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Abstract

Logistic regression is widely used for binary risk prediction, but complete or quasi-
separation can make maximum-likelihood fitting unstable and drive coefficients and fitted
probabilities to extreme values. We present a stabilization idea based on suppressing
weak-curvature directions in the local likelihood geometry and estimating only on the
stable subspace. Using a simple exact-separation example and repeated train/test simula-
tions with perturbed test sets, we show that stabilization yields less saturated probability
estimates and substantially improves out-of-sample prediction once the test setting departs
from exact separation.
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1. Introduction

Logistic regression remains a standard tool for binary risk modeling, but in sparse or
highly imbalanced data is vulnerable to complete or quasi-separation. It is known that in
this case, maximum-likelihood estimates may diverge even when in-sample classification
appears nearly perfect; see [1-3] as well as [4]. Separation is especially relevant when
the binary response records whether an event occurs within a follow-up window or fixed
period. Examples include adverse events during clinical-trial follow-up, onset of disease
within a given time horizon in epidemiologic studies, severe car crashes at a location
over a specified period, and customer churn or return purchasing after an advertising
campaign [5-7]. In such settings the practical target is usually not perfect retrospective
classification, but a stable probability model that can be transported to the next sample.
This paper is intentionally narrow. We use a geometric stabilization idea to argue that when
the likelihood becomes nearly singular, one should estimate and predict only in directions
supported by adequate local information. The goal is a short applied note showing why
ordinary logistic fits can look excellent under exact separation and yet behave poorly under
mild perturbation, while stabilized fitting yields more credible probabilities and more
robust predictive summaries. The motivating applied picture is therefore predictive rather
than purely geometric. A strong biomarker, a screening rule, a road feature, or a high-intent
customer signal may nearly determine the observed outcome in a small sample, but that
does not guarantee that the fitted probabilities remain useful when the next cohort, road
period, or advertising campaign is slightly different. This predictive perspective guides
both the example and the simulation design.

Comput. Sci. Math. Forum 2026, 16, 12

https:/ /doi.org/10.3390/cmsf2026016012


https://crossmark.crossref.org/dialog?doi=10.3390/cmsf2026016012&domain=pdf&date_stamp=2026-10-16
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/csmf
https://www.mdpi.com
https://doi.org/10.3390/cmsf2026016012

Comput. Sci. Math. Forum 2026, 16, 12 20f7

2. Separation and Stabilization

Separation occurs when a linear combination of the predictors perfectly classifies
events and non-events, or does so up to ties. The existence of the logistic MLE depends
on the geometric configuration of data, as established by [1]. Under separation, some
coefficients diverge and the corresponding fitted probabilities approach 0 or 1. For predic-
tion, this creates a trap. On the same (or a nearly identical) separated sample, a standard
logistic fit can achieve excellent scores because extreme probabilities are rewarded when
the labels follow the same separating rule. Yet the fitted model is brittle: small covariate
perturbations, small label noise, or modest departures from the exact separating geometry
can lead to much larger losses. The central distinction in this paper is therefore between
apparent success on an exactly separated sample and robust predictive performance under
repeated resampling and perturbed test settings. Let £(pB) be the logistic log-likelihood,
U(p) its score, and I(pB) the local information matrix. In regular regimes, Newton or Fisher
scoring updates f by applying I(8) ! to the score. Under separation or near-separation,
however, I(B) becomes poorly conditioned and the update can be dominated by directions
with little curvature support. Our stabilization device is deliberately simple. Writing the
eigendecomposition

I(B) = VAV,

we identify a stable subset of eigendirections and suppress the unstable ones. Moreover, let
A = diag(Ay, ..., Ap), with Amax = max;{A;}. We define the stable subspace through the
data-driven floor

¢ = max{enum, T Amax/1}, >0,

where enum is a small numerical safeguard and 7 is a tuning constant. The stable subspace
is then the span of eigenvectors whose eigenvalues satisfy A; > ¢. Equivalently, we have
Aj/Amax > T/n, while the complementary directions are treated as locally weakly identified
and are not followed by the update. In practice, the stabilized step is obtained by projecting
the score onto this stable subspace, so that directions with sufficiently strong curvature
are retained and directions with collapsing curvature are suppressed. This changes not
only the direction of the update but also its effective size, because removing unstable
score components typically shortens the step and yields more conservative movement near
separation. The rule is scale-adaptive, also works in very low dimensions, and reduces
to ordinary logistic regression when all eigenvalues remain well above the threshold. In
the experiments below we use T = 0.3 as a practical default, with qualitatively similar
behavior over the range T € [0.2,0.8]. If Vs and Ag denote the eigenvectors and eigenvalues
associated with the stable directions, and if Us(B) = Vs V4 U(B) is the score projected onto
the stable subspace, the stabilized update is

ABstab = VsA' VS U(B) = VsAG' VS Us(B).

Thus only the score components supported by adequate local curvature contribute to the
update, while score components in unstable directions are discarded rather than amplified.
This affects both the direction and the effective size of the step, since removing unsta-
ble components typically yields a shorter and more conservative move near separation.
Therefore, when separation destroys effective curvature, estimation proceeds on the sta-
ble subspace only. If the ordinary MLE exists, the stabilized fit remains close to it; if the
ordinary MLE does not exist, the same construction still yields a finite pseudo-solution
and hence finite fitted probabilities. This viewpoint is intentionally geometric rather than
fully penalized or prior-based. The problem is not merely that coefficients are large; it is
that some local directions are effectively unsupported by curvature and so should not be
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allowed to dominate the update. It is also worth noting that while separation in logistic
regression is usually addressed through penalization or bias reduction [4], the present
construction is also related, at a numerical level, to projected and iterative regularization for
ill-posed problems, where updates are stabilized by restricting attention to well-supported
directions [8].

3. Why Stabilization Helps Prediction

In exact separation, a conventional logistic fit can produce huge coefficients and
nearly perfect classification on the same separating geometry. That does not make it
a good probability model; it means only that the fitted logits are so extreme that the
implied probabilities are practically binary. A stabilized fit targets a different object: a finite
probability map supported by the informative part of the local geometry. Accordingly,
we evaluate the methods not only by discrimination but also by proper scoring rules and
direct summaries of saturation and instability [9-12]. For binary outcomes y; € {0, 1} with
predicted probabilities p;, the log-loss is

1 n
LogLoss = — Z{yi log pi + (1 —y;) log(1—pi) },
i=1

so smaller values indicate better calibrated and less overconfident probabilities. The Brier
score is

n

. 1
Brier = — Y (y; — pi)%,
nia

and again smaller is better. The AUC is defined empirically as

1 R R 1. .. o
AUC=-——— 3 ) |Hpi>pit+5Upi=pj}|,
Mno i:y=1jv,~0

where n1 = Y ;1{Y; = 1} and ng = Y ;1{Y; = 0} denote the numbers of events and
non-events, respectively. The AUC can be interpreted as the probability that a randomly
chosen event receives a higher score than a randomly chosen non-event, so larger values
indicate better discrimination. The distinction between ranking and probability estimation
is important for the results that follow. Under exact separation, both standard and stabilized
fits can rank observations almost perfectly, so AUC alone cannot diagnose the pathology.
Proper scoring rules are more informative because they penalize overconfident wrong
predictions once the test set departs from the training geometry. The saturation summaries
then explain why one method deteriorates faster than the other.

4. A Simple Exact-Separation Simulation Example

We consider the stylized example
Yi = I(Xl > 0)/ Xi ~ N(0/1>/

which yields exact separation by construction. The example is intentionally simple: it
isolates the geometry of separation and makes the predictive consequences visible. In this
design, the classical logistic fit drives the slope toward very large values and produces
fitted probabilities essentially equal to O or 1, whereas the stabilized fit remains finite and
retains a wider transition zone; see Figure 1. We therefore interpret the stabilized curve not
as automatically being more accurate from the plot alone, but as less saturated and more
credible as a probability model under separation.
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Figure 1. Predicted probabilities in the exact-separation example, averaged over repeated resamples.
The conventional fit (left panel) collapses toward near-binary probabilities, whereas the stabilized fit
(right panel) preserves a wider transition zone. Filled points denote events and open points denote

non-events.

In our simulations we use repeated 70%/30% train/test resampling from the exact-
separation design with a total of n = 120 observations. Two benchmark scenarios are
reported throughout: exact separation on both training and test sets, and perturbed test
sets in which the training split is unchanged but the test side is modified by added noise
and/or label flips. Each benchmark uses 50 resamples. We also run a 12-scenario suite
combining test-noise levels 0, 0.1, 0.25, and 0.5 with label-flip rates 0, 0.02, and 0.05. Here
noise denotes the standard deviation of an independent Gaussian perturbation added to
the test covariate and flip denotes the probability of independently reversing the binary test
label. The main metrics are mean log-loss, mean Brier score, and mean AUC, interpreted
as defined in Section 3, together with coefficient and saturation summaries. We do not
emphasize response-scale interval coverage for Bernoulli outcomes, because it concerns
the mean probability rather than the realized 0/1 outcome and can be misleading in
separated settings.

5. Simulation Results

Table 1 shows that in exact separation, both methods attain an AUC equal to one, so
discrimination is not the relevant distinction. The stabilized fit has slightly lower mean
log-loss (0.0539 versus 0.0637), whereas the conventional fit has a slightly better mean Brier
score (0.0129 versus 0.0150).

Table 1. Benchmark repeated-split summaries for the exact-separation and perturbed test scenarios
(50 resamples). Lower log-loss and Brier are better; higher AUC is better.

Scenario Method Log-Loss Brier AUC
Exact Standard logistic 0.0637 0.0129 1.0000
Exact Stabilized logistic 0.0539 0.0150 1.0000
Perturbed Standard logistic 2.3573 0.0912 0.9171
Perturbed Stabilized logistic 0.8433 0.0779 0.9541
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The stabilized fit has a slightly lower mean log-loss (0.0539 versus 0.0637), whereas
the conventional fit has a slightly better mean Brier score (0.0129 versus 0.0150). This is
the expected ambiguous regime: if the test set follows the same separating rule, extreme
probabilities are rewarded. The stability summaries are more informative. The conventional
fit shows severe coefficient inflation, whereas the stabilized fit remains much smaller and
more stable across resamples. Figure 1 shows the same point graphically: the conventional
fit collapses toward the poles and leaves almost no probability mass in the interior, whereas
the stabilized fit is distinctly less saturated. Once the test set is perturbed, the advantage
of stabilization becomes clear. In the benchmark perturbed test scenario of Table 1, the
stabilized fit improves all three principal summaries: mean log-loss drops from 2.3573 to
0.8433, mean Brier score drops from 0.0912 to 0.0779, and mean AUC rises from 0.9171 to
0.9541. The boxplots in Figure 2 show the same uniform shift.
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Figure 2. Resampling distributions of log-loss (left panel), Brier score (central panel), and AUC
(right panel) under perturbed testing. The stabilized fit dominates on all three metrics.

This is the main empirical message of the paper: the conventional fit appears strongest
only when the test geometry preserves exact separation, whereas the stabilized fit behaves
like a more robust probability model once that geometry is weakened. The broader 12-
scenario suite confirms the same pattern. Table 2 reports the mean resampled log-loss and
mean AUC for all combinations of test noise and label-flip rates; lower log-loss and higher
AUC indicate better predictive performance. As perturbation increases, the conventional fit
deteriorates much faster. With zero label flips, for example, mean log-loss rises from 0.0637
to 4.1508, while the corresponding stabilized values rise only from 0.0539 to 1.4329. AUC
also increasingly favors stabilization. Figure 3 provides the matching saturation diagnostics.
The conventional fit remains highly saturated, while the stabilized fit keeps a much larger
proportion of probabilities away from the extremes. Because the perturbation is applied on
the test side, these differences reflect how the fitted models react to departures from exact
separation rather than a change in the fitted training coefficients.
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Table 2. Full perturbation suite. Noise is the test-side covariate perturbation and flip is the test-side
label-flip rate. Lower log-loss is better; higher AUC is better.

Noise F]lp LLStd AUCstd LLstab AUCstab
0 0 0.0637 1.0000 0.0539 1.0000
0 0.02 0.5875 0.9820 0.3052 0.9819
0 0.05 1.2557 0.9579 0.6454 0.9573
0.10 0 0.8663 0.9728 0.2028 0.9945
0.10 0.02 1.3950 0.9529 0.5143 0.9751
0.10 0.05 2.0348 0.9294 0.8913 0.9484
0.25 0 1.9395 0.9332 0.5710 0.9718
0.25 0.02 2.3573 0.9171 0.8433 0.9541
0.25 0.05 2.9239 0.8965 1.2014 0.9287
0.50 0 4.1508 0.8512 1.4329 0.9178
0.50 0.02 4.4885 0.8391 1.6815 0.9020
0.50 0.05 4.9644 0.8222 1.9982 0.8797
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Figure 3. Saturation diagnostics for logistic regression. The left panel summarizes the linear predictor
and the right panel the distribution of fitted probabilities across the bands Near 0 (light gray),
Interior (medium gray), and Near 1 (dark gray). E/R = Exact/standard fit, E/S = exact/stabilized fit,
P/R = perturbed /standard fit, P/S = perturbed /stabilized fit. The stabilized fit is less saturated in
all settings.

6. Discussion

The main message of this paper is simple. In separated logistic problems, the ordinary
MLE can look excellent when the test data preserve the same separating geometry, but that
success is driven by saturated probabilities and coefficient inflation rather than by robust
probability estimation. Under repeated resampling and perturbed test sets, the stabilized
fit behaves much more favorably.

This matters for applications because binary event indicators over fixed periods are
common in clinical prediction, epidemiology, traffic safety, and conversion modeling. It also
means that predictive summaries should be read together with stability diagnostics. In exact
separation, AUC is largely uninformative because both methods can rank perfectly, and the
Brier score may even modestly favor the saturated fit. Once the test geometry is perturbed,
however, the proper scoring rules become decisive and favor the stabilized fit. The running
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example is stylized and the perturbations are generic, but they are enough to show that
stabilization produces a more finite, less saturated, and more reliable probability model.
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