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Abstract

Monotonicity is a prevalent feature in natural language. Notably, determiners such as
every, some, and no induce monotonic (upward) or antitonic (downward) entailments. The
Monotonicity Calculus is a proof system that formalizes such reasoning in natural language
inferences through order statements (inequalities) involving higher-order (typed) terms. In
this paper, we prove that with a slight modification of the conditions for term formation, it
is decidable over ground terms, i.e., terms that contain no variables.
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1. Introduction
Monotonicity is a prevalent feature in natural language. Notably, determiners such as

every, some, and no induce monotonic (upward) or antitonic (downward) entailments. For
instance, run entails move, and Every man runs entails Every man moves. Meanwhile, man
entails person, and Every person runs entails Every man runs. These can be formalized as

run ≤ move

every(man)(run) ≤ every(man)(move)

man ≤ person

every(person)(run) ≤ every(man)(run)

We say that every is monotonic, or order-preserving, in its second argument and antitonic,
or order-reversing, in its first argument.

Monotonicity reasoning is a central component in the program of natural logic, which
aims to formalize fragments of natural language in systems that resemble linguistic surface
forms, enabling direct inference without intermediate translation languages such as first-
order logic. Special emphasis is placed on decidable systems, motivated by both theoretical
concerns and applications. (See [1] for further discussion of the relevance of decidability to
natural language semantics.)

This paper is based on the Monotonicity Calculus presented by Icard and Moss in [2] and
Icard et al. in [3], a system for monotonicity reasoning in a higher-order (typed) setting. In
this system, terms have their monotonicity information directly encoded in their types, and
the logic consists of order statements (inequalities). It is known that the full Monotonicity
Calculus is undecidable [4], but there has been relatively little investigation of its decidable
fragments. In this paper, we show that with a slight modification of the definition of
well-formed terms in [2,3], the Monotonicity Calculus is decidable over ground terms, i.e.,
terms that contain no variables. The focus on this ground fragment is motivated by Kozen’s
work on equational logic, which, similarly, is undecidable in general, but decidable over
ground terms [5].

Fyodorov et al. have done similar work [6], but our presentation is different, and we
also strengthen their result in the fragment of interest by removing an assumption they
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make. Our methods are proof-theoretic and rely on establishing the subterm property, to
be defined below.

Beyond natural logic, similar inequational logics have been studied in the program-
ming language theory literature [7,8].

2. Background
We present some relevant background information, focusing on syntactic components

in [2,3]. We begin with base types b ∈ B. The set of types is defined inductively by

τ ::= b | (τ +→ τ) | (τ −→ τ) | (τ ·→ τ)

where {+,−, ·} is the set of polarity markings.

Definition 1. The valence of a type is defined inductively as follows: valence(b) = 0 for b ∈ B,
and valence(σ m→ τ) = valence(τ) + 1 for any m ∈ {+,−, ·}.

Each type τ has an associated set of constants Cτ , and we assume that these sets are
pairwise disjoint. In this paper, we will only work with ground terms, which are terms
that do not contain any variables.

Definition 2. All constants are ground terms, and for any ground terms F with type σ
m→ τ and

A with type σ′, where σ′ is the same type as σ disregarding polarity markings, F(A) is a ground
term with type τ.

Consequently, every ground term has a unique type (including polarity markings).

Remark 1. In Definition 2, we deviate from [2,3], which has a stricter requirement on the markings
in σ′ for term formation. Instead, we follow [6], which ignores the markings in the type of the
argument, though the setup there is slightly different. This seems to be a reasonable stipulation if we
are only dealing with the basic types e and t from natural language semantics (and the types that can
be formed from them). For example, the type of every might be given as (e +→ t) −→ (e +→ t) +→ t,
but it is unproblematic for every to take an antitonic argument. This is because all functions of
type e → t are trivially monotonic (and antitonic), as the natural order on type e (assuming no
mereological structure) is the trivial order: x ≤ y ⇐⇒ x = y.

For any type σ → τ, call σ an argument type within σ → τ. An alternative to the discussion
above is to explicitly specify that argument types have no monotonicity information by redefining
our types as

τ ::= b | (σ +→ τ) | (σ −→ τ) | (σ ·→ τ)

σ ::= b | (σ → σ)

Definition 3. If terms S and T have the same type disregarding their polarity markings, then we
can write the inequality S ≤ T. ( We will generally not be explicit about types—we just assume
that each complex term written is well-formed and that the terms in each inequality written satisfy
the condition in this definition.)

Definition 4. If F has type σ
+→ τ, then we say F is monotonic (denoted by F : + or F+). If F

has type σ
−→ τ, then we say F is antitonic (denoted by F : − or F−). If F has type σ

·→ τ, then
it is neither monotonic nor antitonic.

We now define subterms.
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Definition 5. For a constant c, Subterm(c) = {c}, and for a term F(A),

Subterm(F(A)) = {F(A)} ∪ Subterm(F) ∪ Subterm(A)

(In general, we use lowercase letters for constants and uppercase letters for (complex) terms.)
Given a set Γ of inequalities and terms S, T, the subterm set of (Γ, S, T) is

Subterm(S) ∪ Subterm(T) ∪
⋃

(U≤V)∈Γ

Subterm(U) ∪ Subterm(V)

Instead of speaking of subterms of (Γ, S, T), we will often refer to them simply as
subterms when it is understood what Γ, S, T are.

Definition 6. The Monotonicity Calculus M (over ground terms) is the proof system with the
following rules:

A ≤ B
(F : +) (Mono)

F(A) ≤ F(B)
A ≤ B

(G : −) (Anti)
G(B) ≤ G(A)

F ≤ G
(Point)

F(A) ≤ G(A)
A ≤ B B ≤ C

(Trans)
A ≤ C

(Refl)
A ≤ A

We will view formal derivations as Gentzen-style inverted trees, and we will use
standard terminology involving trees. Let D be a derivation. If the conclusion of D is
S ≤ T, we say that D is a derivation of S ≤ T. A subderivation within D is a subtree of D.

Definition 7. The size of a derivation D is the number of nodes in D.

In this paper, we prove that given a finite set Γ of ground inequalities and ground
terms S, T, it is decidable whether Γ ⊢M S ≤ T. Incidentally, the fragment we investigate
coincides with a fragment of the logic in [6]. Fyodorov et al. provide a decision algo-
rithm for this fragment, but they impose the restriction that derivations cannot have any
occurrences of

F+
1 ≤ F−

2 F−
2 ≤ F+

3 (Trans)
F+

1 ≤ F+
3

F−
1 ≤ F+

2 F+
2 ≤ F−

3 (Trans)
F−

1 ≤ F−
3

which they term mixed monotonicity (this is a reformulation of Definition 5.3 in [6]), conjec-
turing that such patterns do not occur in natural language. The main result in this paper
extends the work of Fyodorov et al. in the fragment of interest by removing this restriction.

Remark 2. An example of F−
1 ≤ F+

2 is every ≤ some, but it is unclear if there are any natural
examples of F+

1 ≤ F−
2 . We present an argument which seems to cast doubt on this in the case where

F1, F2 are interpreted as quantifiers.
Let Q1 : (e → t) +→ (e → t) ·→ t and Q2 : (e → t) −→ (e → t) ·→ t. Let ⊤ be a top element

of type e → t; i.e., A ≤ ⊤ for any A : e → t. Fix B : e → t. Let A, C : e → t be arbitrary. Then,

Q1(A)(B) ≤ Q1(⊤)(B) (Mono)

≤ Q2(⊤)(B) (Point)

≤ Q2(C)(B) (Anti)

This means either Q1(A)(B) holds for no A or Q2(C)(B) holds for all C. In other words, either Q1

or Q2 is trivial. ( Thanks to Josef v. H. Doyle for pointing out this result to me.)
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Whether the top element assumption is desirable for natural language applications is up for
debate, though one might suggest, for example, that thing or entity plays the role of the top element
among nouns. We also point out that, in any case, we may have to consider other semantic types
and domains for relevant examples. One promising direction to examine is monotonicity over the
domain of pluralities with the parthood relation as its order.

The issue of whether it is linguistically innocuous to eliminate mixed monotonicity
remains an open question, but regardless, the formalism presented in this paper can also
be applied to higher-order mathematical reasoning in other domains. Monotonicity is ubiq-
uitous in logic, mathematics and computer science, and formal properties of monotonicity
reasoning are of theoretical interest.

3. A Special Case
To motivate the solution to the full problem, we first consider a restricted system

M+ with only monotonic functions and without the proof rule (Anti). Many of the ideas
from this section will carry over to the general case, and we develop the intuition and
details necessary for the full solution so that we can just highlight the differences instead of
repeating these details later.

Definition 8. M+ has the proof rules (Mono), (Point), (Trans), and (Refl) from M.

Definition 9. Let Γ be a set of inequalities, and S, T be terms. A subterm derivation of S ≤ T
from axioms in Γ is a derivation in which every inequality contains only subterms of (Γ, S, T).

We say that a proof system P has the subterm property if Γ ⊢P S ≤ T implies
Γ ⊢P S ≤ T via a subterm derivation. If we can show that a proof system has the sub-
term property, then this essentially makes the search space finite for proof search, and
decidability follows closely after.

First note that M+ does not have the subterm property. As a very simple
counterexample,

{ f ≤ g, a ≤ b} ⊢ f (a) ≤ g(b)

but it is not possible to obtain a subterm derivation. The simplest derivations we can
find are

a ≤ b
(Mono)

f (a) ≤ f (b)
f ≤ g

(Point)
f (b) ≤ g(b)

(Trans)
f (a) ≤ g(b)

f ≤ g
(Point)

f (a) ≤ g(a)
a ≤ b

(Mono)
g(a) ≤ g(b)

(Trans)
f (a) ≤ g(b)

(1)

which contain non-subterms f (b) and g(a) respectively.
To that end, consider a new proof system:

Definition 10. M′
+ has the proof rules:

F ≤ G A ≤ B (App)
F(A) ≤ G(B)

A ≤ B B ≤ C
(Trans)

A ≤ C
(Refl)

A ≤ A

Essentially, this system resolves the issue above. We claim that M′
+ is equivalent

to M+.

Proposition 1. Γ ⊢M+ S ≤ T if and only if Γ ⊢M′
+

S ≤ T

https://doi.org/10.3390/logics4020006
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Proof. For both proof systems, we show that each of the proof rules can be derived
in the other system. For the forward direction, (Mono) and (Point) can be derived,
respectively, through

(Refl)
F ≤ F A ≤ B (App)

F(A) ≤ F(B)
F ≤ G

(Refl)
A ≤ A (App)

F(A) ≤ G(A)

For the backwards direction, (App) can be derived by the examples above.

We now introduce a few technical notions in order to show that M′
+ has the

subterm property.

Definition 11. Let D be a derivation of S ≤ T. The bottom-most chain of D is the maximal
sequence (S = S1, S2, . . . , Sk = T) such that S1 ≤ S2; . . . ; Sk−1 ≤ Sk all appear as premises of
(Trans) in D. In particular, for each i = 1, . . . , k − 1, the subderivation of Si ≤ Si+1 does not have
(Trans) as its last step.

We will also refer to the sequence of inequalities S1 ≤ S2; . . . ; Sk−1 ≤ Sk as the
bottom-most chain.

Example 1. The bottom-most chain of the following derivation consists of the bolded inequalities.

... (App)
S1 ≤ S2

... (App)
S2 ≤ S3 (Trans)S2 ≤ S3

... (App)
S3 ≤ S4 (Trans)S1 ≤ S4

... (App)
S4 ≤ S5

... (App)
S5 ≤ S6 (Trans)S4 ≤ S6

S1 ≤ S6

Definition 12. Let (S1, . . . , Sn) be the bottom-most chain of D. We say that D is left-transitive
if it has the form

...
S1 ≤ S2

...
S2 ≤ S3 (Trans)

S1 ≤ S3

...
S3 ≤ S4 (Trans)

S1 ≤ S4

. . .
S1 ≤ Sn−1

...
Sn−1 ≤ Sn (Trans)

S1 ≤ Sn

Lemma 1. Let D be a derivation of S ≤ T from Γ in M′
+. Then Γ ⊢M′

+
S ≤ T via a left-transitive

derivation with the same size as D.

Proof. By induction on the size of the bottom-most chain. Rearrange the order in which
(Trans) is applied.

Remark 3. Extending Lemma 1, for any derivation, we can convert the portion below the bottom-
most chain to any form, without changing its size, by rearranging the order in which (Trans)
is applied.

We now discuss the main result of this section.

Theorem 1. If Γ ⊢M′
+

S ≤ T, then Γ ⊢M′
+

S ≤ T via a subterm derivation.

Here is an example that illustrates the main idea of the proof.
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Example 2. Let Γ = { f1 ≤ f2, f2 ≤ f3, f3 ≤ f4, a1 ≤ a2, a2 ≤ a3, a3 ≤ a4}. Assume we begin
with the following derivation.

f1 ≤ f2 a1 ≤ a2 (App)
f1(a1) ≤ f2(a2)

f2 ≤ f3 a2 ≤ a3 (App)
f2(a2) ≤ f3(a3)

(Trans)
f1(a1) ≤ f3(a3)

f3 ≤ f4 a3 ≤ a4 (App)
f3(a3) ≤ f4(a4) (Trans)

f1(a1) ≤ f4(a4)

Note that the non-subterms here are f2(a2) and f3(a3). We apply the following transformations to
eliminate these non-subterms.

f1 ≤ f2 f2 ≤ f3
(Trans)

f1 ≤ f3

a1 ≤ a2 a2 ≤ a3 (Trans)
a1 ≤ a3 (App)

f1(a1) ≤ f3(a3)

f3 ≤ f4 a3 ≤ a4 (App)
f3(a3) ≤ f4(a4) (Trans)

f1(a1) ≤ f4(a4)

f1 ≤ f2 f2 ≤ f3
(Trans)

f1 ≤ f3 f3 ≤ f4
(Trans)

f1 ≤ f4

a1 ≤ a2 a2 ≤ a3 (Trans)
a1 ≤ a3 a3 ≤ a4 (Trans)

a1 ≤ a4 (App)
f1(a1) ≤ f4(a4)

The idea is to push applications of (Trans) upward.

In the derivation above, if each fi was replaced with some complex term Fi and each
ai with some complex term Ai, and moreover, each Fi ≤ Fi+1 and each Ai ≤ Ai+1 were
derived rather than being an axiom, we would repeat the process above on F1 ≤ F4 and
A1 ≤ A4.

Proof. The structure of the proof is

Induction on derivation size
Base case n = 1

Induction on k
Induction on n

where n and k are defined below. The main content, displayed as the bolded step, is in the
Claim below, which generalizes Example 2. In the derivations displayed below, any step
whose proof rule is omitted is by (Trans).

Fix Γ. The base case of derivation size 1 is trivial. Now assume that any derivation of
size s′ < s can be converted to a subterm derivation ( remember that what constitutes a
subterm derivation is relativized to the conclusion of the derivation). Consider a derivation
of size s. By Remark 3, we can convert it, without changing its size, to the form

...
T0 ≤ S1

...

S1 ≤ T1

T0 ≤ T1

...
T1 ≤ S2

T0 ≤ S2

...

S2 ≤ T2

T0 ≤ T2

. . .
T0 ≤ Si

...

Sn ≤ Tn

T0 ≤ Tn

...
Tn ≤ Sn+1

T0 ≤ Sn+1

(2)

where the subderivation of each Ti ≤ Si+1 has only axioms in its bottom-most chain and
the subderivation of each Si ≤ Ti (boxed) has no axioms in its bottom-most chain. The
subderivations of T0 ≤ S1 and Tn ≤ Sn+1 are possibly empty.
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Consider the base case n = 1. Then derivation (2) reduces to the derivation of T0 ≤ S2,
so it suffices to show that the subderivation D of S1 ≤ T1 can be converted to a subterm
derivation. (The subderivations of T0 ≤ S1 and T1 ≤ S2 contain only axioms, so they do
not need to be modified, and moreover, this means that S1 and T1 are subterms of (Γ, S, T).)
We know that the last step of the subderivation of each Ui ≤ Ui+1 in the bottom-most chain
(S1 = U1, . . . , Uk = T1) of D is not (Trans). We also have that each Ui ≤ Ui+1 is not an
axiom by definition of (2). Thus, the last step of the derivation of Ui ≤ Ui+1 is either (App)
or (Refl). If it is (Refl), we can simply remove Ui ≤ Ui+1 and the immediate application of
(Trans) from the derivation. Let D′ be the new derivation with all such Ui ≤ Ui+1 removed.
Now, we can convert D′ to a left-transitive derivation with the same size, so it will be of
the form

...
F1 ≤ F2

...
A1 ≤ A2 (App)

F1(A1) ≤ F2(A2)

...
F2 ≤ F3

...
A2 ≤ A3 (App)

F2(A2) ≤ F3(A3)

F1(A1) ≤ F3(A3)

. . .
F1(A1) ≤ Fk−1(Ak−1)

...
Fk−1 ≤ Fk

...
Ak−1 ≤ Ak (App)

Fk−1(Ak−1) ≤ Fk(Ak)

S1 = F1(A1) ≤ Fk(Ak) = T1

(3)

where Ui = Fi(Ai).
We now prove the following claim: For any k, if F1(A1) ≤ Fk(Ak) has a derivation of

form (3), then it also has a derivation with the same size which has the form (4) below.

...
F1 ≤ F2

...
F2 ≤ F3

F1 ≤ F3

. . .
F1 ≤ Fk−1

...
Fk−1 ≤ Fk

F1 ≤ Fk

...
A1 ≤ A2

...
A2 ≤ A3

A1 ≤ A3

. . .
A1 ≤ Ak−1

...
An−1 ≤ Ak

A1 ≤ Ak (App)
F1(A1) ≤ Fk(Ak)

(4)

The base cases k = 1, 2 are trivial. For the induction, assume the claim for k − 1. Now
consider derivation (3). F1(A1) ≤ Fk(Ak) has a derivation of the following form with the
same size, by applying the inductive hypothesis on F1(A1) ≤ Fk−1(Ak−1).

...
F1 ≤ F2

...
F2 ≤ F3

F1 ≤ F3

. . .
F1 ≤ Fk−2

...
Fk−2 ≤ Fk−1

F1 ≤ Fk−1

...
A1 ≤ A2

...
A2 ≤ A3

A1 ≤ A3

. . .
A1 ≤ Ak−2

...
Ak−2 ≤ Ak−1

A1 ≤ Ak−1 (App)
F1(A1) ≤ Fk−1(Ak−1)

...
Fk−1 ≤ Fk

...
Ak−1 ≤ Ak (App)

Fk−1(Ak−1) ≤ Fk(Ak)

F1(A1) ≤ Fk(Ak)

Narrowing in on the bottom of the derivation, we have

. . . (Trans)
F1 ≤ Fk−1

. . . (Trans)
A1 ≤ Ak−1 (App)

F1(A1) ≤ Fk−1(Ak−1)

...
Fk−1 ≤ Fk

...
Ak−1 ≤ Ak (App)

Fk−1(Ak−1) ≤ Fk(Ak) (Trans)
F1(A1) ≤ Fk(Ak)

and we can manipulate this to get

. . . (Trans)
F1 ≤ Fk−1

...
Fk−1 ≤ Fk (Trans)

F1 ≤ Fk

. . . (Trans)
A1 ≤ Ak−1

...
Ak−1 ≤ Ak (Trans)

A1 ≤ Ak (App)
F1(A1) ≤ Fk(Ak)
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which we can see to be of the desired form, after filling in the omissions from above. Also
observe that the original subderivations of F1 ≤ Fk−1; Fk−1 ≤ Fk; A1 ≤ Ak−1; Ak−1 ≤ Ak

are preserved, so the new derivation of F1(A1) ≤ Fk(Ak) has the same size as the original.
This completes the proof of the claim.

Now we can obtain a derivation D′′ of F1(A1) ≤ Fk(Ak) with the same size as D′:

. . . (Trans)
F1 ≤ Fk

. . . (Trans)
A1 ≤ Ak (App)

F1(A1) ≤ Fk(Ak)

Since the subderivations of F1 ≤ Fk and A1 ≤ Ak have size less than that of D′′, and
size(D′′) = size(D′) ≤ size(D) ≤ s, by the inductive hypothesis on derivation size, we can
obtain subterm derivations for both of them. Furthermore, F1, Fk, A1, Ak are all subterms
of F1(A1) or Fk(Ak), so this also gives us a subterm derivation of F1(A1) ≤ Fk(Ak), which
was originally labeled as S1 ≤ T1.

The result follows by induction on n, by replicating the reasoning above. (In other
words, for each i = 1, . . . , n, we can perform the conversion described above on Si ≤ Ti

in (2).)

Corollary 1. It is decidable, given a finite set Γ of ground inequalities and ground terms S, T,
whether Γ ⊢M+ S ≤ T.

Proof. From Proposition 1 and Theorem 1, it follows that Γ ⊢M+ S ≤ T if and only if
Γ ⊢M′

+
S ≤ T via a subterm derivation. Also, note that for any derivation D of S ≤ T, if

any branch in D contains two separate instances of some A ≤ B, then we can obtain a new
derivation of S ≤ T by replacing the entire subderivation of the lower instance of A ≤ B
with the subderivation of the higher instance, thereby removing the redundancy. We can
repeat this process until there are no more repeated inequalities in any branch. Therefore,
Γ ⊢M+ S ≤ T if and only if Γ ⊢M′

+
S ≤ T via a subterm derivation in which no branch has

any inequality appearing more than once in it. We see that there are finitely many such
derivations, since there are finitely many pairs of subterms of (Γ, S, T) and finitely many
proof rules in M+. Thus, we can enumerate all such derivations.

4. The General Case
We now return to discussing the Monotonicity Calculus M. The goal is still to define

a new proof system that is equivalent to M in some sense and prove that it has the subterm
property. We begin by pointing out a key difference from the previous section and providing
some intuition. In M, we may have derivations of the form.

...
A ≤ B

(Mono)
F(A) ≤ F(B)

...
F+ ≤ G−

(Point)
F(B) ≤ G(B)

(Trans)
F(A) ≤ G(B)

...
C ≤ B

(Anti)
G(B) ≤ G(C)

(Trans)
F(A) ≤ G(C)

(5)

where B is not a subterm of (Γ, F(A), G(C)). ( Recall that uppercase letters stand for
complex terms). Then F(B) is also not a subterm, assuming it is not in an axiom. In the
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previous section (when we considered only monotonic functions), if we had the conclusion
F(A) ≤ G(C), for instance via a derivation of the form

...
A ≤ B

(Mono)
F(A) ≤ F(B)

...
F+ ≤ G+

(Point)
F(B) ≤ G(B)

(Trans)
F(A) ≤ G(B)

...
B ≤ C

(Mono)
G(B) ≤ G(C)

(Trans)
F(A) ≤ G(C)

(6)

then we could convert it to

...
F+ ≤ G+

...
A ≤ B

...
B ≤ C

(Trans)
A ≤ C (App)

F(A) ≤ G(C)

(7)

in the proof system M+ that we defined. Here, F ≤ G and A ≤ C both appear in the
derivation, thus essentially eliminating F(B) from the derivation; B can then be eliminated,
if necessary, by induction. But if we try to do something similar for derivation (5), it is not
clear what should take the place of A ≤ C in (7):

...
F+ ≤ G−

...
A ≤ B

...
C ≤ B

???
F(A) ≤ G(C)

Let us rewrite this as

...
F+ ≤ G−

...
A ≤ B

...
B ≥ C

???
F(A) ≤ G(C)

so that it is more suggestive of the form of (7). We want to be able to go directly from
F+ ≤ G− and A ≤ B ≥ C (where A ≤ B ≥ C is shorthand for the two separate inequalities
A ≤ B; C ≤ B) to F(A) ≤ G(C), without the term F(B) appearing. But it appears that, due
to the problem just mentioned, we do not have an immediate analogue for the step in the
proof of Theorem 1 that allowed us to eliminate non-subterms.

To address this issue, we will introduce a new relation symbol ≶ called a zigzag.
Intuitively, S1 ≶ Sn in this new language represents a sequence of inequalities

S1 ≤ S2 ≥ · · · ≤ Sn (8)

in the original system M, for some terms S2, . . . , Sn−1. (This is somewhat of a simplification.
In general, the direction of the inequalities do not need to alternate as in the pattern
displayed in (8). For example, S1 ≶ S4 could represent S1 ≤ S2 ≤ S3 ≥ S4 or even
S1 ≤ S2 ≤ S3 ≤ S4.). Now, after introducing new (Trans) and (App) rules, we can get a
derivation like

...
F+ ≤ G−

...
A ≤ B

...
B ≥ C

(Trans)
A ≶ C

(App)
F(A) ≤ G(C)

(9)

because antitonic G reverses the direction of the inequality in B ≥ C, as seen in (5). ( To
be clear, the previous and following derivations are merely schematic and do not always
follow the official syntax to be defined)
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We should emphasize that from the perspective of M, the inequalities in (8) should
be viewed as separate inequalities S1 ≤ S2; S3 ≤ S2; . . . ; Sn−1 ≤ Sn perhaps obtained
through separate derivations—they are merely connected by the fact that they have terms
in common, and they cannot be combined in a single derivation. We have already seen
above that the inequalities A ≤ B and B ≥ C, corresponding to A ≶ C, cannot be combined
in M, but to further illustrate this point, consider this slight modification of the previous
example (in the new system):

...
F+ ≤ G+

...
A ≤ B

...
B ≥ C

(Trans)
A ≶ C

(App)
F(A) ≶≶≶ G(C)

(10)

Here, F(A) ≶ G(C) can be thought of as F(A) ≤ F(B) ≤ G(B) ≥ G(C), corresponding to
the separate derivations (in M)

...
A ≤ B

(Mono)
F(A) ≤ F(B)

...
F+ ≤ G+

(Point)
F(B) ≤ G(B)

(Trans)
F(A) ≤ G(B)

...
C ≤ B

(Mono)
G(C) ≤ G(B)

(11)

whose conclusions cannot be combined (contrast this with (5)). However, with the syntactic
flexibility introduced by zigzags, we can then combine them in a derivation, as seen in (10).

Now, having converted (5) to (9), just as we converted (6) to (7), we have completed
the preliminary motivation of the new proof system. However, our examples so far have
been rather simple, suppressing certain details that we must consider. In general, we
cannot completely ignore the intermediate terms in the sequence (8) that a zigzag S1 ≶ Sn

corresponds to. ( Contrast this with M+. There, if we have derived the sequence of
inequalities S1 ≤ S2 ≤ · · · ≤ Sn, then we can derive S1 ≤ Sn by repeatedly applying (Trans)
and then forget about the intermediate terms.) These intermediate terms contain some
information which we must retain to ensure that the new proof rules we are defining are
sound. We discuss the relevant information here below.

Call the left premise of (App) function position and the right premise argument position.
Observe that, as suggested by (10) and (11), derivation (5) would not go through if G were
monotonic. The idea is that we would no longer have anything that could flip the direction
of the second inequality in A ≤ B ≥ C. So, if we replace F+ ≤ G− in (9) with F+ ≤ G+,
we should not be able to derive F(A) ≤ G(C) in our new system:

...
F+ ≤ G+

...
A ≤ B

...
B ≥ C

(Trans)
A ≶ C

(App)
F(A) ≤ G(C)

(12)

Likewise, in argument position, if we had A ≶ C representing A ≤ B1 ≥ B2 ≤ C instead of
A ≤ B ≥ C in (9), we should also not be able to derive F(A) ≤ G(C):

...
F+ ≤ G−

...
A ≤ B1

...
B1 ≥ B2 (Trans)

A ≶ B2

...
B2 ≤ C

(Trans)
A ≶ C

(App)
F(A) ≤ G(C)

(13)

because {F+ ≤ G−, A ≤ B1, B2 ≤ B1, B2 ≤ C} ⊬M F(A) ≤ G(C). The idea here is that G−

flips either (a) all the inequalities, (b) the last two inequalities, or (c) the last inequality in

https://doi.org/10.3390/logics4020006

https://doi.org/10.3390/logics4020006


Logics 2026, 4, 6 11 of 28

A ≤ B1 ≥ B2 ≤ C, but none of these cases results in inequalities which are all in the same
direction. As an example, case (b) yields F(A) ≤ F(B1) ≤ G(B1) ≤ G(B2) ≥ G(C).

Thus, we see that, intuitively, fewer polarity marking changes in function position (as
in (12), compared to (9)) and more inequality direction flips in argument position (as in (13),
compared to (9)) will yield weaker conclusions; in other words, more polarity marking
changes and fewer inequality direction flips will yield stronger conclusions. ( Intuitively,
a statement is stronger than another if the sequence of inequalities it corresponds to has
fewer flips. That is, it is closer to becoming an inequality.) In particular, A ≶ C in (13)
should not be treated the same as A ≶ C in (9). So, in function position, we need to keep
track of the number of polarity marking changes, and in argument position, the number of
inequality direction flips.

In all the examples above, there was an inequality in function position of (App), but
we might want to consider the more general case where there is a zigzag there. For example
(with some details omitted),

...
F ≤ G

...
G ≥ H

(Trans)
F ≶ H

...
A ≶ B

(App)
F(A) ≶ G(B)

Although this would be irrelevant if it were a standalone derivation (since the conclusion is
not an inequality), it becomes relevant when it appears as a subderivation within another
derivation whose conclusion is an inequality:

...
M ≤ N

...
F ≤ G

...
G ≥ H

(Trans)
F ≶ H

...
A ≶ B

(App)
F(A) ≶ H(B)

(App)
M(F(A)) ≤ N(H(B))

(14)

The number of flips in function position (F ≶ H in (14)) affects the number of flips in
the immediate conclusion (F(A) ≶ H(B)). In particular, if F ≶ H has any flips at all (i.e.,
it is not an inequality), then F(A) ≶ H(B) will have some flips as well. Previously we
have seen, through (13), that we need to keep track of the number of flips in argument
position. Since F(A) ≶ H(B) occurs in argument position, we need to keep track of the
number of flips it has, which then means we have to keep track of the number of flips in
F ≶ H. So in general, we also have to encode the number of inequality direction flips in
function position.

In the language of the new proof system M∞, we will replace all inequalities with
zigzags and encode all the information discussed above in info tables to be defined below.
Every zigzag S1 ≶ Sn is associated with an info table χ (denoted S1 ≶χ Sn) which records
the sequence (8) of inequalities, but with the intermediate terms replaced by their polarity
markings. For example, if S2 : e −→ (e +→ e), then χ will lose access to the term S2 but retain
the information [

−
+

]
Inequalities can be seen as a special case of zigzags.

The idea is that in an M∞-derivation, info tables record intermediate computation
which would have appeared in the corresponding M-derivation(s), using finite resources
(polarity markings instead of terms). Note that in argument position, polarity changes at
which there is no inequality flip are also encoded but can be ignored intuitively.

The definitions below formalize the details discussed above.
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Symbol Meaning

ϕ, χ, ψ, ω Info table [v0 ∗1 v1 ∗2 · · · ∗n vn]
χ′ ⊑ χ χ′ deletes zero or more occurrences of ∗i vi from χ for which ∗i = ∗i+1
χ′ ⊆ χ χ′ is a subsequence of χ
χ′ ⪯ χ χ′ is a subsequence of χ, considering only the inequality symbols
i(χ) The number of inequality symbols in χ
f (χ) The number of inequality direction flips in χ
S ≶1 T S ≶χ T for some χ whose inequalities are all ≤

Definition 13. An info table χ is a sequence that alternates between polarity marking columns
v ∈ {+,−}k (for some k) and inequality symbols ∗ ∈ {≤,≥}, and ends with a polarity marking
column. We write χ = [v0 ∗1 v1 ∗2 · · · ∗n vn].

Remark 4. For ease of presentation, we omit the · marking. Doing this does not substantially
change the technical details in the paper. Hereafter, think of M as consisting of only monotonic and
antitonic functions.

Let S0 ∗1 S1 ∗2 · · · ∗n Sn be shorthand for the sequence of inequalities S0 ∗1 S1; S1 ∗2

S2; . . . ; Sn−1 ∗n Sn.

Definition 14. For any term S with type σ1
m1→ . . .

mi−1→ σi
mi→ . . .

ml→ σl+1 (right-associative),
where l = valence(S), let vS denote the polarity marking column such that the ith entry of vS is mi.
A sequence of inequalities S0 ∗1 S1 ∗2 · · · ∗n Sn in M respects χ if χ = [vS0 ∗1 vS1 ∗2 · · · ∗n vSn ].

While the definition of info tables theoretically allows for arbitrary contents, their
information will generally arise from terms involved a derivation.

Example 3. The info table

χ =

[
+ ≤ − ≥ +
+ + −

]
indicates that S0 ≤ S1 ≥ S2 for some terms

S0 : e +→ (e +→ e), S1 : e −→ (e +→ e), S2 : e +→ (e −→ e).

That is, S0 ≤ S1 ≥ S2 respects
χ = [vS0 ≤ vS1 ≥ vS2 ].

Definition 15. If terms S and T have the same type disregarding their polarity markings, then we
can write the zigzag S ≶χ T, where χ is an info table.

To translate an axiom S ≤ T in M into the new language, we simply encode the
inequality into the info table, either as S ≤ T or as T ≥ S.

Definition 16. Given a set Γ of inequalities, the set of zigzags Γ≶ is

{(S ≶[vS≤vT ]
T) : (S ≤ T) ∈ Γ} ∪ {(T ≶[vT≥vS ]

S) : (S ≤ T) ∈ Γ}

We present the new proof rules in three parts, as Definitions 17–19.

Definition 17. M∞ is the proof system with the following rules:

F ≶ϕ G A ≶ψ B
(χ ∈ ϕ(ψ)) (App)

F(A) ≶χ G(B)

A ≶ϕ B B ≶ψ C
(Trans)

A ≶ϕ+ψ C
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(Refl)
A ≶[vA≤vA ]

A

where

• ϕ + ψ is the concatenated sequence [ϕ ψ′] where ψ′ is ψ with its first polarity column deleted;
• ϕ(ψ) is a set of info tables to be defined in Definition 18 (so (App) represents a family of

proof rules).

(App′) and (Trans′) are to be defined in Definition 19.

Example 4. Let

f0 : e +→ (e +→ e), f1 : e −→ (e +→ e), f2 : e +→ (e −→ e), f3 : e −→ (e −→ e)

and let Γ = { f0 ≤ f1, f2 ≤ f1, f2 ≤ f3}. Then, Γ≶ contains f0 ≶ϕ1 f1, f1 ≶ϕ2 f2, and f2 ≶ψ f3

where

ϕ1 =

[
+ ≤ −
+ +

]
, ϕ2 =

[
− ≥ +
+ −

]
, ψ =

[
+ ≤ −
− −

]
.

Then we have

f0 ≶ϕ1 f1 f1 ≶ϕ2 f2
(Trans)

f0 ≶ϕ f2 f2 ≶ψ f3
(Trans)

f0 ≶χ f3

where

ϕ =

[
+ ≤ − ≥ +
+ + −

]

χ =

[
+ ≤ − ≥ + ≤ −
+ + − −

]
.

Definition 18 ((App) Rule). Let F ∗ · · · ∗ G be a sequence of k (hypothetical) axioms in M that
respects ϕ. Let A ∗ · · · ∗ B be a sequence of k′ (hypothetical) axioms that respects ψ. We say that
χ ∈ ϕ(ψ) iff some sequence F(A) ∗ · · · ∗ G(B) of k + k′ inequalities that respects χ is derivable
from those axioms in M, each via a single application of (Mono), (Anti), or (Point) ( note that
since we are only encoding polarity markings rather than specific terms, the set ϕ(ψ) is finite). In
particular, the polarity columns in info tables in ϕ(ψ) have one less entry than those in ϕ.

To provide some intuition for Definition 18, we consider (10) again, now with proper
notation (and treating the inequalities in (10) as axioms instead of derived).

Example 5. Let
f : e +→ (e +→ e), g : e +→ (e −→ e), a, b, c : e

and let Γ = { f ≤ g, a ≤ b, c ≤ b}. Consider

f ≶ϕ g
a ≶ψ1 b b ≶ψ2 c

(Trans)a ≶ψ c
(App)

f (a) ≶χ g(c)

where
ψ1 = [∅ ≤ ∅]

ψ2 = [∅ ≥ ∅]
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ψ = [∅ ≤ ∅ ≥ ∅]

Note that a, b, c are of base type, so ψ1, ψ2, ψ do not contain any polarity markings—we use ∅ to
denoted the empty tuple.

ϕ =

[
+ ≤ +
+ −

]
χ = [+ ≤ + ≤ − ≥ −]

We will verify that this is a proper application of (App), i.e., χ ∈ ϕ(ψ). In this case, k and k′ from
Definition 18 are 1 and 2, respectively.

The first polarity column of ψ corresponds to a, and the last polarity column corresponds to
c. Intuitively, the middle polarity column comes from b earlier in the derivation, but once we have
concluded a ≶ψ c, we lose access to the term and only retain its polarity information in the info
table. Now Definition 18 tells us to introduce a temporary term—call it a1 to emphasize that we
have lost access to the term b—and suppose that we have the inequalities a ≤ a1 and a1 ≥ c in
M, as encoded by ψ. Also, from the info table ϕ, we have that f+ ≤ g+. Then by replicating the
derivations in (11), we get the three inequalities

f (a) ≤ f (a1) ≤ g(a1) ≥ g(c) (15)

in M: the first by (Mono), the second by (Point), and the third by (Mono). Given the types of f and
g, we see that

f (a) : e +→ e, f (a1) : e +→ e, g(a1) : e −→ e, g(c) : e −→ e,

so (15) respects χ. Then by Definition 18, χ ∈ ϕ(ψ).
Note that from f ≤ g and a ≤ a1 ≥ c, we can also derive the three inequalities

f (a) ≤ g(a) ≤ g(a1) ≥ g(c) (16)

with g(a) : e −→ e. Thus, (16) respects

ω = [+ ≤ − ≤ − ≥ −],

so ω ∈ ϕ(ψ), and f (a) ≶ω g(c) would also be a valid conclusion of this derivation.

Definition 19. Here are modified versions of (App) and (Trans):

F ≶ϕ G A ≶ψ B
(χ′ ⊏ χ ∈ ϕ(ψ)) (App′)

F(A) ≶χ′ G(B)

A ≶ϕ B B ≶ψ C
(χ′ ⊏ ϕ + ψ) (Trans′)

A ≶χ′ C

where χ′ ⊏ χ means χ′ is the result of deleting some occurrences of ∗i vi from χ = [v0 ∗1 v1 ∗2

· · · ∗n vn] for which ∗i = ∗i+1. The side condition for (App′) is that χ′ ⊏ χ for some χ ∈ ϕ(ψ).

Remark 5. It will be convenient to speak of and think of (App′) as the same rule as (App) but
followed by an application of a separate deletion rule on the conclusion, and likewise for (Trans′).

Example 6. Consider the same setup in Example 5.

f ≶ϕ g
a ≶ψ1 b b ≶ψ2 c

(Trans)a ≶ψ c
(App’)

f (a) ≶χ′ g(c)
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where χ′ = [+ ≤ − ≥ −]. Note, however, that deleting the last inequality in χ would reduce the
number of flips and is not allowed by (App′).

We can verify that deleting a polarity column which has the same inequality direction
immediately after it in info tables does not allow us to derive additional stronger statements.
That is, roughly speaking, the deletion rule is admissible. To prove this, we show that
anything that is derivable from an info table with such deletions would essentially also
have been derivable from the info table without any deletions. The intuitive idea is that the
number of inequality flips remains the same, and deleting polarity columns amounts to
deleting information.

Definition 20. Let χ = [v0 ∗1 v1 ∗2 · · · ∗n vn]. Recall from Definition 19 that χ′ ⊏ χ means χ′

is the result of deleting some occurrences of ∗i vi from χ for which ∗i = ∗i+1. Let χ′ ⊑ χ denote
χ′ ⊏ χ or χ′ = χ, and let χ′ ⊑1 χ denote χ′ ⊏ χ where exactly one such ∗i vi is deleted.

Lemma 2. Let ϕ′ ⊒1 ϕ, and let D be a derivation of S ≶χ T from Γ≶ that contains A ≶ϕ B. If the
subderivation of A ≶ϕ B is replaced with A ≶ϕ′ B, then there is a derivation D′ of S ≶χ′ T (from
Γ≶) for some χ′ ⊒1 χ that differs from D at most by having each info table α below A ≶ϕ B in D
modified to some α′ ⊒1 α in D′ (but keeping the terms the same).

Definition 21. Let χ = [v0 ∗1 v1 ∗2 · · · ∗n vn]. An inequality flip, or simply flip, occurs at ∗i

if ∗i ̸= ∗i+1. The number of flips in χ (including ∗n) is denoted by f (χ).

Note that we count flips starting from 1; i.e., if all the inequalities in χ have the same
direction, then f (χ) = 1.

Another consequence of Definitions 17 and 18 is

Lemma 3. For any χ ∈ ϕ(ψ), f (χ) ≥ f (ϕ).

The idea is that in M, (Point) does not have an order-reversing analogue like (Mono) does
with (Anti). See Example A1 in the Appendix A for an illustration.

The following shorthand will occasionally be used: S ≶ T means S ≶χ T for some χ.
S ≶1 T means S ≶χ T for some χ whose inequalities are all ≤.

We have just defined an infinite proof system M∞: we have not placed any bounds
on info tables so far. But given Γ, we can systematically eliminate unnecessary rules by
limiting the info tables allowed. Eventually, we will end up with a finite proof system MΓ,
to be defined below, in order to demonstrate decidability.

An outline of the proof of decidability is

I. Γ ⊢M S ≤ T if and only if Γ≶ ⊢M∞ S ≶1 T.
II. Γ≶ ⊢M∞ S ≶1 T if and only if Γ≶ ⊢M∞ S ≶1 T via a subterm derivation.
III. Γ≶ ⊢M∞ S ≶1 T via a subterm derivation if and only if Γ≶ ⊢MΓ S ≶1 T via a subterm

derivation.

with each roughly corresponding to one of the next three subsections. Part I is the analogue
of Proposition 1, and part II is the analogue of Theorem 1. In part III, we bound the size of
info tables.

4.1. Part I: Derivational Equivalence

We first show that M embeds into M∞. The following result is analogous to the
forward direction of Proposition 1.

Proposition 2. If Γ ⊢M S ≤ T, then Γ≶ ⊢M∞ S ≶1 T.
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Conversely, we have

Proposition 3. If Γ≶ ⊢M∞ S ≶χ T, then Γ ⊢M S ∗ · · · ∗ T via a sequence of derivations that
respects χ.

Proof. By structural induction on the proof rules. Use Lemma 2.

4.2. Part II: Subterm Property

Remark 6. The definitions of subterm derivation, subterm property, and bottom-most
chain are analogous to those in Section 3. Then, we also have an analogue for Lemma 1.

Theorem 2. If Γ≶ ⊢M∞ S ≶χ T, then Γ≶ ⊢M∞ S ≶χ T via a subterm derivation.

The proof is almost identical to the proof of Theorem 1, but there is an additional
consideration with respect to info tables. See the Appendix A.

4.3. Part III: Bounding Info Tables

Since this section is rather dense, we first provide a guiding example that highlights
the ideas in the results that follow. Throughout this section, we use S ≤ T as shorthand for
S ≶[vS≤vT ]

T, and S ≥ T for S ≶[vS≥vT ]
T.

Example 7. Let Γ consist of a ≤ b ≥ c : e, f+ ≤ g− ≥ h+ : e → e, and p+ ≤ q+ ≤ r− : e → e.
Consider the derivation from axioms in Γ≶ (all the omitted rules are (Trans)):

p+ ≤ q+ q+ ≤ r−

p ≶ϕ r

f+ ≤ g− g− ≥ h+

f ≶ h

a ≤ b b ≥ c
a ≶ψ1 c

(Refl)
c ≤ c

a ≶ψ2 c
(App)

f (a) ≶ω h(c)
(App)

p( f (a)) ≶χ r(h(c))

where ω consists of three ≤’s followed by two ≥’s, and χ consists of seven ≤’s. The other info tables,
some of which are omitted, are fixed by the definition of (Trans). In particular, we note that ψ1 has
two inequality flips, and ψ2 has three, so a ≶ψ1 c is a stronger statement than a ≶ψ2 c.

We will convert this to a simpler derivation, both by reducing the number of nodes and by
reducing the size of certain info tables using the deletion rules (App′) and (Trans′). First, we replace
the subderivation of a ≶ψ2 c with the smaller subderivation of a ≶ψ1 c. Having changed one of the
premises of that instance of (App), we then adjust the info table in f (a) ≶ h(c) so that it is still a
proper application of (App), and then likewise for p( f (a)) ≶ r(h(c)), resulting in

p+ ≤ q+ q+ ≤ r−
(Trans)p ≶ϕ r

f+ ≤ g− g− ≥ h+

f ≶ h
a ≤ b b ≥ c

a ≶≶≶ψ1 c
(App)

f (a) ≶≶≶ω′ h(c)
(App)

p( f (a)) ≶≶≶χ′ r(h(c))

where

ω′ = [∅ ≤ ∅ ≤ ∅ ≥ ∅ ≥ ∅].

This replacement may remind us of Corollary 1, but the difference is that here, a ≶ψ1 c and a ≶ψ2 c
are different statements. Nonetheless, we observed that a ≶ψ1 c is a stronger statement than a ≶ψ2 c,
so performing this replacement should be advantageous.

Then, using the deletion rule, we delete one ≤ and one ≥ from ω′, since this is redundant
information in argument position:
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p+ ≤ q+ q+ ≤ r−
(Trans)p ≶ϕ r

f+ ≤ g− g− ≥ h+

f ≶ h
a ≤ b b ≥ c

a ≶ψ1 c
(App′)

f (a) ≶≶≶ω′′ h(c)
(App)

p( f (a)) ≶≶≶χ′′ r(h(c))

where

ω′′ = [∅ ≤ ∅ ≥ ∅].

Finally, we consider

ϕ = [+ ≤ + ≤ −]

in function position of the last application of (App). Temporarily associate ϕ with p+ ≤ F+ ≤ r−

and ω′′ with f (a) ≤ A ≥ h(c). Suppose that

χ′′ = [∅ ≤ ∅ ≤ ∅ ≤ ∅ ≤ ∅]

corresponds to p( f (a)) ≤ p(A) ≤ F(A) ≤ r(A) ≤ r(h(c)), obtained by (Mono), (Point), (Point),
and (Anti), respectively. Observe, then, that this uses only the polarity information from p (for
(Mono)) and r (for (Anti)), and not from F. That is, p+ ≤ r− suffices to align all inequalities in the
same direction, so the polarity information from F+ is unnecessary. Hence, we delete the middle
polarity entry in ϕ and then adjust the conclusion accordingly:

p+ ≤ q+ q+ ≤ r−
(Trans’)

p ≶≶≶ϕ′ r

f+ ≤ g− g− ≥ h+

f ≶ h
a ≤ b b ≥ c

a ≶ψ1 c
(App′)

f (a) ≶ω′′ h(c)
(App)

p( f (a)) ≶≶≶χ′′′ r(h(c))

where

ϕ′ = [+ ≤ −].

We can also apply a deletion rule in the last application of (App) to further simplify χ′′′.
This concludes the example. The procedure of replacing a ≶ψ2 c with a ≶ψ1 c in the first step

of our conversion hints at the proof idea for Lemma 4, and Lemma 5 ensures that adjusting the info
tables below is unproblematic. Proposition 4 involves repeatedly applying these procedures. The
second step in our conversion features as part of Proposition 5, which is completed by applying
Lemma 6, which generalizes the third step in our conversion.

Fix a finite Γ. We first show that any derivation whose conclusion has an info table
with a “pathologically” large number of inequality flips can be converted to a derivation
where the terms in the conclusion remain the same but its info table (as well as the other
info tables in the derivation) is bounded in the number of flips.

Definition 22. Let i(χ) denote the number of inequality symbols in an info table χ.

Also recall that f (χ) denotes the number of inequality flips in χ.

Lemma 4. Let N be the size of the subterm set of (Γ, S, T). If Γ≶ ⊢M∞ S ≶χ T via a subterm
derivation with f (χ) > 2N2

, then Γ≶ ⊢M∞ S ≶χ′ T via a subterm derivation in which every info
table has at most 2N2

inequality flips.

Proof. The reasoning here is similar to that in Corollary 1.
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We first observe that if no branch in the derivation of S ≶χ T contains any repeated
pair of terms, i.e., at least two occurrences of A ≶ B for some pair A, B (where the info
tables in the two instances are not necessarily the same), then f (χ) ≤ 2N2

. This fol-
lows from a straightforward counting argument: the leaves of any derivation will have
1 inequality each in their info tables. For any step, if the info tables of the premises have
k1, k2 inequalities each, then the conclusion of that step has at most k1 + k2 inequalities by
Definitions 17 and 18. Now, since χ has height at most the number of pairs of subterms,
which is N2, i(χ) ≤ 2N2

.
Thus, if f (χ) > 2N2

, the derivation D of S ≶χ T must contain two separate instances
A ≶ϕ B, A ≶ψ B in some branch. WLOG, assume A ≶ψ B is below A ≶ϕ B in D. Then
we obtain a new derivation by replacing the entire subderivation of A ≶ψ B with the
subderivation of A ≶ϕ B and then adjusting the info tables below, as dictated by the proof
rules, in D ( the details of how the info tables are adjusted do not matter; all that matters
is that in the end, every info table will have at most 2N2

flips). Repeat this process until
there are no more repeated pairs of terms in any branch. The resulting derivation will be
as desired.

Note that, strictly speaking, the lemma above is true no matter what f (χ) is. We state
the lemma as such to emphasize that we will only apply it when f (χ) is very large. In
particular, the sizes of info tables in Example 7 are already safely within the given bound,
but in that specific case, it was unproblematic to perform the transformation described
in the lemma. However, in other cases, performing this transformation on a derivation
whose conclusion has few flips (but contains a pair of repeated terms in some branch) could
increase the number of flips in the conclusion, making it weaker. Consider

a ≤ f (a)

f+ ≤ g−
a ≤ b b ≥ c

(Trans)
a ≶ψ c

(App)
f (a) ≶1 g(c)

(Trans)
a ≶1 g(c) g(c) ≤ c

(Trans)
a ≶1 c

(17)

We would not want to replace the derivation with the subderivation of a ≶ψ c, which has
two flips.

Hereafter, let KΓ := 2N2
where N is the size of the subterm set of (Γ, S, T). We

sometimes omit the subscript Γ when no confusion arises.

Definition 23. Let χ′ ⊆ χ denote that χ′ is a subsequence of χ. Let χ′ ⊆1 χ denote that χ′ is the
result of deleting exactly one ∗i vi from χ.

Definition 24. Let χ′ ⪯ χ denote that the sequence of inequalities within χ′ is a subsequence of the
sequence of inequalities within χ, i.e., χ′ is a subsequence of χ disregarding the polarity columns.
Let χ′ ⪯1 χ denote that χ′ ⪯ χ and χ′ has one fewer ∗i vi than χ.

Example 8. [− ≤ − ≥ −] ⪯ [+ ≤ + ≥ + ≤ + ≥ +].

Note that χ′ ⊆ χ or χ′ ⪯ χ means that S ≶χ′ T is at least as strong of a statement as
S ≶χ T.

Proposition 4. If Γ≶ ⊢M∞ S ≶χ T via a subterm derivation where f (χ) ≤ KΓ, then Γ≶ ⊢M∞

S ≶χ′ T for some χ′ ⊆ χ via a subterm derivation in which every info table has at most KΓ

inequality flips.
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Proof. Consider the bottom-most node A ≶ψ B with f (ψ) > K in the original derivation.
(If there are multiple bottom-most such nodes, pick any one of them.) We claim that it
must occur in argument position of (App). If it were in function position or as a premise of
(Trans), then the conclusion of that step would also have more than K flips by Lemma 3,
contradicting that A ≶ψ B is the bottom-most.

By Lemma 4, we can replace the subderivation of A ≶ψ B with a derivation of A ≶ψ′ B
that contains at most K inequality flips in each of its info tables. If ψ′ contains any ∗i vi

where ∗i = ∗i+1, apply the deletion rule on them to get ψ′′ ⪯ ψ. Then we finish the proof
with Lemma 5 below, which implies that, in argument position, replacing an info table with
one that has fewer inequalities allows us to derive a conclusion that is at least as strong as
the original, without significantly changing the structure of the derivation.

Applying Lemma 5 (repeatedly) to A ≶ψ′′ B, we get a new derivation with conclusion
S ≶χ′ T for some χ′ ⊆ χ. Repeat this process—using Lemmas 4 and 5—until there are no
more info tables with more than K flips.

Lemma 5. Let D be a derivation of S ≶χ T that contains A ≶ψ B in argument position of (App),
and let ψ′ ⪯1 ψ. If the subderivation of A ≶ψ B is replaced with A ≶ψ′ B, then there is a derivation
D′ of S ≶χ′ T for some χ′ ⊆1 χ that differs from D at most by having each info table α below
A ≶ψ B in D modified to some α′ ⊆1 α in D′.

We have just established that we only need to encode at most K inequality flips. But in
function position, we may need to keep inequalities in the same direction (between flips) to
derive stronger statements. For example, consider

f+ ≤ g− g− ≤ h+
(Trans)

f ≶ϕ h

a ≤ b b ≥ c
(Trans)

a ≶ψ1 c c ≤ d
(Trans)

a ≶ψ2 d
(App)

f (a) ≶χ h(d)

(18)

where
ϕ = [+ ≤ − ≤ +]

ψ1 = [∅ ≤ ∅ ≥ ∅]

ψ2 = [∅ ≤ ∅ ≥ ∅ ≤ ∅]

and f (χ) = 1. We see that if we deleted “≤ −” from ϕ, then f (χ) ̸= 1, so in function
position, we have to be more careful when applying the deletion rule, compared to in
argument position.

We now bound the number of these intermediate inequalities and polarity columns
that need to be retained.

Lemma 6. Let D be a derivation of the form

...
Fl ≶ϕl Gl

...
Al ≶ψl Bl (App)

Fl(Al) ≶ωl Gl(Bl)

. . .
F1 ≶ϕ1 G1

...
A1 ≶ψ1 B1

(App)
F1(A1) ≶ω1 G1(B1)

...
S ≶χ T
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where the zigzags in the path downward from Fl ≶ϕl Gl are all in either function position of (App)
or a premise of (Trans), and l is the number of such zigzags that are in function position. Then
there exists ϕ′ ⊑ ϕl with at most f (ϕ1) + i(ψ1) + · · ·+ f (ϕl) + i(ψl) inequalities such that if
the subderivation of Fl ≶ϕl Gl in D is replaced with Fl ≶ϕ′ Gl , then there is a derivation D′ of
S ≶χ′ T for some χ′ ⊑ χ that differs from D at most by having each info table α below Fl ≶ϕl Gl in
D modified to some α′ ⊑ α in D′.

Definition 25. MΓ is the restriction of M∞ to zigzags whose info tables have at most 2KΓLΓ

inequalities, where LΓ is the maximum valence ( defined in Definition 1 and used in Definition 13)
of any term in Γ.

Proposition 5. If Γ≶ ⊢M∞ S ≶χ T via a subterm derivation where every info table has at most
KΓ flips, then Γ≶ ⊢MΓ S ≶χ′ T for some χ′ ⊆ χ via a subterm derivation.

Proof. Throughout this proof, we will treat the conclusion as argument position.
Let D be a subterm derivation where every info table has at most K flips. First, for

every A ≶ψ B in D which is in argument position, delete all ∗i vi in ψ for which ∗i = ∗i+1,
and also delete the corresponding ∗i vi in any info tables in the bottom-most chain of the
subderivation of A ≶ψ B. Now, each of these info tables will have at most K inequalities.
By Lemma 5, we get a new derivation D′ of S ≶χ′ T for χ′ ⊆ χ without adding inequalities
at any info table.

Now consider the top-most node F ≶ϕ G in D′ that is in function position, and let
A0 ≶ψ0 B0 (to be thought of as S ≶χ T in the statement of Lemma 6) be the nearest (top-
most) zigzag in argument position in the path downward from F ≶ϕ G. Let l be the number
of zigzags in function position in this path. By Lemma 6, we can replace ϕ with ϕ′ ⊑ ϕ

which has at most f (ϕ1) + i(ψ1) + · · · + i(ϕl) + f (ψl) inequalities—where each ϕi, ψi is
as depicted in the lemma—to obtain a new derivation D′′ of S ≶χ′′ T for χ′′ ⊑ χ′ ⊆ χ

without adding inequalities at any info table. Since l ≤ L, where L is the maximum valence
of any term in Γ, and f (ϕi), i(ψi) ≤ K, it follows that i(ϕ′) ≤ 2KL. Repeat this process
on all info tables in function position with more than 2KL inequalities. Finally, make
deletions accordingly in the bottom-most chain of these subderivations ending in function
position, just as we did for argument position, so that all info tables have at most 2KL
inequalities.

4.4. Putting It Together

Finally, here is the result we want.

Theorem 3. Γ ⊢M S ≤ T if and only if Γ≶ ⊢MΓ S ≶1 T via a subterm derivation.

Proof. Refer back to the outline at the beginning of the section. For the forwards direction,
(I) is by Proposition 2, (II) is by Theorem 2, and (III) is by Propositions 4 and 5. For the
backwards direction, (I) is by Proposition 3, and (II) and (III) are trivial.

Corollary 2. It is decidable, given a finite set Γ of ground inequalities and ground terms S, T,
whether Γ ⊢M S ≤ T.

Proof. There are finitely many distinct info tables, and consequently finitely many zigzags
and finitely many proof rules, in MΓ by Definition 25. So we can replicate the argument in
the proof of Corollary 1.
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5. Conclusions and Future Work
We have shown that the Monotonicity Calculus in [2,3] is decidable over a modified

set of ground terms: in the setting where polarity markings are ignored when forming
terms via function application, amounting to the assumption that argument types within a
function type do not carry substantive monotonicity information.

In addition, by considering weaker fragments and then moving to stronger fragments,
we have identified the sources of complexity within the system. This can be seen from both
the move from M+ (Section 3) to M∞ (Section 4) and the move from simpler constructions
to more complicated ones within Section 4. Notably, the latter illuminates the fact that
mixed monotonicity (defined in Section 2) introduces additional complexity and pinpoints
where exactly: for instance, in (18). One takeaway is that systematic studies of decidability
can give rise not only to interesting formal questions but also to substantive empirical
questions about natural language—for example, those pertaining to mixed monotonicity.

We close by clarifying the scope of our results and suggesting directions for future
work. One point concerns the restriction on term formation described at the beginning of
the section. Despite our remark about types e and t in Remark 1, this assumption might
be undesirable in the context of natural language when we expand our inventory of types
to include other commonly used ones, such as v for events. In particular, it has been
observed that measure adverbials such as for an hour only take atelic predicates [9]. For
example, consider

(1) a. John searched his house for an hour.
b. #John found his keys for an hour.
c. John found his keys in an hour.

Atelicity can be seen as including an antitonicity constraint: P is atelic only if for any events
e, f ,

e ⊑ f =⇒ P( f ) → P(e)

where ⊑ is the parthood relation on events. So we might want the type of for an hour to
be (v −→ t) +→ (v ·→ t) where it cannot take arguments of type v +→ t or v ·→ t.

This suggests a natural next step: to investigate the Monotonicity Calculus under
the original stricter term formation condition. ( Roughly, if F : σ

m→ τ and A : σ′,
then F(A) is a well-formed term only if σ′ is a “subtype” of σ. See [2,3] for details.)
This system would not be equivalent to M∞ because M∞ does not take into account
information about polarity markings in argument types ( for example, the “−” in the type
(v −→ t) +→ (v ·→ t) from above would not get recorded in an info table). We can see this
omission in Definition 13—such markings are hidden inside σ1, . . . , σl+1 and not encoded
in the info tables we have defined. It would be interesting to explore whether we can
modify M∞ in a way that will allow us to prove results analogous to those in Section 4 to
establish decidability.

Moreover, since our focus was on proving decidability rather than establishing more
specific complexity results, we prioritized convenient presentations over tight bounds.
Another interesting future direction would be to improve the bounds on info tables in
Section 4.3.
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Appendix A. The General Case: Omitted Proofs
In our previous discussion of the (App) rule, we relied on introducing temporary

terms and inequalities, but it will be convenient to directly work with info tables in the
proofs below.

Example A1. Here is a procedure for visualizing Definition 18 that works directly with info tables,
rather than inequalities in M. We will first introduce terms, as before, for transparency and then
reformulate the setup with only info tables.

Assume we have

ϕ =

[
+ ≤1 − ≥2 +
+ + −

]

ψ = [∅ ≤3 ∅ ≥4 ∅ ≤5 ∅ ≥6 ∅]

(We have labeled the inequality symbols to keep track of particular instances of these inequality
symbols—the labels are not technically part of the info tables.)

Suppose ϕ and ψ come from F0 ≤ F1 ≥ F2 and A0 ≤ A1 ≥ A2 ≤ A3 ≥ A4, respectively,
where

F0 : b +→ (b +→ b), F1 : b −→ (b +→ b), F2 : b +→ (b −→ b)

and A0, A1, A2, A3 are all be of type b. Then, in M, we can derive F0(A0) ≤ F0(A1) by (Mono),
F0(A1) ≤ F1(A1) by (Point), F1(A1) ≤ F1(A2) by (Anti), and so on, resulting in

F0(A0) ≤ F0(A1) ≤ F1(A1) ≤ F1(A2) ≥ F1(A3) ≥ F2(A3) ≥ F2(A4) (A1)

Now we describe the procedure, which can be seen as a reformulation of the setup above. First,
insert each inequality symbol from ψ into ϕ after a polarity column and then replicate that column
after the inserted inequality (≤3 must come before ≥4, which must come before ≤5, and so on). We
call this an insertion of ∗i from ψ into ϕ at vj:[

+ ≤3 + ≤1 − ≥4 − ≤5 − ≥2 + ≥6 +
+ + + + + − −

]
Since “−” appears as the top entry of the polarity columns that ≥4 and ≤5 were inserted into,
reverse their directions: [

+ ≤3 + ≤1 − ≤4 − ≥5 − ≥2 + ≥6 +
+ + + + + − −

]
Remove the top entry of each polarity column:

[ + ≤3 + ≤1 + ≤4 + ≥5 + ≥2 − ≥6 − ]

Call the info table above χ. Then χ ∈ ϕ(ψ). Note that (A1) respects χ. We say that the black
inequalities in χ are contributed by ϕ, and the red inequalities are contributed by ψ.

Moreover, by Definition 19 and Remark 5, we can reduce χ to

χ′ = [ + ≤ + ≥ + ≥ − ]

by using (App′). Note that we have reduced 4 flips in ψ to 2 flips in χ.
To get the entire set ϕ(ψ), we consider all possible insertions of the inequalities from ψ into ϕ.
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Throughout the paper, we have used the term below (in a derivation tree) somewhat
informally, since the details have not played an essential role. We now give a precise
definition for the sake of the proofs below.

Definition A1. Let x, y be nodes in a derivation. We say that x is below y if the distance from x
to the conclusion is less than the distance from y to the conclusion and x, y are in the same branch.

In the following discussion, for any polarity column v, let v− denote v with its first
(top) entry removed. Here is Lemma 2 reproduced.

Lemma A1. Let ϕ′ ⊒1 ϕ, and let D be a derivation of S ≶χ T from Γ≶ that contains A ≶ϕ B. If
the subderivation of A ≶ϕ B is replaced with A ≶ϕ′ B, then there is a derivation D′ of S ≶χ′ T
(from Γ≶) for some χ′ ⊒1 χ that differs from D at most by having each info table α below A ≶ϕ B
in D modified to some α′ ⊒1 α in D′ (but keeping the terms the same).

Proof. By induction on the distance from A ≶ϕ B to S ≶χ T in D.
There are three base cases: when A ≶ϕ B is a premise of (Trans), when A ≶ϕ B is in

argument position (in which case we use the notation A ≶ψ B), and when it is in function
position (in which case we use the notation F ≶ϕ G).

The first case is clear. For the second case, assume we have

ψ′ = [· · · ∗i−1 vi−1 ≤i vi ≤i+1 · · · ]
ψ = [· · · ∗i−1 vi−1 ≤i+1 · · · ]

and

...
F ≶ϕ G

...
A ≶ψ B

(App)
F(A) ≶χ G(B)

Then choose χ′ ∈ ϕ(ψ′) so that it is obtained by

• Inserting ∗1, . . . , ∗i−1,≤i+1, · · · ∗n from ψ′ into ϕ exactly where the corresponding
inequalities from ψ were inserted into ϕ, respectively, to obtain χ ∈ ϕ(ψ);

• Inserting ≤i from ψ′ (the extra inequality) into ϕ at the same polarity column where
≤i+1 was inserted.

More precisely, assuming we had

ϕ = [· · · ∗j vj ∗j+1 · · · ]

χ = [· · · ∗j · · · v−j ∗i+1 v−j · · · ∗j+1 · · · ]

where ∗i+1 is the result of inserting ≤i+1 from ψ into ϕ, then we choose

χ′ = [· · · ∗j · · · v−j ∗i v−j ∗i+1 v−j · · · ∗j+1 · · · ]

with ∗i = ∗i+1, which means χ′ ⊒1 χ. Note that the argument is the same if we replace ≤
with ≥.

For the third case, assume we have

ϕ′ = [· · · ∗i−1 vi−1 ≤i vi ≤i+1 · · · ]
ϕ = [· · · ∗i−1 vi−1 ≤i+1 · · · ]

and
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...
F ≶ϕ G

...
A ≶ψ B

(App)
F(A) ≶χ G(B)

Then choose χ′ ∈ ϕ′(ψ) so that it is obtained by inserting every inequality from ψ into ϕ′

exactly where it was inserted into ϕ to obtain χ ∈ ϕ(ψ) (all the polarity columns available
in ϕ are still available in ϕ′). It follows that χ′ ⊒1 χ.

The result follows by induction.

Appendix A.1. Part I

Let S ≷1 denote S ≶χ T for some χ whose inequalities are all ≥. For Proposition 2, we
prove the stronger result below.

Proposition A1. If Γ ⊢M S ≤ T, then Γ≶ ⊢M∞ S ≶1 T and Γ≶ ⊢M∞ T ≷1 S.

Proof. By induction on size.
The base case is by the definition of Γ≶. For the induction, consider a derivation from

Γ whose last step uses (Anti):

...
A ≤ B

(Anti)
G(B) ≤ G(A)

By the inductive hypothesis, Γ≶ ⊢M∞ A ≶ψ B and Γ≶ ⊢M∞ B ≶ψ′ A where all of the
inequalities in ψ are ≤ and all of the inequalities in ψ′ are ≥. Then, since G is antitonic, we
get derivations

(Refl)
G ≶[vG≥vG ]

G

...
A ≶ψ B

(App)
G(A) ≶χ G(B)

where χ = [v−G ≥ · · · ≥ v−G ] and

(Refl)
G ≶[vG≤vG ]

G

...
B ≶ψ′ A

(App)
G(B) ≶χ′ G(A)

where χ′ = [v−G ≤ · · · ≤ v−G ].
The other cases can be verified in a similar manner.

Appendix A.2. Part II

Definition A2. Let Φ, Ψ be sets of info tables. We define

Φ + Ψ = {ϕ + ψ : ϕ ∈ Φ, ψ ∈ Ψ}

Lemma A2. Let ϕ1, ϕ2, ψ1, ψ2 be info tables. Then

ϕ1(ψ1) + ϕ2(ψ2) ⊆ (ϕ1 + ϕ2)
(

ψ1 + ψ2

)
Proof. This follows from the procedure in Example 2. The left-hand side involves insert-
ing inequalities from ψ1 into ϕ1 and inserting inequalities from ψ2 into ϕ2, whereas the
right-hand side involves inserting inequalities from ψ1 into either ϕ1 or ϕ2, and likewise
for ϕ2.

Theorem A1. If Γ≶ ⊢M∞ S ≶χ T, then Γ≶ ⊢M∞ S ≶χ T via a subterm derivation.
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Proof. Revisit the proof of the claim in Theorem 1. We have an analogous setup here:

. . . (Trans)
F1 ≶ϕ Fn−1

. . . (Trans)
A1 ≶ψ An−1

(App)
F1(A1) ≶ω Fn−1(An−1)

Fn−1 ≶ϕn Fn An−1 ≶ψn An
(App)

Fn−1(An−1) ≶ωn Fn(An) (Trans)
F1(A1) ≶χ Fn(An)

We claim we can manipulate this to get

. . . (Trans)
F1 ≶ϕ Fn−1 Fn−1 ≶ϕn Fn

(Trans)
F1 ≶ϕ+ϕn Fn

. . . (Trans)
A1 ≶ψ An−1 An−1 ≶ψn An

(Trans)
A1 ≶ψ+ψn An

(App)
F1(A1) ≶χ Fn(An)

Note that the conclusion of the new derivation has the same info table χ as in the original
derivation.

We must verify that in the new derivation, χ is obtainable from ϕ + ϕn and ψ + ψn

using (App). In the original derivation, ω ∈ ϕ(ψ) and ωn ∈ ϕn(ψn), so χ ∈ ϕ(ψ) + ϕn(ψn).
Now observe that the conclusion of the new derivation can have any info table in (ϕ +

ϕn)
(

ψ + ψn

)
. By Lemma A2, χ ∈ (ϕ + ϕn)

(
ψ + ψn

)
, so the last step is indeed a correct

application of (App).
The rest of the proof is essentially identical to the proof of Theorem 1.

Appendix A.3. Part III

For Lemma 5, we prove a stronger result by mutual induction. Let χ′ ⊆v
1 χ denote

that χ′ is the result of deleting exactly one vi−1 ∗i, where vi−1 = vi, from χ.

Lemma A3. (a) Let D be a derivation of S ≶χ T that contains A ≶ψ B in argument position of
(App), and let ψ′ ⪯1 ψ. If the subderivation of A ≶ψ B is replaced with A ≶ψ′ B, then there
is a derivation D′ of S ≶χ′ T for some χ′ ⊆v

1 χ that differs from D at most by having each
info table α below A ≶ψ B in D modified to some α′ ⊆v

1 α in D′.
(b) Let D be a derivation of S ≶χ T that contains F ≶ϕ G in function position of (App), and let

ϕ′ ⊆v
1 ϕ. If the subderivation of F ≶ϕ G is replaced with F ≶ϕ′ G, then there is a derivation

D′ of S ≶χ′ T for some χ′ ⊆v
1 χ that differs from D at most by having each info table α below

F ≶ϕ G in D modified to some α′ ⊆v
1 α in D′.

As in Lemma A1, the main content of the proof is in the base case, stated below.

Lemma A4. (a) Assume we have

...
F ≶ϕ G

...
A ≶ψ B

(App)
F(A) ≶χ G(B)

and ψ′ ⪯1 ψ. Then we can get

...
F ≶ϕ G

...
A ≶ψ′ B

(App)
F(A) ≶χ′ G(B)

for some χ′ ⊆v
1 χ.

(b) Assume we have
...

F ≶ϕ G

...
A ≶ψ B

(App)
F(A) ≶χ G(B)
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and ϕ′ ⊆v
1 ϕ. Then we can get

...
F ≶ϕ′ G

...
A ≶ψ B

(App)
F(A) ≶χ′ G(B)

for some χ′ ⊆v
1 χ.

Proof. (a) Assume we have

ψ = [· · · vj−1 ∗j vj · · · ]
ψ′ = [· · · v′j−1 · · · ]

and

χ = [· · · v−i ∗j v−i · · · ]

Then we can get

χ′ = [· · · v−i · · · ]

by inserting every inequality from ψ′ into ϕ exactly where the corresponding inequal-
ity from ψ was inserted into ϕ to obtain χ ∈ ϕ(ψ).

(b) Assume we have

ϕ = [· · · vi−1 ∗i vi · · · ]
ϕ′ = [· · · vi · · · ]
χ = [· · · v−i−1 ∗j v−i−1 · · · ∗n v−i−1 ∗i v−i ∗n+1 v−i · · · ]

where vi−1 = vi and the red inequalities are contributed by ψ. Then we can get

χ′ = [· · · v−i ∗j v−i · · · ∗n v−i ∗n+1 v−i · · · ]

by

• Inserting ∗j, . . . , ∗n at vi in ϕ′, instead of vi−1 which is now deleted;
• Inserting the remaining inequalities from ψ exactly where they were inserted

into ϕ to obtain χ ∈ ϕ(ψ).

The red inequalities are in the same direction in χ′ as they were in χ because vi−1 = vi.

Here is Lemma 6 reproduced.

Lemma A5. Let D be a derivation of the form
...

Fl ≶ϕl Gl

...
Al ≶ψl Bl (App)

Fl(Al) ≶ωl Gl(Bl)

. . .
F1 ≶ϕ1 G1

...
A1 ≶ψ1 B1

(App)
F1(A1) ≶ω1 G1(B1)

...
S ≶χ T
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where the zigzags in the path downward from Fl ≶ϕl Gl are all in either function position or a
premise of (Trans), and l is the number of such zigzags that are in function position. Then there
exists ϕ′ ⊑ ϕl with at most f (ϕ1) + i(ψ1) + · · · + f (ϕl) + i(ψl) inequalities such that if the
subderivation of Fl ≶ϕl Gl in D is replaced with Fl ≶ϕ′ Gl , then there is a derivation D′ of S ≶χ′ T
for some χ′ ⊑ χ that differs from D at most by having each info table α below Fl ≶ϕl Gl in D
modified to some α′ ⊑ α in D′.

Sketch. Intuitively, we define ϕ′ to include every ∗i vi from ϕl for which ∗i ̸= ∗i+1 (which
the deletion rule does not permit deleting) and every ∗i vi at which any of ψ1, . . . , ψl inserted
at to get ω1, . . . , ωl , respectively.

Call the modification of a portion of a derivation structure-preserving if it satisfies
the above property, i.e., each α becomes some α′ ⊑ α.

Proof. By induction on l. For the base case, assume we have

...
F ≶ϕ G

...
A ≶ψ B

(App)
F(A) ≶ω G(B)

...
S ≶χ T

with the form described in the lemma, and say ϕ = [v0 ∗1 v1 · · · ∗n vn]. WLOG, assume the
deletion rule was not used at this instance of (App). Define ϕ′ to be the subsequence of ϕ

that contains:

• v0;
• Every ∗i vi where ∗i ̸= ∗i+1 (including ∗n vn);
• Every ∗i vi at which ψ inserted into to get ω ∈ ϕ(ψ).

Indeed, ϕ′ ⊑ ϕ, since we have not deleted any ∗i vi where ∗i ̸= ∗i+1. Then choose
ω′ ∈ ϕ′(ψ) so that it is obtained by inserting every inequality from ψ into ϕ′ exactly where
it was inserted in ϕ to obtain ω (we kept those columns). Then ω′ is the result of deleting
every ∗i v−i from ω for which ∗i vi was removed from ϕ to get ϕ′, so ω′ ⊑ ω. Since the
portion of the derivation below F(A) ≶ω G(B) consists of premises of (Trans) only, it
follows that ω′ induces a structure-preserving modification of that portion, resulting in a
new derivation of S ≶χ′ T for χ′ ⊑ χ. Moreover, we see from the definition of ϕ′ that it has
at most f (ϕ) + i(ψ) inequalities.

Now, for the induction, consider

...
Fl ≶ϕl Gl

...
Al ≶ψl Bl (App)

Fl(Al) ≶ωl Gl(Bl)

. . .
Fl−1 ≶ϕl−1 Gl−1

...
Al−1 ≶ψl−1 Bl−1 (App)

Fl−1(Al−1) ≶ωl−1 Gl−1(Bl−1)

. . .
S ≶χ T

By the inductive hypothesis, there is some ϕ′
l−1 ⊑ ϕl−1 with at most f (ϕ1) + i(ψ1) +

· · · + f (ϕl−1) + i(ψl−1) inequalities that induces a structure-preserving modification of
the portion below Fl−1 ≶ϕl−1 Gl−1. Now, since the portion below Fl(Al) ≶ωl Gl(Bl) to
Fl−1 ≶ϕl−1 Gl−1 only consists of premises of (Trans), there is ω′

l ⊑ ωl , where ω′
l ⊆ ϕ′

l−1,
that induces a structure-preserving modification of that portion such that it concludes with
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Fl−1 ≶ϕ′
l−1

Gl−1. So it suffices to find ϕ′
l ⊑ ϕl with at most f (ϕ1)+ i(ψ1)+ · · ·+ f (ϕl)+ i(ψl)

inequalities that will allow us to derive Fl(Al) ≶ω′
l

Gl(Bl).
Say ϕl = [v0 ∗1 v1 · · · ∗n vn]. Define ϕ′

l to be the subsequence of ϕl that contains:

• v0;
• Every ∗i vi where ∗i ̸= ∗i+1 (including ∗n vn);
• Every ∗i vi at which ψl inserted into to get ωl ∈ ϕl(ψl);
• Every ∗i vi for which ϕl contributed ∗i to ω′

l ( technically ω′
l was not explicitly obtained

by applying the procedure from Example A1 on ϕl(ψl), but we can view ω′
l as a copy

of ωl with fewer entries, so we can speak of ∗i in ω′
l being contributed by ϕl).

As in the case base, ϕ′
l ⊑ ϕl , and similarly, we choose ω′′

l ∈ ϕ′
l(ψl) using the same procedure

as described above so that ω′′
l ⊑ ωl . By construction, ω′′

l ⊇ ω′
l , so it follows that ω′′

l ⊒ ω′
l

(since we also have ω′
l ⊑ ωl). In other words, the ∗i vi that appear in ω′′

l but not ω′
l are

deletable because if they were not, then they also would not have been deletable in ω′
l .

Thus, since Fl(Al) ≶ω′′
l

Gl(Bl) is derivable (by definition of ω′′
l ), it follows that

Fl(Al) ≶ω′
l

Gl(Bl) is derivable. Moreover, we see that in the definition of ϕ′
l , the sec-

ond and third clauses contribute at most f (ϕl) + i(ψl) inequalities, and the last clause
contributes at most f (ϕ1) + i(ψ1) + · · ·+ f (ϕl−1) + i(ψl−1) inequalities, as ω′

l ⊆ ϕ′
l−1.
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