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Abstract

In this paper, we develop the Poisson Integer-Valued Autoregressive (INAR) and negative
binomial (NB) INAR models for longitudinal count data. As for the estimation of model
parameters, we use the generalized estimating equation (GEE), generalized quasi-likelihood
(GQL) and maximum likelihood (ML) estimation methods. The correlation parameters
are estimated using the multivariate copula method. Through simulation studies, we
compare the performance of GQL, GEE and ML. An application on number of seizures is
also presented.

Keywords: longitudinal; copula; GQL; GEE; ML

1. Introduction
Longitudinal data comprise repeated outcomes measured over a specified number of

time points for different independent subjects. This implies that the sequence of observa-
tions for a particular subject is inter-related and this relation can be borne through some
forms of auto-correlation structures that might be known or unknown [1–6] or through
some latent random effects [7,8]. However, most discussions occurred in the literature
favour the usage of serial auto-correlation structures to model the longitudinal data, in
particular, count data.

In the event the exact auto-correlation structure in the longitudinal count data is
known, the stochastic model and likelihood equation can comfortably be constructed.
Otherwise, Liang and Zeger [9] proposed a working auto-correlation structure to mimic
the exact structure of the longitudinal series and implemented a generalized estimating
equation (GEE) approach to estimate the model parameters. The working structures include
the auto-regressive, moving average and equicorrelation structures. The GEE has the same
structure as the quasi-likelihood function in Wedderburn [10] and the likelihood estimating
function from the exponential dispersion family, comprising the gradient, covariance
matrix and score vector. Since the introduction of the GEE approach, several authors, in
particular, Prentice and Zhao [11], Fitzmaurice and Laird [12], Qu and Lindsay [13,14]
and Qu and Song [15], proposed alternative representations of the GEE approach and the
working structures in pursuit of obtaining more efficient parameter estimates. However,
Crowder [16] identified deficiencies in the GEE approach in some context where the
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auto-correlation parameters cannot be estimated. On the other hand, Sutradhar and
Das [1] noticed that the GEE based on the independence working structure may result
in more efficient estimates than GEE based on other aforementioned working structures.
Thus, Sutradhar and Das [1] proposed another general auto-correlation structure that
can accommodate the common working structures and is more robust. This approach
was termed the generalized quasi-likelihood approach (GQL). Sutradhar and Das [1]
demonstrated that the GQL provides more efficient and less biased estimates than the GEE
based on the different working structures.

However, in Jowaheer and Sutradhar [17], we noticed that the GQL approach may
still involve some extra working structures such as the multivariate normality assumption
in the presence of cross product scores. In particular, this happens where the distribution
of the longitudinal outcome is not single parameterized. In addition, the GQL do not
provide any information criteria to assess the fitting of the longitudinal model. Hence, be it
the working or robust auto-correlation structure, the application of the quasi-likelihood
method as an inferential procedure in longitudinal setting is quite restrictive. To overcome
these shortcomings, this paper proposes a generalized multivariate discrete distribution
for modelling the longitudinal counts using copula function. Hence, the formulation of a
likelihood equation and establishing the fitting criteria are most feasible.

The organization of the paper is as follows: In the next section, the multivariate
discrete distribution based from copula constructor is presented. Section 3 presents the
simulation study with the generation of repeated time series data from the integer-valued
auto-regressive process in Mckenzie [18]. In the same section, we apply both GQL and
likelihood approaches to compare the consistency and efficiency of the estimators. In
Section 4, we apply the multivariate model to the analysis of the epileptic seizure counts.
The conclusion is presented in the last section.

2. Methods
Firstly, we introduce some useful notations. Let Yit be the random variable describ-

ing the longitudinal count observation for the ith subject at the tth time point, where
i = 1, 2, 3, . . . , N and t = 1, 2, 3, . . . , T. Xit, is the vector of explanatory variables, such
that, Xit =

[︁
Xit,1, Xit,2, . . . , Xit,p

]︁T and assuming the E(Yit) = µit = exp(XT
it β), where

β =
[︁
β1, β2, . . . , βp

]︁T . Similarly, Yi,. and µi,. denote the T × 1 vectors Yi = [Yi1, Yi2, . . . , YiT ]
T

and µi = [µi1, µi2, . . . , µiT ]
T .

We recall earlier that in the non-specification of the exact auto-correlation structure,
researchers [9,19] considered the quasi-likelihood method to estimate the regression and
other model parameters, based on the working or robust auto-correlation structure spec-
ification. This was forcibly due to the non-availability of the joint distribution of Yi, and
this also forms the main motivation of this paper. Alternatively, this paper proposes to
specify the multivariate discrete distribution f (Yi) using the copula method described
in Nikoloulopoulos, Aristidis and Karlis [20]. The copula has the additional advantage
of separating the marginals and hence offers the flexibility of specifying a multivariate
distribution with different marginal probability functions. The next question is how far the
copula captures the serial dependence among the repeated observations. In the literature,
in the context of the univariate time series, Nikoloulopoulos, Aristidis and Karlis [20]
demonstrated that the usage of copulas offers much flexibility in modelling all forms of
serial dependence.

By definition, a T-variate copula C(u1, . . . , uT) is a cumulative distribution function
(cdf) with uniform marginals on the interval (0, 1) [20]. If Fij(yij) is the cdf of a uni-
variate random variable Yij, then C(Fi1(yi1), . . . , FiT(yiT)) is an m-variate distribution for
Yi = (Yi1, . . . , YiT)

T with marginal distributions Fij, j = 1, . . . , T. On the other hand, if H
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is a T-variate cdf with univariate marginal cdfs Fi1, . . . , FiT , then there exists an T-variate
copula C such for all yi = (yi1, . . . , yiT)

T ,

H(yi1, . . . , yiT) = C(Fi1(yi1), . . . , FiT(yiT)). (1)

For the discrete integer-valued random vector (Yi1, . . . , YiT)
T with marginals Fi1, . . . , FiT

and joint cdf given by the copula representation H(yi1, . . . , yiT) = C(Fi1(yi1), . . . , FiT(yiT)),
let c = (c1, . . . , cT) be vertices where each ck is equal to either yik or yi,k−1, k = 1, . . . , T. The
joint pmf h(·) of the discrete random variables Yi1, . . . , YiT is given by

h(yi1, yi2, . . . , yiT) = ∑ sgn(c)C(Fi1(ci1), . . . , FiT(ciT)), (2)

where the sum is taken over all vertices c and sgn(c) is given by (see [20]),

sgn(c) =

⎧⎨⎩1, if ck = yk − 1 for an even number of k’s,

−1, if ck = yk − 1 for an odd number of k’s
(3)

In this paper, we consider a 4-variate Frank copula given by

Cθ(u1, u2, u3, u4) = −1
θ
− 1

θ

(︃
(exp(−u1θ)− 1)(exp(−u2θ)− 1)

(exp(−θ)− 1)

)︃
− 1

θ

(︃
(exp(−u3θ)− 1)(exp(−u4θ)− 1)

(exp(−θ)− 1)

)︃
(4)

where 0 ≤ u1, u2, u3, u4 ≤ 1, θ ∈ (−∞, ∞)− {0}.
This paper uses this mechanism to construct the joint distribution of Yi, and thereon

applies the maximum likelihood conditional (MLC) approach to estimate the model pa-
rameters. The ML approach looks statistically more robust as compared to the ‘working’
estimation approaches, as described in Liang and Zeger [9] and Qu and Lindsay [13,14].
Interestingly, we will compare the efficiency of estimators under these two classes of
techniques in the next section on a simulation study.

3. Simulation
In the simulation part, we assume a discrete-valued auto-regressive process (INAR)

from Mckenzie [18] to generate longitudinal count observations with Poisson (Poisson
INAR) and negative binomial marginals (NB INAR).

3.1. Poisson-INAR Longitudinal Model

We start with the Poisson-INAR process is given as:

Yit = ρ ◦ Yi,t−1 + Rit (5)

for i = 1, 2, 3, . . . , I and t = 1, 2, 3, . . . , T. Rit is Poisson with mean (1 − ρ)µi, where
µi = exp(β0 + β1log(i)) and ρ ◦ Yi,t−1 = ∑

Yi,t−1
s=0 bs(ρ). The {bs(.)} is the sequence of

identically and independently Bernoulli distributed random variables with probability ρ,
for 0 < ρ < 1. Equation (5) consists of three unknown parameters (β0, β1, ρ) to be estimated.
We consider the three inferential procedures to estimate these parameters: GEE from Liang
and Zeger [9] with the auto-regressive working structure, the GQL approach from Jowaheer
and Sutradhar [17] and the multivariate copula-based likelihood approach discussed in
Section 2. We assume the population parameters are β0 = 1, β1 = 0.6, ρ = 0.8 with T = 4
and generate longitudinal data for I = 30, 60, 100.
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Table 1 displays the mean estimates of the regression and correlation parameters and
the values in the brackets (.) represent their respective standard errors. It can be observed
that the model estimates are consistent and as the time point increases, the standard errors
listed in brackets decrease, confirming the asymptotic performance of the model estimates.
However, the estimates of the MLC estimation method are better than GQL and GEE.

Table 1. Estimates of the model parameters for Poisson INAR.

I T Method β0 β1 ρ1 ρ2 ρ3

30 3 GEE 0.9812 0.5492 0.7652 0.5302 0.4114

(0.1201) (0.1332)

GQL 0.9855 0.5644 0.7773 0.6419 0.4504

(0.1015) (0.1201)

MLC 0.9860 0.5712 0.7798 0.6648 0.4210

(0.0896) (0.0858) (0.0649) (0.0650) (0.0726)

4 GEE 0.9830 0.5404 0.7647 0.6104 0.4587

(0.1253) (0.1391)

GQL 0.9814 0.5598 0.7764 0.6411 0.4538

(0.1085) (0.1292)

MLC 0.9870 0.5794 0.7804 0.5927 0.4480

(0.0807) (0.0855) (0.0783) (0.0649) (0.0686)

60 3 GEE 0.9827 0.5559 0.7766 0.5530 0.4670

(0.1166) (0.1104)

GQL 0.9884 0.5738 0.7802 0.6753 0.4221

(0.0969) (0.1090)

MLC 0.9911 0.5875 0.7839 0.6346 0.4509

(0.0780) (0.0696) (0.0602) (0.0532) (0.0641)

4 GEE 0.9835 0.5532 0.7770 0.5915 0.4772

(0.1157) (0.1132)

GQL 0.9869 0.5677 0.7806 0.6814 0.4774

(0.0905) (0.1181)

MLC 0.9854 0.5862 0.7860 0.6226 0.5010

(0.0780) (0.0722) (0.0711) (0.0543) (0.0520)

100 3 GEE 0.9808 0.5687 0.7766 0.5617 0.4851

(0.1053) (0.1062)

GQL 0.9982 0.5806 0.7916 0.6479 0.4960

(0.0710) (0.0721)

MLC 0.9985 0.5913 0.7901 0.6658 0.4729

(0.0485) (0.0476) (0.0594) (0.0340) (0.0438)

4 GEE 0.9885 0.5616 0.7836 0.5627 0.4600

(0.1035) (0.0946)

GQL 0.9961 0.5832 0.7951 0.6613 0.4577

(0.0720) (0.0888)
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Table 1. Cont.

I T Method β0 β1 ρ1 ρ2 ρ3

MLC 0.9945 0.5968 0.7980 0.6485 0.5239

(0.0531) (0.0555) (0.0610) (0.0434) (0.0479)

3.2. Negative Binomial INAR Model

Marginally, yit has the negative binomial distribution with probability mass function

f (yit) =
Γ(c−1 + yit)

Γ(c−1)yit!
(

1
1 + cθit

)c−1
(

cθit
1 + cθit

)yit (6)

i.e.,
yit ∼ NeBin(1/c, cθit) (7)

where c is the over-dispersion parameter and the expectation and variance are given by

E(Yit) = θit = exp(xT
it β), Var(Yit) = θit + cθ2

it (8)

where c > 0.
Let yi,t−1 ∼ NeBin(1/c, cθi1) and dit ∼ NeBin{(1 − ρ)/c, cθi1} where 0 < ρ < 1. yi,t−1

and dit are independent. The relation between yit and yi,t−1 is given by

yit = αit ∗ yi,t−1 + dit (9)

where 0 < αit < 1 and αit ∼ Beta( ρ
c , 1−ρ

c ).
From Table 2, it can be observed that again the model estimates are consistent and as

the time point increases, the standard errors listed in brackets decrease. The estimates of
the MLC are better than GQL and GEE.

Table 2. Estimates of the model parameters.

I T Method β0 β1 c ρ1 ρ2 ρ3

30 3 GEE 0.9808 0.5511 0.9621 0.7575 0.5495 0.4302

(0.1185) (0.1283)

GQL 0.9853 0.5670 0.9743 0.7850 0.6311 0.4457

(0.1072) (0.1103)

MLC 0.9888 0.5790 0.9736 0.7873 0.6705 0.4406

(0.0893) (0.0844) (0.0953) (0.0640) (0.0729) (0.0790)

4 GEE 0.9879 0.5433 0.9620 0.7690 0.6304 0.4728

(0.1391) (0.1260)

GQL 0.9810 0.5501 0.9794 0.7786 0.6661 0.4602

(0.1017) (0.1220)

MLC 0.9879 0.5709 0.9846 0.7872 0.5827 0.4640

(0.0866) (0.0888) (0.1011) (0.0711) (0.0642) (0.0674)

60 3 GEE 0.9892 0.5502 0.9784 0.7601 0.5414 0.4622

(0.1139) (0.1119)

GQL 0.9863 0.5785 0.9818 0.7803 0.6871 0.4340

(0.0906) (0.1019)
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Table 2. Cont.

I T Method β0 β1 c ρ1 ρ2 ρ3

MLC 0.9910 0.5836 0.9877 0.7850 0.6639 0.4541

(0.0703) (0.0681) (0.0830) (0.0647) (0.0554) (0.0603)

4 GEE 0.9839 0.5529 0.9729 0.7761 0.5810 0.4886

(0.1140) (0.1132)

GQL 0.9850 0.5631 0.9820 0.7898 0.6628 0.4491

(0.0981) (0.1135)

MLC 0.9855 0.5887 0.9871 0.7890 0.6311 0.4981

(0.0795) (0.0749) (0.0717) (0.0761) (0.0589) (0.0535)

100 3 GEE 0.9833 0.5694 0.9811 0.7717 0.5671 0.4891

(0.1028) (0.1097)

GQL 0.9925 0.5827 0.9916 0.7920 0.6711 0.4695

(0.0760) (0.0710)

MLC 0.9992 0.5946 0.9961 0.7999 0.6651 0.4696

(0.0418) (0.0482) (0.0660) (0.0476) (0.0350) (0.0460)

4 GEE 0.9815 0.5630 0.9887 0.7822 0.5771 0.4813

(0.1096) (0.0918)

GQL 0.9935 0.5832 0.9932 0.7958 0.6831 0.4719

(0.0718) (0.0815)

MLC 0.9919 0.5970 0.9975 0.7931 0.6556 0.5345

(0.0520) (0.0518) (0.0627) (0.0641) (0.0471) (0.0417)

4. Application
We revisit the epileptic dataset that was analysed by Jowaheer and Sutradhar [17]. The

data consists of 59 epileptic patients for whom the number of seizures occurring at each of
four successive two weekly clinic visits were reported. The summary statistics for these
responses are given in Table 3.

Table 3. Summary statistics of the epileptic seizure counts.

Visit 1 Visit 2 Visit 3 Visit 4

Sample mean 8.949 8.356 8.441 7.305

Sample variance 220.084 103.785 200.182 93.112

We note that the variances are greater than their corresponding means for each time
point indicating that the data are clearly over-dispersed. There are five covariates namely
the intercept term denoted by xit1, the treatment parameter xit2, coded as 0 for placebo and
1 for progabide, the baseline-seizure rates denoted by xit3, the age of the person denoted by
xit4 and the interaction effect between treatment and baseline seizure rates xit5. Note that the
covariates are time-independent. The mean parameter of the negative binomial distribution
for the ith person is given by θi = exp(xT

i β) with xi = (xit1, xit2, . . . , xit5)
T for t = 1, . . . , 4.

Here β is the 5 × 1 vector of regression parameters. Jowaheer and Sutradhar [17] used
the negative binomial model and estimate the model parameters using the true general
auto-correlation structure based GQL approach. We analyse the epileptic data assuming
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that the counts follow the unstructured covariance matrix and estimate the parameters
using the MLC approach, as shown in Tables 4 and 5.

Table 4. Epileptic data: estimates of the regression using GQL and MLC approaches.

Method INTC TR BR Age INTA

MLC 0.4582 −0.2471 0.0027 0.0210 0.0011
(0.4321) (0.1521) (0.0040) (0.0109) (0.0048)

GQL 0.3721 −0.2671 0.0356 0.0212 0.0012
(0.4372) (0.1643) (0.0055) (0.0111) (0.0056)

Table 5. Epileptic data: estimates of the over-dispersion and correlation parameters using GQL and
MLC approaches.

Method ĉ ρ̂1 ρ̂2 ρ̂3

MLC 0.5142 0.5222 0.3371 0.2030
(0.3121)

GQL 0.5431
(0.4214)

We choose small starting values for the longitudinal correlations and small positive
values for the regression and over-dispersion parameters. To obtain GQL estimates, we
apply the iterative equation and calculate ρ̂. Some starting values also lead to computational
difficulties in calculating the inverse of the covariance matrix in the GQL approach.

The auto-correlation values under MLC are large, indicating high longitudinal cor-
relations. The values of c under both methods justify that the data are over-dispersed.
The treatment parameter in both methods is negative which indicate that the predicted
seizure counts will be less in the treatment group than in the placebo group. The age factor
is positive indicating that as age increases, the patients are more likely to obtain more
epileptic attacks. The interaction between the treatment and the baseline seizure rate does
not appear to be significant in both methods.

Based on the standard errors, we note that the estimates of the parameters under the
MLC approach are more efficient than GQL especially for the over-dispersion parameter.

5. Conclusions
In this paper, we have presented the Poisson INAR and NB INAR models. We then

develop the GQL, GEE and MLC estimation approaches, by using the multivariate copula to
estimate the correlation parameters of the proposed model. Through simulation studies, we
have seen that MLC provides more efficient estimates particularly for the over-dispersion
parameter. GEE yields less efficient estimates of the regression parameters with minor
discrepancies in the standard errors as in the Poisson case but the method fails to provide
efficient estimates of the over-dispersion parameter. This may be because the method does
not take into consideration the correlations among the responses. The model is also applied
on an epileptic data series with efficient estimates of the MLC.
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