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Abstract: Two equations whose variables take values in the Pauli algebra of complex quaternions are
shown to be equivalent to the standard Dirac equation and its Hermitian conjugate taken together.
They are transformed one into the other by an outer automorphism of the Pauli algebra. Given a
solution to the Dirac equation, a new solution is obtained by multiplying it on the right by one of the
16 matrices of the Pauli group. This defines a homomorphism from the Pauli group into the group of
discrete symmetries, whose kernel is a cyclic group of order four. The group of discrete symmetries is
shown to be the Klein four-group consisting of four elements: the identity Id; the charge conjugation
symmetry C; the mass inversion symmetry M; and their composition in either order, CM = MC. The
mass inversion symmetry inverts the sign of the mass, leaving the electric charge unchanged. The
outer “bar-star” automorphism is identified with the parity operation, resulting in proof of CPT = M
or, equivalently, CPTM = Identity.
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1. Introduction

A group of discrete symmetries of a fermion field is constructed using a Pauli algebra
form of the Dirac equation. In this form, the variable is not a four-component spinor as in
the standard Dirac equation but rather a function of spacetime variables that takes values in
the Pauli algebra Cl; »(R) = M (C). There is an outer automorphism of the Pauli algebra
z — z*, which fixes the subalgebra of real quaternions H and is the complex quaternionic
conjugation. This “bar-star” homomorphism transforms one equation of (9) into the other.

Altogether, this amounts to eight scalar equations. The four in the left column are the
same as in the standard Dirac equation, and the four in the right column are the same as in
the Hermitian conjugate of the standard Dirac equation. Hence, the two equations taken
together are equivalent to the Dirac equation and its Hermitian conjugate taken together.

However, there is a difference when considering transformations of a fermion field:
multiplying the Pauli algebra spinor on the right by an arbitrary constant 2 x 2 matrix
commutes with the differentials that act on the left. Multiplying the Pauli algebra spinor
1 on the right by each one of the 16 matrices of the basic Pauli group P;, we obtain a
homomorphism from P; into a group of discrete symmetries of the fermion field.

It turns out that the kernel of this homomorphism is a cyclic group of order 4. When
factoring out the kernel, a Klein four-group of symmetries is obtained, as shown in the
exact sequence:

{1}—)C4—>P1—)C2XC2—){1} (1)

The generator of the cyclic group is i3

(io3)? = =1 (i03)’ = —ioy  (io3)* =1 b
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The group of discrete symmetries consists of four elements:
C2 X C2 = {Id, C, M, CM} (3)

where Id is the identity, C is the charge conjugation, M is the mass inversion, and they
commute. The charge conjugation reverses the charges and leaves the mass without change,
while mass inversion reverses the sign of mass and leaves the charges without change.

The parity and the time inversion symmetries are not obtained by the right action of
Pauli group. The parity operation is identified with the bar-star automorphism, and the
time inversion is parity followed by right multiplication by —ioy.

It is shown that CPTM = Id, or equivalently CPT = M, and the equality is exact.

The standard Pauli-Dirac representation is used throughout for four-component
spinors. Transformations in four-component form are compared with textbooks [1,2].

2. The Pauli Algebra Form of the Dirac Equation

The purpose of this section is a quick reminder of the construction described in [3] and a
correction of the error there. The main idea is to complete the four-component spinor with
a right column, so that the additional four scalar equations will be exactly the four scalar
equations of the Hermitian conjugate Dirac equation. However, the new four equations need
a change of sign, which is obtained by multiplying the mass term on the right by ¢3. This
matrix at the right of the equation corrects the error of [3]. Letters are used instead of ¥ .

do 0 d3 —idy+91| [a b* a b*
0 doy idy + dq —d3 b —a* . b —a*|[1 O
9y -9, —d 0 S L P {o —1} @)
—iaz — al 83 0 —ao d c* d c*

Now, the bottom square becomes a real quaternionic function, and the top square an
imaginary quaternionic one, i.e., multiplied by the imaginary unit, and we can rewrite in
two by two blocks:

do o-V] [iv iv
-0V —dy| | u u
Multiplying out, we obtain:
dpiv+oVu = —mivios (6)

u+oViv = muios ?)

add and subtract the equations, and introduce the notation (the bar-star outer automor-
phism reverses the sign of the vector summand and also takes the Hermitian conjugate):

pi=utiv P =u—iv (8)
This results in the complex quaternionic Dirac equation and its bar-star image:
(@0 +0aV)p = myp'ios )

(09— -V )P = m pio3 (10)

These two equations are transformed one into the other by the bar-star automorphism.

Proposition 1. When equipped with multiplication as below, the completed two-column
four-component spinors form an algebra isomorphic to the Pauli algebra. In this algebra,
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reversing the sign of the upper square corresponds to the bar-star automorphism, which is the
complex quaternionic conjugation.

Uy | LUz Uy — 0102

{ivl} {ivz} :: [ulivz —l—ivluz] 1)

Proof. This is the complex quaternionic multiplication corresponding to ¢ ¢p. U

3. The Short Exact Sequence Connecting the Pauli Group with the Group of Symmetries

Proposition 2. Multiplying the Pauli algebra spinor on the right by one of the 16 matrices of
the basic Pauli group Py defines a homomorphism from the Pauli group into the group of discrete
symmetries, where discrete symmetries are considered equivalent if they only differ by a phase factor.
The kernel of this homomorphism is a cyclic group of order four generated by io3, and the group
of discrete symmetries is the Klein four-group consisting of identity Id, the charge conjugation
symmetry C, the mass inversion symmetry M, and their composition in either order CM = MC.

Proof. We use (11) to calculate the translation of (ic3) into the four-component language:

a b* ia  —ib*

. 0| [iol|[0] [iw@ez)] |b —a*|]i O [|ib ia*
IP(Z%)H‘YL'(@] - M [iaJ - {u(icfg)} e —arllo —i] T |ic | 12

da c* id —ic*

Now, we leave only the left column to go back to the standard four-component form, so
as to confirm that this transformation differs from identity by only a phase factor i = ¢/2. [J

4. The Charge Conjugation and the Mass Inversion Symmetries

Next, we consider the elements of P; that generate the charge conjugation and the mass
inversion symmetries. First, the charge conjugation symmetry ¢ — .

When including the interaction term, the sign in the right column, which comes from
the Hermitian conjugate equation, is the opposite of the sign in the left column, exactly as
in the mass term. To correct this, the o3 factor appears at the end.

The equation including the EM interaction term:

(3o + 0V )Y +ig Aloypos = im§ os (13)
Now, multiply both sides of the equation by o7 on the right:

(00 + 0V ) oy +i(—q) Aloypoios = imy"(—oy)o3 (14)

—%

Note that §. = (po1) = —¢oy
We obtain the equation for .:
(00 + 0V ) e +i(—q) Aloyipeos = im e o3 (15)

We see that the mass remains the same; however, the charge switched signs.
Now, we define ¢, := po3. Multiply both sides of the equation by o3:

(90 + 0V o3 + iq Aloyposos = —im P (—03)03 (16)
Write the equation again for the modified ;-

(30 + 0V ) + iq AP oy pmos = i(—m) P 03 (17)
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Now, the mass switched signs; however, the charge remained the same.

Let us now find the matrices of the transformations C and M in the four-component
language. Start with C: ¢ — ¢ = oy

Represent the multiplication as the multiplication of two-column four-component spinors:

c —d* —d* ¢
iv||oy|  fuop| |d c* [0 1| | c* d
{u} [0} o L’v(fl] |la  b* [1 O] I (18)
b —a* —a* b
Now, we leave only the left column and find its transformation matrix:
—d* 0 0 0 -—-1] [a*
R R R R A .
Y=l | Tlo 10 offe] =77 (19)
—a* -1 0 0 O d*

This is the charge conjugation matrix that can be found in textbooks.

Note that it acts on the left unlike o7, which acts on the right. The right action on
Pauli algebra spinors commutes with differentials that act on the left, but the left action of
four-component spinors generally does not commute with differentials, which also act on
the left.

Next, we find the four-component matrix for the mass inversion M:

c —d* c dr

iv| o3|  fuog| |d |1 0] |d —c*

[u} {0] o [ivaj " la b* [0 —1] a —b* (20)
b —a* b a*

Then, as before we leave only the left column:

. 0 I
Y =7"Y 9° =ir"yly?% = [1 0} 7 m = [;7(] (21)

(SRS RS T
oS = O O
= o O O
S O O
S O = O
WO TR

5. Identifying Pauli Algebra Expressions for Parity and Time-Reversal Symmetries
The parity and time-reversal transformations are not part of the Klein four-group of

symmetries generated by the right multiplication of the spinor by elements of the Pauli group.
We begin by identifying the parity transformation:

Proposition 3. The parity transformation is the bar-star automorphism: , = 9"

Proof. Rewrite the second equation of (9) in this new notation. Then, introduce the notation
oV := —0-V,ie, reverse the spatial derivatives:

(o= V)ppy=m, o300 +0V ), =m P, ios (22)

¥, now satisfies the first equation of (9) with spatial derivatives reversed. To confirm
it is indeed the parity transformation we calculate its translation to the four-component
language. The bar-star is the complex quaternionic conjugation and reverses the sign of iv,
the top square. So, ¥, = —° ¥, which matches the Sp = £+ found in textbooks. [J

Next, we identify the time-reversal operation:
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Proposition 4.

Y1 = P (—ion) = Py(—icn) (23)

Proof. Begin with the equation for parity and multiply it on the right by —ic,. Then, reverse
the signs so that only the time derivative changes its sign.

(80 — -V )p(—ica) = m " ios(~ic) 24)

@0 — 0~V )y (—ioy) = —m §,(—icy) " io3 (%+ U-V)zpt —mgitics  (25)

We confirm by calculating the translation into the four-component language and
comparing with the known matrix S;:

—a —b" —b* a

—iv 0 —iv ) -b  a* 0 -1 a* b

[ u ] [—iaj o [ u ][—1(72} I e [1 0} T —d* —c (26)
d c* ¢t —d

Now, we leave only the first column and write down the matrix, which obtains it from ¥*:

—b* 0 -1 0 01]f[a
at | |1 0 0 O b A1, 3w
c* 0 0 1 o0]f]|d
O
6. The Proof of CPTM Invariance
Proposition 5.
CPTM = 1d (28)
Proof. The Pauli algebra proof:
Y= ge=po1 Yo = Pop =9 =~ 0y (29)
7\ . .
Yep = Yept = (Pep) (—ion) = —iypo102 = o3 (30)
Yept = Yeptm = Pepto3 = Poso3 = ¢ (31)
O
Proof. The four-component proof:
Y = Y. = —iy?¥* Yo = ¥ep = —71"Ye = i 2 " (32)
Yep = Yepr = —7'7°¥5, = —iv'77"2Y = in¥y!y?7°Y =¥ (33)
IIIcpt — chtm = ')’5‘Pcpt = '75')’5\}] =Y (34)

0

7. Relation to Other Work

Negative mass and the mass inversion symmetry are considered in [4,5], though their
approaches are different from the one used here.
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