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Abstract

We investigate the 75 keV proton impact ionization of helium. The convoluted quasi-
Sturmian approach is extended to treat both the direct ionization and the electron capture
to the continuum by proposing an ansatz for the Coulomb three-body Green’s function
operator, for the kernel of which the leading asymptotic form contains the wave function
of the 3C model. The resulting 3C-like model is tested numerically. Fully differential
cross-sections are calculated for different energy-loss regimes and compared with recent
experimental data.

Keywords: proton-impact ionization; electron capture to the continuum; 3C model

1. Introduction
Ion impact ionization of atoms is a fundamental phenomenon. For ionization of

helium by 75 keV proton impact, detailed measurements of the fully differential cross-
section (FDCS) have recently become available [1–4]. At high incident projectile energies,
comparison of theoretical predictions with the experiment is satisfactory [5,6], but at
intermediate energies the importance of electron capture to the continuum (ECC) increases,
necessitating consideration of charge exchange channels alongside the direct ionization (DI)
mechanism. While a number of theoretical approaches have been proposed in the literature,
none provides a completely satisfactory description at ejected-electron velocities below,
near, and above the projectile velocity, including the velocity-matching regime. Amongst
them, only the CP method [7] and the WP-CCC method [8,9] (which use two-centered
bases to obtain the total scattering wave function) are, in principle, able to deal with both
ionization mechanisms. However, an ambiguity remains when combining the ECC and
DI amplitudes to determine the ionization cross-section. In particular, there is no strict
criterion that would allow one to choose between the ’coherent’ cross-section, which is
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expressed through the sum of these amplitudes, and its ’incoherent’ version, which is
determined by the sum of the squares of the absolute values of the amplitudes.

We have recently developed an approach [10] based on parabolic convoluted quasi-
Sturmian (CQS) functions. These basis functions are built using the Green’s function
operator associated with two model Hamiltonians (labeled 2C and IIC), each describing a
pair of Coulomb interactions: the p+-He+ and e−-He+ interactions for the 2C model, and the
p+-He+ and p+-e− interactions for the IIC model. In both cases, the remaining interaction
is treated via a Lippmann–Schwinger (LS) equation. It was found that the two model
FDCS calculations were adequate for dealing with either the DI or the ECC mechanisms,
according to the ejected electron energy value. The velocity-matching regime was further
studied in detail within the IIC approach [11]. It appears that combining results from both
methods is generally required to achieve an overall acceptable agreement.

In this paper, we propose to modify the model Green’s function to account for all three
pairwise Coulomb interactions; specifically, we supply the 2C Green’s function with the
Coulomb waves of the 3C model [12,13], yielding an unambiguous transition amplitude.
In order to numerically test our parabolic Sturmian implementation, we first validate the
method in its zero-order approximation by comparing calculated FDCSs with experimental
measurements [1,4] across different energy-loss regimes. We also compare the present
results with those obtained in [10], as to illustrate the benefit of the new approach.

Atomic units (a. u.) in which h̄ = e = me = 1 are used throughout unless otherwise
specified.

2. Theory
Let us consider a proton (with mass mp) placed at position R and with momentum

K0 impinging on a stationary helium target, supposed to be in its ground state and de-
scribed by a wave function Φ(0)(r, r′), where r and r′ denote the coordinates of the two
electrons. The proton is scattered with momentum K, and an electron with momentum

ke is ejected from the target. The total energy E = K2

2mp
+ k2

e
2 is determined by the expres-

sion E =
K2

0
2mp

+ EHe + EHe+ , where EHe = −2.903724 a.u. and EHe+ = −2 a.u. In the
frozen-core approximation, the final-state problem reduces to the motion of two charged
particles—a proton and the ejected electron—in the Coulomb field of the residual He+ ion
left in the hydrogenic ground state (wave function ψHe+

1s

)
. Let Ĥ denote the Hamiltonian

of this three-body system
(
e−, He+, p+

)
. The transition amplitude can be obtained via the

Green’s function operator by solving the driven equation (see, e.g., [6])[
E − Ĥ

]
|Φ(+) > = |K0, F >, (1)

together with outgoing boundary condition; the driven term contains the projectile-target
interactions

F(R, r) = < ψHe+
1s

∣∣∣∣ 2
R
− 1

|R − r| −
1

|R − r′|

∣∣∣∣Φ(0) >, (2)

where the matrix element is taken over the coordinate of the residual bound electron.
The scattering amplitude is given by

TK,ke = < Ψ(−)
K,ke

|K0, F >, (3)

where Ψ(−)
K,ke

is the continuum state of the three-body Hamiltonian Ĥ. Instead of the Ψ(−)
K,ke

function, we propose to find the Φ(+) function, since the asymptotic behavior of the latter
determines the desired amplitude (3).
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To solve the driven Equation (1), we proposed in [10] to use parabolic convoluted
quasi-Sturmian (CQS) functions constructed with one of the two model Hamiltonians, Ĥ2C

or ĤI IC, that include only two of the three Coulomb interactions. The remaining interaction
is treated via a LS equation. Hereafter, we briefly recall the 2C model, and then introduce a

more advanced model, labeled 3
∼
C (more details are given in [14]).

2.1. The 2C Model

In this model, the continuum solution is the product |Ψ(−)
K , Ψ(−)

ke
>where Ψ(−)

K

(
βp =

mp
K

)
and Ψ(−)

ke

(
βe = − 1

ke

)
denote, respectively, the proton and electron Coulomb waves with

the corresponding Sommerfeld parameter (β1,2 =
µ1,2Z1Z2

k1,2
). The 2C product is the contin-

uum solution of the separable Hamiltonian Ĥ2C in the Jacobi coordinates (R, r) and implies
that the operator Ĝ(+) of the Coulomb three-body Green’s function is approximated by
Ĝ(+)

2 ≡
[
E + iε − Ĥ2C

]−1. To calculate the ionization amplitude in the 2C model

T(2C)
K,ke

=
√

2< Ψ(−)
K , Ψ(−)

ke
|K0, F >, (4)

(the factor
√

2 is related to the fact there are two identical target electrons) we use square-
integrable Sturmians of parabolic coordinates [15], defined through Laguerre polynomials
with a basis scale parameter. The size of the Sturmian basis representation is determined
by the number of functions required to correctly describe the short-range term | F⟩ on the
right side of Equation (4) (the proton plane wave |K0⟩ is considered separately). Note
that the rate of convergence of the amplitude expansion can be improved by optimally
choosing the scaling parameter of the basis set. Furthermore, for a fixed size of the total
basis set, the number of proton basis functions can be significantly increased by reducing
the number of functions of the electron coordinates. Indeed, due to the presence of the
ground-state wave function of helium in | F⟩ , the number of electron basis functions can be
kept relatively small. In this work, convergence was achieved by such an extension of the
proton part of the basis set for the scaling parameter value used in [10]. The amplitude T(2C)

K,ke
is expressed in terms of basis amplitudes, obtained by projecting Coulomb waves onto
the Sturmian orthogonal complements. These basis amplitudes are expressible in closed
form [6]. The remaining interaction (namely the proton–electron interaction) is treated via
a LS equation, which we solve using for Φ(+) an expansion on parabolic CQS functions
constructed by applying the operator Ĝ(+)

2 onto the Sturmian orthogonal complements.
The driven differential equation is subsequently transformed into a matrix equation. The
2C + LS approach leads to a scattering amplitude, noted T(2C+LS)

K,ke
.

2.2. The 3
∼
C Model

In order to take into account the proton–electron interaction in a way similar to the 3C
model continuum wave function [12,13], we consider the relative coordinate rep = r − R,
its conjugated momentum (which is codirected with the relative velocity between elec-
tron and proton) kep =

(
mp

mp+1

)
ke −

(
1

mp+1

)
K, and the associated parabolic coordinate

ξep ≡ rep + k̂ep · rep.
We then approximate the three-body Green’s function operator Ĝ(+) (whose explicit

form is unknown) by modifying the Green’s function operator of the 2C model as follows:

∼̂
G
(+)

3 = |L > Ĝ(+)
2 < R|, (5)

so that the integral kernel G(+)
2 (R, r; R′, r′) is complemented by the factors L

(
ξep

)
R(ξ ′ep) :
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L
(
ξep

)
= U ( iβep, 1; −i kepξep ), (6)

R
(
ξep

)
= Γ

(
1 − iβep

)
M( iβep, 1;−i kepξep ), (7)

where U and M are Kummer functions [16]; the Sommerfeld parameter is defined by

βep = − mp

(mp+1)
1

kep
. Note that for a large hyperradius ρ =

√
mpR2 + r2 , the kernel

G(+)
2 (R, r; R′, r′) splits into two factors [17]. In particular, in this limit the factor, which

depends on R and r, takes the form of a six-dimensional outgoing spherical Coulomb wave.
Thus, the left-hand factor L

(
ξep

)
allows us to equip the spherical wave with a phase factor

corresponding to the proton–electron interaction. This is of particular importance when

implementing the 3
∼
C + LS approach. In turn, the right-hand factor R(ξ ′ep) complements

the part of the leading term of the kernel, which depends on R′ and r′, to the continuum
wave function of the 3C model. Hence, from the resulting kernel asymptotic behavior, the

3
∼
C model amplitude (up to a global phase factor that cancels in the FDCS) reads

T(3
∼
C)

K,ke
=

√
2 e−

πβep
2 < Ψ(−)

K , Ψ(−)
ke

,R|K0, F >, (8)

which strongly resembles the 3C model amplitude [12,13]. Here, the final-state bra is the
2C product state multiplied by the proton–electron Coulomb factor (7).

Like with the 2C model approach, the remaining interaction can be treated via a LS
equation. The solution Φ(+) is then proposed as an expansion on new CQS functions

constructed by application of
∼̂
G
(+)

3 ; as above, the differential equation is then transformed
into a matrix equation for the coefficients of such expansion. The present numerical results

use the zero-order 3
∼
C amplitude of Equation (8); the full 3

∼
C + LS implementation will be

reported in future work.

3. Results and Discussion
We calculated the FDCSs in the laboratory frame:

d5σ

dEedΩedΩp
= ke

m2
p

(2π)5
K
K0

|TK,ke |
2 (9)

with the ionization amplitudes T(2C+LS)
K,ke

and T(3
∼
C)

K,ke
. Here, Ee and Ωe are the ejected-

electron energy and solid angle, while Ωp denotes the scattered projectile solid angle. The
kinematical and geometrical conditions are those selected in recent experiments performed
with 75 keV proton impact [1,2,4]. In the ionization experiments under consideration, the
energy of the ejected electron is determined by the energy loss of the projectile, namely,

Ee = Eloss − I,

where I = 24.59 eV is the ionization potential of the helium target. In Figure 1 we present
results of calculations for electrons ejected into the scattering plane, for proton energy
losses Eloss = 25.6 (ve ≈ 0.037 a.u.), 65.5 (ve ≈ 1.73 a.u.), and 85 eV (ve ≈ 2.22 a.u.), and
for the scattering angle θp = 0.5 mrad. The FDCS for Eloss = 30 eV (ve ≈ 0.63 a.u.) and
θp = 0.43 mrad is also calculated. Thus, in the considered energy regimes the velocities of
the ejected electrons are respectively less than (cases (a) and (b)), nearly equal to (case (c))
and greater than (case (d)), the projectile velocity (vp ≈ 1.73 a.u.). In order to focus on the
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benefits of the novel model, here we restrict the theoretical comparison with the 2C + LS
results only.

Figure 1. FDCSs for ionization of helium by 75 keV proton impact at different energy losses and
proton scattering angles: (a) Eloss = 25.6 eV and θp = 0.5 mrad; (b) Eloss = 30 eV and θp = 0.43 mrad;
(c) Eloss = 65.5 eV and θp = 0.5 mrad; (d) Eloss = 85 eV and θp = 0.5 mrad. The ionized electron is

ejected at an angle θe in the scattering plane. Dotted line (blue)—2C+LS; thick solid line (black)—3
∼
C

model. The FDCS curves are absolute calculations. Experimental data are from Ref. [4] for panel (a),
and from Ref. [18], corrected in Ref. [9] for panel (b), and from Ref. [1] for panels (c,d). The arrow
indicates the direction of the momentum transfer q = K0 − K.

At small energy losses the DI mechanism is dominant [9,10], and the 2C + LS approach
should be able to describe the ionization process. As observed in Figure 1 (panels (a) and
(b)), the 2C + LS approach (with an extended basis set) demonstrates both a binary peak
and a recoil peak and is consistent with the experiment [4]; it is also consistent with the
WP-CCC calculations [9]. The FDCS curves in Figure 1 are absolute calculations.

The FDCS obtained with our 3
∼
C model also exhibits a clear two-peak structure. For an

energy loss of 25.6 eV, the recoil peak magnitude is approximately half that of the binary
peak, in agreement with the experiment. However, the angular position of the binary

peak in the 3
∼
C model is along the momentum transfer direction and thus differs from the

measured one; this is possibly due to the limited validity of the 3
∼
C approximation at low

electron energies. This can happen because the zero-order 3
∼
C model lacks the LS correction

and the low-energy electron dynamics require a more complete basis treatment.
In the velocity-matching regime (Figure 1c), a pronounced forward peak due to

electron capture to the continuum is observed experimentally. In a previous study [10],
we have seen that the 2C model describes only the binary peak, while the IIC model
reproduces the forward peak but underestimates the binary peak. We remind the reader
that the forward peak is directed along the projectile velocity vector. In [11] we studied
in detail how these two models pick up, separately, the DI and ECC mechanisms. By

https://doi.org/10.3390/psf2026013010
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spanning the energy loss around the velocity-matching value, we illustrated that the IIC
model describes how the forward peak builds up (similarly to a ‘resonance’) in the electron–
proton cusp region. As seen from the figure, the 2C + LS model calculation does not feature

a forward peak. On the other hand, the 3
∼
C model manages to yield results comparable to

the experiment [1,4]. This is to be attributed to accounting also, from the outset, for the
proton–electron Coulomb interaction. As the energy loss increases further (Figure 1d), the
forward peak is still clearly present in the experiment while only a tiny peak is produced

by the 3
∼
C model (at best, a shoulder is seen in other theoretical approaches, like with the

WP-CCC [9]). Here, we obviously have to exploit 3
∼
C+ LS calculations, as the first term is

not enough.
In summary, 2C + LS captures the DI-related binary peak but not the ECC-related

forward peak, IIC captures the ECC-related forward peak but underestimates the binary

peak, and the 3
∼
C model is intended to include both interactions in a single amplitude and

therefore improves the velocity-matching case.

4. Conclusions
The comparison suggests that the proposed parabolic scheme, which incorporates all

three pairwise Coulomb interactions at the level of the 3
∼
C final-state ansatz, is applicable to

the ionization problem in the energy regime considered. In the case when the contribution

of the ECC mechanism is significant, the 3
∼
C model is clearly superior. We plan, in a

future investigation, to implement a 3
∼
C + LS approach, in the hope that such a refinement

will allow us to address the limitations of the 3
∼
C model and thereby achieve improved

agreement with the experiment.
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