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Abstract

:

Cosmography, as an integral branch of cosmology, strives to characterize the Universe without relying on pre-determined cosmological models. This model-independent approach utilizes Taylor series expansions around the current epoch, providing a direct correlation with cosmological observations and the potential to constrain theoretical models. Various observable quantities in cosmology can be described as different combinations of cosmographic parameters. Furthermore, one can apply cosmography to models with a varying speed of light. In this case, the Hubble parameter can be expressed by the same combination of cosmographic parameters for both the standard model and varying speed-of-light models. However, for the luminosity distance, the two models are represented by different combinations of cosmographic parameters. Hence, luminosity distance might provide a method to constrain the parameters in varying speed-of-light models.
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1. Introduction


One can characterize the expansion of the Universe by the dimensionless scale factor   a ( t )  . The evolution of the scale factor is determined by the Friedmann equations of general relativity, specifically for a spatially homogeneous and isotropic universe. Recent empirical research indicates an accelerated expansion of the Universe. Essentially, this implies that the second derivative of the scale factor, denoted as    a ¨   ( t )   , is positive, or, equivalently, that the first derivative    a ˙   ( t )    progressively increases over time. Moreover, theoretically, the scale factor can be Taylor expanded from the current epoch to a nearby time, and the dimensionless coefficients of these expansions are referred to as cosmographic parameters. Although the scale factor is not directly observable, it is possible to constrain cosmographic parameters based on cosmological observations. This approach, utilizing the kinematics of the scale factor, is called cosmography, allowing for the study of the cosmological evolution of the scale factor and, conversely, determining other physical quantities that govern the dynamics of the scale factor [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30].



Cosmology stands as one of the most fruitful and pertinent applications of Einstein’s General Theory of Relativity (GR), offering a framework to comprehend the behavior of the Universe in its entirety. This scientific endeavor thrives by aligning its assumptions with the observable Universe. Notably, the uniformity of the temperature of the cosmic microwave background (CMB) across different sky directions provides compelling evidence for the isotropy of the Universe on its grandest scales [31,32]. Moreover, the absence of a preferred center in the Universe suggests a corresponding homogeneity, reflected in the uniform distribution of matter across scales exceeding 100 million light years [33,34]. These observations lead to the formulation of the Cosmological Principle (CP), which asserts that the Universe exhibits uniformity from any vantage point in space and that all directions hold equal significance. Hence, adopting the standard form of the Robertson–Walker (RW) metric in cosmology for a cosmic time t is a viable approach [35,36,37,38].



The Lorentz transformation (LT) elucidates the implications of special relativity (SR) when transitioning between two Galilean frames (GFs). In the realm of the general theory of relativity (GR), an inertial frame (IF) pertains to one that is in free fall. One can establish a Lorentz-invariant spacetime interval by comparing the coordinate disparities between two events, with this interval being deemed light-like (or null) if it registers zero. One can regard such occurrences as signals traversing Minkowski spacetime at the speed of light, bridging events separated by the null interval [39]. However, within the context of GR, the delineation of a global time proves elusive due to the absence of a universal inertial frame. Nonetheless, under specific conditions and with a metric adhering to the cosmological principle, a global time for the Universe can be defined. It is achieved by foliating spacetime into a series of non-intersecting space-like 3D surfaces [40,41,42,43,44,45,46,47,48,49].



In SR, the sole parameter is the speed of light in a vacuum, denoted as c. Through our research, we have demonstrated that adhering to the universal Lorentz covariance or adopting the single postulate of Minkowski spacetime, is sufficient to satisfy the principles of SR [50,51,52]. Consequently, this allows for the formulation of models such as the Lorentz invariant (LI) varying speed of light (VSL) model, provided that c remains locally constant while allowing for changes at cosmological scales. However, to prevent trivial alterations in units, one needs to examine the simultaneous variation in both c and Newton’s gravitational constant, G. This is essential as c and G are combined as   G /  c 4    in the Einstein action [53].



All galaxies are presumed to occupy a hypersurface, aligning the surface of simultaneity with a local Lorentz frame (LF) of each nearby galaxy. From this arrangement, it can be deduced that a universal cosmic time exists for all galaxies situated on the hypersurface, contingent upon the homogeneity and isotropy of space, which implies a constant spatial curvature. Cosmic time denotes the measurement observed by a comoving observer who perceives the Universe’s uniform expansion around them, where light traverses through the expanding space. The manifestation of a cosmological redshift in sufficiently distant light sources, corresponding to their distance from us, follows Hubble’s law, an observation induced by the CP.



In addressing problematic observational outcomes within the framework of GR, the notion of VSL has been occasionally invoked. Einstein postulated that a decrease in the wavelength  λ  corresponds to a decrease in the speed of light, expressed as   c = ν λ   with a constant frequency  ν , and suggested that a gravitational field induces a time dilation (TD) effect represented by    ν 1  =  ν 2   ( 1 + G M / r  c 2  )    [54]. Dicke introduced the concept of varying wavelength and frequency by defining a refractive index   n ≡ c /  c 0  = 1 + 2 G M / r  c 2    [55], proposing an alternative cosmological description to account for the cosmological redshift by incorporating a time-varying c. These seminal works hypothesized that TD arises from local gravity. Various cosmologically motivated VSL models have been developed to address issues such as the horizon problem of the Big Bang model and offer an alternative approach to cosmic inflation [53,56,57,58,59,60,61,62,63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,80,81]. The minimal VSL (mVSL) model posits changes solely in the speed of light while keeping other physical constants constant. Petit argued that if c varies over cosmic time, concurrent variations in all related physical constants should be considered, ensuring consistency with physical laws throughout the Universe’s evolution. This approach seeks to establish a universal gauge relationship and temporal variation in constants while upholding the consistency of physical equations and measurements [61,74]:


    G    =  G 0   a  − 1    ,  m =  m 0  a  ,  c =  c 0   a  1 2    ,  h =  h 0   a  3 2    ,  e =  e 0   a  1 2    ,  μ =  μ 0  a  .     



(1)







It is important to underscore that cosmology-driven VSL models, as distinct from those rooted in local gravity effects such as [54,55], attribute cosmic TD to both the Universe’s expansion and variations in the local speed of light within the framework of the RW metric [63,82].



In the conventional RW metric, the assumption of constant light speed hinges on a specific hypothesis concerning cosmological TD rather than directly emerging from the metric’s foundational principles [82,83,84,85]. It has been shown that the possibility of the VSL models in the RW metric by considering the various implications of TD relationships [52,84,85,86]. Numerous endeavors have aimed to measure TD. One approach involves directly observing TD through the decay time of distant supernova (SN) light curves and spectra [87,88,89,90,91]. Another method entails measuring TD by investigating the stretching of peak-to-peak timescales in gamma-ray burst (GRB) data [92,93,94,95,96,97,98,99,100]. Efforts have also been made to detect the TD effect in the light curves of cosmologically distant quasars (QSOs) [101,102]. However, to date, no compelling evidence has emerged for cosmic time dilation, with conflicting results from various measurements. In the absence of explicit TD laws, the RW metric’s speed of light may vary with cosmological time, akin to other physical properties such as mass density, temperature, and fundamental constants such as the Planck constant [86]. This variability suggests a plausible scenario known as VSL with cosmic time. When characterizing the Friedmann–Lemaître–Robertson–Walker (FLRW) universe background, a hypersurface of constant time can be delineated based on physical quantities such as temperature or density, owing to the Universe’s homogeneity, which ensures uniform temperature and density at each cosmic time. Nevertheless, it is vital to acknowledge that temperature and mass density may experience redshift due to the Universe’s expansion.



Relying solely on the cosmological principle, the method of cosmography serves as a kinematic description of the Universe’s evolution, specifically focusing on the dynamics of cosmological expansion. Cosmography provides a versatile framework for handling cosmological parameters, relying solely on the kinematics of the Universe. This model-independent approach eliminates the need for dependence on any specific theoretical model, enabling a more generalized analysis. Notably, it abstains from defining any model a priori, thereby avoiding the necessity to postulate gravity for determining the Universe’s dynamics. The effectiveness of cosmography is demonstrated by its ability to choose models consistent with cosmological observations. Cosmography primarily concentrates on the later phases of the Universe’s development. The Taylor expansions associated with cosmography typically pertain to the observable domain where   z ≪ 1  , facilitating the establishment of constraints on the current Universe. In our discussion, we explore the modification of late-time cosmography to apply the varying speed-of-light models.



As is evident from the above equations, the effects of the meVSL model can manifest in each cosmographic parameter. It can potentially influence the values of the density contrasts in the  Λ CDM model. In the subsequent follow-up paper, we will discuss the impact of this varying speed-of-light theoretical model on the values of density contrasts, comparing it with the standard model using several cosmological observational datasets. In the following chapter, we briefly introduce the meVSL model [52,82,83,84,85,86]. In Section 3, we compare the representations of cosmography in the meVSL model for each observable with those in the standard model, highlighting differences. In Section 4, we investigate the luminosity distance expression within the meVSL model’s framework. Section 5 describes how cosmographic parameters are represented by density contrasts when applying the LambdaCDM model. The final section concludes with a discussion.




2. Brief Review of the Minimally Extended Varying Speed-of-Light (meVSL) Model


In this session, we will briefly review the potential of the VSL model and introduce the meVSL model [52,82,83,84,85,86]. One can describe the homogeneous and isotropic spacetime at a specific time   t l   as


     d  s  l  2  = −  c l 2  d  t 2  +  a l 2     d  r 2    1 − K  r 2    +  r 2   d  θ 2  +  sin 2  θ d  ϕ 2     at   t =  t l   .     



(2)







By incorporating Weyl’s postulate to extend the metric described in Equation (2) to cosmic time t, we can formulate the line element as


     d  s 2  = − c   ( t )  2  d  t 2  + a   ( t )  2     d  r 2    1 − K  r 2    +  r 2   d  θ 2  +  sin 2  θ d  ϕ 2    ≡ − c   ( t )  2  d  t 2  + a   ( t )  2  d  l  3 D  2   .     



(3)







In this equation, the speed of light is expressed as a function of time, deviating from the conventional RW metric. Initially, this formulation may appear unconventional or counterintuitive. However, as depicted in Figure 1, the original RW metric implies that on hypersurfaces defined by   t l   or    t k  =   constants, various quantities such as the scale factor    a l  = a  (  t l  )   , mass density    ρ l  = ρ  (  t l  )   , pressure    P l  = P  (  t l  )   , temperature    T l  = T  (  t l  )   , speed of light    c l  = c  (  t l  )   , Boltzmann constant    k l  = k  (  t l  )   , and Planck constant    ℏ l  = ℏ  (  t l  )    remain constant regardless of the 3D spatial position. However, according to Weyl’s postulate, these quantities or constants can be expressed as functions of cosmic time t, accounting for cosmological redshift, as depicted in Figure 1. Traditionally, it has been assumed that physical constants, including the speed of light, remain constant over cosmic time. This additional assumption, namely that the speed of light remains constant (   c l  =  c k   ) regardless of cosmic time, is not directly linked to the two conditions necessary to derive the RW metric: the CP and Weyl’s postulate. The constancy of the speed of light relies on cosmological time dilation, and it is essential to note that the GR does not specify any particular physical laws governing this constancy, as we will elucidate shortly. As the Universe progresses from   t k   to   t l  , physical quantities such as   a ( t )  ,   ρ ( t )  ,   P ( t )  , and   T ( t )   change over cosmic time t. The precise functional expressions for these quantities are obtained through the solution of Einstein’s Field Equations (EFEs) and Bianchi’s identity (BI), considering the equation of the state of fluids [52,84].



2.1. Cosmological Redshift


One can rewrite the RW metric in Equation (3) as


     d  s 2  = −   ( d  X 0  )  2  +  a 2   ( t )     d  r 2    1 − k  r 2    +  r 2   d  θ 2  +  sin 2  θ d  ϕ 2    ≡ −   ( d  X 0  )  2  +  a 2   ( t )  d  l  3 D  2   ,     



(4)




where    X 0  = c t  . In this metric, the light signal propagates along the null geodesic   d  s 2  = 0  , and, from metric (4), we obtain the outgoing light signals


     d  l  3 D    ( r  , θ  , ϕ )  =   d  X 0    a ( t )    .     



(5)







The spatial infinitesimal line element   d  l  3 D     is a function of the comoving coordinates (  σ  , θ  , ϕ  ) only and thus should be the same value at any given time. From this fact, the standard model of cosmology (SMC, i.e., by assuming a constant speed of light) obtains the cosmological redshift relation


       d  X 0   (  t 1  )    a (  t 1  )   =   d  X 0   (  t 2  )    a (  t 2  )    ⇒    d  t 1    a 1   =   d  t 2    a 2    ⇒   λ 1  = c d  t 1  ≡ c  ν 1  − 1   =   a 1   a 2    λ 2   ,     



(6)




where   d  t i    is the time interval of successive crests of light at   t i   (i.e., the inverse of the frequency   ν i   at   t i  ) [103]. Traditionally, we obtain the cosmological redshift under the assumption that the speed of light is constant at these scales. However, the Lorentz invariance (LI) is a local symmetry that is only meaningful at each spacetime point (event), while the GR is valid at cosmological scales. Therefore, the quibble about whether SR is generally adaptable at cosmological distances and time scales should be determined by observations [47]. In this case, we can rewrite Equation (6) as


       d  X 0   (  t 1  )    a (  t 1  )   =   d  X 0   (  t 2  )    a (  t 2  )    ⇒      c ˜  1  d  t 1    a 1   =     c ˜  2  d  t 2    a 2    ⇒   λ 1  =   c ˜  1  d  t 1  =   a 1   a 2    λ 2   ,     



(7)




where     c ˜  i  ≡  c ˜   (  t i  )   ,    a i  ≡ a  (  t i  )   , and


     d  X 0  = d  c t  =    d ln c   d ln t   + 1  c d t ≡  c ˜  d t  and  δ c ≡   c ˜  c  =    d ln c   d ln t   + 1   ,     



(8)







Thus, the cosmological redshift relation still holds even if we allow the speed of light to vary as a function of cosmic time. These results have been derived before in a so-called meVSL model to satisfy Einstein’s field equations [52].




2.2. The Possibility of Varying Speed-of-Light Theory in the Robertson–Walker Metric


The derivation of redshift involves employing the geodesic equation for a light wave, where   d  s 2  = 0   as in Equation (3). The consistency of   d  l  3 D     over time is ensured by the exclusive use of comoving coordinates. Expanding upon this groundwork, we reach the expression for outgoing light signals as


     d  l  3 D       =   c  (  t i  )  d  t i    a (  t i  )    :     c 1  d  t 1    a 1   =    c 2  d  t 2    a 2   ⇒       c 1  =  c 2  = c     if    d  t 1    a 1   =   d  t 2    a 2    SMC        c 1  =   f (  a 2  )   f (  a 1  )     a 1   a 2    c 2      if    d  t 1    f (  a 1  )   =   d  t 2    f (  a 2  )    VSL        c 1  =     a 1   a 2     b 4    c 2      if    d  t 1    a 1  1 −  b 4     =   d  t 2    a 2  1 −  b 4      meVSL       ,     



(9)




where   d  t i  = ν  (  t i  )    represents the time interval between successive crests of light at   t i   (i.e., the inverse of the frequency   ν i   at   t i  ) and   f (  a i  )   denotes an arbitrary function of   a (  t i  )   [103].



In the SMC, an additional assumption is introduced, positing that the cosmological TD between two hypersurfaces at   t =  t 1    and   t =  t 2    is proportional to the inverse of the scale factors   a ( t )   at each respective time. This assumption leads to the conclusion that the speed of light on these hypersurfaces remains constant,   c  (  t 1  )  = c  (  t 2  )  = c  . However, this assumption lacks derivation from any physical laws. Moreover, within the framework of GR, there exists no inherent physical basis for the constancy of the speed of light across cosmic time, as it holds solely for the local inertial observer.



Conversely, in an expanding universe, the progression from one hypersurface to another results in an increase in the scale factor, naturally leading to the cosmological redshift of various physical quantities, including mass density and temperature. However, it is impossible to conclude about cosmological TD based solely on the CP and Weyl’s postulate in the RW metric. Instead, establishing such relationships relies on experimental observations. Efforts to measure cosmological time dilation have included direct observations of SN light curves and spectra to evaluate decay times of distance [83,87,88,89,91]. Another avenue to explore cosmological TD involves analyzing the elongation of peak-to-peak timescales observed in GRBs [92,93,94,95,96,97,98,99,100]. Additionally, researchers have investigated TD effects within the light curves of cosmologically distant QSOs [101,102,104]. However, current observational evidence does not definitively confirm an exact correspondence between cosmological TD and predictions made by the SMC. Moreover, the RW model lacks a mechanism to determine cosmological TD conclusively. Thus, it remains valuable to explore the possibility of VSL in these observations, provided that the findings are consistent with those predicted by the SMC.




2.3. The Modification of Einstein’s Field Equations


In the meVSL, the line element is written as


     d  s 2  = −  c ˜  d  t 2  +  a 2  γ d  x i  d  x j   .     



(10)







Then, the Riemann curvature tensors, Ricci tensors, and Ricci scalar curvature are given by


        R ˜   i 0 j  0   =   g  i j     c ˜  2      a ¨  a  −  H 2    d ln  c ˜    d ln a    ,     R ˜   00 j  i   =   δ j i    c ˜  2      a ¨  a  −  H 2    d ln  c ˜    d ln a    ,     R ˜   j k m  i   =    H 2    c ˜  2   +  k  a 2      δ k i   g  j m   −  δ m i   g  j k     ,     



(11)






          R ˜  00  = −  3   c ˜  2      a ¨  a  −  H 2    d ln  c ˜    d ln a     ,    R ˜   i i   =   g  i i     c ˜  2    2    a ˙  2   a 2   +   a ¨  a  + 2 k    c ˜  2   a 2   −  H 2    d ln  c ˜    d ln a     ,     



(12)






         R ˜  =  6   c ˜  2      a ¨  a  +    a ˙  2   a 2   + k    c ˜  2   a 2   −  H 2    d ln  c ˜    d ln a     .     



(13)







The energy-momentum tensor is given by


      T  μ  ν  = diag  − ρ   c ˜  2  , P , P , P   .     



(14)







One needs to investigate Bianchi’s identity to provide the energy conservation given by


         ρ i    c ˜  2  =  ρ  i 0     c ˜  0 2   a  − 3 ( 1 +  ω i  )    ,     



(15)




where    c ˜  0   is the present value of the speed of light,   ρ  i 0    is the present value of mass density of the i-component, and we use    a 0  = 1  . We obtain EFEs including the cosmological constant by using Equations (12)–(15)


           a ˙  2   a 2   + k    c ˜  2   a 2   −   Λ   c ˜  2   3  =   8 π  G ˜   3   ∑ i   ρ i   ,     



(16)






           a ˙  2   a 2   + 2   a ¨  a  + k    c ˜  2   a 2   − Λ   c ˜  2  − 2  H 2    d ln  c ˜    d ln a   = − 8 π  G ˜   ∑ i    P i    c ˜  2   = − 8 π  G ˜   ∑ i   ω i   ρ i   .     



(17)







One subtracts Equation (16) from Equation (17) to obtain


          a ¨  a  = −   4 π  G ˜   3   ∑ i   1 + 3  ω i    ρ i  +   Λ   c ˜  2   3  +  H 2    d ln  c ˜    d ln a    .     



(18)







From Equations (16) and (18), one can understand that the expansion velocity of the Universe depends on not only the speed of light   c ˜   but also both on   G ˜   and on  ρ . Additionally, so does the acceleration of the expansion of the Universe.



Equation (18) also should be obtained by differentiating Equation (16) with respect to the cosmic time t and using Equation (15). This provides the relation between   G ˜   and   c ˜   as


       d ln  G ˜    d ln a   = 4   d ln  c ˜    d ln a   ≡ b =  const .   ⟹    G ˜    G ˜  0   =     c ˜    c ˜  0    4  =    a  a 0    b  =  a b   .     



(19)







From the above Equations (19), one can obtain the expressions for the time variations of   c ˜   and   G ˜   as


        G ˜  ˙   G ˜   = b H  ,     c ˜  ˙   c ˜   =  b 4  H  .     



(20)







Thus, both the ratio of the time variation in the gravitational constant to the gravitational constant at the present epoch and the ratio of the time variation in the speed of light to the speed of light at the present epoch are given by


         G ˜  ˙  0    G ˜  0   = b  H 0   ,      c ˜  ˙  0    c ˜  0   =  b 4   H 0   .     



(21)







For more detailed information, please refer to Reference [52].



In the meVSL model, we consider local thermodynamics, energy conservation, and other local physics. These considerations induce the time evolutions of other physical constants and quantities shown in Table 1.





3. Cosmolography of Varying Speed-of-Light Models


As seen in the previous session, due to the limited observational methods available to delineate the VSL models, it is crucial to identify observational methods that can be compared with the SMC. One such method we explore in this section is cosmography. The Friedmann–Lemaître–Robertson–Walker (FLRW) metric of varying speed-of-light (VSL) models is given by


     d  s 2  = − c   ( t )  2  d  t 2  + a   ( t )  2     d  r 2    1 − k  r 2    +  r 2  d  θ 2  +  r 2   sin 2  θ d  ϕ 2    ,     



(22)




where k is a constant related to curvature of space and   a ( t )   is the scale factor describing the evolution of the Universe. The coordinates   ( t , r , θ , ϕ )   of the RW metric are called comoving coordinates. The spatial coordinates of objects remain the same, but their physical (proper) distance grows with time as space expands. The cosmic time gives the time a comoving observer measures at   ( r , θ , ϕ ) =   constant. Let the photon be emitted at a time   t ∗   with   r = 0   and absorbed by an observer located at   r =  r 0    at the present epoch   t 0  . One can express this time as    t ∗  =  t 0  − δ t  , where the time difference   δ t   is significantly smaller than the current cosmic time   t 0  . This relationship implies that the emitting galaxy is close to our location, and the time it takes for the photon to reach us is negligible compared to the current cosmic time. Thus, one can Taylor expand the scale factor about   t 0  


     a (  t ∗  )     = a  (  t 0  )  +  ∑  n = 1  ∞   1  n !      d n  a  ( t )    d  t n     |  t =  t 0      t ∗  −  t 0   =  a 0  −   a ˙  0  δ t +  1  2 !     a ¨  0  δ  t 2  −  1  3 !     a ⃛  0  δ  t 3  +  1  4 !    a 0  ( 4 )   δ  t 4  + ⋯          ≡ 1 −  H 0  δ t −  1 2   q 0   H 0 2  δ  t 2  −  1  3 !    j 0   H 0 3  δ  t 3  +  1  4 !    s 0   H 0 4  δ  t 4  + ⋯  ,     



(23)




where   a  (  t 0  )  ≡  a 0  = 1   denotes the value of the scale factor at the present epoch. The so-called cosmographic parameters   H 0  ,   q 0  ,   j 0  , and   s 0   are the Hubble, deceleration, jerk, and snap parameters, respectively. They are dimensionless. In cosmology, the Hubble, deceleration, jerk, and snap parameters characterize the first four-time derivatives of the scale factor. These parameters elucidate the rate and acceleration/deceleration of cosmic expansion, serving as valuable tools for comprehending the behavior and expansion history of the Universe. Widely employed in observational data analysis and cosmological research, they aid in probing cosmological models and measuring significant quantities such as the density of matter in the Universe and the equation of state for dark energy. While the scale factor a is an unobservable quantity, the cosmological redshift z is an observable physical quantity. Moreover, one can also define the cosmological redshift in the vicinity of small values for   δ z =  z ∗  −  z 0  =  z ∗    using these parameters as


     z ∗     =   a 0   a (  t 0  − δ t )   − 1 ≃  H 0  δ t +  1  2 !    2 +  q 0      H 0  δ t  2  +  1  3 !    6 + 6  q 0  +  j 0      H 0  δ t  3         +  1  4 !    24 + 36  q 0  + 6  q 0 2  + 8  j 0  −  s 0      H 0  δ t  4  + ⋯  ,     



(24)




where   z 0   is the present cosmological redshift and equals 0.



Now, let us apply cosmographic parameters to observable quantities, starting with the Hubble parameter. The Hubble parameter in the Taylor series is


     H ( δ z )     ≃ H  (  z 0  )  +   d H   d z    |  z 0   δ z +  1  2 !      d 2  H   d  z 2     |  z 0   δ  z 2  +  1  3 !      d 3  H   d  z 3     |  z 0   δ  z 3  + ⋯          ≃  H 0   1 +  1 +  q 0   δ z +  1  2 !     j 0  −  q 0 2   δ  z 2  +  1  3 !    3  q 0 2  + 3  q 0 3  − 4  q 0   j 0  − 3  j 0  −  s 0   δ  z 3  + ⋯   .     



(25)







This result holds consistently for both the standard cosmology model (SCM) and the VSL models.



Considering a null geodesic in an FLRW metric along the line of sight (LOS), the total LOS comoving distance can be obtained using Equation (22)


      D c   (  r 0  )      ≡  ∫  0   r 0     d r    1 − k  r 2     ≡  S  k   − 1    [  r 0  ]  =       1  k    sin  − 1     k   r 0       ,  k > 0       r 0     ,  k = 0        1   | k |     sinh  − 1      | k |    r 0       ,  k < 0             =  ∫   t ∗    t 0     c ( t )   a ( t )   d t =  ∫   z 0    z ∗     c ( z )   H ( z )   d z  .     



(26)







Notably, in contrast to the SCM, the comoving distance   D c   is influenced by the z-dependent speed of light. Consequently, the transverse comoving distance   r 0   can be derived from Equation (26)


      r 0   (  z ∗  )  ≡  S k   [  D c   (  r 0  )  ]  =       1  k   sin   k   ∫   z 0    z ∗     c d z   H ( z )        ,  k > 0        ∫   z 0    z ∗     c d z   H ( z )   =  D c      ,  k = 0        1   | k |    sinh    | k |    ∫   z 0    z ∗     c d z   H ( z )        ,  k < 0       .     



(27)







Given that the acceleration of the Universe is a relatively recent phenomenon, we can focus our analysis on the vicinity of small values for the redshift interval   δ z =  z ∗  −  z 0  =  z ∗    in Equation (27). For a short redshift interval   δ z ≡  z ∗  ≃ 0  , one can expand the Taylor series of   r 0   around   z 0  


      r 0   ( δ z )  ≃       ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )   −  k  3 !      ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )    3      ,  k > 0        ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )   =  r 0      ,  k = 0        ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )   −  k  3 !      ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )    3      ,  k < 0       .     



(28)







Measuring distances to cosmological objects stands as the primary method for probing the cosmic metric and deciphering the expansion history of the Universe. In the meVSL model, the comoving distance at redshift   z ∗   is given by


      D c   (  r 0  )      =  ∫  z 0    z 0  + δ z     c ( z ) d z   H ( z )   ≃  ∫  z 0    z 0  + δ z     c 0   H 0   d z  1 +  B 0  δ z +  C 0  δ  z 2  +  D 0  δ  z 3  + ⋯         =   c 0   H 0   δ z  1 +   B 0  2  δ z +   C 0  3  δ  z 2  +   D 0  4  δ  z 3  + ⋯   ,     



(29)




where


     B 0     = −   H 0 ′   H 0   +   c 0 ′   c 0   = −   q 0  + 1 +  b 4    ,     



(30)






     C 0     =  1  2 !    −   H 0  ″    H 0   + 2     H 0 ′   H 0    2  +   c 0  ″    c 0   − 2   c 0 ′   c 0     H 0 ′   H 0    =  1 2   −  j 0  + 3  q 0 2  + 4  q 0  + 2 +  b 4    b 4  + 2  q 0  + 3    ,     



(31)






     D 0     =  1  3 !    −   H 0  ‴    H 0   + 6   H 0  ″    H 0     H 0 ′   H 0   − 6     H 0 ′   H 0    3  +   c 0  ‴    c 0   − 3   c 0  ″    c 0     H 0 ′   H 0   − 3   c 0 ′   c 0      H 0  ″    H 0   − 2     H 0 ′   H 0    2             =  1  3 !     s 0  + 9  j 0  + 10  q 0   j 0  − 15  q 0 3  − 27  q 0 2  − 18  q 0  − 6 +  b 4    3  j 0  − 9  q 0 2  − 15  q 0  − 11  −  3 4   (  q 0  + 2 )  b −  1 16   b 2     .     



(32)







The transverse comoving distance, denoted as    r 0   ( δ z )   , can be derived from Equations (28) and (29)


      r 0   ( δ z )  ≃    c 0  δ z   H 0    1 +  1  2 !    B 0  δ z +  1  3 !    2  C 0  +  Ω k   δ  z 2  +  1  4 !    6  D 0  + 6  B 0   Ω k   δ  z 3  + ⋯   .     



(33)







The luminosity distance (  d L  ) for an object is expressed as    d L  =   ( L / 4 π F )   1 / 2    , where L denotes the luminosity of the observed object (assumed to be known for high-redshift supernovae) and F represents the energy flux received from the object. This formula describes the luminosity distance in a dynamic, homogeneous, isotropic spacetime. Expressing the luminosity distance as a function of   δ z   involves Equations (24) and (33)


      d L   ( δ z )      =  1 + δ z   r 0   ( δ z )         ≃    c 0  δ z   H 0    1 +  1  2 !    2 +  B 0   δ z +  1  3 !    3  B 0  + 2  C 0  +  Ω k   δ  z 2  +  1  4 !    8  C 0  + 6  D 0  +  4 + 6  B 0    Ω k   δ  z 3  + ⋯         ≡    D L   ( δ z )    H 0    ,     



(34)




which introduce the concept of the Hubble-free luminosity distance   D L  , which remains independent of   H 0  . These results remain consistent with those found in references [1,2,12], barring the impact of the time-varying speed of light. Consequently, by eliminating the derivation terms associated with c, the obtained results match those of the reference. Notably, our approach does not necessitate relying on lookback time to arrive at these outcomes.




4. Observation


The distance modulus ( μ ) is the logarithmic measure of the ratio between an astronomical object’s intrinsic and observed brightness, used for determining its distance. When dealing with standard candles such as Cepheid variables or Type Ia supernovae (SNe Ia), the distance modulus is widely used in astronomy to quantify the distance to celestial objects. It represents the difference between the apparent magnitude (i.e., observed brightness),   m ( z )   (preferably corrected for interstellar absorption effects), and the absolute magnitude (i.e., intrinsic brightness), M, of a standard candle. The luminous distance measured in megaparsecs (Mpc),    d L   ( z )   , is connected to the distance modulus through


     μ  ( z )  = m  ( z )  − M = 5  log 10      d L   ( z )    ( Mpc )    + 25  .     



(35)







By replacing the luminosity distance in the above equation with the Hubble-free luminosity distance,    D L   ( z )   , defined in Equation (34), we obtain


     μ  ( z )  = 5  log 10      D L   ( z )     H 0   ( Mpc )     + 25 = 5  log 10      D L   ( z )    (  km / s  )    − 5  log 10     H 0   (  km / s / Mpc  )    + 25  .     



(36)







Equations (35) and (36) enable us to express the Hubble parameter in units of (km/s/Mpc) as


      log 10     H 0   (  km / s / Mpc  )    = 0.2 M +  log 10      D L   ( z )    (  km / s  )    − 0.2 m  ( z )  + 5 ≡ 0.2 M +  a B   ( z )  + 5  ,     



(37)




where the Hubble intercept parameter, denoted as   a B   and employed in the SH0ES (Supernova H0 for the Equation of State) analysis, defines the x-intercept (  m = 0  ) of a Hubble diagram plotting   0.2 m   against a modified    log 10   D L    term [105]. At low redshifts (  z ≪ 1  ), one can determine   a B   using Equations (34) and (37),


      a B  ≈  log 10     c z   (  km / s  )    1 +  1  2 !    2 +  B 0   z +  1  3 !    3  B 0  + 2  C 0  +  Ω k    z 2  +  1  4 !    8  C 0  + 6  D 0  +  4 + 6  B 0    Ω k    z 3  + ⋯   − 0.2 m  ( z )   ,     



(38)




where   a B   is measured from a group of SNe Ia with known redshifts and magnitudes   z , m ( 0 )  .




5. Parameters


Cosmography proves to be a valuable tool in constraining cosmological parameters [106,107,108,109]. The Hubble parameter in the meVSL model is derived from the modified Friedmann equation, incorporating the  Λ CDM model [52]


         H 2  ≡     a ˙  a   2  =    8 π  G 0   3   ρ m  +   Λ  c 0 2   3  − k   c 0 2   a 2     a  b / 2    ,     



(39)






        1 =    8 π  G 0    3  H 2     ρ m  +   Λ  c 0 2    3  H 2    −   k  c 0 2     a 2   H 2      a  b / 2   ≡   Ω m  +  Ω Λ  +  Ω k    a  b / 2    ,     



(40)




where one defines the density contrasts of each component. Using these density contrasts, the coefficients in Equations (30)–(32) can be expressed as


     B 0     = −   3 2   Ω  m 0   +  Ω  k 0     ,     



(41)






     C 0     =  27 4   Ω  m 0  2  + 3  3  Ω  k 0   − 1   Ω  m 0   +  3  Ω  k 0   − 1   Ω  k 0    ,     



(42)






     D 0     = −  405 8   Ω  m 0  3  −  81 2    5 2   Ω  k 0   − 1   Ω  m 0  2  −  3 2   45  Ω  k 0  2  − 27  Ω  k 0   + 2   Ω  m 0   − 3  Ω  k 0  2   5  Ω  k 0   − 3   .     



(43)







One can also use density contrasts of the  Λ CDM model to express cosmographic parameters as


     q 0     =  3 2   Ω  m 0   +  Ω  k 0   − 1 −  b 4   ,     



(44)






     j 0     = 1 −  Ω  k 0   +  b 8   b + 6 − 4  3  Ω  m 0   + 2  Ω  k 0      ,     



(45)






     s 0     = 1 +   Ω  k 0   +  3 2   Ω  m 0   − 2   Ω  k 0   −  9 2   Ω  m 0   +  b 8   12 + 8   Ω  k 0   + 3  Ω  m 0   − 2   Ω  k 0   + 3  Ω  m 0    6  Ω  m 0   − 1          +   b 2  16   11 − 18  Ω  k 0   − 27  Ω  m 0    +  3 32   b 3   .     



(46)







As evident from the above equations, the effects of the meVSL model can manifest in each cosmographic parameter. It can potentially influence the values of the density contrasts in the  Λ CDM model. In the subsequent follow-up paper, we will discuss the impact of this varying speed-of-light theoretical model on the values of density contrasts, comparing it with the standard model using several cosmological observational datasets.




6. Discussion


It has been well established that cosmography provides a model-independent means of constraining cosmological parameters. However, in this paper, we demonstrated that if we apply cosmography to a varying speed-of-light model, the predictions may differ from those offered by the standard cosmological model, depending on cosmological observables. Specifically, we have presented predictions for the minimally extended varying speed-of-light model in this paper. According to these predictions, cosmological parameters obtained from Hubble parameters or photometric distances can yield different values in the standard model and the meVSL model. We intend to delve deeper into this theoretical possibility through empirical investigations using specific cosmological observations.
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Figure 1. At   t =  t k   , the values of physical quantities and constants, such as   a k  ,   ρ k  ,   P k  ,   T k  ,   c k  ,   k k  , and   ℏ k  , are fixed and independent of spatial position on the   t =  t k    hypersurface. As the universe expands, these quantities and constants transition to   a l  ,   ρ l  ,   P l  ,   T l  ,   c l  ,   k l  , and   ℏ l  . The CP and Weyl’s postulate do not restrict   c k   to be equal to   c l  ; its value is determined by the cosmological TD relation. 
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Table 1. Summary for cosmological evolutions of physical constants and quantities of the meVSL model. These relations satisfy all known local physics laws, including special relativity, thermodynamics, and electromagnetic force [52].
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	Local Physics Laws
	Special Relativity
	Electromagnetism
	Thermodynamics





	quantities
	   m =  m 0   a  − b / 2     
	   e =  e 0   a  − b / 4    , λ =  λ 0  a  , ν =  ν 0   a  − 1 + b / 4     
	   T =  T 0   a  − 1     



	constants
	   c = t  c 0   a  b / 4    , G =  G 0   a b    
	   ϵ =  ϵ 0   a  − b / 4    , μ =  μ 0   a  − b / 4    , c =  c 0   a  b / 4     
	    k  B 0    , ℏ =  ℏ 0   a  − b / 4     


