento) show moderate tail dependence, reflecting shared summer heat risks.
Inter-regional pairs (e.g., Houston-Boston, Chicago-Las Vegas) have near-zero λ̂ < 0.05,
indicating limited co-extremes.

4.3. Practical Implications

A portfolio of HDD contracts concentrated in geographically proximate northern cities
could face large joint extremes, limiting the benefits of diversification. Traders hedging
warm-winter risk in the Northeast might offset by taking positions in lower-dependence
southern or western markets.

CDD residuals show weaker tail dependence. Portfolios combining southern and
western CDD exposures (e.g., Houston–Las Vegas) could have lower co-extreme risk,
making diversification across climate zones more effective in summer scenarios.

By quantifying and visualizing joint tail dependence across locations, we demonstrate
that joint extremes in HDD and CDD residuals vary markedly by region and season. In the
following section, we incorporate these insights into copula-based portfolio simulations
and joint VaR–ES backtests to evaluate the practical impact on risk forecasts

5. Portfolio Risk Modeling with Copulas: Comparison and Backtesting
5.1. Candidate Copula Dependence Models

Market participants rarely hold a single weather-derivative contract in isolation. In-
stead, they build portfolios, often long or short positions in HDD or CDD futures across
multiple cities, to hedge or speculate on spatially diversified weather risk.

Copula-based modeling provides a powerful and flexible framework for this task,
enabling the separation of the marginal distribution of each individual weather risk from
their joint dependence structure [38]. According to Sklar’s theorem, every multivariate joint
distribution function can be expressed using its marginals and a copula function [39]. Let
F be the be a joint distribution function with marginals Fi(xi). Then, there exists a copula
function C such that for all x1, x2, . . . , xn:

F(x1, x2, . . . , xn) = C(F1(x1), F2(x2), . . . , Fn(xn)) (13)

The copula function C is unique if the marginal distribution functions are continuous.
Conversely, the joint distribution can be reconstructed given a copula and marginal dis-
tributions. This allows us to explicitly model the complex interdependencies identified
previously, without being restricted by the assumptions of simpler multivariate distribu-
tions. This separation enables risk managers and researchers to model tail dependencies
explicitly, leading to more accurate risk assessments in areas such as credit risk, portfolio
optimization, and systemic risk analysis [40].

In this section, we employ three widely used copula families to model the dependence
between the standardized residuals (εt,T from Section 2.3) across the 13 US cities. Univariate
marginals are modeled non-parametrically via their empirical CDFs, ensuring that the
copula fit focuses purely on dependence.
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Although Archimedean copulas such as Gumbel and Clayton can capture one-sided
tail dependence using rotations, they impose full exchangeability and lack the flexibility
needed to model the rich, asymmetric 13-dimensional dependence structure observed in
our standardized temperature residuals. By contrast, the pair copula construction allows
pair-specific bivariate copula modeling and asymmetric tail behavior. Therefore, we focus
our comparison on Gaussian, Student’s t, and R-Vine families.

5.1.1. Gaussian Copula

With R ∈ [−1, 1]n×n being a n-variate correlation matrix, the multivariate copula
distribution function C and copula density c are:

C(u; R) = Φd(Φ
−1(u1), . . . , Φ−1(un); R), u ∈ (0, 1)n (14)

c(u; R) =
ϕd(Φ−1(u1), . . . , Φ−1(un); R)

Πd
i=1ϕ(Φ−1(ui))

, u ∈ (0, 1)n (15)

where Φ(x) is the cumulative distributive function of the standard Gaussian distribution,
ϕ(x) is the density function of the standard Gaussian distribution.

The Gaussian copula is an elliptical copula with zero TDC. It is known applied to
credit derivatives and could be one of the reasons behind the global financial crisis of
2008 [41].

5.1.2. Student’s t Copula

With R ∈ [−1, 1]n×n being a n-variate correlation matrix together with a degrees of
freedom ν > 0, the multivariate copula distribution function C and copula density c are:

C(u; R, ν) = Td,ν(T−1
1,ν (u1), . . . , T−1

1,ν (un); R), u ∈ (0, 1)n (16)

c(u; R, ν) =
td,ν(T−1

1,ν (u1), . . . , T−1
1,ν (un); R)

Πd
i=1t1,ν(T−1

1,ν (ui))
, u ∈ (0, 1)n (17)

where T1,ν(x) is the cumulative distributive function of the univariate t distribution with
parameter ν > 0, t1,ν(x) is the corresponding density function.

The Student’s t copula is an elliptical copula with symmetric tail dependence controlled
by its degrees of freedom. It can capture moderate joint extremes but remains restrictive in
higher dimensions.

5.1.3. Vine Copula

Focusing on dependence structures, consider the pair copula construction for a three-
dimensional copula without marginals:

c(u0, u1, u2) = c0,2;1(C0|1(u0|u1), C2|1(u2|u1)) c1,2(u1, u2) c0,1(u0, u1)

where c0,2;1 is the copula density associated with the conditional bivariate copula

C0,2;1(u0, u2|u1) = C0,2|1

(
C−1

0|1(u0|u1), C−1
2|1(u2|u1)

∣∣u1

)
, which has a conditioned set {0, 2}

and a conditioning set {1} [42]. Here C0|1(u0|u1) and C2|1(u2|u1) are conditional distribu-
tion functions associated with bivariate copulas C0,1 and C1,2, also known as h-functions

and denoted as h0|1;∅(u0|u1) =
∂C0,1(u0,u1)

∂u1
and h2|1;∅(u2|u1) =

∂C1,2(u1,u2)
∂u1

[43]. The bivari-
ate copula C0,1 has a conditioned set {0, 1} and a conditioning set ∅, while the bivariate
copula C1,2 has a conditioned set {1, 2} and a conditioning set ∅. Here we adopt the
simplifying assumption that c0,2;1(u0, u2; x1) = c0,2;1(u0, u2), indicating that the bivariate
copula associated with conditional distributions does not depend on specific values of the
conditioning variables [44].



Commodities 2025, 4, 11 12 of 17

The decomposition of a n-dimensional (n ≥ 3) copula into a cascade of bivariate
copulas is non-unique, but every possible decomposition can be represented by nested
trees known as R-Vine [45]. Each vine structure corresponds to a different decomposition
of the joint copula density, with each tree representing a connected, undirected, acyclic
graph (Vk, Ek), k ∈ {0, 1, . . . , D − 2}. Each vertex is a set of integers and each undirected
edge connects two vertices.

Definition 1. A collection of trees {(Vk, Ek)
∣∣k ∈ {0, 1, . . . , n − 2}} is a n-dimensional R-Vine on

the set V0 = {{0}, {1}, . . . , {n − 1}} if:

1. (V0, E0) is a spanning tree,
2. For k ∈ {1, . . . , n − 2}, (Vk, Ek) is a spanning tree with vertices Vk = {a ∪ b

∣∣{a, b} ∈
Ek−1, |a ∪ b| = k + 1}, |Vk| = n − k, |Ek| = n − k − 1,

3. (Proximity condition) Each undirected edge e = {a, b} ∈ Ek connects vertices a, b ∈ Vk where
|a ∩ b| = k, |a ⊕ b| = |(a ∪ b) \ (a ∩ b)| = 2, with ⊕ denoting the symmetric difference.

Definition 2. A vine copula {(Vk, Ek, Ck)|k ∈ {0, 1, . . . , D − 2}} attach a bivariate copula to
each undirected edge of an R-Vine. For each undirected edge e = {a, b} ∈ Ek:

1. The conditioning set of e is a ∩ b with |a ∩ b| = k,
2. The conditioned set of e is a ⊕ b with |a ⊕ b| = 2. The elements of this bivariate set a ⊕ b are

denoted vl , vr where vl < vr,
3. The bivariate copula attached to e is Cvl ,vr ;a∩b ∈ Ck,
4. The corresponding conditional distribution functions (h-functions) are hvl |vr ;a∩b(u0|u1) =

∂
∂u1

Cvl ,vr ;a∩b(u0, u1) and hvr |vl ;a∩b(u1|u0) =
∂

∂u0
Cvl ,vr ;a∩b(u0, u1).

Vine copulas, built upon flexible pair-copula constructions, offer an approach for
modeling complex, high-dimensional dependencies. Their structure allows for the capture
of features such as asymmetry and varying tail dependence patterns across different
variable pairs [43], making them particularly well-suited for the intricate dependencies
often observed in meteorological data [46] and financial returns [47,48]. By decomposing
the multivariate dependence into a cascade of bivariate conditional copulas, vine copulas
provide a scalable approach that balances model flexibility with parameter parsimony.
Detailed reviews of vine copulas are available in [42,49,50]. In this study we use the classical
Dissmann’s algorithm for vine copula fitting [51], and use non-parametric (transformation
local likelihood) bivariate copula for its proven flexibility and efficiency in a comprehensive
study [52]. By convention, We adopt the simplifying assumption that conditional copulas
do not vary with the conditioning variable [53].

5.2. Copula Model Evaluation via Portfolio Backtesting
5.2.1. Portfolio Setup and Cross-Validation Framework

We evaluate three copula families by their ability to forecast daily portfolio VaR0.05

and ES0.05. To reflect common hedging practices, we form two equally weighted portfolios
across the same 13 cities:

• Long HDD Portfolio: A $1 long position in each city’s HDD index future.
• Long CDD Portfolio: A $1 long position in each city’s CDD index future.

We use the repeated 5-fold cross-validation over the full sample (January 2014–May
2024), with 100 random train-validation splits. Each split proceeds as follows:

1. Fit Marginals (Training Set). For each city, fit the empirical CDF of the standardized
residuals {εt,T} from our baseline model (Section 2.3).
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2. Transform to Uniforms. Map each city’s training residuals to pseudo-observations
ui,t = F̂i(εi,t,T) ∈ [0, 1].

3. Fit Copula (Training Set). Estimate the copula on the multivariate uniform data:

• For Gaussian and Student’s t, estimate the correlation matrix (and degrees
of freedom).

• For R-Vine, sequentially fit the non-parametric bivariate copula inside vine
copula using Dissmann’s algorithm [51,52].

4. Simulate Portfolio Losses (Validation Set). For each day t in the validation fold:

(a) Draw large number of samples from the fitted copula.
(b) Invert the empirical CDFs to obtain simulated standardized residuals for each

city i.
(c) Compute each city’s simulated HDD (or CDD) index values by adding the

simulated standardized residuals to the baseline prediction from Section 2.3,
then form the equally weighted portfolio value based on simulated index for
day t.

(d) Estimate VaRα=0.05 and ESα=0.05 of the portfolio.

Across the 100 splits, we collect all out-of-sample VaRα=0.05, ESα=0.05, and realized
daily portfolio P&L Xt.

5.2.2. Joint VaR-ES Backtest

We apply the joint VaR-ES backtest [54]. At each day t, denote:

Zt = α(ESα,t − VaRα,t) + (Xt + VaRα,t)1{Xt+VaRα,t≤0} (18)

Z =
∑T

t=1 Zt

T
(19)

where α = 0.05, Xt is the realized portfolio P&L (negative if a loss). The Z is a scoring
function that merit from a model comparison perspective. Under correct joint VaR/ES
specification, Z is close to 0 which indicates accurate joint tail forecasts; positive Z signals
systematic overestimation of tail risk, while negative Z signals underestimation. Concretely,
a moderately large positive Z tells us that our model is too conservative (we’re holding
more capital than needed), whereas a negative Z warns of potential under-provisioning
and higher surprise losses. The test is known for its robustness and its prudential nature: it
penalizes underestimation of risk more heavily than overestimation.

Because we repeat 5-fold cross-validation 100 times, each model yields 100 “out-of-
sample” Z values; Table 2 shows their average and two-standard-deviation band. Repeated
cross-validation with the joint VaR–ES backtest ensures robust model comparison. Re-
porting the mean ±2 std deviation of Z highlights not only average performance but also
variation across data splits, helping risk managers quantify model uncertainty.

Table 2. Joint VaR–ES backtest scores (mean ± 2 std dev) for HDD and CDD months, across
three copula fitted via repeated cross-validation. Values closer to zero indicate more accurate tail
risk estimation.

Model HDD Score CDD Score

Gaussian 0.00154 ± 0.00003 −0.00033 ± 0.00002
Student-t 0.00127 ± 0.00003 −0.00022 ± 0.00006
Vine 0.00009 ± 0.00001 0.00009 ± 0.00002

For CDD portfolio, all three copulas produce Z statistics close to 0, indicating that
even a simple Gaussian copula suffices to capture the relatively weak tail dependence. The
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Student–t copula has lower mean Z. The R-Vine model’s Z ≈ 0.00009 is the lowest. Thus,
for CDD portfolios, where empirical TDC rarely exceed 0.30, the additional flexibility of
Student–t or R-Vine yields some improvements over the Gaussian copula.

For HDD portfolio, by contrast, the HDD portfolio backtest highlights the necessity
of a flexible dependence model. Gaussian and Student–t copulas both yield Z > 0.0012,
significantly above zero (more than 40 standard errors), indicating systematic overestima-
tion of joint tail losses. This overestimation arises because both elliptical copulas cannot
reproduce the strong, geographically clustered tail dependence observed among HDD
residuals (Section 4). In contrast, the R-Vine copula achieves Z ≈ 0.00009, essentially
closer to zero, confirming the highly flexible pair-copula construction reaches the best
performance in modeling the tail risk of HDD exposures.

5.3. Practical Implications

The R-Vine copula’s near-zero Z confirms its ability to reproduce the complex, re-
gionally concentrated tail dependence among HDD/CDD residuals. Practitioners hedging
a basket of HDD/CDD positions could adopt a vine-based copula to avoid consistent
overestimation (or underestimation) of risk.

In sum, the backtesting exercise confirms that while simpler elliptical copulas may
suffice for CDD portfolios, accurate modeling of HDD portfolio tail risk requires the
flexibility of an R-Vine construction. This ensures practitioners can set margins and capital
reserves in line with empirical co-extreme probabilities and avoid systematic mispricing of
joint tail exposures.

6. Conclusions
Standard approaches to weather-derivative risk, relying on Gaussian assumptions and

simple dependence structures, fail to account for the heavy-tailed behavior and spatially
heterogeneous co-extremes evident in temperature data. In this paper, we develop a
unified framework that (i) filters trend, seasonality, and conditional heteroskedasticity via
a two-stage ARMAX–Seasonal GARCH model; (ii) employs EVI to measure univariate tail
thickness of HDD and CDD residuals; (iii) uses TDC to reveal geographically clustered
extremes; and (iv) integrates these insights into a joint VaR–ES backtest, demonstrating that
only the flexible R-Vine copula can faithfully reproduce the joint tail risk of HDD portfolios.

Empirically, residuals of degree-day indices exhibit markedly heavier tails than raw
temperature shocks, with warm-winter HDD events in northern cities standing out as
most extreme. Tail-dependence analysis highlights strong clustering among geographically
proximate markets (e.g., Boston–New York–Philadelphia), whereas CDD residuals display
weaker, more diffuse co-extremes. In portfolio simulations, Gaussian and Student’s t
copulas systematically misestimate HDD tail risk, whereas an R-Vine construction captures
the intricate, region-specific co-extremes and yields accurate out-of-sample VaR and ES.

These findings carry two implications for practitioners. First, margin and capital
requirements based on elliptical copulas may be fundamentally misaligned with observed
joint-extreme frequencies, especially for HDD contracts. Second, a R-Vine copula approach,
separating empirical marginals from their complex tail-dependence structure, enables more
reliable risk forecasts, better-calibrated initial and variation margins, and capital reserves
consistent with actual co-extreme probabilities.

Looking ahead, it would be valuable to (a) develop dynamic copula models that allow
tail dependence to evolve over time, perhaps in response to climate trends; (b) incorporate
downscaled climate scenarios into marginal and dependence forecasts; (c) extend this
framework to non-U.S. markets or other weather indices (e.g., rainfall, wind); and
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(d) optimize portfolio construction under these refined risk measures, thereby guiding
real-world hedging in energy, agriculture, and other weather-sensitive sectors.
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