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Abstract: Teaching and learning QM at high school as well as the undergraduate level is a highly
non-trivial task. Indeed, major changes are required in understanding the new physical reality, and
students have to deal with counterintuitive concepts such as uncertainty and entanglement as well
as advanced mathematical tools. In order to overcome these critical issues, a simple approach is
presented here, which is based solely on two-vector and 2 × 2 matrix algebra. Furthermore, it could
also enable educational institutions to fill the gap between high school curricula and the current
scientific and technological advances in physics by allowing students to gain some insight into topics
such as qubits and quantum computers. The inspiration behind our proposal as well as its firm
theoretical foundation are based on the famous Umdeutung (reinterpretation) paper by W. Heisenberg,
which introduces QM in matrix form.

Keywords: quantum mechanics; physics teaching; two-level systems; history of physics

1. Introduction

At high school as well as the undergraduate level, Quantum Mechanics (QM) is
usually introduced through an overview of the main crucial experiments and theoretical
attempts which took place at the beginning of the 20th century. Although retracing the
historical path that led to the introduction of this conceptual and mathematical framework
has undoubted advantages, there are also significant drawbacks, mainly in contexts such
as a high school, where the students’ lack of advanced mathematical tools have placed
severe constraints on their understanding of quantum concepts.

On the other hand, QM implies major changes in understanding the world and
physical reality. Introducing concepts such as probability, uncertainty, and superposition,
and discussing issues such as non-locality and entanglement are highly non-trivial tasks.
Students have to deal with a matter that is counterintuitive and in conflict with the classical
view of the physical world [1]. In this respect, high school students’ difficulties in accepting
nondeterminism have recently been recognized [2] to induce a return to classical reasoning
and a subsequent misunderstanding of the concept of quantum states. Last but not least,
the introduction of wave functions and the Schroedinger equation, even for the simplest
paradigmatic examples of the infinite square well and the harmonic oscillator, implies the
solution of second-order ordinary differential equations, which are usually beyond high
school students’ standard knowledge of calculus.

All the above considerations have led us to think that a better strategy would be
to focus our attention on two-level systems, which live in a finite dimensional Hilbert
space. That allows us to introduce, from the very beginning, a simple 2 × 2 matrix
formulation of QM, where quantum states are identified with two vectors belonging to a
finite vector space and where observables are 2 × 2 matrices. In this way, students have
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the possibility to become familiar with the unique conceptual issues of QM such as the
superposition principle, non-locality, and entanglement without the need for an advanced
mathematical background. That could also fill the gap between high school curricula and
the current scientific and technological advances in physics by allowing students to have
a glimpse at modern research topics. In fact, two-level systems, also known as qubits,
are the basic building blocks of quantum information and computation. Furthermore,
our proposal could be envisaged as a useful supplement to game-based and simulation
teaching strategies [3,4].

In light of the above considerations, two-level systems seem to be the ideal candidates
for the introduction of QM to advanced high school students. However, the other side of the
coin is that two-level systems are more tightly linked with the notion of an operator acting
on a state and that of eigenvalue equations. Thus, teachers have to justify the formalism;
in particular, they should be able to explain why observables are operators (matrices)
acting on states, and finally, why measured quantities are identified with the eigenvalues
of such matrices. Our idea was then to look for a motivation in the history of physics. In
this specific case, we found a firm basis for our proposal in Heisenberg’s seminal paper
from 1925 [5], the so-called Umdeutung paper, which was the first to recognize the role of
matrices in quantum physics. The aim of Heisenberg’s paper was to establish quantum
theory by building only on observable quantities. In fact, he provided the calculational
rules for computing transition frequencies between stationary states, without reference to
the unobservable characteristics of such states. These rules were later identified by Born
and Jordan [6,7] as matrix operations, with matrices being representations of operators
based on eigenvectors of the Hamiltonian [8].

The advantages of Heisenberg’s approach in undergraduate teaching have already
been put forward by some authors [9–11], but the possibility of using it for advanced
high-school teaching has not been explored yet. Our work aims to fill this gap. The stage
for studying two-level systems may be set by following Heisenberg’s line of reasoning.
A mandatory prerequisite could be the basic historical introduction to quantum physics,
which includes standard topics such as Planck’s hypothesis, the photoelectric effect, and
Bohr’s model of the hydrogen atom [12]. A detailed analysis of Heisenberg’s paper [5] is
beyond the scope of this work but one of its inspiring points, which we assume as a starting
point for our proposal, is Bohr’s postulate that the frequencies of emitted radiation are
proportional to the energy differences between two stationary states and not to the orbital
frequencies of the electrons (as within classical physics). As a consequence, in QM we deal
with physical quantities, which depend on two states rather than one. This naturally leads
to the introduction of matrices.

The net result of our study is a novel teaching–learning sequence on QM, properly
designed for advanced high school students and also very useful for in-service and pre-
service teacher training.

2. Introducing Operators (Matrices): Basic Steps

In this section, we establish the theoretical basis for our proposal by recalling Bohr’s
postulate, subsequently describing Heisenberg’s key ideas in a form suitable to high school
students. We stress main logical steps and discuss a simple example: a harmonic oscillator.
By further simplifying, we are led to a toy model with only two levels, a ground state and
an excited one, described in terms of two vectors and 2 × 2 matrices.

2.1. Bohr’s Atomic Model

As is well known, one of Bohr’s postulates [12] includes the hypothesis that an atom
can be in one of a series of stationary states, each of which corresponds to a discrete value
of energy. While an electron is in one of these states, its energy does not vary; however, it
can radiate by going from one given state to another with lower energy, according to the
fundamental relation:

νmn =
Em − En

h
, Em > En. (1)



Phys. Sci. Forum 2021, 2, 8 3 of 7

Thus, frequencies are guaranteed to obey the Rydberg–Ritz combination principle:

νmn = νmp + νpn , (2)

which is experimentally observed. This notation associates to each frequency two indices,
one for the starting state of the electron and the other for the arriving state.

2.2. Heisenberg’s Original Argument

Two main ideas led Heisenberg to matrix mechanics [5]. First, the recognition that at
the atomic scale, classical mechanics is no longer valid. Second, that the correspondence
principle must be valid; in fact, in Heisenberg’s approach, each quantum equation has a
corresponding classical formula.

The starting point is the consideration that in the quantum realm, only transitions
between states are observable; hence, physical quantities should be associated with two
states rather than one, and thus have two indices. Consider any dynamical quantity x(t),
which could be the position of a particle; consider then its Fourier representation (for
simplicity we limit ourselves to the case in which x is periodic; in general, all the sums
appearing in the following formulas are to be replaced with integrals):

xn(t) =
+∞

∑
j=−∞

ajeijωt . (3)

If x referred to a single quantum state, for instance a Bohr orbit, the Fourier coefficients
aj would depend on the corresponding quantum number, i.e., aj = aj(n), with ω = ω(n) =
2πν(n) being the corresponding angular frequency. However, single quantum states are
not observable; only transition processes associated with two states are. Hence, Heisenberg
replaces aj(n) = a(n, n− j) and ω(n) = ω(n, n− j) with ω(n, n− j) = 2πνn,n−j, and the
resulting expression is:

x(t) =
+∞

∑
j=−∞

a(n, n− j)eijω(n,n−j)t . (4)

This is the first “reinterpretation of kinematical relations” by Heisenberg and is sug-
gested by the correspondence principle, according to which quantities related to quantum
jumps between two states coincide with quantities related to single states in the limit of
large quantum numbers. The next step is to represent products of dynamical quantities in
the same way, which is required, for instance, to write down energies. Hence, by generaliz-
ing the convolution theorem for Fourier series and transforms, Heisenberg argues that the
most natural assumption is to represent the square of x(t) as

x2(t) =
+∞

∑
k=−∞

b(n, n− k)eikω(n,n−k)t , (5)

where, according to the combination principle, ω(n, n− k) = ω(n, n− j) + ω(n− j, n− k),
and

b(n, n− k) =
+∞

∑
j=−∞

a(n, n− j)a(n− j, n− k) . (6)

This is Heisenberg’s rule for multiplying transition amplitudes.
In his paper, Heisenberg proceeds by showing how to find transition amplitudes

and frequencies from the dynamics of the system. In particular, he links the coefficients
a(n, n− j) to Kramers’ dispersion formula [13–15]—his main inspiration, together with
Born’s generalization to general systems [16]—which describes the interaction of an atom
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with electromagnetic radiation, and to Planck’s constant h through a reformulation of
Sommerfeld’s quantization condition. Thus he was able to formulate the following relation:

h = 4πm
∞

∑
j=0

{
|a(n + j, n)|2ω(n + j, n)− |a(n, n− j)|2ω(n, n− j)

}
, (7)

which is nothing but the Thomas–Reiche–Kuhn sum rule [17,18]. He then applies his
formalism to a simple system, the anharmonic oscillator, where he could determine the
amplitudes and the frequencies by finding and solving some recursion relations which are
satisfied by them. The quantities a(n, n− j) and ω(n, n− j) were recognized by Born [6] to
be elements of (infinite-dimensional) matrices, since Equation (6) is nothing but the row by
column product of a matrix, with the elements anm with itself. Thus, physical quantities in
the Heisenberg scheme as reformulated in [6] correspond to infinite matrices. Moreover, in
the same paper [6], Born and Jordan recognize that the allowed energies for a quantum
system are given by the diagonal elements of the matrix representing the Hamiltonian,
namely, its eigenvalues.

2.3. A Simple Example: Harmonic Oscillator

At this point, the simple case of a harmonic oscillator [19] is briefly discussed in order
to show Heisenberg’s scheme at work, through a concrete example that could quite easily
be digested by advanced high school students.

In general, the problem can be rephrased in the following way: given a conservative
force F(x) that binds the electron in an atom, find the quantum mechanical properties,
frequencies ωnm, and amplitudes anm associated with the transitions between stationary
states. For a simple harmonic oscillator, the force is F(x) = −kx, so that the solution to the
equation of motion F(x) = m

..
x is:

x(t) = acosω0t , (8)

where a is the fundamental amplitude and ω0 =
√

k/m is the frequency. From Sommer-
feld’s quantization condition, one easily obtains ma2ω0π = nh, which gives the allowed
values of the vibration amplitude:

a(n) =

√
2}n
mω0

, (9)

while frequency is independent on n, i.e., ω(n) = ω0. We now substitute amplitudes a(n)
in the classical energy function E = 1

2 mω2
0a2 and obtain the quantum energy spectrum:

En = n}ω0 . (10)

There is a single Fourier term (see Equation (8)), so that only transitions between
adjacent states, n→ n− 1 , are allowed. Finally, the correspondence principle allows one
to compute the radiation frequency and the transition amplitudes from the expressions for
a(n) and ω(n) obtained above:

ωn,n−1 = ω0, an,n−1 =

√
2}n
mω0

. (11)

These quantities, as Born and Jordan pointed out [6], are identified with elements of
matrices.

The simple procedure shown here provides a strong motivation for identifying op-
erators that act on a Hilbert space of quantum states with matrices. At this stage, one is
naturally led to introduce, for the sake of simplicity, a toy model—a system built of only
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two levels, i.e., a ground state and an excited state, and whose observables are described
by 2 × 2 matrices acting on two-component vectors.

3. Results: Playing with Two-Level Systems

In the previous section, we laid the foundations for our teaching–learning sequence.
The basic pillar of our proposal is the quantum two-state system, which may be introduced
by making explicit reference to concrete physical examples (e.g., a single spin and a
measurement apparatus or the polarization of a photon). Then, by taking the single-spin
system, an identification has to be made between the corresponding space of states and a
two-dimensional vector space. This allows one to choose the two basis vectors |u〉 and |d〉
as two-component column vectors and to construct a general state as the vector, which is a
linear superposition of |u〉 and |d〉. The single quantum spin is an example of a large class
of simple systems called qubits. A qubit is the basic building block of quantum information
and computation, in much the same way as the bit—a binary variable that constitutes the
smallest piece of information—is the fundamental brick in classical information theory and
current computer science.

The subsequent step deals with the introduction of physical observables, which are
the object of measurement and are conveniently identified as 2 × 2 matrices within the
same vector space. Within the single-spin system, the matrix formed by spin components
can be simply derived and identified with Pauli matrices. Subsequently, average values of
observables can be easily computed as well as their eigenvalues and eigenvectors.

The representation of quantum states and observables as vectors and matrices of a
two-dimensional vector space provides us with the simple machinery upon which peculiar
quantum mechanical features can be built up, such as mixed and entangled states in
composite systems.

It is now an easier task to illustrate the uncertainty principle by making reference to
two different components of the spin, as it applies to many pairs of measurable quantities
and not only to position and momentum. In this way, the deep meaning of a quantum
measurement process and its differences with the classical case can be pointed out. The
next step is to show how to combine single spins to get composite systems. This amounts to
the introduction of non-locality issues, quantum correlations, and entanglement, allowing
one to gain some insight into unique quantum features.

4. Discussion

Our teaching–learning sequence has been implemented within various training activ-
ities in QM, held in several high schools in southern Italy, and geared towards teachers
in physics and mathematics as well as towards selected students attending the last year
of a scientific high school. Preliminary results gathered through interviews as well as
surveys filled in by participants both before and after the activities led us to the following
considerations.

First, teachers and students have the possibility to become familiar with quantum
issues such as entanglement and non-locality without an advanced mathematical back-
ground, which is, indeed, an advantage.

Second, it is possible to fill the gap between high school curricula and the current
scientific and technological advances in physics (e.g., qubits, quantum computer, quantum
teleportation). This could lead to an increase in the number of students who may choose to
undertake scientific university programs.

Third, the proposal is also suitable for pre-service and in-service training programs
for physics teachers. Indeed, teachers seem to be much more interested in learning basic
principles and practical teaching strategies than in deepening their knowledge of formalism.

Finally, a promising strategy in physics education is the possibility of shaping teaching–
learning proposals by relying on the historical path that led to a concept, as well as on
the social and philosophical contexts in which the concept itself developed. In this way,
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significant changes in teachers’ and students’ conceptions regarding the Nature of Science
can be expected.

5. Conclusions

A novel strategy is presented here, which allows for the introduction of peculiar
features of QM at the high school level without resorting to advanced mathematical tools.
This non-trivial task has been accomplished by building upon vectors and matrices in a
two-dimensional vector space. The inspiration behind our proposal, as well as its firm
theoretical foundation, is the 1925 seminal paper by W. Heisenberg. This work provides
a simple calculational method to deal with quantum mechanical states and observables,
based on the identification of the physical quantities of interest with transition frequencies
and amplitudes, and that Indeed such frequencies and amplitudes indeed form matrices.
Preliminary results gathered among both high school teachers and students are encouraging
and offer useful insights for further improvements.

Author Contributions: The authors contributed equally to the manuscript. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The study did not report any data, so this statement has to be excluded.

Acknowledgments: The authors would like to thank F. Guerra for suggesting that Heisenberg’s
Umdeutung could create timely didactic interest.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

QM Quantum Mechanics

References
1. Kalkanis, G.; Hadzidaki, P.; Stavrou, D. An instructional model for a radical conceptual change towards quantum mechanics

concepts. Sci. Educ. 2003, 87, 257–280. [CrossRef]
2. Michelini, M.; Regazzon, R.; Santi, L.; Stefanel, A. Discussion of a didactic proposal on quantum mechanics with secondary

school students. Nuovo Cimento C 2004, 27, 555–567.
3. Gordon, M.; Gordon, C. Quantum computer games: Schroedinger cat and hounds. Phys. Educ. 2012, 47, 346–354. [CrossRef]
4. Kohnie, A.; Baylie, C.; Campbell, A.; Korolkova, N. Enhancing student learning of two-level quantum systems with interactive

simulations. Am. J. Phys. 2015, 83, 560–566. [CrossRef]
5. Heisenberg, W. Uber quantentheoretische Umdeutung kinematischer undmechanischer Beziehungen (english translation:

Quantum theoretical reinterpretation of kinematic and mechanical relations). Z. Phys. 1925, 33, 879–893. [CrossRef]
6. Born, M.; Jordan, P. Zur Quantenmechanik. Z. Phys. 1925, 34, 858–888. [CrossRef]
7. Born, M.; Heisenberg, W.; Jordan, P. Zur Quantenmechanik II. Z. Phys. 1926, 35, 557–615. [CrossRef]
8. Born, M.; Wiener, N. Eine neue Formulierung der Quantengesetze für periodische und nicht periodische Vorgänge. Z. Phys. 1926,

36, 174–187. [CrossRef]
9. Aitchinson, I.J.R.; MacManus, D.A.; Snyder, T.M. Understanding Heisenberg’s “magical” paper of July 1925: A new look at the

calculational details. Am. J. Phys. 2004, 72, 1370–1379. [CrossRef]
10. Fedak, W.A.; Prentis, J.J. The 1925 Born and Jordan paper “On quantum mechanics”. Am. J. Phys. 2009, 77, 128–139. [CrossRef]
11. Prentis, J.; Ty, B. Matrix mechanics of the infinite square well and the equivalence proofs of Schrödinger and von Neumann. Am.

J. Phys. 2014, 82, 583–590. [CrossRef]
12. Bohr, N. On the constitution of atoms and molecules. Philos. Mag. J. Sci. Ser. 6 1913, 26, 1–25. [CrossRef]
13. Kramers, H.A. The Law of Dispersion and Bohr’s Theory of Spectra. Nature 1924, 113, 673–674. [CrossRef]
14. Kramers, H.A. The Quantum Theory of Dispersion. Nature 1924, 114, 310–311. [CrossRef]
15. Kramers, H.A.; Heisenberg, W. Über die Streuung von Strahlung durch Atome. Z. Phys. 1925, 31, 681–708. [CrossRef]
16. Born, M. Über Quantenmechanik. Z. Phys. 1924, 26, 379–395. [CrossRef]

http://doi.org/10.1002/sce.10033
http://doi.org/10.1088/0031-9120/47/3/346
http://doi.org/10.1119/1.4913786
http://doi.org/10.1007/BF01328377
http://doi.org/10.1007/BF01328531
http://doi.org/10.1007/BF01379806
http://doi.org/10.1007/BF01382261
http://doi.org/10.1119/1.1775243
http://doi.org/10.1119/1.3009634
http://doi.org/10.1119/1.4864740
http://doi.org/10.1080/14786441308634955
http://doi.org/10.1038/113673a0
http://doi.org/10.1038/114310b0
http://doi.org/10.1007/BF02980624
http://doi.org/10.1007/BF01327341


Phys. Sci. Forum 2021, 2, 8 7 of 7

17. Reiche, F.; Thomas, W. Über die Zahl der dispersionselektronen, die einem stationären Zustand zugeordnet sind. Z. Phys. 1925,
34, 510–525. [CrossRef]

18. Kuhn, W. Über die Gesamtstärke der von einem Zustande ausgehenden Absorptionslinien. Z. Phys. 1925, 33, 408–412. [CrossRef]
19. Fedak, W.A.; Prentis, J.J. Quantum jumps and classical harmonics. Am. J. Phys. 2002, 70, 332–344. [CrossRef]

http://doi.org/10.1007/BF01328494
http://doi.org/10.1007/BF01328322
http://doi.org/10.1119/1.1445405

	Introduction 
	Introducing Operators (Matrices): Basic Steps 
	Bohr’s Atomic Model 
	Heisenberg’s Original Argument 
	A Simple Example: Harmonic Oscillator 

	Results: Playing with Two-Level Systems 
	Discussion 
	Conclusions 
	References

