
Citation: Torres-Hernandez, A.;

Brambila-Paz, F.; Ramirez-Melendez,

R. Abelian Groups of Fractional

Operators. Comput. Sci. Math. Forum

2022, 4, 4. https://doi.org/

10.3390/cmsf2022004004

Academic Editors: Jorge M.

Cruz-Duarte and Porfirio

Toledo-Hernández

Published: 19 December 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Proceeding Paper

Abelian Groups of Fractional Operators †

Anthony Torres-Hernandez 1,2,* , Fernando Brambila-Paz 3 and Rafael Ramirez-Melendez 2

1 Department of Physics, Faculty of Science, Universidad Nacional Autónoma de México,
Mexico City 04510, Mexico

2 Music and Machine Learning Lab, Department of Information and Communication Technologies,
Universitat Pompeu Fabra, 08018 Barcelona, Spain

3 Department of Mathematics, Faculty of Science, Universidad Nacional Autónoma de México,
Mexico City 04510, Mexico

* Correspondence: anthony.torres@ciencias.unam.mx
† Presented at the 5th Mexican Workshop on Fractional Calculus, Tecnológico de Monterrey (TEC),

Monterrey, Mexico, 5–7 October 2022.

Abstract: Taking into count the large number of fractional operators that have been generated over
the years, and considering that their number is unlikely to stop increasing at the time of writing this
paper due to the recent boom of fractional calculus, everything seems to indicate that an alternative
that allows to fully characterize some elements of fractional calculus is through the use of sets.
Therefore, this paper presents a recapitulation of some fractional derivatives, fractional integrals, and
local fractional operators that may be found in the literature, as well as a summary of how to define
sets of fractional operators that allow to fully characterize some elements of fractional calculus, such
as the Taylor series expansion of a scalar function in multi-index notation. In addition, it is presented
a way to define finite and infinite Abelian groups of fractional operators through a family of sets of
fractional operators and two different internal operations. Finally, using the above results, it is shown
one way to define commutative and unitary rings of fractional operators.

Keywords: fractional operators; set theory; group theory; fractional calculus of sets

1. Introduction

Fractional calculus is a branch of mathematics that uses derivatives of non-integer
order that originated around the same time as conventional calculus due to Leibniz’s
notation for derivatives of integer order

dn

dxn .

Therefore, thanks to this notation, L’Hopital could ask in a letter to Leibniz about
the interpretation of taking n = 1/2 in a derivative. Since at that moment Leibniz could
not give a physical or geometrical interpretation of this question, he simply answered to
L’Hopital in a letter, “. . . is an apparent paradox of which, one day, useful consequences
will be drawn” [1]. The name of fractional calculus comes from a historical question since,
in this branch of mathematical analysis, the derivatives and integrals of a certain order α
are studied, with α ∈ R. Currently, fractional calculus does not have a unified definition of
what is considered a fractional derivative. As a consequence, when it is not necessary to
explicitly specify the form of a fractional derivative, it is usually denoted as follows

dα

dxα
.

The fractional operators have many representations, but one of their fundamental
properties is that they allow retrieving the results of conventional calculus when α → n.
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For example, let f : Ω ⊂ R → R be a function such that f ∈ L1
loc(a, b), where L1

loc(a, b)
denotes the space of locally integrable functions on the open interval (a, b) ⊂ Ω. One of the
fundamental operators of fractional calculus is the operator Riemann–Liouville fractional
integral, which is defined as follows [2,3]:

a Iα
x f (x) :=

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, (1)

where Γ denotes the Gamma function. It is worth mentioning that the above operator is a
fundamental piece to construct the operator Riemann-Liouville fractional derivative, which
is defined as follows [2,4]:

aDα
x f (x) :=

 a I−α
x f (x), if α < 0

dn

dxn

(
a In−α

x f (x)
)
, if α ≥ 0

, (2)

where n = dαe and a I0
x f (x) := f (x). On the other hand, let f : Ω ⊂ R→ R be a function

n-times differentiable such that f , f (n) ∈ L1
loc(a, b). Then, the Riemann–Liouville fractional

integral also allows constructing the operator Caputo fractional derivative, which is defined
as follows [2,4]:

C
a Dα

x f (x) :=

{
a I−α

x f (x), if α < 0

a In−α
x f (n)(x), if α ≥ 0

, (3)

where n = dαe and a I0
x f (n)(x) := f (n)(x). Furthermore, if the function f fulfills that

f (k)(a) = 0 ∀k ∈ {0, 1, · · · , n− 1}, the Riemann–Liouville fractional derivative coincides
with the Caputo fractional derivative, that is,

aDα
x f (x) = C

a Dα
x f (x). (4)

Therefore, applying the operator (2) with a = 0 to the function xµ, with µ > −1, we
obtain the following result:

0Dα
x xµ =

Γ(µ + 1)
Γ(µ− α + 1)

xµ−α, α ∈ R \Z, (5)

where if 1 ≤ dαe ≤ µ, it is fulfilled that 0Dα
x xµ = C

0 Dα
x xµ. To illustrate a bit the diversity of

representations that fractional operators may have, we proceed to present a recapitulation
of some fractional derivatives, fractional integrals, and local fractional operators that may
be found in the literature [5–7]:

1. Grünwald-Letnikov fractional derivative:

GL
a Dα

x f (x) = lim
h→0

1
hα

n

∑
k=0

(−1)kΓ(α + 1)
Γ(k + 1)Γ(α− k + 1)

f (x− kh), n = b(x− a)/hc.

2. Marchaud fractional derivative:

Ma
−∞Dα

x f (x) =
α

Γ(1− α)

∫ x

−∞
(x− t)−α−1( f (x)− f (t))dt, 0 < α < 1.

3. Hadamard fractional derivative:

Ha
a Dα

x f (x) =
x

Γ(1− α)

d
dx

∫ x

a
(ln(x)− ln(t))2−α f (t)

t
dt, 0 < α < 1.
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4. Chen fractional derivative:

Ch
a Dα

x f (x) =
1

Γ(1− α)

d
dx

∫ x

a
(x− t)−α f (t)dt, 0 < α < 1.

5. Caputo-Fabrizio fractional derivative:

CF
a Dα

x f (x) =
M(α)

1− α

∫ x

a
exp

(
− α

1− α
(x− t)

)
f (1)(t)dt, 0 < α < 1, M(0) = M(1) = 1.

6. Atangana-Baleanu-Caputo fractional derivative:

ABC
a Dα

x f (x) =
M(α)

1− α

∫ x

a
Eα

(
− α

1− α
(x− t)α

)
f (1)(t)dt, 0 < α < 1, M(0) = M(1) = 1.

7. Canavati fractional derivative:

Ca
a Dα

x f (x) =
1

Γ(1 + α− n)
d

dx

∫ x

a
(x− t)n−α dn

dtn f (t)dt, n = bαc.

8. Jumarie fractional derivative:

Ju
a Dα

x f (x) =
1

Γ(n− α)

dn

dxn

∫ x

a
(x− t)n−α−1( f (t)− f (a))dt, n = dαe.

9. Hadamard fractional integral:

Ha
a Iα

x f (x) =
1

Γ(α)

∫ x

a
(ln(t)− ln(x))α−1 f (t)

t
dt.

10. Weyl fractional integral:

xWα
∞ f (x) =

1
Γ(α)

∫ ∞

x
(t− x)α−1 f (t)dt.

11. Conformable fractional operator:

Tα f (x) = lim
h→0

f
(
x + hx1−α

)
− f (x)

h
.

12. Katugampola fractional operator:

Dα f (x) = lim
h→0

f (x exp(hx−α))− f (x)
h

.

13. Deformable fractional operator:

Dα f (x) = lim
h→0

(1 + hβ) f (x + hα)− f (x)
h

, α + β = 1.

Before continuing, it is worth mentioning that the applications of fractional operators
have spread to different fields of science, such as finance [8,9], economics [10,11], number
theory through the Riemann zeta function [12,13], in engineering with the study for the
manufacture of hybrid solar receivers [14,15], and in physics and mathematics to solve
nonlinear algebraic equation systems [16–25], which is a classical problem in mathematics,
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physics and engineering that consists of finding the set of zeros of a function f : Ω ⊂ Rn →
Rn, that is,

{ξ ∈ Ω : ‖ f (ξ)‖ = 0},

where ‖ · ‖ : Rn → R denotes any vector norm, or equivalently,

{ξ ∈ Ω : [ f ]k(ξ) = 0 ∀k ≥ 1},

where [ f ]k : Rn → R denotes the k-th component of the function f .

2. Sets of Fractional Operators

Before continuing, it is worth mentioning that due to the large number of fractional
operators that exist [5–7,26–41], it seems that the most natural way to fully characterize the
elements of the fractional calculus is by using sets, which is the main idea behind of the
methodology known as fractional calculus of sets [42,43]. Therefore, considering a scalar
function h : Rm → R and the canonical basis of Rm denoted by {êk}k≥1, it is feasible to
define the following fractional operator of order α using Einstein’s notation

oα
xh(x) := êkoα

k h(x). (6)

Therefore, denoting by ∂n
k the partial derivative of order n applied with respect to

the k-th component of the vector x, using the previous operator, it is feasible to define the
following set of fractional operators

On
x,α(h) :=

{
oα

x : ∃oα
k h(x) and lim

α→n
oα

k h(x) = ∂n
k h(x) ∀k ≥ 1

}
, (7)

which corresponds to a nonempty set since it contains the following sets of fractional operators

On
0,x,α(h) :=

{
oα

x : ∃oα
k h(x) = (∂n

k + µ(α)∂α
k )h(x) and lim

α→n
µ(α)∂α

k h(x) = 0 ∀k ≥ 1
}

. (8)

As a consequence, it is feasible to obtain the following result:

If oα
i,x, oα

j,x ∈ On
x,α(h) with i 6= j ⇒ ∃oα

k,x =
1
2

(
oα

i,x + oα
j,x

)
∈ On

x,α(h). (9)

On the other hand, the complement of the set (7) may be defined as follows

On,c
x,α(h) :=

{
oα

x : ∃oα
k h(x) ∀k ≥ 1 and lim

α→n
oα

k h(x) 6= ∂n
k h(x) in at least one value k ≥ 1

}
, (10)

with which it is feasible to obtain the following result:

If oα
i,x = êkoα

i,k ∈ On
x,α(h) ⇒ ∃oα

j,x = êkoα
i,σj(k)

∈ On,c
x,α(h), (11)

where σj : {1, 2, · · · , m} → {1, 2, · · · , m} denotes any permutation different from the
identity. Before continuing, it is necessary to mention that set (7) allows generalizing
elements of conventional calculus. For example, let N0 be the set N∪ {0}. If γ ∈ Nm

0 and
x ∈ Rm, then it is feasible to define the following multi-index notation:

γ! :=
m

∏
k=1

[γ]k!, |γ| :=
m

∑
k=1

[γ]k, xγ :=
m

∏
k=1

[x][γ]kk

∂γ

∂xγ
:=

∂[γ]1

∂[x][γ]11

∂[γ]2

∂[x][γ]22

· · · ∂[γ]m

∂[x][γ]mm

. (12)
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Therefore, considering a function h : Ω ⊂ Rm → R and the fractional operator

sαγ
x (oα

x) := oα[γ]1
1 oα[γ]2

2 · · · oα[γ]m
m , (13)

it is feasible to define the following set of fractional operators

Sn,γ
x,α (h) :=

{
sαγ

x = sαγ
x (oα

x) : ∃sαγ
x h(x) with oα

x ∈ Os
x,α(h) ∀s ≤ n2 and lim

α→k
sαγ

x h(x) =
∂kγ

∂xkγ
h(x) ∀α, |γ| ≤ n

}
, (14)

from which it is feasible to obtain the following results:

If sαγ
x ∈ Sn,γ

x,α (h) ⇒



lim
α→0

sαγ
x h(x) = o0

1o0
2 · · · o0

mh(x) = h(x)

lim
α→1

sαγ
x h(x) = o[γ]11 o[γ]22 · · · o[γ]mm h(x) =

∂γ

∂xγ
h(x) ∀|γ| ≤ n

lim
α→q

sαγ
x h(x) = oq[γ]1

1 oq[γ]2
2 · · · oq[γ]m

m h(x) =
∂qγ

∂xqγ h(x) ∀q|γ| ≤ qn

lim
α→n

sαγ
x h(x) = on[γ]1

1 on[γ]2
2 · · · on[γ]m

m h(x) =
∂nγ

∂xnγ
h(x) ∀n|γ| ≤ n2

. (15)

On the other hand, using little-o notation, it is feasible to obtain the following result:

If x ∈ B(a; δ) ⇒ lim
x→a

o((x− a)γ)

(x− a)γ
→ 0 ∀|γ| ≥ 1, (16)

with which it is feasible to define the following set of functions

Rn
αγ(a) :=

{
rn

αγ : lim
x→a

∥∥∥rn
αγ(x)

∥∥∥ = 0 ∀|γ| ≥ n and
∥∥∥rn

αγ(x)
∥∥∥ ≤ o

(
‖x− a‖n) ∀x ∈ B(a; δ)

}
, (17)

where rn
αγ : B(a; δ) ⊂ Ω→ R. Therefore, considering the previous set and some B(a; δ) ⊂

Ω, it is feasible to define the following sets of fractional operators

Tn,q,γ
x,α,p(a, h) :=

tα,p
x = tα,p

x
(
sαγ

x
)

: sαγ
x ∈ SM,γ

x,α (h) and tα,p
x h(x) :=

p

∑
|γ|=0

1
γ!

sαγ
x h(a)(x− a)γ + rp

αγ(x)
∀α ≤ n
∀p ≤ q

, (18)

T∞,γ
x,α (a, h) :=

tα,∞
x = tα,∞

x
(
sαγ

x
)

: sαγ
x ∈ S∞,γ

x,α (h) and tα,∞
x h(x) :=

∞

∑
|γ|=0

1
γ!

sαγ
x h(a)(x− a)γ

, (19)

which allow generalizing the Taylor series expansion of a scalar function in multi-index
notation [22], where M = max{n, q}. As a consequence, it is feasible to obtain the
following results:

If tα,p
x ∈ T1,q,γ

x,α,p(a, h) and α→ 1 ⇒ t1,p
x h(x) = h(a) +

p

∑
|γ|=1

1
γ!

∂γ

∂xγ
h(a)(x− a)γ + rp

γ(x), (20)

If tα,p
x ∈ Tn,1,γ

x,α,p(a, h) and p→ 1 ⇒ tα,1
x h(x) = h(a) +

m

∑
k=1

oα
k h(a)[(x− a)]k + r1

αγ(x). (21)

Finally, it is worth mentioning that the set (7) may be considered as a generating set of
sets of fractional tensor operators. For example, considering α, n ∈ Rd with α = êk[α]k and
n = êk[n]k, it is feasible to define the following set of fractional tensor operators

On
x,α(h) :=

{
oα

x : ∃oα
xh(x) and oα

x ∈ O[n]1
x,[α]1

(h)×O[n]2
x,[α]2

(h)× · · · ×O[n]d
x,[α]d

(h)
}

. (22)
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3. Groups of Fractional Operators

Considering a function h : Ω ⊂ Rm → Rm, it is feasible to define sets of fractional
operators for a vector function in the following way:

m On
x,α(h) :=

{
oα

x : oα
x ∈ On

x,α([h]k) ∀k ≤ m
}

, (23)

m On,c
x,α(h) :=

{
oα

x : oα
x ∈ On,c

x,α([h]k) ∀k ≤ m
}

, (24)

m On,u
x,α(h) := m On

x,α(h) ∪ m On,c
x,α(h), (25)

where [h]k : Ω ⊂ Rm → R denotes the k-th component of the function h. Therefore, using
the above sets, it is feasible to construct the following family of fractional operators

m MO∞,u
x,α (h) :=

⋂
k∈Z

m Ok,u
x,α(h). (26)

Before continuing, it should be noted that the above family of fractional operators
fulfills the following property with respect to the classical Hadamar product:

o0
x ◦ h(x) := h(x) ∀oα

x ∈ m MO∞,u
x,α (h). (27)

Furthermore, for each operator oα
x ∈ m MO∞,u

x,α (h), it is feasible to define the following
fractional matrix operator [44]:

Aα(oα
x) =

(
[Aα(oα

x)]jk

)
:= (oα

k ). (28)

On the other hand, defining the following modified Hadamard product [42]:

opα
i,x ◦ oqα

j,x :=

 opα
i,x ◦ oqα

j,x, if i 6= j (Hadamard product of type horizontal)

o(p+q)α
i,x , if i = j (Hadamard product of type vertical)

, (29)

for each operator oα
x ∈ m MO∞,u

x,α (h), it is feasible to define an Abelian group of fractional
operators isomorphic to the group of integers under the addition, as shown by the following
theorem [43,44]:

Theorem 1. Let oα
x be a fractional operator such that oα

x ∈ m MO∞,u
x,α (h) and let (Z,+) be the

group of integers under the addition. Therefore, considering the modified Hadamard product given
by (29), it is feasible to define the following set of fractional matrix operators

m G(Aα(oα
x)) :=

{
A◦rα = Aα(orα

x ) : r ∈ Z and A◦rα =
(
[A◦rα ]jk

)
:= (orα

k )
}

, (30)

which corresponds to the Abelian group generated by the operator Aα(oα
x) isomorphic to the group

(Z,+), that is,

m G(Aα(oα
x))
∼= (Z,+). (31)

Proof. It should be noted that due to the way the set (30) is defined, just the Hadamard
product of type vertical is applied among its elements. So, ∀A◦p

α , A◦qα ∈ m G(Aα(oα
x)) it is

fulfilled that

A◦p
α ◦ A◦qα =

(
[A◦p

α ]jk

)
◦
(
[A◦qα ]jk

)
=
(

o(p+q)α
k

)
=
(
[A◦(p+q)

α ]jk

)
= A◦(p+q)

α . (32)

So, from the previous result, it is feasible to prove that the set m G(Aα(oα
x)) is a semi-

group since it fulfills the following property:

∀A◦p
α , A◦qα , A◦rα ∈ m G(Aα(oα

x)) it is fulfilled that
(

A◦p
α ◦ A◦qα

)
◦ A◦rα = A◦p

α ◦
(

A◦qα ◦ A◦rα

)
. (33)
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Furthermore, it follows from the definition of the set (30) that it contains a neutral
element, with which it is feasible to prove from the previous result that the set m G(Aα(oα

x))
is also a monoid since it fulfills the following property:

∃A◦0α ∈ m G(Aα(oα
x)) such that ∀A◦p

α ∈ m G(Aα(oα
x)) it is fulfilled that A◦0α ◦ A◦p

α = A◦p
α . (34)

It should be noted that due to the way in which the set (30) is defined, for each element
contained in the set its symmetric element is also defined, with which from the previous
result the set m G(Aα(oα

x)) is also a group since it fulfills the following property:

∀A◦p
α ∈ m G(Aα(oα

x)) ∃A◦−p
α ∈ m G(Aα(oα

x)) such that A◦p
α ◦ A◦−p

α = A◦0α . (35)

Finally, observing that the order in which the elements of the sets are operated does
not influence the final result, it is obtained that the set m G(Aα(oα

x)) is also an Abelian group
since it fulfills the following property:

∀A◦p
α , A◦qα ∈ m G(Aα(oα

x)) it is fulfilled that A◦p
α ◦ A◦qα = A◦qα ◦ A◦p

α . (36)

Once proven that the set (30) defines an Abelian group, to finish the proof of the
theorem it is enough to define a bijective homomorphism between the sets m G(Aα(oα

x))
and (Z,+). So, defining the following functions

ψ : m G(Aα(oα
x))→ (Z,+)

ψ(A◦rα ) = r
and

ψ−1 : (Z,+)→ m G(Aα(oα
x))

ψ−1(r) = A◦rα

, (37)

it is feasible to prove that the function ψ defines a homeomorphism between the sets
m G(Aα(oα

x)) and (Z,+) through the following result:

∀A◦p
α , A◦qα ∈ m G(Aα(oα

x)) it is fulfilled that ψ
(

A◦p
α ◦ A◦qα

)
= ψ

(
A◦(p+q)

α

)
= p + q = ψ

(
A◦p

α

)
+ ψ

(
A◦qα

)
, (38)

and analogously it is proved that the function ψ−1 defines a homeomorphism between
the sets (Z,+) and m G(Aα(oα

x)) through the following result:

∀p, q ∈ (Z,+) it is fulfilled that ψ−1(p + q) = A◦(p+q)
α = A◦p

α ◦ A◦qα = ψ−1(p) ◦ ψ−1(q). (39)

Therefore, from the previous results, it follows that the function ψ defines an isomor-
phism between the sets m G(Aα(oα

x)) and (Z,+).

Therefore, from the previous theorem, it is feasible to obtain the following corollary:

Corollary 1. Let oα
x be a fractional operator such that oα

x ∈ m MO∞,u
x,α (h) and let (Z,+) be the

group of integers under the addition. Therefore, considering the modified Hadamard product given
by (29) and some subgroup H of the group (Z,+), it is feasible to define the following set of fractional
matrix operators

m G(Aα(oα
x),H) :=

{
A◦rα = Aα(orα

x ) : r ∈ H and A◦rα =
(
[A◦rα ]jk

)
:= (orα

k )
}

, (40)

which corresponds to a subgroup of the group generated by the operator Aα(oα
x), that is,

m G(Aα(oα
x),H) ≤ m G(Aα(oα

x)). (41)

Example 1. Let Zn be the set of residual classes less than a positive integer n. Therefore, considering
a fractional operator oα

x ∈ m MO∞,u
x,α (h) and the set Z14, it is feasible to define, under the modified

Hadamard product given by (29), the following Abelian group of fractional matrix operators

m G(Aα(oα
x),Z14) =

{
A◦0α , A◦1α , A◦2α , A◦3α , A◦4α , A◦5α , A◦6α , A◦7α , A◦8α , A◦9α , A◦10

α , A◦11
α , A◦12

α , A◦13
α

}
. (42)
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Furthermore, all possible combinations of the elements of the group are summarized in the
following Cayley table:

◦ A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α

A◦0α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α

A◦1α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α

A◦2α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α

A◦3α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α

A◦4α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α

A◦5α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α

A◦6α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α

A◦7α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α

A◦8α A◦8α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α

A◦9α A◦9α A◦10
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α

A◦10
α A◦10

α A◦11
α A◦12

α A◦13
α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α

A◦11
α A◦11

α A◦12
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α

A◦12
α A◦12

α A◦13
α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10

α A◦11
α

A◦13
α A◦13

α A◦0α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α

It is worth mentioning that the Corollary 1 allows generating groups of fractional
operators under other operations. For example, considering the following operation

A◦rα ∗ A◦sα = A◦rs
α , (43)

it is feasible to obtain the following corollaries:

Corollary 2. Let Mn be the set of positive residual classes corresponding to the coprimes less than
a positive integer n. Therefore, for each fractional operator oα

x ∈ m MO∞,u
x,α (h), it is feasible to define

the following Abelian group of fractional matrix operators under the operation (43):

m G∗(Aα(oα
x),Mn) :=

{
A◦rα = Aα(orα

x ) : r ∈Mn and A◦rα =
(
[A◦rα ]jk

)
:= (orα

k )
}

. (44)

Example 2. Let oα
x be a fractional operator such that oα

x ∈ m MO∞,u
x,α (h). Therefore, considering the

set M14, it is feasible to define, under the operation (43), the following Abelian group of fractional
matrix operators

m G∗(Aα(oα
x),M14) =

{
A◦1α , A◦3α , A◦5α , A◦9α , A◦11

α , A◦13
α

}
. (45)

Furthermore, all possible combinations of the elements of the group are summarized in the
following Cayley table:
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∗ A◦1α A◦3α A◦5α A◦9α A◦11
α A◦13

α

A◦1α A◦1α A◦3α A◦5α A◦9α A◦11
α A◦13

α

A◦3α A◦3α A◦9α A◦1α A◦13
α A◦5α A◦11

α

A◦5α A◦5α A◦1α A◦11
α A◦3α A◦13

α A◦9α

A◦9α A◦9α A◦13
α A◦3α A◦11

α A◦1α A◦5α

A◦11
α A◦11

α A◦5α A◦13
α A◦1α A◦9α A◦3α

A◦13
α A◦13

α A◦11
α A◦9α A◦5α A◦3α A◦1α

Corollary 3. Let Z+
p be the set of positive residual classes less than p, with p a prime number.

Therefore, for each fractional operator oα
x ∈ m MO∞,u

x,α (h), it is feasible to define the following Abelian
group of fractional matrix operators under the operation (43):

m G∗
(

Aα(oα
x),Z+

p

)
:=
{

A◦rα = Aα(orα
x ) : r ∈ Z+

p and A◦rα =
(
[A◦rα ]jk

)
:= (orα

k )
}

. (46)

Example 3. Let oα
x be a fractional operator such that oα

x ∈ m MO∞,u
x,α (h). Therefore, considering

the set Z+
13, it is feasible to define, under the operation (43), the following Abelian group of fractional

matrix operators

m G∗
(

Aα(oα
x),Z+

13
)
=
{

A◦1α , A◦2α , A◦3α , A◦4α , A◦5α , A◦6α , A◦7α , A◦8α , A◦9α , A◦10
α , A◦11

α , A◦12
α

}
. (47)

Furthermore, all possible combinations of the elements of the group are summarized in the
following Cayley table:

∗ A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α

A◦1α A◦1α A◦2α A◦3α A◦4α A◦5α A◦6α A◦7α A◦8α A◦9α A◦10
α A◦11

α A◦12
α

A◦2α A◦2α A◦4α A◦6α A◦8α A◦10
α A◦12

α A◦1α A◦3α A◦5α A◦7α A◦9α A◦11
α

A◦3α A◦3α A◦6α A◦9α A◦12
α A◦2α A◦5α A◦8α A◦11

α A◦1α A◦4α A◦7α A◦10
α

A◦4α A◦4α A◦8α A◦12
α A◦3α A◦7α A◦11

α A◦2α A◦6α A◦10
α A◦1α A◦5α A◦9α

A◦5α A◦5α A◦10
α A◦2α A◦7α A◦12

α A◦4α A◦9α A◦1α A◦6α A◦11
α A◦3α A◦8α

A◦6α A◦6α A◦12
α A◦5α A◦11

α A◦4α A◦10
α A◦3α A◦9α A◦2α A◦8α A◦1α A◦7α

A◦7α A◦7α A◦1α A◦8α A◦2α A◦9α A◦3α A◦10
α A◦4α A◦11

α A◦5α A◦12
α A◦6α

A◦8α A◦8α A◦3α A◦11
α A◦6α A◦1α A◦9α A◦4α A◦12

α A◦7α A◦2α A◦10
α A◦5α

A◦9α A◦9α A◦5α A◦1α A◦10
α A◦6α A◦2α A◦11

α A◦7α A◦3α A◦12
α A◦8α A◦4α

A◦10
α A◦10

α A◦7α A◦4α A◦1α A◦11
α A◦8α A◦5α A◦2α A◦12

α A◦9α A◦6α A◦3α

A◦11
α A◦11

α A◦9α A◦7α A◦5α A◦3α A◦1α A◦12
α A◦10

α A◦8α A◦6α A◦4α A◦2α

A◦12
α A◦12

α A◦11
α A◦10

α A◦9α A◦8α A◦7α A◦6α A◦5α A◦4α A◦3α A◦2α A◦1α

Finally, it should be noted that when n is a prime number, the following result
is obtained:

m G∗(Aα(oα
x),Mn) = m G∗

(
Aα(oα

x),Z+
n
)
. (48)

4. Conclusions

Although this article presents one way to define groups of fractional operators using
sets related to the set of integer numbers, it would be feasible to extend the results using
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other sets of numbers that allow defining Abelian groups, as is the case of the set of rational
numbers and the set of real numbers, being feasible to define the following groups:

m G(Aα(oα
x),Q) and m G(Aα(oα

x),R). (49)

Furthermore, from the groups generated by the equation (30), it is feasible define the
following group of fractional matrix operators [42,44]:

m GFIM(α) :=
⋃

oα
x∈m MO∞,u

x,α (h)
m G(Aα(oα

x)), (50)

in which it is assumed that through combinations of the horizontal and vertical type
of the modified Hadamard product given by the equation (29), the fractional operators
are reduced to their minimum expression, allowing to obtain ∀A◦p

i,α , A◦qj,α, A◦rj,α ∈ m GFIM(α),
with i 6= j, the following result:(

A◦p
i,α ◦ A◦qj,α

)
◦ A◦rj,α = A◦p

i,α ◦
(

A◦qj,α ◦ A◦rj,α

)
= A◦1k,α := Ak,α

(
opα

i,x ◦ o(q+r)α
j,x

)
, p, q, r ∈ Z \ {0}. (51)

As a consequence, the following result is obtained:

∀A◦1k,α ∈ m GFIM(α) such that Ak,α

(
oα

k,x

)
= Ak,α

(
opα

i,x ◦ oqα
j,x

)
∃A◦rk,α = A◦(r−1)

k,α ◦ A◦1k,α = Ak,α

(
orpα

i,x ◦ orqα
j,x

)
. (52)

Therefore, if ΦFIM denotes the iteration function of some fractional iterative
method [43,44], it is feasible to obtain the following result:

Let α0 ∈ R \Z ⇒ ∀A◦1α0
∈ m GFIM(α) ∃ΦFIM = ΦFIM(Aα0) ∴ ∀Aα0 ∃{ΦFIM(Aα) : α ∈ R \Z}. (53)

Finally, it is worth mentioning that it is feasible to develop more complex algebraic
structures of fractional operators using the presented results. For example, without loss
of generality, considering the modified Hadamard product (29) and the operation (43),
a commutative and unitary ring of fractional operators may be defined as follows

m R(Aα(oα
x),R) := (m G(Aα(oα

x),R), ◦, ∗), (54)

in which it is not difficult to verify the following properties:

1. The pair (m G(Aα(oα
x),R), ◦) is an Abelian group.

2. The pair (m G(Aα(oα
x),R), ∗) is a commutative monoid.

3. ∀A◦p
α , A◦qα , A◦rα ∈ m R(Aα(oα

x),R), the operation ∗ is distributive with respect to the
operation ◦, that is, A◦p

α ∗
(

A◦qα ◦ A◦rα

)
=
(

A◦p
α ∗ A◦qα

)
◦
(

A◦p
α ∗ A◦rα

)
(

A◦p
α ◦ A◦qα

)
∗ A◦rα =

(
A◦p

α ∗ A◦rα

)
◦
(

A◦qα ∗ A◦rα

) . (55)
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