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Abstract

This article presents a methodology for the synthesis of horizontal-axis wind turbines oper-
ating on the principle of lift. The profile geometry is synthesized using the Vortex–source
distribution method following Glauert’s approach. The blade shape is developed using
the Blade Element Momentum Theory. Efficiency is determined with Computational Fluid
Dynamics. The methodology uses a multifactor numerical experiment, with the objective
function defined as maximizing lift-to-drag ratio of the blade profile. Validation of the
obtained power curves is performed with QBlade and XFoil and confirmed experimentally
on a laboratory test bench. The proposed methodology demonstrates improved accuracy in
predicting the power coefficient and the optimal operation regime of horizontal-axis wind
turbines at low Reynolds numbers.

Keywords: horizontal-axis wind turbine; airfoil optimization; CFD simulation; renewable
energy; rotor synthesis

1. Introduction
In recent years, interest in renewable energy sources and electricity generation from

them has increased significantly. The reason is that the combustion of fossil fuels releases
harmful emissions, which lead to heat retention in the atmosphere and global climate
change. Wind energy is one of the most widespread renewable energy sources. Wind
turbines with either a horizontal (HAWT) or vertical (VAWT) axis of rotation are used to
harness wind energy, converting it into mechanical or electrical power. Wind turbines
operate based on two main principles: lift and drag. In drag-based turbines, the pushing
force of the wind drives the rotor. In lift-based turbines, rotor torque is generated by the
pressure difference across the blade surface. Such turbines achieve higher rotation speeds
and lower torque at optimal operating conditions. They are less expensive than turbines
operating on the active principle, which in most cases use disc generators suitable for low
rotation frequencies and high torque.

The growing interest in wind turbines has led to an increase in research activity in
this field, laying the groundwork for the development of more efficient wind turbines—an
objective shared by manufacturers. Previous studies have shown that the efficiency of
turbines operating on the lift principle depends primarily on the aerodynamic quality of
the blade cascade. This motivated researchers to focus on improving the aerodynamic
performance of the airfoil, employing various numerical methods.

According to the blade cascade theory, the optimization of a wind turbine is performed
through a sequence of synthesis and analysis tasks. In the synthesis step, the blade profile
is defined by specifying key parameters, including chord length, angle of attack, curvature,
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and maximum thickness. In the analysis step, the efficiency of the resulting blade geometry
is evaluated, including the calculation of lift and drag coefficients, velocity, and pressure
distributions along the blade surface. Both tasks use numerical and CFD-based methods.

Numerical methods rely on potential flow theory, such as the Vortex Panel Method [1,2],
Singularity Method [3,4], Glauert’s Vortex Distribution Method [5,6], and surrogate-
potential-based optimization [7,8]. Numerical methods based on potential flow theory are
used to model steady, irrotational flow around solid, impermeable bodies (such as turbine
blades). The streamlined surfaces are divided into small panels, each assigned its singular-
ity (vortex or source). By adjusting the intensity of these singularities, the impermeability
boundary conditions are satisfied by eliminating the normal component of velocity on
the surface. In airfoil synthesis, the suction and pressure sides are treated as continuous
streamlines. Depending on the nature of the problem—whether synthesis or analysis—two
different approaches are employed. In synthesis, the vortex intensity distribution along the
chord is prescribed, and then, using an iterative scheme, the velocity distribution along the
pressure and suction sides of the profile is calculated. Based on the relationship between
the streamlined shape and the velocity distribution, the airfoil geometry is determined. In
the analysis task, the airfoil geometry is given, and the vortex intensity distribution along
its contour is computed. Numerical methods based on potential flow theory are suitable
for preliminary, coarse estimation of airfoil performance, as they do not account for viscous
shear forces, the boundary layer, or the flow separation point on the surface. This makes
them appropriate for initial design stages. To model viscous forces and the boundary layer
on the airfoil surface, integral methods (such as those by Thwaites [9] and Head-Smith [10])
are employed. These methods enable a preliminary estimation of the likelihood of
flow separation.

CFD-based methods account for viscosity, vortices, and turbulence. These methods
include CFD-driven optimization [11], adjoint-based optimization [12–14], surrogate-based
CFD optimization [15], and shape morphing [16]. CFD-based synthesis methods use an
existing database obtained from numerical modeling of various airfoil profiles. A target
function is defined, such as maximizing lift or the lift-to-drag ratio (L/D). The relationship
between the flow parameters around the blade shape is approximated. Optimization is
carried out using a design of experiments (DoE) approach, which defines the range and
step size for variation in the studied parameters. Unlike DoE, surrogate-based optimization
methods use a pre-existing dataset to train the surrogate model. For example, Airfoil
Tools [17] provides free access to aerodynamic characteristics of various airfoil types
with high L/D ratios under different Reynolds numbers—such as NAS LS(1)-0417, Selig
S1223, Eppler E423, RAF32, and others. In turbine blade design, this data can be used
to approximate the aerodynamic shape at each radial cross-section in order to achieve
maximum lift and L/D ratio values.

The choice of optimization methodology determines both the accuracy and compu-
tational time of synthesis and analysis. Methods based on potential flow theory (such
as the Vortex Panel Method, Singularity Method, Glauert’s Vortex Distribution Method,
Schmitz [18], BEM [19], etc.) are most preferred during the initial stages of design due
to their simpler algorithms and ability to provide a fast preliminary evaluation of the
geometry under study. These methods are integrated into software tools for wind turbine
synthesis, such as XFoil [20], QBlade [21], and ProPan [22]. QBlade and XFoil are widely
used for preliminary design of wind turbine rotors, due to their free licenses. The software
uses panel methods combined with integral boundary-layer models (IBL) developed by
Thwaites [9], Head-Smith [10], and Eppler [23]. These models have limited universality.
They are semi-empirical and calibrated for higher Reynolds numbers, relying on empirical
correlations. At low Reynolds numbers, the boundary layer may remain laminar over large
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sections of the body or separate, forming laminar separation bubbles [24–26]. Accurate
prediction in such cases requires different methods, since IBL often misestimates transi-
tion and separation points. In practice, potential flow-based methods are often combined
with CFD methods. In such cases, the synthesized rotor geometry is integrated into a
numerical CFD model, enabling higher accuracy in computational analysis. This allows
for the simulation of the boundary layer around the surface of turbine blades through the
generation of a sufficiently fine computational mesh. Unlike potential flow methods, CFD
methods solve the Navier–Stokes equations [27], which describe the motion of a viscous
Newtonian fluid. These equations enable modeling of the boundary layer around turbine
blades, flow turbulence, and tip vortices—all of which significantly influence the efficiency
of the turbine.

Table 1 presents the power coefficient (Cp) values obtained after rotor optimization of
HAWTs by various authors over the past 13 years. As observed, researchers predominantly
use synthesis methods based on potential flow theory. Boundary layer modeling around the
airfoil is typically performed using integral methods through the XFoil software. For rotor
synthesis, the most commonly used tool is QBlade, which employs the BEM method. The
achieved Cp values vary depending on the optimization method, airfoil shape, and software
applied. The highest reported value, Cp = 0.560, was achieved by Quarona et al. [28] using
the Lifting Line Method [29] and the ProPan software, which is based on potential flow
theory. Lower Cp values were reported by Koç et al. [30] (0.500), who used CGA and BGA
optimization algorithms combined with the BEM method, and by Pourrajabian et al. [31],
who also reported Cp = 0.500 using BEM. S. Poole et al. [32] achieved Cp = 0.510 using BEM
along with boundary layer modeling in XFoil. All three studies employed the NACA4412
airfoil. Bekkai et al. [33] achieved Cp = 0.450 using the SG6043 airfoil and the QBlade and
ANSYS Fluent 2010 [34] programs. Radi et al. [35] reported Cp = 0.470, using a genetic
algorithm (GA), the NACA2424 airfoil, and XFoil. Boudis et al. [36] also reached Cp = 0.470
using Fluent Adjoint Solver v.2020 combined with BEM and the S809 airfoil. Other results
include: Kriswanto et al. [37] with Cp = 0.405 for NACA4412 and NACA2412 airfoils using
the Taguchi DOE method [38]; Mohammadi et al. [39] with Cp = 0.410 using BEM and
aerodynamic data from 43 different airfoils; Al Abadi et al. [40] with Cp = 0.440 using NREL
and S809 airfoils through Schmitz and BEM methods; Xin Shen et al. [41] with Cp = 0.440,
using the S890 airfoil, the Lifting Surface Method [42], and a genetic algorithm.

Table 1. Comparison of the aerodynamic optimization of HAWTs from various studies.

No. Authors Optimization
Method Cp,init Cp,opt

Used Blade
Profile

Used
Software

Based on
Potential

Flow?

I. B.
L.? Reynolds

1 Bekkai et al. [33] (2024)
DOE, RSM,

and
MOGA

0.400 0.450 SG6043
QBlade,
Ansys
Fluent

Yes
(QBlade) No 4 × 104

2 Radi et al. [35] (2024) Generetic
algorithm 0.440 0.470 NACA2424 XFoil Yes (XFoil) Yes

(XFoil) 1 × 106

3 A. Boudis et al. [36]
(2023))

Discrete
adjoint

solver and
BEM

0.450 0.470 S809

QBlade,
Ansys
Fluent
v.2020

Yes
(QBlade) No 3 × 105, 4.8 × 105,

1 × 106

4 Kriswanto et al. [37]
(2023)

Taguchi
DOE - 0.405 NACA4412,

NACA2412-4 QBlade Yes
(QBlade) No 9 × 107

5 Umar et al. [43] (2022) BEMT - 0.450 NACA4412,
SG6043

Matlab,
QBlade,

XFoil

Yes
(QBlade,

XFoil)
No 1 × 10−3 × 105

6 Pourrajabian et al. [31]
(2021)

CGA&BGA
and BEM 0.450 0.500 NACA4412 Matlab Yes (BEM) No 1.61 × 106

7 Quarona [28] (2019) Lifting line
and ProPan - 0.560 - ProPan Yes No -
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Table 1. Cont.

No. Authors Optimization
Method Cp,init Cp,opt

Used Blade
Profile

Used
Software

Based on
Potential

Flow?

I. B.
L.? Reynolds

8 Koç et al. [30] (2017) BEM 0.450 0.500 NACA4412 Matlab Yes (BEM) No 1.60 × 106

9 Mohammadi et al. [39]
(2016) BEM - 0.410 43 different

profiles Matlab Yes (BEM) No 4.8 × 105–2.25 ×
106

10 S. Poole et al. [32] (2016) BEM - 0.510 NACA4412 XFoil Yes (BEM,
XFoil)

Yes
(XFoil) 8 × 105

11 Al-Abadi et al. [40]
(2014)

Schmitz
and BEM 0.410 0.440 NREL, S809

Matlab,
Star-CCM+

v. 7.02

Yes
(Schmitz,

BEM)
No 6.65 × 105

12 Xin Shen et al. [41]
(2011)

Lifting
surface and

GA
0.370 0.390 S809 -

Yes
(Lifting
surface)

No 1.67–5 × 106

In general, most Cp values reported were obtained using simplified models for airfoil
synthesis that do not accurately account for the influence of the boundary layer. Fur-
thermore, no validation through physical experiments on laboratory test rigs or in field
conditions has been performed. Studies of HAWTs in wind tunnels [44,45] have shown that
at low Reynolds numbers (Re < 1 × 106), Cp values typically range from 0.08 to 0.38 (see
Figure 1). This casts doubt on the reliability of many results presented by the authors in
Table 1. For instance, at Re = 4 × 104, Bekkai et al. [33] report Cp = 0.450, while the expected
value should be around 0.298. Radi et al. [35] and Boudis et al. [36] report Cp = 0.470 at
Reynolds numbers between 3 × 105 and 1 × 106, whereas realistic values should be closer
to 0.257 and 0.365. According to Umar et al. [43], Cp = 0.450 at Re = 3 × 105, although
the value should be around 0.257. Even greater discrepancies are seen in Pourrajabian
et al. [31] and Koç et al. [30], who report Cp = 0.500 at Re ≈ 1.6 × 106, which is signifi-
cantly above the expected upper limit of 0.38. Poole and Phillips [32] report Cp = 0.510 at
Re = 8 × 105, while the realistic value should be around 0.35. Similarly, Al-Abadi et al. [40]
report Cp = 0.440 at Re = 6.65 × 105, which is approximately 0.1 above the expected range.
As illustrated in Figure 1, the red curve shows the trend of the power coefficient as a
function of Reynolds number, based on experimental data [45]. The blue curve shows the
Cp values obtained after optimization. The labels of the data points refer to the author
number in Table 1. The Cp values obtained after the optimizations are significantly higher,
especially at Raynolds < 2.6 × 106. According to the graph, there is a coincidence only
at Reynolds > 3.4 × 106, the so-called self-similarity zone. This indicates that the numeri-
cal methods used are unable to capture the dependence of aerodynamic performance on
wind speed.

 

Figure 1. Comparison of the power coefficient obtained at different Reynolds numbers [45].
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This publication presents a methodology for the synthesis and optimization of HAWTs
rotors that is more accurate than panel methods and faster than full CFD approaches. The
methodology begins with the synthesis of the aerodynamic profile using the Vortex–source
distribution method, followed by 2D analysis with CFD. This approach enables the creation
of a database, which is used for optimization of the blade shape. The turbine rotor is
finally designed using the BEM method in combination with the obtained polar curves of
the blade profile. The aim of this methodology is to overcome the limitations of the IBL
methods and improve the accuracy of the BEM method in predicting the power coefficient
of HAWTs at low Reynolds numbers. Compared to Reduced Order Models (ROMs) [46]
and adjoint solvers, the proposed methodology requires fewer computational resources,
does not require training, and can be directly applied to rotors with varying diameters and
blade numbers. Unlike adjoint solvers, it is not constrained by a fixed CAD geometry and
flow velocity, allowing faster optimization of the blade shape.

2. Airfoil Shape Optimization
2.1. Optimization Methodology

The methodology is illustrated in the block diagram in Figure 2. The synthesis of the
blade profile is carried out using Glauert’s Vortex Distribution Method, by setting the flow
velocity Cw and the coefficients, A0, A1, B0, and B1, which define the distribution of the
vortex intensity

.
G(x) [47] along the length of the camber line. Initially, it is assumed that the

camber line coincides with the chord Lr. The relationship between the velocity distribution
along the blade contour and its shape is defined by Equation (1) [47]:(

dy
dt

)
(

dx
dt

) =
dy
dt

dt
dx

=
dy
dx

=
vG(x)
uG(x)

, (1)

where uG, vG are the velocity components in the y and x directions, dy/dt and dx/dt are
the first derivatives, with respect to time, of the coordinates of an arbitrary point along
the profile contour. The camber line of the profile is divided into k vortex filaments. To
construct the profile shape, the influence of these vortex filaments on the camber line is
taken into account. As the vortex filaments are traversed in the range from 1 to k, the
geometric center of the current vortex filament becomes the observation point, while the
geometric centers of the remaining vortex filaments serve as influence points. In short, at
each point along the camber line, the inductions from the surrounding vortex filaments
are calculated. During the first iteration, the camber line coincides with the chord, and the
velocity component uΓ matches the flow velocity Cw. The relationship between the velocity
component vΓ and the coordinate x is given by Equation (2) [47]:

vG(x) =
1

2πr( x‘)

∫ Lr

0

.
G(x‘)dx‘ =

k

∑
i=1

1
xi − x‘i

.
G(x‘)∆x‘i, (2)

where x−x′ is the distance between the current observation point and an arbitrary influence
point, ∆x‘i is the length of the observed vortex filament,

.
G(x) is the vortex intensity at the

current influence point, and r is the absolute length of the radius vector from the current
observation point to an arbitrary influence point. The coordinates of the camber line,
together with the geometric centers of the vortex filaments, are displaced in the y direction
using Equation (3) [47]:

y(x) =
x∫

0

vG(x)
Cw

dx. (3)
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Figure 2. Block diagram illustrating the airfoil optimization process.

In the next iteration, when calculating the velocity components, the curvature of the
camber line (the coordinates yi) is also taken into account, using Equations (4) and (5) [47]:

vG(x) =
∫ Lr

0

x − x‘

2π
(
(x − x‘)2 + (y − y‘)2

) .
G(x‘)dx‘ =

1
2π

k

∑
i=1

xi − x‘i
(x − x‘)2 + (y − y‘)2

.
G(x‘)∆x‘i, (4)

uG(x) =
∫ Lr

0

y − y‘

2π
(
(x − x‘)2 + (y − y‘)2

) .
G(x‘)dx‘ =

1
2π

k

∑
i=1

yi − y‘i
(x − x‘)2 + (y − y‘)2

.
G(x‘)∆x‘i. (5)

where y−y′ is the distance between the current observation point and an arbitrary influence
point in the y direction. The updated coordinates of the camber line along the y-axis are
calculated using Equation (6) [47]:
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y(x) =
x∫

0

vG(x)
Cw + uG(x)

dx. (6)

The procedure is repeated until the difference between two successive approximations
becomes sufficiently small. For the vortex filament intensity, Glauert’s geometric series is
used [47]:

.
G(θ) = 2Cw

(
A0ctg

θ

2
+ A1sinθ

)
, (7)

where θ(x) = acos (1 − 2x).
The airfoil profile is constructed by enveloping the infinitely thin airfoil formed by

the vortex layer with a body of aerodynamic shape. For this purpose, a source layer with
appropriate intensity is applied along the camber line, which now serves as the line of
influence

.
Q(θ) [47]:

.
Q(θ) = 2Cw

[
B0

(
ctg

θ

2
− 2sinθ

)
+ B1sin2θ

]
(8)

Now, at the observation points, both velocities induced by the vortex layer and the
velocity components vQ and uQ must be taken into account [47]:

vQ(x) =
∫ l

0

y − y‘

2π
(
(x − x‘)2 + (y − y‘)2

) .
Q(x‘)dx‘ =

1
2π

n

∑
i=1

yi − y‘i
(x − x‘)2 + (y − y‘)2

.
Q(x‘)∆x‘i, (9)

uQ(x) =
∫ l

0

x − x‘

2π
(
(x − x‘)2 + (y − y‘)2

) .
Q(x‘)dx‘ =

1
2π

n

∑
i=1

xi − x‘i
(x − x‘)2 + (y − y‘)2

.
Q(x‘)∆x‘i. (10)

The equation of the contour of the full airfoil profile is as follows [47]:

y(x) =
x∫

0

vG(x)± vQ(x)
Cw + uG(x) + uQ(x)

dx, (11)

where the plus sign (+) refers to the suction side, and the minus sign (−) refers to the
pressure side of the airfoil.

The blade profile is synthesized using the computer program MATLAB 2022a accord-
ing to the methodology described above. The nondimensional coordinates of the finalized
full profile are multiplied by the chosen chord length Lr, after which they are imported into
the CAD system SolidWorks 2022. The contour of the full profile is drawn using a cubic
spline. The completed geometry is then prepared for CFD analysis by importing it into the
Design Geometry module in Ansys Workbench 2022. The angle of attack of the profile, the
dimensions of the surrounding computational domain, and its boundary conditions are set.

The next step is importing the geometry into Ansys Meshing 2022, where the main pa-
rameters of the computational mesh are defined. If the orthogonal quality of the generated
mesh is lower than expected, the primary mesh parameters are adjusted.

The completed computational mesh is imported into the Ansys Fluent 2022 module,
where the flow velocity, turbulence model, ambient pressure, and the outlet pressure of the
computational domain are specified. Calculations of the lift and drag coefficients, CL and
CD, are performed for several values of the angle of attack α and recorded in a text file. The
angle of attack at which the maximum L/D ratio occurs is identified.

The described procedure (see block diagram in Figure 2) is repeated by assigning new
values of the coefficients A0, A1, B0, and B1, until maximum values of the lift coefficients
and the L/D ratio are achieved.
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2.2. CFD Setup for Profile Evaluation

Figures 3 and 4 show the schematic diagram with the overall dimensions of the
computational domain and the mesh used to calculate the aerodynamic characteristics
of the studied airfoil profiles. The domain dimensions, boundary condition types, and
geometric parameters of the computational mesh (Tables 2 and 3) are defined according
to recommendations from specialized literature [48], taking into account their impact on
aerodynamic performance. Key parameters that determine mesh quality include orthogonal
quality, the aspect ratio between long and short cell edges, and the volume ratio between
neighboring cells. Recommended values for these parameters are summarized in Table 4.
A mesh generated with poorly defined parameters may result in inaccurate outcomes or
difficulties in achieving solution convergence.

 
(a) 

(b) 

 

Figure 3. (a) Overall dimensions of the surrounding 2D computational domain, Lr = 200 mm;
(b) Computational mesh used.
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(a) (b) (c) 

Figure 4. Computational mesh around airfoils at different stages of the shape optimization process:
(a) Initial design; (b) Refined design; (c) Final design.

Table 2. Boundary layer meshing parameters around the airfoil.

Max. Cell
Size

Min. Cell
Size

Wall
Distance

Min.
Orth.

Quality

Max.
Aspect
Ratio

Layers Growth
Rate

1 mm 0.5 mm 1 µm 0.771 168 42 1.1

Table 3. Mesh parameters of the computational domain.

Max. Cell Size Min. Cell Size Min. Orth.
Quality

Max. Aspect
Ratio Growth Rate

Fluid domain

2680 mm 1 mm 0.975 9.4 1.08

Airfoil domain

1 mm 0.5 mm 0.53 2.62 1.08

Table 4. Mesh parameters based on best practices.

Parameter Value

Orthogonal quality >0.10 [49]
Aspect ratio <30 [50]

Aspect ratio at the boundary layer <100 [50]
Growth rate <1.2 [50]

Growth rate at the boundary layer <1.1 [50]

For accurate prediction of the boundary layer and flow separation from the streamlined
surface of the profile, a sufficiently fine mesh resolution is required in the near-wall region
(Figure 4). Schlichting and Gersten define this mesh resolution using the dimensionless
coefficient y+ [51]:

y+ =
ywallut

υ
, (12)

where ywall (m) is the normal distance from the streamlined surface to the geometric center
of a cell in the first layer, ut (m/s) is the tangential velocity at the cell’s geometric center,
and υ (m2/s) is the kinematic viscosity of the working fluid. It has been proven that,
for accurate boundary layer prediction, the first cell layer should satisfy the condition
y+ < 1 [51]. These values can be estimated using the analytical formulas of Frank M.
White [52], which are commonly applied to boundary layer calculations around a flat plate.
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To do this, data such as the flow velocity, the chord length of the airfoil, and the ywall

distance are required. The actual y+ values are monitored during the numerical simulation,
and if necessary, the mesh resolution is adjusted accordingly.

In the present study, a mesh resolution of 1 µm was specified in the near-wall region
of the blade. The predicted y+ values for the flow velocity range Cw = 4, 6, 8, 10, 15, 20, 25,
and 30 m/s are 0.017, 0.022, 0.025, 0.028, 0.032, 0.035, 0.037, and 0.041.

The numerical simulations were carried out using k-ω SST turbulence model [53] at
angles of attack α = −60◦, −55◦, −50◦, −45◦, −40◦, −35◦, −30◦, −25◦, −21◦, −19◦, −17◦,
−15◦, −13◦, −8◦, −4◦, 0◦, 4◦, 8◦, 11◦, 13◦, 15◦, 17◦, 19◦, 21◦, 25◦, 30◦, 35◦, 40◦, 45◦, 50◦, 55◦,
60◦. The objective functions of the optimization problem are the maximum L/D ratio and
maximum lift coefficient CL, while the input parameters are the angle of attack α and the
vortex intensity coefficients A0, A1, B0, B1:

(L/D)max = f
(
αi, A0,i, A1,i, B0,i, B1,i

)
(13)

CLmax = f
(

αopt,i, A0,i, A1,i, B0,i, B1,i

)
(14)

In Equation (14), αopt,i refers to the angle of attack at which the current blade profile
achieves the maximum L/D. During the optimization process, each blade profile is analyzed
sequentially using the Design Point method in Ansys Workbench. For every design point,
the input parameters are the angle of attack αi and flow velocity Cw. The output parameters
are the L/D ratio and the aerodynamic coefficients.

To improve the accuracy of the simulation, second-order numerical schemes (Table 5),
were used in the discretization of the pressure, momentum, and turbulence equations
within each cell of the computational mesh.

Table 5. Settings of the computational procedure.

Gradient Last Square Cell Based

Pressure Second Order
Momentum Second Order Upwind

Turbulent Kinetic Energy Second Order
Dissipation Rate Second Order Upwind

Transient Formulation Second Order Implicit

2.3. Results of Airfoil Optimization

The data from the optimization were processed using MATLAB 2022a, and the values
of the maximum L/D ratio and the maximum lift coefficient (CL) were determined using
the built-in fmincon function (function minimization with constraints). The optimal shape
of the airfoil was synthesized using the method described in Section 2.1.

Figure 5 and Table 6 show the non-dimensional coordinates of the optimized airfoil,
the corresponding vortex intensity coefficients, as well as the non-dimensional locations of
the maximum camber along the mean camber line and the maximum airfoil thickness.

Table 6. Optimized blade parameters.

Camber Line Coefficients Thickness Distribution Coefficients

A0 A1 B0 B1
0.065 0.08 0.1 0.08

Max. curvature location Max. thickness location

X Y X Y
0.3400 0.0503 0.3550 0.0502
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Figure 5. Optimized blade shape.

Figure 6 presents the mesh independence study for different angles of attack. Four
different mesh configurations are analyzed: first one has a wall distance y = 1 µm and
4000 nodes; second mesh has y = 2 µm and 4000 nodes; third mesh has y = 10 µm and
400 nodes; fourth mesh has y = 100 µm and 400 nodes. As noted, the changes in L/D grad-
ually converge with mesh refinement. The differences become negligible for wall distances
smaller than 2 µm. Numerical calculations of the aerodynamic curves are conducted with
the first mesh.

Figure 6. Mesh independence study.

To validate the proposed methodology, the obtained aerodynamic curves are compared
with results from XFoil v.6.61 (Figure 7). The aerodynamic curves showed good agreement
at angles of attack greater than 15◦ and less than −5◦. The maximum L/D calculated
with XFoil is approximately 128 at an angle of attack of around 6◦, while the Ansys Fluent
simulations produced an L/D of about 76 at around 8◦. The differences in aerodynamic
curves are attributed to both the geometric features of the airfoils and the limited capabilities
of the IBL methods used in XFoil.

Figure 7. Comparison of the obtained curves.
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3. Blade Design and Rotor Synthesis
3.1. Blade Geometry Generation

The synthesis of the turbine blades was performed using Blade Element Momentum
(BEM) theory, which can be viewed as a combination of two separate theories: Blade
Element Theory (BET) and momentum theory. BET is used to calculate the aerodynamic
forces (lift, drag, tangential, and normal) acting on small individual sections (elements)
of the blade. Momentum theory, on the other hand, applies the principle of conservation
of momentum to the airflow passing through the rotor disk. For this purpose, axial and
tangential induction factors (a‘ and b‘) are introduced, which represent the degree of velocity
change Cw as a result of the fluid’s interaction with the rotor. The axial induction factor is
used to determine the projection of the relative velocity (W) along the rotor axis (Wa), while
the tangential factor determines the projection in the direction of the rotational velocity
(Wu), as shown in Figure 8. The vector sum of Wa and Wu represents the relative velocity
W, which is used for the calculation of the aerodynamic forces acting on the airfoil at the
given blade section: lift (FL), drag (FD), tangential (FT), and normal (FN).

 

Figure 8. Flow velocity and force vectors acting on the rotor blade segment under steady-state conditions.

The block diagram of the algorithm used for synthesizing the turbine blades is shown
in Figure 9. The input parameters specified are: the maximum rotational speed within
the examined range nmax (min−1), the rotational speed increment ∆n (min−1), the design
rotational speed ncalc (min−1), flow velocity Cw (m/s), air temperature T (K), the main
diameter of the rotor D1r (m), hub diameter Dg (m), the number of blade sections Nsec,
number of blades Zr, the initial chord lengths at the hub and tip (Lhub and Ltip), tolerance
values ξ1 and ξ2, used in the iterative procedure for calculating the induction factors a‘ and
b‘ under different operating conditions. The induction factors are initialized with a starting
value of zero. The flow angle φ f low (rad) is then calculated using Equation (15), which
corresponds to the right-angled velocity triangle formed by the components of the relative
velocity Wa and Wu (the orange and purple vectors in Figure 8) [54–56]:

φ f low = atan
(
(1 − a‘)Cw

(1 + b‘)Ui

)
= atan

(
Wa,i

Wu,i

)
, (15)
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where the subscript i denotes the current blade section number during the blade traversal.
The pitch angle of the airfoil φr (rad) is calculated as the angle between the relative velocity
vector W and the chord Lr at the given section. It is defined as the difference between the
flow angle φ f low and the optimal angle of attack αopt (rad), at which the airfoil achieves its
maximum L/D:

φr,i = φ f low,i − αopt (16)

Figure 9. Block diagram illustrating the blade optimization process.

The optimal chord length Lopt (m) for the current section is determined according to
Glauert’s theory [54]:

Lopt,i =
8πRi
ZrCL

(1 − cosφ f low,i), (17)

where R (m) is the radius from the rotor’s axis of rotation to the current blade section. The
values of the relative velocity W (m/s) and its projections along the rotor axis and tangent
are calculated as follows [54–56]:

Wa,i = (1 − a‘) Cw, (18)

Wu,i = (1 + b‘) Cw, (19)
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Wi =
√

W2
a,i + W2

u,i (20)

To calculate the aerodynamic coefficients of the airfoils CL and CD, the Reynolds
number is required [57]:

ReL =
WiLopt,i

v
(21)

The aerodynamic coefficients of the tangential and normal forces are determined by
Equations (21) and (22) [54–56]:

CN,i = CLcos φ f low,i + CDsin φ f low,i (22)

CT,i = CLsin φ f low,i − CDcos φ f low,i (23)

With the established aerodynamic coefficients CL, the new values of the induction
factors a‘

new and b‘
new are calculated [54–56]:

a‘
new,i =

1
4sin2 φ f low,i

σr,iCLcosφ f low,i
+ 1

, (24)

b‘
new,i =

1
4cosφ f low,i

σr,iCL
− 1

, (25)

where σr,i defines the rotor solidity at the current section [54–56]:

σr,i =
ZrLopt,i

2πRi
. (26)

The computational process from Equation (14) to Equation (25) is repeated until the
differences between the new and old induction factors for each blade section become less
than specified tolerances. Once this condition is met, the aerodynamic forces FL, FD, FT,

and FN (see Figure 8), the theoretical power, Pth (W), the theoretical power coefficient Cp, th,

and the theoretical tip speed ratio λth are calculated [54]:

FL,i =
CL,iρairLopt,iW2

i
2

, (27)

FD,i =
CD,iρairLopt,iW2

i
2

, (28)

FT,i =
CT,iρairLopt,iW2

i
2

, (29)

FN,i =
CN,iρairLopt,iW2

i
2

, (30)

Pth =
∫ Rtip

Rhub

ZrωcalcTτ(R)dR, (31)

Cp,th =
P

1
2 ρairπ

D2
1r

4 C3
w

, (32)

λth =
U1r
Cw

. (33)

In the above equations, Tτ (Nm) is the torque at the given blade section, U1r (m/s)
is the peripheral velocity of the rotor, Rtip and Rhub (m) are the radii of the hub and the
tip sections.
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The computational procedure concludes with saving the calculated parameters and
the coordinates of the blade sections to a text file.

3.2. Synthesized Blade Geometry

The blade geometry was synthesized using the following input parameters: flow
velocity Cw = 7 m/s, number of blades Zr = 3, rotor main diameter D1r = 1.200 m, hub
diameter Dg = 0.200 m, design rotational speed ncalc = 600 min−1, number of blade sections
Nsec = 9, and air temperature T = 295.15 K.

The CAD models of the blades are created using SolidWorks 2022, based on the section
coordinates saved in the text files generated by the computational algorithm. The 3D
geometry, the radius of each section, the blade pitch angles, and the chord lengths are
shown in Figure 10.

 

Section Radius Chord Pitch 
angle 

Ri, m Li, m φr, ° 
1 0.100 0.155 31.7 
2 0.156 0.160 24.2 
3 0.211 0.132 17.1 
4 0.267 0.107 12.0 
5 0.322 0.087 8.5 
6 0.376 0.070 5.8 
7 0.489 0.056 3.7 
8 0.544 0.044 1.7 
9 0.600 0.032 0.5 
    
    

1 

2 

3 

4 

5 

6 

7 

8 

9 

Figure 10. Three-dimensional blade model with numbered sections and geometric data for opti-
mized airfoil.

3.3. CFD Setup for Turbine Simulations

The CFD model used to analyze the three-bladed turbines is created using Ansys
Fluent v. 2022. It consists of two domains: a stationary rectangular surrounding domain
(Fluid Domain), which encompasses the airflow around the turbine, and a cylindrical
rotating domain (Rotor Domain), which contains the rotor geometry. Figure 11 shows the
overall dimensions, computational mesh, and boundary conditions of the surrounding
domain. The cylindrical rotating domain (Figure 12) has dimensions Ø 1.5 D1r × 0.18 D1r.
Its location is defined according to recommendations from the specialized literature [58–60].
It is positioned 60 D1r from the side and inlet boundaries of the surrounding domain and
120 D1r from the outlet. The goal is to ensure undisturbed flow in front of the turbine and
allow for the free development of wake vortices behind the rotating rotor.
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(a) 

(b) 

Figure 11. (a) Overall dimensions of the surrounding domain. (b) Computational mesh.

The computational mesh for both the rectangular and cylindrical domains consists
of polyhedral cells. This mesh type provides better geometric quality of the cells and,
consequently, higher simulation accuracy for complex geometries. In the rectangular
domain, the mesh is gradually refined toward the cylindrical domain with a growth rate
of 1.1 to achieve a smooth transition to the denser mesh around the rotating rotor. In the
interaction zone between the airflow and the rotor, further mesh refinement is necessary
to accurately capture the aerodynamic forces. The mesh parameters for both domains are
summarized in Tables 7 and 8. The achieved minimum orthogonal quality values are 0.41,
0.31, and 0.25; maximum aspect ratios of 22, 25, and 142; maximum volume ratios of 13, 15,
and 1.26. These values fall within the acceptable ranges listed in Table 4.
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Table 7. Mesh parameters of the computational domains.

Max. Cell
Size

Min. Cell
Size

Min. Orth.
Quality

Max.
Aspect
Ratio

Max.
Volume

Ratio

Growth
Rate

Fluid domain

235 mm 10 mm 0.41 22 13 1.1

Rotor domain

32 mm 1 mm 0.31 25 15 1.1

(a) (b) 

Figure 12. (a) Overall dimensions of the rotor domain; (b) Computational mesh.

Table 8. Boundary layer meshing parameters around the blades.

Max. Cell
Size

Min. Cell
Size

Wall
Distance

Min. Orth.
Quality

Max.
Aspect
Ratio

Max.
Volume

Ratio
Layers Growth

Rate

10 mm 1 mm 6 µm 0.25 142 1.26 40 1.1

The boundary conditions are set in accordance with the ambient environment and
the technical capabilities of the wind turbine testing laboratory at HEHT, Technical Uni-
versity of Sofia. At the inlet of the surrounding computational domain, a constant
velocity Cw = 7 m/s is imposed, with atmospheric pressure pa = 98,200 Pa and air temper-
ature T = 300.15 K. The walls of the surrounding domain, as well as the surfaces of the
turbine and blades, are defined as no-slip walls. At the outlet of the domain, a relative
pressure prel = 0 Pa is applied, corresponding to the specified atmospheric pressure.

The operating modes of the turbines are modeled using the sliding mesh technique,
where the dynamic domain around the rotor rotates at a constant rotational speed. The
calculations are performed using the k-ω SST, turbulence model, which is preferred in CFD
simulations of turbomachinery are more accurate due to their more accurate representation
of the boundary layer around the rotor blades. Preliminary values of y+ were estimated
using the analytical formulas of Frank M. White. According to these estimates, to achieve
y+ < 1 for a rotor with a main diameter D1r = 1.04 m and a maximum rotational speed
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nmax = 1000 min−1, a mesh density of approximately 8 µm in the boundary layer region is
required.

4. Experimental Validation
4.1. Test Bench Description

The experiments were conducted on test bench No. 7 (Wind Turbines) in the Labora-
tory of Hydropower and Hydraulic Turbomachines (HEHT Lab). The bench design allows
testing of turbines with both horizontal and vertical axes, with a main rotor diameter of
1.3 m. The scheme of the test bench is shown in Figure 13. The airflow is generated by an
axial fan 3, driven by an asynchronous electric motor 2 with frequency control FI. The air-
flow is directed into an aerodynamic tube 4 with an internal diameter Dp = 1.270 m, which
guides it towards the rotor of the turbine 8, after passing through a flow straightening grid
16. The flow direction can be adjusted with mechanism 1, which tilts the aerodynamic tube
±30◦ relative to the rotor’s axis of rotation. At the outlet, a transition 6 converts the circular
cross-section to a square cross-section measuring 1.28 × 1.28 m. The flow velocity can
be measured at various points in the control section in front of the rotor using a hot-wire
anemometer D1, as well as inside the aerodynamic tube with a Pitot tube 15 and sensor D4.
Mechanism 7 is used to position the anemometer at the desired location within the control
plane. Different operating modes are simulated by the loading system, which consists of
a permanent magnet electric generator 10, a rectifier 11, and a rheostat 14. The torque on
the rotor shaft is measured by a torque sensor D2, while the rotational speed is measured
by sensor D3. Atmospheric pressure, temperature, and air humidity are recorded with
a barometer and hydrometer. The rotor is mounted on a supporting tower 12, which is
fixed to the movable platform of the test bench 13. Signals from the measuring devices are
processed by the control panel CS, which provides connectivity to a personal computer PC.
The generator’s voltage and current are measured using a combined volt-ammeter. The
rotor design allows mounting of 3, 4, 6, 8, 10, 12, or 16 blades (Zr), which can be positioned
at different pitch angles (φr).

 
Figure 13. Test bench schematic.

The measurement range and accuracy class of the measuring equipment (see Figure 14)
are presented in Table 9, and the formulas used to calculate the main quantities are listed in
Table 10.
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Voltammeter Hot wire anemometer VT 210 F Torque sensor DFM22-2.5 Barometer 

Figure 14. Measuring equipment.

Table 9. Range and accuracy of the measuring equipment.

No. Parameters Model Range Accuracy

1 Voltmeter M4430 0.00–100.00 V ±1%
2 Ammeter M4430 0.000–10.000 A ±1%
3 Wind speed VT 210 F 0.00–25.00 m/s ±3%

4 Torque Wobit
DFM22-2.5 0.0–2.5 Nm ±0.02%

5 Rotational speed FUA 9192 1–12,000 min−1 ±0.02%
6 Air temperature

2/12BTH
−30 to +50 ◦C ±0.4%

7 Air Humidity 0.00–100% ±2%

8 Atmospheric
pressure 910–1050 hPa ±0.3%

Table 10. Equations and parameters used in the calculation of turbine power curves [61,62].

Quantity Equation No.

Power coefficient Cp = Pel
1
2 ρairSrC3

w
(34)

Tip speed ratio λ = U1r
Cw

= πnD1r
60 /Cw (35)

Generator electric power Pel = Uel I (36)

Air density
ρair =

(pa−pv)Mdryair
10RgasT +

pv Mvapor
10RgasT

(37)

Vapor pressure of water pv= χps (38)

Saturation pressure of water
ps =

6.1121e((
18.678−T

234.5 )( T
T+257.14 ))

(39)

Reynolds number ReD = CwD1r
v (40)

4.2. Experimental Procedure

Figure 15 shows photographs of the tested rotors. The profiled blades were manu-
factured in separate segments using a 3D printer. The experiments were carried out at a
constant average wind velocity of—Cw = 7 m/s. During the tests, the rotor’s rotational
speed, atmospheric pressure, relative humidity, as well as the current and voltage of the
electric generator were recorded. The operating conditions of the turbine were modeled by
varying the electrical resistance in the circuit using a rheostat.

4.3. Data Processing

The equations used to calculate the power curves of the turbines are presented in
Table 10.

In the above equations, U1r is the peripheral velocity of the rotor (m/s); Cw is the
wind velocity (m/s); n is the rotor’s rotational speed (min−1); Pel is the electric power
output of the generator (W); Sr is the rotor’s swept area (m2); ρair is the air density (kg/m3);
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Cp and λ are the power coefficient and tip speed ratio of the rotor; pa, pv, and ps are the
atmospheric pressure, vapor pressure, and the saturated vapor pressure (hPa); U and I are
the generator’s voltage (V) and the current (A); Mdry air and Mvapor are the molar masses
of dry air and water vapor (g/mol); χ is the relative humidity of the air; and Rgas is the
universal gas constant (J/Kmol).

 

Figure 15. Photos of the examined turbine rotor.

4.4. Validation of CFD Results

The mesh independence study is conducted with four different meshes around the
blades. Figure 16 shows the curve pattern of Cp at the optimal operation regime. The
first two meshes have a finer boundary layer resolution with y = 6 and 25 µm. The
third and fourth meshes are coarser, with wall distances of y = 150 and 350 µm. The
difference in Cp becomes negligible for wall distances smaller than 25 µm. The results of
the numerical and experimental studies of the wind turbine are presented in Figure 17
and Table 11. The black curve in Figure 17 represents the characteristics obtained from
experimental testing on the laboratory test rig, the red curve corresponds to the results
from CFD simulations using Ansys Fluent, the purple curve represents the predictions
of the hybrid CFD-BEM method, and the blue curves show the results from the QBlade
v2.09 simulation software. The highest values of the power coefficient were obtained using
QBlade, reaching approximately 0.43. These results are attributed to the high L/D of the
airfoils used, as calculated by XFoil. The CFD-based predictions (red curve) showed a
maximum Cp of around 0.310. The hybrid CFD-BEM method closely matched the optimal
operating point determined by the CFD simulations, confirming the method’s accuracy in
predicting the optimal performance point of the turbine. As shown in Table 11, both the
CFD and hybrid methods predicted power coefficient values that closely approach those
measured experimentally in the aerodynamic wind tunnel [44] under ideal wind conditions.
The differences in Cp values between the hybrid and CFD approaches, outside the optimal
point, are mainly due to the high tolerance ξ2 = 0.25, used to control the convergence of the
axial and tangential induction factors (a‘ and b‘). It was observed during the rotor synthesis
process that lower tolerance values led to non-convergence results. The experimental results
show lower Cp values (approximately 0.23). Despite the presence of a flow straightening
grid, the velocity profile of the airflow in front of the rotor is still non-uniform, unlike in the
CFD model. The efficiency of the generator and mechanical losses also influence the results,
as the measured quantity is the electrical power output of the generator, not the mechanical
power of the rotor. Nevertheless, the data from the physical experiments replicate the trend
of the power curves and reach the calculated values at the optimal tip speed ratio.
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Figure 16. Mesh independence study.

Figure 17. Comparison of the power curves at ReD = 500,000.

Table 11. Comparison of maximum obtained power coefficients with those from wind tunnel
experiments at Reynolds number ReD = 500,000.

QBlade Hybrid
CFD-BEM CFD Experiments Wind Tunnel

Experiments [44]

0.426 0.314 0.311 0.232 0.329

5. Discussion
The hybrid CFD-BEM method can predict the optimal operating mode of a small-scale

wind turbine with sufficient accuracy under ideal wind conditions. The results show that
the panel methods used in programs like XFoil and QBlade significantly overestimate the
profile performance data (almost twice), and the turbine performance curves by up to
27.5%. This is due to the fact that these methods are based on potential flow theory and
cannot accurately account for boundary layer effects and frictional losses.

By combining CFD, Ansys Workbench Design Point method and BEM rotor optimiza-
tion, the hybrid methodology achieves a good balance between numerical accuracy and
computational resources and time. It is suitable for both research applications and the
engineering design of HAWTs operating at low Reynolds numbers. Its main contributions
include, more accurate modeling of airfoil aerodynamic characteristics, and improved
accuracy of the BEM method. Instead of relying on existing airfoil data, new blade shapes
can be synthesized and analyzed.

One limitation of the present study is the validation only with small-scale turbines
operating at low Reynolds numbers. For larger turbines, three-dimensional flow effects
may have a significant impact on efficiency. However, small-scale wind turbines are widely
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used to supply electricity of farms, residential areas, and small households. The proposed
hybrid methodology is therefore suitable for improving the efficiency of such turbines,
which can enhance their broader deployment. The assessment of the on the performance of
larger wind turbines will be the subject of a separate future study.

6. Conclusions
The main contributions of this study can be summarized as follows:

• The hybrid CFD-BEM methodology accurately predicts the power coefficient and
optimal operating point of small-scale wind turbines.

• It provides better accuracy than commonly used IBL methods at low Reynolds num-
bers. It is also faster and cost-effective than modern optimization methods like ROMs
and adjoint solvers. The implemented two-dimensional CFD model does not require
prior training and higher computational resources;

• The validation of the presented methodology is performed on small-scale wind
turbines, which are relevant for supplying electricity to farms, residential areas,
and households;

• Future studies will focus on expanding this methodology for larger wind turbines,
which operate at higher Reynolds numbers.
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BET Blade Element Theory
BEM Blade Element Momentum theory
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FI Frequency Inverter
GA Genetic Algorithm
HAWT Horizontal-Axis Wind Turbine
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SST Shear Stress Transport
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Nomenclatures

Symbol Description

A0
Coefficient of Glauert Fourier series related to the camber
line maximum curvature

A1
Coefficient of Glauert Fourier series related to the
location of the maximum curvature of the camber line

a‘ Axial induction factor

B0
Coefficient of Glauert Fourier series related to the
maximum thickness of the blade

B1
Coefficient of Glauert Fourier series related to the
thickness distribution of the blade

b‘ Tangential induction factor
CL Lift coefficient

CL
* Normalized lift coefficient

CD Drag coefficient
CN Normal force coefficient
CT Tangential force coefficient

Cw [m/s] Far field velocity
Cp Power coefficient

Cp,init Power coefficient before the optimization
Cp,max Maximum power coefficient
Cp,opt Power coefficient after the optimization

D1r [m] Main diameter of the turbine
Dp [m] Inner diameter of the aerodynamic tube
FD [N] Drag force
FL [N] Lift force
FN [N] Normal force
FT [N] Tangential force

G(θ) [m2/s]
Total bound circulation from the leading edge up to the
position defined by the angle θ

.
G(θ) [m/s] Vortex sheet strength per unit length

I [A] Current
L/D Ratio of lift force to drag force, L/D = FL/FD

Lr [m] Chord length
Lopt [m] Optimal chord length
Lhub [m] Chord length at the hub
Ltip [m] Chord length at the tip

Mdry air [g/mol] Molar mass of dry air
Mvapor [g/mol] Molar mass of vapor

Nsec Number of blade sections used in the BEM calculation
n [min−1] Rotational speed

∆n [min−1] Rotational speed increment step
ncalc [min−1] Design rotational speed
nmax [min−1] Maximum rotational speed

P [W] Mechanical power
Pel [W] Electric power
pa [hPa] Atmospheric pressure
pv [hPa] Vapor pressure of water
ps [hPa] Saturation pressure of water
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Symbol Description

Q(θ ) [m] Thickness at position θ
.

Q(θ ) [m2/s]
Source strength per unit length, derived from the
thickness distribution.

Rgas [J/Kmol] Ideal gas constant
R [m] Radius at a specific blade section

Rhub [m] Hub radius
Rtip [m] Tip radius

Re Radius at a specific blade section
ReD Reynolds number based on rotor diameter
ReL Reynolds number based on airfoil chord length

Sr [m2] Rotor flow area
T [K] Air temperature

Tτ [Nm] Torque of the rotor
U [m/s] Peripheral speed of the rotor

U1r [m/s] Peripheral speed at rotor tip
Uel [V] Voltage

uG [m/s]
The x-component of the velocity induced at given point
by a distribution of singularities

ut [m/s] Tangential velocity component on the streamlined surface

uQ [m/s]
The x-component of the velocity induced by thickness
source distribution

vG [m/s]
The y-component of the velocity induced at given point
by a distribution of singularities

vQ [m/s]
The y-component of the velocity induced by thickness
source distribution

W [m/s] Relative velocity
Wa [m/s] Axial component of relative velocity
Wu [m/s] Tangential component of the relative velocity

X Dimensionless coordinate in horizontal direction
x [m] X-coordinate of the point where velocity is evaluated

x‘ [m]
X-coordinate of the singularity point where the vortex or
source is located

Y Dimensionless coordinate in vertical direction
y [m] Y-coordinate of the point where velocity is evaluated

y‘ [m]
Y-coordinate of the singularity point where the vortex or
source is located

y+ Dimensionless wall distance
ywall [m] Normal distance from the streamlined surface

Zr Number of blades
α [rad] Angle of attack

αopt [rad] Optimal angle of attack

θ [rad]
An angular coordinate that maps points along the airfoil
contour

λ Tip speed ratio
λopt Optimal tip speed ratio

v [m2/s] Kinematic viscosity of air
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Symbol Description

ξ1
Tolerance for convergence in the calculation of induction
factors in the optimal regime

ξ2
Tolerance for convergence in the calculation of induction
factors outside the optimal regime

ρair [kg/m3] Density of air
σr Rotor solidity

φr [rad] Pitch angle at a specific blade section
φflow [rad] Flow angle at a specific blade section

χ Relative humidity of the air
ωcalc [rad/s] Design angular velocity
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