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Abstract

Detrended fluctuation analysis (DFA) is a widely used method for estimating the Hurst
exponent of time series exhibiting nonstationary trends. In its standard formulation, DFA
relies on the least-squares (LS) criterion at several stages of the procedure, including trend
removal and Hurst exponent estimation. In practice, the estimation is often sensitive to
the practitioner’s choice of local trend sizes, which can significantly affect the estimated
Hurst exponent. Moreover, the LS criterion may be poorly suited in the presence of outliers
or limited sample sizes. To address these limitations, we propose robust extensions of the
DFA. They are based either on a least trimmed squares method or on an iterative weighted
LS approach. In the latter case, the weights are defined using Cook distance. This allows
all scales to be considered without requiring any a priori selection of local trend sizes. This
strategy also improves the stability of the regression step without introducing too many
tuning parameters. Illustrations are provided to demonstrate the relevance of the proposed
approaches, especially in the presence of outliers.

Keywords: detrended fluctuation analysis; Hurst exponent; robust estimation; Cook
distance; regression

1. Introduction

In time-series analysis, scaling properties such as self-similarity are often used to
characterize the structure of stochastic signals across time scales. More particularly, a
time-continuous stochastic process y(t) is said to be self-similar with parameter H, called
the Hurst exponent, if it satisfies the following scaling relation:

y(Nt) £ NHy(h) (1)

where N is an integer and d denotes equality in distribution.

Moreover, the parameter H characterizes how the statistical properties of the process
change with scale. This definition leads to a relationship for the variance or the standard
deviation. Indeed, if F2(N) denotes the variance of the scaled process y(Nt), it follows that
F2(N) = N?HF2(1) or equivalently:

log(F(N)) = Hlog(N) + log(F(1)) @

Beyond self-similarity, the Hurst exponent also provides information about the regularity
and memory of a process [1]. Brownian noise, pink noise, and white noise have Hurst
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exponents equal to 0.5, 0 and —0.5, respectively. In addition, short-memory processes are
characterized by a Hurst exponent equal to 0.5 [2].

Estimating the Hurst exponent can help distinguish between short-memory processes,
where correlations decay rapidly (in other words, the correlation function is absolutely
summable; this is true in the case of autoregressive and moving average (ARMA) processes),
and long-memory processes characterized by persistent dependence across time scales (in
other words, the correlation function is no longer absolutely summable; this is the case
for autoregressive fractionally integrated moving average (ARFIMA) processes, fractional
Brownian motion processes, fractional Gaussian noises, etc.). Therefore, it can support prior
model selection. In a machine learning framework, H can be used as an input feature to
enrich data representation with information related to temporal regularity and persistence.
Consequently, H can be useful in various applications, including biomedical engineering,
aeronautics, fault detection, and econometrics.

Over the last three decades, the detrended fluctuation analysis (DFA) [3] has become
a standard method for estimating the Hurst exponent of signals exhibiting nonstationary
trends. The method relies on the least-squares (LS) criterion at two stages:

1. The estimation of the piecewise linear trend of the integrated and centered signal.
This detrending step is used to estimate F(N), also called the square root of the mean
power of the detrended integrated signal.

2. The estimation of the Hurst exponent H based on (2) for different values of N.

Due to its simplicity, the method has been applied on a broad range of signals in fields
such as physiology and psychology, mathematics, and signal processing. In recent years,
numerous contributions have extended and refined the DFA. They can be classified into
several families:

e  The first one includes variants of DFA whose purpose is to address alternative ways to
estimate the trend of the integrated signal. Thus, higher-order DFA replaces the piece-
wise linear trend with higher-degree polynomials. To reduce discontinuities between
local trends, which may induce spurious effects [4], adaptive corrections have been
proposed, leading to the adaptive fractal analysis (AFA) [5]. More recently, continuity
constraints and regularization have been explicitly incorporated into the estimation
criterion. This includes continuous DFA (CDFA) and regularized DFA (RDFA), the
latter being related to Tikhonov regularization or Hodrick—Prescott filtering [6-8]. If
the above approaches rely on an a priori model of the trend, alternative methods avoid
explicit trend modeling and, instead, rely on low-pass filtering. This is the case of the
detrending moving average (DMA) methods with finite impulse response filters [9],
including backward, central, and forward variants [10]. A third family, including
higher-order DMA [11] and LOWESS-based detrending [12], bridges the gap between
model-based and filter-based methods.

e  DFA has been extended to multi-fractal time series [13], fast implementations [14],
and the joint analysis of two signals through detrended cross-correlation analysis [15].

e  Several studies have focused on the theoretical properties of DFA, including the
behavior of the fluctuation function and the frequency response of the detrending
step [7,16-29].

e  DPractical limitations of DFA have been discussed. In particular, to improve robust-
ness, averaging strategies based on sliding-window decompositions have been pro-
posed [29].

Moreover, the estimation of H may be sensitive to the selection of the values of N made
by the practitioner. In [30], Kantelhardt reported that small values of N could lead to
underestimated fluctuation functions in the data sets under study. We first attempted

https:/ /doi.org/10.3390/cmsf2026016023


https://doi.org/10.3390/cmsf2026016023

Comput. Sci. Math. Forum 2026, 16, 23 30f13

to address this issue by extending the model described in (2) and by exploring several
strategies based on an additive function designed to capture the drop-off observed for
small values of N. Depending on the model complexity, parameter estimation was based
on standard LS methods or expectation-maximization (EM)-type algorithms. However,
these approaches yielded limited improvement in practice.

More fundamentally, estimating a local trend from a small number of points using
standard LS methods is statistically unreliable. This motivated us to focus our attention on
robust LS approaches, which provide more stable estimates and reduce the influence of
outliers [31].

Thus, a great deal of interest has been paid to robust regression methods in the
literature for the last 50 years. The following overview, which is not exhaustive, presents
some of the main families of robust regression methods. In 1977, Holland et al. proposed
an iteratively weighted least squares (IWLS) procedure in which weights are set inversely
proportional to the squared residuals and are updated until convergence. In [32], weighting
functions such as Huber, “logistic” , Fair and Talwar were compared.

L-estimators, where “L” refers to linear combination of order statistics of the mea-
surements, were based on linear combinations of ordered residuals, often obtained after
reducing the influence of extreme residuals through trimming or winsorization.

Then, M-estimators [33], whose name comes from “generalized maximum likelihood”,
were based on the minimization of the following quantity:

() >

i=1

where 6 is the vector of p parameters to be estimated, ; is the residual related to the ith
observation, M denotes the number of observations, p is a robust loss function such as the
Huber or Tukey function, and ¢ is a scale parameter. Differentiating (3) yields the first-order
optimality conditions, which can be reformulated as a weighted LS problem with weights
depending on the current residuals and updated iteratively via an IWLS scheme. The
breakdown point, which measures the maximal fraction of contaminated observations that
an estimator can handle before being driven to arbitrarily large values, is however low.
Introduced by Rousseeuw [34], the least median of squares (LMS) estimator is de-
fined as the parameter vector that minimizes the median of the squared residuals. This
amounts to considering the hth order statistic of the ordered squared residuals, r2h , Wwhere
h=|(M+p+1)/2|, with |.] the floor function. Note that this estimator has a breakdown
point equal to (| (M — p)/2] + 1)/ M. However, the LMS is computationally demanding
in practice. Approximate implementations have therefore been proposed, notably through
the PROGRESS algorithm. Moreover, the LMS converges at a rate of M~1/3, meaning
that the estimation error decreases relatively slowly with sample size, whereas the LS

estimator achieves a rate equal to M~1/2

. A closely related alternative is the least trimmed
squares (LTS) estimator, which minimizes the sum of the /1 smallest squared residuals.
When h = | (M + p + 1) /2], LTS attains the same maximal breakdown point as LMS. The
above robust methods can be combined with a weighted LS (WLS) approach. In that case,
given initial robust estimates, binary weights can be defined using a predefined threshold.
In [35], Gervini et al. proposed to adjust this threshold, leading to a robust and efficient
WLS estimators (REWLSE) that simultaneously attain the maximum breakdown point and
full asymptotic efficiency under normal errors. In [36], the tilted LS estimator does not
use a robust estimator as an initial step but is based on an empirically tilted log-likelihood
and the Kullback-Leibler divergence between the weight distribution and the uniform
distribution. There are many other works related to LTS approaches: In [37], the authors
develop two algorithms to compute the LTS estimate in multiple linear regressions. Influ-
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ence functions, which quantify the effect of an infinitesimal outlier on an estimator, and
asymptotic variances are studied in [38]. Moreover, LTS approaches were extended to
nonlinear models [39], to LS estimation under constraint [40] and to the multivariate case
in [41,42].

Concerning S-estimators, where “S” stands for “scale”, they aim at minimizing the
residual scale o5 by considering the following equality:

1% (1i(6)
i l; p <(Ts> =b (4)
where b is a fixed calibration constant. S-estimators may also achieve breakdown points
close to 50%. Under Gaussian assumptions, they exhibit lower efficiency (related to the
Fisher information and the variance of the estimator) than maximum likelihood or standard
LS estimators in the absence of contamination.

Starting from a high-breakdown estimator such as the LTS or an S-estimator, a single
M-estimation correction can be applied to reduce the variance of the estimates while
maintaining robustness. This led to one-step M-estimators. Finally, MM-estimators combine
the high-breakdown properties of S-estimators with the improved statistical efficiency of
M-estimation procedures.

Note that several extensions have been proposed to adapt robust regression methods
to large-scale settings (see for instance [43,44]). The main purpose of these extensions is
to reduce computational complexity. Robust and regularized LS approaches can also be
combined within a unified framework [45].

In this work, we adopt two strategies to make DFA more robust: the first one is based
on the LTS while the second is based on an iterative weighted least-squares (IWLS) approach.
Several strategies for defining the weights exist. Based on preliminary investigations, we
decided to focus our attention on the method based on Cook distance [46]. Note that
the robust methods are used to estimate the local trends of the integrated centered signal
or/and the Hurst exponent H. While DFA methods and robust estimation techniques
are individually well known and have been extensively studied, the originality of the
present work stems from their joint use in the context of Hurst exponent estimation.
In addition, robust estimation techniques can be easily incorporated into existing DFA-
based frameworks. Therefore, the proposed combination has the advantage of being
straightforward to implement in practice.

The remainder of this paper is organized as follows. Section 2 recalls the main steps
of the standard DFA. Then, in Section 3, we present the new variants. Simulation results
are then given in Section 4 with data without or with outliers. After the conclusions,
Appendix A recalls the Cook distance.

2. Standard DFA and Its Higher-Order Variants

In the following, the subscript ; indicates that the quantity is associated with the DFA
method based on polynomial local trends of degree d > 1.

The five steps of the methods applied on M consecutive samples {y(m)},,—1 . a are
the following:

Step 1: =The profile y;,,; is computed by centering and integrating the signal y:

Yint(m) =

o

. . 1 MY
(y(i) = py) withpy = 22 3 y(m) )
1 m=1

Step 2: For a given value of N selected in the interval [3; | ¥ |] and introducing L = [ ],
the first LN samples of the profile trend are estimated by decomposing the profile
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into L non-overlapping sub-parts of length N, denoted as {y;,;;(n)};=1 1 with
n € [1; N]. With a vector form, the dth-degree polynomial trend vector of the Ith
segment can be expressed VI € [1; L] as follows:

1 - (I-1)N+1)%] [ag,
Top = Adqibar = |: : : (6)
1 - (lN)d aq1
T
Step 3: Given ®, = {Q‘g 1--- Q‘g L} and the block diagonal matrix Ay = diag|A;; ... Ad,L} ,

the parameters of the local trends stored in ©, are deduced by minimizing the LS

2
criterion ’ Yine LN — AinH :

Oy = (A7 A) T A YN @)
Using (7), the global trend vector T; satisfies:
T4 = AgOs = Ag(AjAd) AL Yintin = PaYin N ®)

with Y, 1y the column vector storing the first LN values of y;,(m), P; =
diag( [Pd,l, cee, Pd,LD and {P;,};=1, 1 the orthogonal projectors onto the space
spanned by the column vectors of {A;;},—1 1, defined by:

1
Pai=Aa, (Ad,lTAd,l) Agr” )

Step 4: Given (8), the residual vector R; = Y}, 1y — Tz is computed. Then, the square of
the fluctuation function Fg(y, N) is obtained as the power of the residual:

1
Fi(y,N) = 735 IRql (10)

Step 5: The previous steps are repeated for different values of N selected in the interval
3; | 4 ]]. Due to (2), each pair (log(F;(y, N)),log(N)) that is obtained should satisfy:

log(F;(y,N)) = by +alog(N) +¢€;(N) (11)

with b, the vertical intercept and €;(N) the error variable. Therefore « is estimated
in the LS sense using the different values of N. It is however not equal to the Hurst
exponent H, but to = H + 1 due to the integration step.

3. Our Proposals
3.1. First Suggestion: Using a Robust LS Method

At Steps 3 and 5 of the DFA described above, the problem to be addressed in its generic
form is the following: given a set of I points defined by their coordinates (x;, y;)i—1,.. 1, let us
express Y the column vector storing the set of values {y;};—1 _ j as follows:

Y=A0+¢ (12)

where 6 is the model-parameter vector and the matrix A stores the vectors {x;}i—1 m

T
defined from {x;};—1  um. For instance, g;rr = [xi 1} where x; = log(N;) with
N; =3,..., L%J when addressing Step 5. The LS estimation of € consists of minimiz-
ing ] = ||Y — Af||3. If AT A is invertible, §; s = (ATA) "1 ATY. Instead of using a standard

LS criterion, we propose to consider two robust LS methods:
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1. The LTS proceeds as follows: After initializing the model-parameter vector esti-

mated with the LS estimate (Q(O) = 0;5), the residuals for the data are computed:

rfk) =Yi— g@(k)

to as the “inliers” and corresponding to the smallest squared residuals, are considered

. A fixed proportion of the data (defined by the practitioner), referred

to estimate the model-parameter vector using the LS criterion. This process is then
iterated if necessary.

2. The IWLS method is based on iteratively updating weights until convergence of the
model parameters. Thus, after the initialization and residual computation (as in the
TLS method), the weights wlgk) are computed using the Cook distance, as recalled in
Appendix A (note that Huber loss function or Tukey loss function could have been
considered, but they are not developed in this article due to space constraints and the
desire to limit the number of hyperparameters). The estimate of the model-parameter
vector is updated as follows:

kD) _ (ATW® A) -1 ATW Y (13)

(k)
1
until the normalized difference between two consecutive estimations is smaller than
a threshold.

with W®) the diagonal matrix defined from the weights w; . This process is repeated

It should be noted that two cases will be considered: the robust methods will be applied
only at Step 5 or used at Steps 3 and 5 of the standard DFA. When applied at Step 5, they
have the advantage of avoiding any a priori choice of the values of N.

3.2. Second Suggestion: Unbiased Estimate of F3(y, N)

At Step 4, the definition (10) of F§ (y,N) can be explained as follows: the values of
R, are decimated by a factor N. The biased empirical estimates of the variances of the N
resulting decimated sequences are then computed and averaged. We propose a slightly
different expression of F7(y, N) by considering the average of the unbiased empirical
variance estimates. These quantities will be referred to as the biased (B) and unbiased (UB)
estimates of F7(y, N).

The difference between the logarithm of the UB estimate and that of the B estimate
of F2(y,N) is equal to log(27). As a consequence, the difference between the corre-

sponding estimate of the Hurst exponent can be written as [1 O} (ATA)~1ATSE with

T
M
6F = L }/FJJ T 2} . The entries of §F increase. In addition, the first column of the
M-

matrix A consists of increasing values ranging from log(3) to log(| & |) whereas the second
column is a column of ones. Therefore, the estimate of H based on the UB estimate of
F3(y, N) is necessarily larger than the B estimate.

4. Simulation Results

In addition to the standard DFA, the following methods are studied: (i) the approach
in which the local trends are estimated using the LS criterion, but H is estimated with a
robust LS method (LTS or the Cook-distance based IWLS method), (ii) the approach in
which both the local trends and H are estimated with a robust LS method.

Several simulations were conducted on different sets of data. A subset of the obtained
results for data without or with outliers is presented to provide illustrative examples and
objective performance measures. These elements are intended to give the reader a clear
overview of the behavior of the methods.

https:/ /doi.org/10.3390/cmsf2026016023
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4.1. Application on Data with No Outlier

Let us consider a Brownian noise with a variance equal to 4 around a decaying
exponential trend. In Table 1, the results are given for different number M of samples
available varying from 125 to 2000. For LTS, the proportion is set at 70%. Some illustrations
are also given in Figures 1 and 2.

Using the unbiased estimates of Fg (y, N) does not necessarily improve the accuracy
of the estimation of H when using the LS criterion at Step 3 of the DFA. However, when it
is combined with the IWLS approach at Steps 3 and 5, the result is often the most accurate.

Table 1. Mean =+ standard deviation of the estimation of 1 + H for the various methods for different
numbers M of samples available, based on 1000 trials. True result: 1 + H = 1.5. Bold values correspond

to the best result.
M LS/B/LS LS/B/IWLS IWLS/B/IWLS LS/B/LTS LTS/B/LTS
125 143+0.16 1.43+£0.18 1.29 £0.19 1.46 +£0.19 1.55+0.24
250 1444+0.14 144+0.15 1.35+0.16 1.46 £0.18 1.54+0.24
500 1434+0.14 143+0.14 1.38 £0.15 145+ 0.17 147 +0.24
1000 144 +0.12 1.44+0.12 1.41+£0.13 1.46 £0.16 1.45+0.22
2000 145+0.12 1.45+0.13 1.43+0.13 1.47 £0.16 1.45+0.21
M LS/UB/LS LS/UB/IWLS IWLS/UB/IWLS LS/UB/LTS LTS/UB/LTS
125 1.58+0.16 1.59+£0.18 1.46 £0.19 1.60 £0.19 1.70 £0.25
250 157+0.14 157+0.15 1.50 £ 0.16 1.59 £0.18 1.67 +£0.23
500 156+0.14 156+0.14 1.51+0.15 1.58 £0.18 1.61 +£0.22
1000 1.55+0.12 1.56+£0.12 1.53 +£0.13 1.58 £0.16 1.57 £0.19
2000 156 +0.12 1.56=+0.13 1.55+0.13 1.59 +£0.17 1.57+0.20
6 1 6 1
® Biased estimate of FX(N) - LS ®  Unbiased estimate of FA(N) - LS
Regression line - IWLS 0.9 Regression line - IWLS 0.9
57 5r
0.8 0.8
4 10.7 4r 0.7
§ 3l 10.6 § 3l 0.6
g 105 g 0.5
)] [}
9 2y 104 S 2y 0.4
1t 0.3 1 0.3
0.2 0.2
0r 0r
0.1 0.1
-1 : 0 -1 ° 0
0 2 4 6 0 2 4 6
log(N) log(N)

Figure 1. LS/B/IWLS and LS/UB/IWLS methods using the biased and unbiased estimations of
Fg(y, N). IWLS approach used only for Step 5. The colormap represents the weights for each point.
500 samples.
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6 1 6 1
® Biased estimate of FZ(N) - IWLS Unbiased estimate of FZ(N) - IwLs
Regression line - IWLS 0.9 Regression line - IWLS 0.9
5 51
0.8 0.8
107 4 07
4+
= 10.6 = 0.6
3 z 3
w3 10.5 w 0.5
g 82}
= 0.4 - 0.4
2 L
03 1 0.3
1! 0.2 0.2
0 L
0.1 0.1
0 0 -1 0
0 2 4 6 0 2 4 6
log(N) log(N)

Figure 2. IWLS/B/IWLS and IWLS/UB/IWLS methods using the biased and unbiased estimations
of F2(y, N). IWLS approach used for Steps 3 and 5. The colormap represents the weights for each
point. 500 samples.

4.2. Application on Data Contaminated by Outliers

Let us now consider a signal that includes a slowly decreasing exponential trend and
a Weierstrass function. Pointwise outliers are added, with a probability of occurrence of 4%.
Their magnitudes are Gaussian distributed with zero mean and a standard deviation equal
to 4 times that of the original signal. Note that the Weierstrass function is a real-valued func-
tion continuous everywhere but differentiable nowhere. It was generated using the Matlab

—+o00

R2021a toolbox FracLab [47] (it uses a stochastic version of W(x) = } AH) gin(27tAx)
n=1

with A > 2, by introducing two random parameters, ¢, and a,, uniformly distributed in

+o0

[0,1], to obtain W(x) = ) e AT sin(271(A"x 4 a,))) with H equal to 0.3 (for illustra-
n=1

tion purposes)—see Figure 3. Some results are given in Figures 4-6 for M = 1000 and in

Table 2. Results confirm the relevance of robust methods.

Magnitude

_5 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Samples

Figure 3. Realization of a signal under study contaminated by outliers.
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Table 2. Mean =+ standard deviation of the estimation of 1 + H for the 10 methods for different
numbers M of samples (with outliers) available, based on 1000 trials. True result: 1 + H = 1.3. Bold

values correspond to the best result.

M LS/B/LS LS/B/IWLS IWLS/B/IWLS LS/B/LTS LTS/B/LTS
1000 1.09+0.03 1.11+0.03 1.10£+0.03 1.054+0.08 1.21+0.16
2000 1.14+£0.01 1.15+0.02 1.14 +£0.02 126 4+0.11 1.39+0.11
M LS/UB/LS LS/UB/IWLS IWLS/UB/IWLS LS/UB/LTS LTS/UB/LTS
1000 1.21£0.03 1.23+0.03 1.22 +0.03 1.244+0.07 1.35+0.14
2000 1.25+0.01 1.27+0.02 1.27 +0.02 1.244+0.07 1.45+0.18

47 1 47 1

al 0.9 3 0.9

0.8 0.8
2

27 10.7 0.7
= 10.6 = 1 10.6
z 1 z
g 10.5 L of 0.5
got g
ie) 104 = 41 0.4

- d
At o 0.3 Ll // 0.3
0.2 y 0.2
e o 20 e o
— — Regression line -LS — — Regression line - LS
-3 : : : 0 -4 ‘ : ‘ 0
0 2 4 6 2 4 6
log(N) log(N)

Figure 4. LS/B/IWLS and LS/UB/IWLS methods using the biased and unbiased estimations of
F3(y,N). IWLS approach only used for Step 5 on 1000 samples with outliers. The colormap represents

the weights for each point.

log(F(N))

-3

® Biased estimate of FZ(N) - IwLS
Regression line - IWLS

2 4 6
log(N)

0.9

0.8

10.7

10.6

10.5

10.4

log(F(N))

-4

0.9

0.8

0.7

10.6

10.5

10.4

0.3

0.2

® Unbiased estimate of F2(N) - IWLS 01

Regression line - IWLS

2 4 6
log(N)

Figure 5. IWLS/B/IWLS and IWLS/UB/IWLS methods using the biased and unbiased estimations
of Fg(y, N). IWLS approach used for both Steps 3 and 5 on 1000 samples with outliers. The colormap
represents the weights associated with each point.
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4r 4
3 [ 3 L
2r 2
1 1
2 2
L0 L0
o)) [}
ie) o
At -1
27 27
3+ Biased estimate of FA(N) - LTS 3+ Unbiased estimate of F2(N) - LTS
® |nliers (LTS) ® nliers (LTS)
Regression line - LTS - Regression line - LTS -
4 . w ‘ 4 y ; ‘
0 2 4 6 0 2 4 6
log(N) log(N)

Figure 6. LTS/B/LTS and LTS/UB/LTS methods using the biased and unbiased estimations of
F3(y,N). LTS approach used for both Steps 3 and 5 on 1000 samples with outliers. The colormap
represents the weights for each point.

5. Conclusions and Perspectives

The proposed approaches consider all values of N starting from N = 3, without any a
priori selection. This can be done by using robust LS methods. It also makes the method
less dependent on practitioner tuning. Based on the various simulations we performed,
using the IWLS only to estimate the Hurst exponent from the estimations of the fluctuation
functions seems relevant. It is true that the computation cost is increased when replacing a
standard LS estimation by a robust one: When dealing with IWLS method, the closed-form
LS solution is replaced by an iterative sequence of weighted least-squares problems solved
until convergence. Note that this approach could also be applied to variants such as CDFA.
Although the methods considered in this work are well established and have been widely
used, the literature on robust approaches remains active, encompassing alternative families
such as S-estimators and MM-estimators and more recent developments such as [48]. In
this context, future work will aim to evaluate these variants and their integration within
DFA-based frameworks.
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Abbreviations

The following abbreviations are used in this manuscript:

AFA Adaptive Fractal analysis

DMA Detrended Moving Average

DFA Detrended Fluctuation Analysis

EM Expectation Maximization

LOWESS  Locally Weighted Scatterplot Smoothing
LS Least Squares

RDFA Regularized Detrended Fluctuation Analysis

Appendix A

Given the LS estimate, let us introduce the residuals for each point by:
— Th
i =Yi— %05 (A)
Cook distance is defined by [46]:

(Ors —0))TATA(B - 0;))

D; = o

(A2)

with § (i the LS estimate of the model parameters without considering the ith point and p
the parameter-vector size.

Let us find another expression for D;. To this end, let us first recall that if the matrix B
is invertible and u, v are vectors, one gets:

B luvTB1

B Ty-1_ p-1_
(B+uvt) 1+0TB1u

(A3)
Let us now build A(Z-) and X(i) by removing the ith row of A and Y. In that case, one has:
A _ (AT —14T
0 = (A Aun) AnXa (A4)

Let us rewrite (A4) having in mind that A(Tl.)A(l-) =ATA - gigiT and A(Ti)X(l-) =ATy — XiYi-
Applying (A3) on (ATA — x;xT) 1, one gets:

(ATA)lxpxl (ATA)

(ATA — xxl)7t = (ATA) T+ T (A5)

with ;; = x] (AT A)~!x;. Combining (A4) and (A5) leads to:
6y = (ATA - xx[) 1 (ATY — xyy1) (A6)
= [(ATA)1 + (ATA)_lleifATA)_l (ATY — xiy1) (A7)

i

Using (A1) and after mathematical simplifications, one gets:

é(i) =05 - (Aj%:lm (A8)
i

Removing the ith point depends on its residual r; and /;. Combining (A2) and (AS8) gives

another expression of D;:

2h;
i

D= 1)

(A9)
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D; is large if the point has a large residual.
D; can then be used to define a weight w; = ﬁ or w; = exp(—aD;) with a that can
be set to a predefined value. Alternatively, one can examine the histogram of D; and choose

« such that a certain proportion of the data receives a weight below 0.5 for example.
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